
ORIGINAL ARTICLE

On a class of analytic functions related to Robertson’s
formula and subordination

Adam Lecko1 • Gangadharan Murugusundaramoorthy2 •

Srikandan Sivasubramanian3

Received: 7 October 2020 / Accepted: 25 November 2020 / Published online: 23 February 2021
� The Author(s) 2021

Abstract
In this paper, we define and study a class of analytic functions in the unit disc by

modification of the well-known Robertson’s analytic formula for starlike functions

with respect to a boundary point combined with subordination. An integral repre-

sentation and growth theorem are proved. Early coefficients and the Fekete–Szegö

functional are also estimated.
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1 Introduction

Let H denote the class of all holomorphic functions in the open unit disc

D :¼ fz 2 C : jzj\1g. By A we denote the subclass of H of all functions h
normalized by hð0Þ ¼ 0 and h0ð0Þ ¼ 1, i.e., of the form

hðzÞ ¼ zþ
X1

n¼2

anz
n; z 2 D;

and by S the subclass of A of univalent functions. We say that a function f 2 H is

subordinate to a function g 2 H and write f � g if there exists a function x 2 H
such that xð0Þ ¼ 0; xðDÞ � D and f ðzÞ ¼ gðxðzÞÞ for every z 2 D: In case when g
is univalent, then f � g if and only if f ð0Þ ¼ gð0Þ and f ðDÞ � gðDÞ:

Let us denote by P the class of functions p 2 H normalized by pð0Þ ¼ 1 and such

that RpðzÞ[ for z 2 D, which is known as the Carathéodory class. By P�ð1Þ we

denote the subclass of P of all / such that /ð0Þ ¼ 1; /0ð0Þ[ 0; / is univalent in D

and /ðDÞ is a set symmetric with respect to the real axis and starlike with respect to

1. Thus, every / 2 P�ð1Þ can be represented as

/ðzÞ ¼ 1 þ
X1

n¼1

Bnz
n; z 2 D; ð1Þ

with B1 [ 0:
Given / 2 P�ð1Þ; let Pð/Þ :¼ fp 2 P : p � /g: The class P�ð1Þ plays a

fundamental role in defining suitable classes of analytic functions as was proposed

first by Ma and Minda [14]. As an example, given / 2 P�ð1Þ; let S�ð/Þ denote the

class of all f 2 A such that zf 0ðzÞ=f ðzÞ � /ðzÞ for z 2 D: Such defined classes are

called of Ma and Minda type.

The two well-known subclasses of A; are namely the class of starlike and convex

functions of order a ð0� a\1Þ introduced by Robertson [18] given, respectively, by

S�ðaÞ :¼ h 2 A : R
zh0ðzÞ
hðzÞ [ a; z 2 D

� �

and

KðaÞ :¼ h 2 A : R þ zh00ðzÞ
h0ðzÞ

� �
[ a; z 2 D

� �
:

It is well known that S�ðaÞ � S and KðaÞ � S: By virtue of the well-known

Alexander’s relation, we see that h 2 KðaÞ in D if and only if the function D 3
z 7!zh0ðzÞ 2 S�ðaÞ for each 0� a\1. It is clear that S�ðaÞ ¼ S�ð/Þ with

/ðzÞ ¼ ð1 þ zÞ=ð1 � zÞ; z 2 D:
We say that h 2 H is close-to-convex if and only if there exists a function

U 2 K :¼ Kð0Þ such that

R
h0ðzÞ
U0ðzÞ [ ; z 2 D:

The class of close-to-convex functions was introduced by Kaplan [7].
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Even though starlikeness of order a has been explored extensively by many

authors over a long period of time, not much was known about the class of univalent

functions g in H that map the disc D onto domains X which are starlike with respect

to a boundary point. This breakthrough concept was introduced by Robertson [19]

who defined the subclass G� of H of functions g such that gð0Þ ¼ 1; gð1Þ :¼
limr!1� gðrÞ ¼ 0; g maps univalently D onto a domain starlike with respect to the

origin and RðeidgðzÞÞ[ for some real d and all z 2 D. Assume that the constant

function g � 1 also belongs to G�. Robertson conjectured that the class G� coincides

with the class G of all g 2 H of the form

gðzÞ ¼ 1 þ
X1

n¼1

gnz
n; z 2 D; ð2Þ

such that

R
zg0ðzÞ
gðzÞ þ þ z

� z

� �
[ ; z 2 D; ð3Þ

proving that G � G�: Robertson’s conjecture was confirmed by Lyzzaik [13] in

1984, who proved that G� � G: In [19], Robertson proved that if g 2 G and g 6¼ 1;
then g is close-to-convex and univalent in D. It is worth mentioning that the analytic

condition (3) was known much earlier to Styer [22].

Lecko [9] proposed an alternative analytic characterization of starlike functions

with respect to a boundary point proving the necessity, while Lecko and Lyzzaik

[12] showing the sufficiency confirmed this new analytic characterizations (see also

[10], Chapter VII]). Inspired by Robertson’s paper, a class of functions based on the

concept of spiral-like domains with respect to a boundary point was introduced by

Aharanov et al. [2] (see also [11]).

A closely related class to the class G is the family GðMÞ, M[ 1, consisting of all

g 2 H of the form (2) such that

R
zg0ðzÞ
gðzÞ þ zP0ðzMÞ

PðzMÞ

� �
[ ; z 2 D;

introduced by Jakubowski [5]. Here

Pðz;MÞ :¼ 4z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � zÞ2 þ 4z=M

q
þ 1 � z

� �2
; z 2 D

denotes the Pick function. The class

Gð1Þ :¼ g 2 H : gð0Þ ¼ 1; R
zg0ðzÞ
gðzÞ þ

� �
[ ; z 2 D

� �

was considered in [5] also. Todorov [23] associated the class G with the functional

f ðzÞ=ð1 � zÞ for z 2 D; and obtained a structured formula and coefficient estimates.

Obradovič and Owa [16], and Silverman and Silvia [21] introduced independently

the classes Ga; where a 2 ½0; 1Þ; of all g 2 H of the form (2) such that
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R
zg0ðzÞ
gðzÞ þ ð � aÞ þ z

� z

� �
[ ; z 2 D:

Silverman and Silvia [21] observed that for each a 2 ½0; 1Þ the class Ga is a subclass

of G�: Clearly, G1=2 ¼ G: Abdullah et al. [1] obtained a few properties and some

inequalities related to the functional coefficient associated with the class G. In [6],

Jakubowski and Włodarczyk defined the class GðA;BÞ for �1\A� 1 and

�A\B� 1; of all g 2 H of the form (2) such that

R
zg0ðzÞ
gðzÞ þQðzA;BÞ

� �
[ ; z 2 D;

where

Qðz;A;BÞ :¼ 1 þ Az

1 � Bz
; z 2 D: ð4Þ

Using Ma and Minda idea, Mohd and Darus [15] introduced the class S�
bð/Þ; where

/ 2 P�ð1Þ; of all g 2 H of the form (2) such that

2zg0ðzÞ
gðzÞ þ 1 þ z

1 � z
� /ðzÞ; z 2 D: ð5Þ

The main goal of this paper is to define and study the following class of functions.

Definition 1 Let / 2 P�ð1Þ and �1\A� 1, �A\B� 1: By Gð/;A;BÞ we denote

the class of all g 2 H of the form (2) such that

2zg0ðzÞ
gðzÞ þ Qðz;A;BÞ � /ðzÞ; z 2 D; ð6Þ

where Q is given by (4).

Remark 1 1. Notice that for formula (6) to be well defined, the function

pðzÞ :¼ 2zg0ðzÞ
gðzÞ þ 1 þ Az

1 � Bz
; z 2 D ð7Þ

should be holomorphic in D: We easily that g does not vanish in D: Indeed, suppose

that gðz0Þ ¼ 0 for some z0 2 D: Since gð0Þ ¼ 1; z0 6¼ 0: Therefore, there exist

r 2 ð0; 1 � jz0jÞ and m 2 N such that

gðzÞ ¼ ðz� z0ÞmhðzÞ; z 2 Dðz0; rÞ :¼ fz 2 C : jz� z0j\rg;

where h 2 H and hðz0Þ 6¼ 0: Since
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zg0ðzÞ
gðzÞ ¼ z½mðz� z0Þm�1hðzÞ þ ðz� z0Þmh0ðzÞ	

ðz� z0ÞmhðzÞ

¼ mz

z� z0

þ zh0ðzÞ
hðzÞ ; z 2 Dðz0; rÞ n fz0g;

we see that p has a simple pole at z0 which is impossible. Thus gðzÞ 6¼ 0 for z 2 D:

Note that the class Gð/; 1; 1Þ coincides with the class S�
bð/Þ due to Mohd and

Darus [15], the class GðQð�; 1; 1Þ; 1; 1Þ is identical to the class G and

GðQð�; 1; 1Þ; 0; 0Þ ¼ Gð1Þ. If B ¼ �A; then Qð�;A;�AÞ � 1 and, therefore, again

GðQð�;A;�AÞ; 1; 1Þ ¼ Gð1Þ.
It is worth reminding in this place that the function (4) was used in many papers,

where different classes generated by the appropriate Carathéodory functions were

considered. It is to be observed that for B\1 the function Q maps univalently the

disc D onto a disc lying in the right half-plane. However if B ¼ 1, then

QðD;A;BÞ ¼ fw : RðwÞ[ ð �AÞ=g:

2 Representation and growth theorems

Let / 2 P�ð1Þ: Since 1 2 /ðDÞ; it follows that Dð1; aÞ � /ðDÞ for some a[ 0:
Therefore, for each n 2 N we see that 1 þ azn � /ðzÞ; z 2 D: Given n 2 N;
consider now gn 2 Gð/;A;BÞ defined by

2zg0nðzÞ
gnðzÞ

þ 1 þ Az

1 � Bz
¼ 1 þ azn; z 2 D;

i.e., for B 6¼ 0;

gnðzÞ ¼ ð1 � BzÞ
AþB
2B exp

a

2n
zn

� �
; z 2 D;

and for B ¼ 0;

gnðzÞ ¼ exp � 1

2
Azþ a

2n
zn

� �
; z 2 D:

Hence, for B 6¼ 0;

jgnðzÞj
 ð1 � jBjrÞ
AþB
2B exp � a

2n
rn

� �
; jzj ¼ r\1:

Thus, for B\1; B 6¼ 0;

jgnðzÞj 
 ð1 � jBjÞ
AþB
2B exp � a

2n

� �
[ 0 z 2 D:

Thus, gnðDÞ is not a set starlike with respect to a boundary point at the origin, so

gn 62 G� and therefore gn 62 G: In the same way, we deduce that gn 62 G when B ¼ 0:
Thus, we have
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Theorem 1 Let / 2 P�ð1Þ and �1\A� 1, �A\B\1: Then

Gð/;A;BÞ 6� G:

Now we prove the representation theorem which indeed offers a useful technique

to construct functions in the class Gð/;A;BÞ.

Theorem 2 Let / 2 P�ð1Þ and �1\A� 1, �A\B� 1: Then g 2 Gð/;A;BÞ if and
only if there exists a function p 2 H such that p � / and for z 2 D,

gðzÞ ¼
ð1 � BzÞ

AþB
2B exp

1

2

Z z

0

pðfÞ � 1

f
df

� �
; B 6¼ 0;

exp �A

2
zþ 1

2

Z z

0

pðfÞ � 1

f
df

� �
; B ¼ 0:

8
>>><

>>>:
ð8Þ

Proof Assume that g 2 Gð/;A;BÞ. Consider the function p defined by (7) which is

equivalent to

2g0ðzÞ
gðzÞ þ Aþ B

1 � Bz
¼ pðzÞ � 1

z
; z 2 D: ð9Þ

Clearly, p � /:
When B 6¼ 0; then by integration (9), one can easily get

log
ðgðzÞÞ2

ð1 � BzÞ
AþB
B

¼
Z z

0

pðfÞ � 1

f
df; z 2 D; log 1 :¼ 0:

Hence, we obtain

ðgðzÞÞ2 ¼ ð1 � BzÞ
AþB
B exp

Z z

0

pðfÞ � 1

f
df

� �
; z 2 D;

which yields the first formula in (8).

For B ¼ 0, by virtue of (9), we obtain

logðgðzÞÞ2 þ Az ¼
Z z

0

pðfÞ � 1

f
df; z 2 D; log 1 :¼ 0:

Hence,

ðgðzÞÞ2 ¼ exp �Azþ
Z z

0

pðfÞ � 1

f
df

� �
; z 2 D;

which yields the second formula in (8).

Assume now that p 2 H is such that p � / and a function g is defined by (8).

Since /ð0Þ ¼ 1; pð0Þ ¼ 1 and, therefore, g is holomorphic in D: As we see, (8) can
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transformed to the formula (7). Hence, we deduce that g 2 Gð/;A;BÞ which

completes the proof.

Define h/ as a holomorphic solution of the differential equation

zh0/ðzÞ
h/ðzÞ

¼ /ðzÞ; z 2 D; h/ð0Þ ¼ 0; h0/ð0Þ ¼ 1;

i.e.,

h/ðzÞ ¼ z exp

Z z

0

/ðfÞ � 1

f
df

� �
; z 2 D: ð10Þ

Theorem 3 Let / 2 P�ð1Þ and �1\A� 1, �A\B� 1 and let 0\r\1: If g 2
Gð/;A;BÞ; then for B 6¼ 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h/ð�rÞ

r

r
ð1 � jBjrÞ

AþB
2B � jgðzÞj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h/ð�rÞ

r

r
ð1 þ jBjrÞ

AþB
B ; jzj ¼ r; ð11Þ

and for B ¼ 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h/ð�rÞ

r

r
exp � 1

2
jAjr

� �
� jgðzÞj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h/ð�rÞ

r

r
exp

1

2
jAjr

� �
; jzj ¼ r: ð12Þ

Proof Consider B 6¼ 0: Define

hðzÞ :¼ zðgðzÞÞ2

ð1 � BzÞ
AþB
B

; z 2 D: ð13Þ

By Remark 1, the function g is non-vanishing in D: Therefore, h is holomorphic in

D. A simple calculation shows that

zh0ðzÞ
hðzÞ ¼ 2zg0ðzÞ

gðzÞ þ 1 þ Az

1 � Bz
; z 2 D: ð14Þ

One can see from the above relation that g 2 Gð/;A;BÞ if and only if h 2 S�ð/Þ.
Using the result of Ma and Minda ([14], Corollary 1’) we deduce that

�h/ð�rÞ� jhðzÞj� h/ðrÞ; jzj ¼ r; ð15Þ

i.e., by (13,

�h/ð�rÞ� zðgðzÞÞ2

ð1 � BzÞ
AþB
B

					

					� h/ðrÞ; jzj ¼ r;

which yields (11).

Consider B ¼ 0: Define
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hðzÞ :¼ z expðAzÞðgðzÞÞ2; z 2 D: ð16Þ

Clearly, h is holomorphic in D and

zh0ðzÞ
hðzÞ ¼ 2zg0ðzÞ

gðzÞ þ 1 þ Az; z 2 D:

Arguing as above, we see that the condition (15) holds and consequently by (16),

�h/ð�rÞ� z expðAzÞðgðzÞÞ2
		 		� h/ðrÞ; jzj ¼ r;

which yields (12).

Remark 2 As Ma an Minda noted ([14], p. 161) a function r 7! � h/ð�rÞ for r 2
ð0; 1Þ; is increasing and bounded above by 1.

Theorem 4 Let / 2 P�ð1Þ and �1\A� 1, �A\B\1 and let 0\r\1: If g 2
Gð/;A;BÞ; then for B 6¼ 0;

arg
gðz0Þ

ð1 � Bz0Þ
AþB
2B

					

					�
1

2
max
jzj¼r

arg
h/ðzÞ
z

; jz0j ¼ r; ð17Þ

and for B ¼ 0;

arg gðz0Þ exp
Az0

2

� �� �				

				�
1

2
max
jzj¼r

arg
h/ðzÞ
z

; jz0j ¼ r; ð18Þ

where arg 1 :¼ 0:

Proof Define a function h by (13) in case when B 6¼ 0; and by (16) in case when

B ¼ 0: Clearly, in both cases, h 2 S�ð/Þ. Thus, in view of a result due to Ma and

Minda ([14], Corollary 3’), the following inequality holds

arg
hðz0Þ
z0

				

				� max
jzj¼r

arg
h/ðzÞ
z

; jz0j ¼ r;

which by substituting (13) and (16) yields (17) and (18), respectively.

3 Necessary and sufficient condition for the class Gð/;A,BÞ

We state the following result due to Ruscheweyh ([20], Theorem 1) for proving our

main theorem in this section. Recall that h/ which appears below is defined by (10).

Lemma 1 Let / 2 P�ð1Þ be a convex function and h 2 A: Then h 2 S�ð/Þ if and
only if for all jsj � 1 and jtj � 1,

hðszÞ
hðtzÞ �

h/ðszÞ
h/ðtzÞ

; z 2 D: ð19Þ
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Theorem 5 Let / 2 P�ð1Þ be a convex function and �1\A� 1, �A\B� 1: Then
g 2 Gð/;A;BÞ if and only if for all jsj � 1 and jtj � 1,

s

t

1 � Btz

1 � Bsz

� �AþB
B gðszÞ

gðtzÞ

� �2

� h/ðszÞ
h/ðtzÞ

; z 2 D; B 6¼ 0; ð20Þ

and

s

t
expðAðs� tÞzÞ gðszÞ

gðtzÞ

� �2

� h/ðszÞ
h/ðtzÞ

; z 2 D; B ¼ 0: ð21Þ

Proof Consider the function h defined by (13) in case when B 6¼ 0; and by (16) in

case when B ¼ 0: As we know, in both cases h 2 S�ð/Þ. Thus, in case B 6¼ 0 by

substituting (13) into (19), we get at once (20). Similarly, when B ¼ 0 by

substituting (16) into (19), we obtain (21).

In the previous theorem, we assumed that the function / 2 P�ð1Þ is convex

univalent. Now, we drop the assumption of convexity on / and we return to the

whole class P�ð1Þ.

Theorem 6 Let / 2 P�ð1Þ and �1\A� 1, �A\B� 1: If g 2 Gð/;A;BÞ, then

ðgðzÞÞ2

ð1 � zÞ
AþB
B

� h/ðzÞ
z

; z 2 D; B 6¼ 0; ð22Þ

and

expðAzÞðgðzÞÞ2 � h/ðzÞ
z

; z 2 D; B ¼ 0: ð23Þ

Proof Consider the function h defined by (13) in case when B 6¼ 0; and by (16) in

case when B ¼ 0: In view of (14), we have

zh0ðzÞ
hðzÞ �

zh0/ðzÞ
h/ðzÞ

¼ /ðzÞ; z 2 D:

Since h 2 S�ð/Þ, from Theorem 1’ of [14] it follows that

hðzÞ
z

� h/ðzÞ
z

; z 2 D;

i.e., (22) and (23) by substituting (13) and (16), respectively.
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4 Initial coefficient bounds for the class Gð/,A,BÞ

In this section, making use of the following Lemmas, we obtain a few coefficient

estimates for g 2 Gð/;A;BÞ. Let B :¼ fx 2 H : jxðzÞj\1; z 2 Dg and B0 be the

subclass of B of all x such that xð0Þ ¼ 0: Elements of B0 are known as Schwarz

functions.

To prove the main theorem of this section, we will use the next two lemmas.

Lemma 2 ([8]) If x 2 B0 is of the form

xðzÞ ¼
X1

n¼1

wnz
n; z 2 D; ð24Þ

then for m 2 C,

jw2 � mw2
1j � max 1; jmjf g: ð25Þ

The following lemma was shown by Prokhorov and Szynal [17].

Lemma 3 ([17]) If x 2 B; then for any real numbers q1 and q2; the following sharp
estimate holds:

jw3 þ q1w1w2 þ q2w
3
1j �Hðq1; q2Þ; ð26Þ

where

Hðq1; q2Þ :¼

1 for ðq1; q2Þ 2 D1 [ D2;

jq2j for ðq1; q2Þ 2 [7
k¼3Dk;

2

3
ðjq1j þ 1Þ jq1j þ 1

3ðjq1j þ 1 þ q2Þ

� �1
2

for ðq1; q2Þ 2 D8 [ D9;

q2

3

q2
1 � 4

q2
1 � 4q2

� �
q2

1 � 4

3ðq2 � 1Þ

� �1
2

for ðq1; q2Þ 2 D10 [ D11 n f�2; 1g;

2

3
ðjq1j � 1Þ jq1j � 1

3ðjq1j � 1 � q2Þ

� �1
2

for ðq1; q2Þ 2 D12;

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

and the sets Dk; k ¼ 1; 2; . . .; 12; are defined in [17].

Now we present some upper bounds for early coefficients and for the Fekete–

Szegö functional in the class Gð/;A;BÞ:

Theorem 7 Let / 2 P�ð1Þ be of the form (1) and �1\A� 1, �A\B� 1: If g 2
Gð/;A;BÞ is of the form (2), then

j2d1 þ Aþ Bj �B1; ð27Þ

jd1j �
1

2
ðB1 þ Aþ BÞ; ð28Þ
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4d2 � 2d2
1 þ ðAþ BÞB

		 		� maxfB1;B2g; ð29Þ

jd2j �
1

8
jA2 � B2j þ 2ðAþ BÞB1 þ max 2; 2B2 þ B2

1

		 		
 �� 
; ð30Þ

6d3 � 6d1d2 þ 2d3
1 þ ðAþ BÞB2

		 		�B1H
2B2

B1

;
B3

B1

� �
ð31Þ

and

jd3j �
1

6
B1H 2

B2

B1

þ 3

4
B1;

B3

B1

þ 3

4
B2 þ

1

8
B2

1

� ��

þ 3

8
ðAþ BÞmax 2; 2B2 þ B2

1

		 		
 �

þ 3

8
jA2 � B2jB1 þ

1

2
ðAþ BÞ A2 � 4ABþ 3B2

		 		
�

ð32Þ

and for d 2 R;

jd2 � dd2
1 j �

1

4
B1 max 1;

B2

B1

þ 1

2
� d

� �
B1

				

				
� �

þ ðAþ BÞj1 � 2djB1

�

þ 1

2
ðAþ BÞjA� B� 2dðAþ BÞj

�
:

ð33Þ

Proof By (5), there exists w 2 B0 of the form (24) such that

2zg0ðzÞ
gðzÞ þ 1 þ Az

1 � Bz
¼ /ðwðzÞÞ; z 2 D: ð34Þ

In view of (2), we obtain

2zg0ðzÞ
gðzÞ þ 1 þ Az

1 � Bz
¼ 1 þ ð2d1 þ Aþ BÞzþ ½4d2 � 2d2

1 þ ðAþ BÞB	z2

þ 6d3 � 6d1d2 þ 2d3
1 þ ðAþ BÞB2

� 
þ � � � ; z 2 D:

ð35Þ

By (1) and (24) for z 2 D, we have

/ðwðzÞÞ ¼ 1 þ B1w1zþ ðB1w2 þ B2w
2
1Þz2 þ ðB1w3 þ 2B2w1w2 þ B3w

3
1Þz3 þ � � �

ð36Þ

Using now (35), (36) and (34) by comparing corresponding coefficients, we get
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2d1 þ Aþ B ¼ B1w1;

4d2 � 2d2
1 þ ðAþ BÞB ¼ B1w2 þ B2w

2
1;

6d3 � 6d1d2 þ 2d3
1 þ ðAþ BÞB2 ¼ B1w3 þ 2B2w1w2 þ B3w

3
1:

ð37Þ

Recall that B1 ¼ /0ð0Þ[ 0: Since

jw1j � 1; ð38Þ

(e.g., [4], Vol. I, p. 85]) from the first equation in (37) it follows (27) and hence (28).

The second equation in (37) together with (25) yields

4d2 � 2d2
1 þ ðAþ BÞB

		 		 ¼ B1w2 þ B2w
2
1

		 		

¼ B1 w2 þ
B2

B1

w1

				

				�B1 max 1;
B2

B1

� �
¼ maxfB1;B2g;

i.e., the inequality (29).

Substituting the first formula in (37) for d1 into the second formula in (37), we

obtain

4d2 ¼ B1 w2 þ
B2

B1

þ 1

2
B1

� �
w2

1

� �
� ðAþ BÞB1w1 þ

1

2
ðA2 � B2Þ: ð39Þ

Hence, using (25) and (38), we get

4jd2j �B1 max 1;
B2

B1

þ 1

2
B1

				

				
� �

þ ðAþ BÞB1 þ
1

2
A2 � B2
		 		;

which yields (30).

The third equation in (37) by applying (26) yield

6d3 � 6d1d2 þ 2d3
1 þ ðAþ BÞB2

		 		 ¼ B1w3 þ 2B2w1w2 þ B3w
3
1

		 		

¼ B1 w3 þ 2
B2

B1

w1w2 þ
B3

B1

w3
1

				

				�B1H
2B2

B1

;
B3

B1

� �
;

i.e., the inequality (31).

Substituting formulas for d1 and d2 as in (39) into the third formula in (37), we

obtain

6d3 ¼ B1w3 þ 2B2 þ
3

4
B2

1

� �
w1w2 þ B3 þ

3

4
B1B2 þ

1

8
B3

1

� �
w3

1

� 3

4
ðAþ BÞB1w2 �

3

8
ðAþ BÞð2B2 þ B2

1Þw2
1 þ

3

8
ðA2 � B2ÞB1w1

� 1

2
ðAþ BÞðA2 � 4ABþ 3B2Þ:

Now applying (25), (26) and (38), we get
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6jd3j �B1 w3 þ 2
B2

B1

þ 3

4
B1

� �
w1w2 þ

B3

B1

þ 3

4
B2 þ

1

8
B2

1

� �
w3

1

				

				

þ 3

4
ðAþ BÞB1 w2 þ

B2

B1

þ 1

2
B1

� �
w2

1

				

				þ
3

8
jA2 � B2jB1jw1j

þ 1

2
ðAþ BÞjA2 � 4ABþ 3B2j

�B1H 2
B2

B1

þ 3

4
B1;

B3

B1

þ 3

4
B2 þ

1

8
B2

1

� �

þ 3

4
ðAþ BÞmax 1; B2 þ

1

2
B2

1

				

				
� �

þ 3

8
jA2 � B2jB1 þ

1

2
ðAþ BÞjA2 � 4ABþ 3B2j;

which yields (32).

Using (39), the formula for d1 by applying the inequalities (25) and (38), for

d 2 R, we get

jd2 � dd2
1j �

1

4
B1 w2 þ

B2

B1

þ 1

2
� d

� �
B1

� �
w2

1

				

				
�

þðAþ BÞj1 � 2djB1 þ
1

2
ðAþ BÞjA� B� 2dðAþ BÞj

�

� 1

4
B1 max 1;

B2

B1

þ 1

2
� d

� �
B1

				

				
� �

þ ðAþ BÞj1 � 2djB1

�

þ 1

2
ðAþ BÞjA� B� 2dðAþ BÞj

�
;

i.e., the inequality (33).

In case when m is a real number result of Lemma 2 can be improved in the

following way.

Lemma 4 ([3]) If x 2 B0 is of the form (24), then

jw2 � mw2
1j �

�m; m� � 1;

1; � 1� m� 1;

m; m
 1:

8
><

>:
ð40Þ

For m\� 1 or m[ 1, equality holds if and only if xðzÞ ¼ z; z 2 D; or one of its

rotations. For �1\m\1, equality holds if and only if xðzÞ ¼ z2; z 2 D; or one of

its rotations. For m ¼ �1, equality holds if and only if xðzÞ ¼ zðkþ zÞ=ð1 þ
kzÞ; 0� k� 1; z 2 D; or one of its rotations, while for m ¼ 1, equality holds if and

only if xðzÞ ¼ �zðkþ zÞ=ð1 þ kzÞ; 0� k� 1; z 2 D; or one of its rotations.
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Taking into account the above lemma, we can improve the results of Theorem 7.

From (39), we have

4jd2j �

B2 þ
1

2
B2

1 þ cðA;BÞ; B2

B1

þ 1

2
B1 
 1;

cðA;BÞ; � 1� B2

B1

þ 1

2
B1 � 1;

�B2 �
1

2
B2

1 þ cðA;BÞ; B2

B1

þ 1

2
B1 � � 1;

8
>>>>>><

>>>>>>:

where

cðA;BÞ :¼ ðAþ BÞB1 þ
1

2
A2 � B2
		 		:

Analogously, by applying (40) for d 2 R, we obtain

jd2 � dd2
1j �

B1

4

B2

B1

þ B1

2
ð1 � 2dÞ

� �
þWðA;B; dÞ; d� r1

B1

4
þWðA;B; dÞ; r1 � d� r2

B1

4
ð2d� 1ÞB1

2
� B2

B1

� �
þWðA;B; dÞ; d
 r2;

8
>>>>>>><

>>>>>>>:

ð41Þ

where

r1 :¼ 1

B1

B2

B1

� 1

� �
þ 1

2
; r2 :¼ 1

B1

B2

B1

þ 1

� �
þ 1

2
;

and

WðA;B; dÞ :¼ Að1 � 2dÞ � Bð1 þ 2dÞj j ðAþ BÞ
8

þ j1 � 2dj ðAþ BÞB1

4
:

Since

6d3 ¼B1 w3 þ
B2

B1

w1w2 þ
B3

B1

w3
1

� �
þ 6d1 d2 �

d2
1

3

� �
� ðAþ BÞB2;

using (40) and (41) with d ¼ 1=3, we get

jd3j �
B1

6
H

B2

B1

;
B3

B1

� �
þ jA� 5Bj

3
þ ðAþ BÞB1

6

� �
þ 1

6
ðAþ BÞB2

þ B1

ð1 þ B1ÞðAþ BÞ
8

� �
max 1;

B2

B1

þ B1

6

				

				
� �

:

Remark 3 For the choice of /ðzÞ ¼ ð1 þ zÞ=ð1 � zÞ; z 2 D; with A ¼ 1 and B ¼ 1,

inequalities (28, (29) and (31) reduce to the results of Abdullah et al. [1]. However,

the technique adopted in this paper is different.
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