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Abstract
We construct a Floer type boundary operator for generalised Morse–Smale dynamical
systems on compact smooth manifolds by counting the number of suitable flow lines
between closed (both homoclinic and periodic) orbits and isolated critical points. The
same principle works for the discrete situation of general combinatorial vector fields,
defined by Forman, on CW complexes. We can thus recover the Z2 homology of both
smooth and discrete structures directly from the flow lines (V-paths) of our vector
field.

Mathematics Subject Classification 37B35 · 68R01 · 55N20 · 05-08 · 53A70

1 Introduction

One of the key ideas ofmodern geometry is to extract topological information about an
object from a dynamical process operating on that object. For that purpose, one needs
to identify the invariant sets and the dynamical relations between them. The invariant
sets generate groups, and the dynamics defines boundary operators, and when one has
shown that these operators square to zero, one can then define homology groups. The
first such ideas may be seen in the works of Riemann, Cayley andMaxwell in the 19th
century. In 1925, Morse [23] developed his famous theory where he recovered the
homology of a compact Riemannian manifold M from the critical points of a smooth
function f , assuming that these critical points are all non-degenerate. The dynamics
in question is that of the gradient flow of f . The basic invariant sets then are precisely
the critical points of f . The theory was analysed and extended by Milnor, Thom,
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Smale, Bott and others. In particular, Bott [4] extended the theory to the case where
the gradient of f is allowed to vanish on a collection of smooth submanifolds of M .

Based on ideas from supersymmetry, Witten constructed an interpolation between
de Rham and Morse homology. Floer [11] then developed the very beautiful idea that
the boundary operator in Morse theory can be simply obtained from counting gradient
flow lines (with appropriate orientations) between critical points of index difference
one. The first systematic exposition of Floer’s ideas was given in [24] (see also [20]).
The main thrust of Floer’s work was devoted to infinite dimensional problems around
the Arnold conjecture, see [7–10], because for his theory, he only needed relative
indices and not absolute ones, so that the theory could be applied to indefinite action
functionals. But also in the original finite dimensional case, Floer’s theory advanced
our insight considerably and motivated much subsequent work.

In fact, Floer [11] had been motivated by another beautiful theory relating dynam-
ics and topology, that of Conley [6] (for more details, see [5] and for instance the
presentations in [19, 28]). Conley’s theory applies to arbitrary dynamical systems, not
just gradient flows. Actually, Smale [26] had already extended Morse theory to an
important and general class of dynamical systems on compact Riemannian manifolds,
those that besides isolated critical points are also allowed to have non-degenerate
closed orbits. Similar to Morse functions, the class of Morse–Smale dynamical sys-
tems is structurally stable, that is, preserves its qualitative properties under small
perturbations. It turns out, however, that these systems can also be subsumed under
Morse–Bott theory. In fact, in [27] Smale proved that for every gradient-like system,
there exists an energy function that is decreasing along the trajectories of the flow and
Meyer [22] generalized this result to theMorse–Smale dynamical systems and defined
aMorse–Bott type energy function based on the flows. Such an energy function would
then be constant on the periodic orbits, and they can then be treated as critical sub-
manifolds via Morse–Bott theory. Banyaga and Hurtubise [1, 2, 18] then constructed
a general boundary operator for Morse–Bott systems that put much of the preceding
into perspective (see also the detailed literature review in [18]).

There is still another important extension ofMorse theory, the combinatorial Morse
theory of Forman [14] on simplicial and cell complexes. Here, a function assigns a
value to every simplex or cell, and certain inequalities between the values on a sim-
plex and on its facets are required that can be seen as analogues of the non-degeneracy
conditions ofMorse theory in the smooth setting. As shown in [3], this theory recovers
classicalMorse theory by considering PL triangulations ofmanifolds that admitMorse
functions. This theory has found various practical applications in diverse fields, such
as computer graphics, networks and sensor networks analysis, homology computa-
tion, astrophysics, neuroscience, denoising, mesh compression, and topological data
analysis. (For more details on smooth and discreteMorse theory and their applications
see [21, 25]). In [13], Forman also extended his theory to combinatorial vector fields.

In the first chapter of this part, we extend Floer’s theory into the direction of Con-
ley’s theory. More precisely, we shall show that one can define a boundary operator by
counting suitable flow lines not only for Morse functions, but also for Morse–Smale
dynamical systems and in fact, wemore generally also allow for certain types of homo-
clinic orbits in the dynamical system. Perhaps apart from this latter small extension,
our results in the smooth setting readily follow from the existing literature. One may
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invoke [22] to treat it as aMorse–Bott function with themethods of [18]. Alternatively,
one may locally perturb the periodic orbits into heteroclinic ones between two fixed
points by a result of Franks [17] and then use [27] to treat it like a Morse function.
In some sense, we are also using such a perturbation. Our observation then is that
the collection of gradient flow lines between the resulting critical points has a special
structure which in the end will allow us to directly read off the boundary operator from
the closed (or homoclinic) orbits and the critical points. It remains to develop Conley
theory in more generality from this perspective. Moreover, our approach also readily
extends to the combinatorial situation of [13, 14]. Again, it is known how to construct
a Floer type boundary operator for a combinatorial Morse function, and an analogue
of Witten’s approach had already been developed in [15]. Our construction here, how-
ever, is different from that of that paper. In fact, [15] requires stronger assumptions
on the function than the Morse condition, whereas our construction needs no further
assumptions.Whatwewant to advocate foremost, however, is that the beauty of Floer’s
idea of counting flow lines to define a boundary operator extends also to dynamical
systems with periodic orbits, in both the smooth and the combinatorial setting, and
that a unifying perspective can be developed.

We should point out that in this part and for both of the next chapters, we only treat
homology withZ2 coefficients. Thus, we avoid having to treat the issue of orientations
of flow lines. This is, however, a well established part of the theory, see [12] or also
the presentations in [20, 24]. The structure of this paper is as follows:

In Sect. 2, after reviewing basic notions, we introduce the generalizedMorse–Smale
systems and we define a boundary operator based on these systems by which we can
compute the homology groups. In Sect. 3, we turn to the discrete settings and present
such a boundary operator for general combinatorial vector fields by which we can
compute the homology of finite simplicial complexes. Both sections finish with some
concrete examples of computing homology groups based on our Floer type boundary
operators.

2 Generalized SmoothMorse–Smale Vector Fields

2.1 Preliminaries

Weconsider a smoothm dimensionalmanifold M that is closed, oriented and equipped
with a Riemannian metric whose distance function we denote by d. Let X be a smooth
vector field on M and φt : M −→ M be the flow associated with X . We first recall
some basic terminology. For p ∈ M , γ (p) = ∪tφt (p) will denote the trajectory of X
through p. Then, for each p ∈ M we define the limit sets of γ (p) as

α(p) := ∩s≤0∪t≤sφt (p),

ω(p) := ∩s≥0∪t≥sφt (p).

Definition 2.1 If f : M → M is a diffeomorphism, then x ∈ M is called chain
recurrent if for any ε > 0, there exist points x1 = x, x2, . . . , xn = x (n depends on ε)
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such that d( f (xi ), xi+1) < ε for 1 ≤ i ≤ n. For a flow φt , x ∈ M is chain recurrent
if for any ε > 0, there exist points x1 = x, x2, . . . , xn = x and real numbers t(i) ≥ 1
such that d(φt(i)(xi ), xi+1) < ε for 1 ≤ i ≤ n. The set of chain recurrent points is
called the chain recurrent set and will be denoted by R(X).

The chain recurrent set R(X) is a closed submanifold of M that is invariant under
φt . We can think of R(X) as the points which come within ε of being periodic for
every ε > 0. A Morse–Smale dynamical system, as introduced by Smale [26], has
the fundamental property that it does not have any complicated recurrent behaviour
and the α and ω limit sets of every trajectory can only be isolated critical points p
or periodic orbits O . Morse–Smale dynamical systems are the simplest structurally
stable types of dynamics; that is, if X is Morse–Smale and X ′ is a sufficiently small
C1 perturbation of X then there is a homeomorphism h : M → M carrying orbits of
X to orbits of X ′ and preserving their orientation. (Such a homeomorphism is called
a topological conjugacy and we say that the two vector fields or their corresponding
flows are topologically conjugate.) Here, we shall consider a somewhat more general
case where we allow for a certain type of homoclinic rest points and their homoclinic
orbits.

Definition 2.2 A periodic orbit of the flow φt on M is hyperbolic if the tangent bundle
of M restricted to O , T MO , is the sum of three derivative Dφt invariant bundles
Ec ⊕ Eu ⊕ Es such that:

1. Ec is spanned by the vector field X , tangent to the flow.
2. There are constants C, λ > 0, such that ‖Dφt (v)‖ ≥ Ceλt‖v‖ for v ∈ Eu , t ≥ 0

and ‖Dφt (v)‖ ≤ C−1e−λt‖v‖ for v ∈ Es, t ≥ 0, where ‖.‖ is some Riemannian
metric.

A rest (also called critical) point p for a flow φt is called hyperbolic provided that
Tp M = Eu ⊕ Es , and the above conditions are valid for v ∈ Eu or Es .

The stable and unstable manifolds of a hyperbolic periodic orbit O are defined by:
W s(O) = {x ∈ M | d(φt x, φt y) → 0 as t → ∞ for some y ∈ O} and W u(O) =
{x ∈ M | d(φt x, φt y) → 0 as t → −∞ for some y ∈ O}. And for a rest point
and a homoclinic orbit, we define the stable and unstable manifolds analogously.
Also the index of a rest point or a closed orbit is defined to be the dimension of Eu .
We denote an arbitrary point in a homoclinic orbit H by H0

k , where k is the index
of the homoclinic orbit H and the homoclinic orbit itself is denoted by H1

k as it is
homeomorphic to a circle and therefore is one-dimensional. Similarly by O0

k , wemean
an arbitrary point in a periodic orbit O of index k and by O1

k we mean the orbit itself
as a one dimensional structure, homeomorphic to a circle. In the following definition,
we extend the definition of Morse–Smale vector fields.

Definition 2.3 We call a smooth flow φt on M generalised Morse–Smale if :

1. The chain recurrent set of the flow consists of a finite number of hyperbolic rest
points β1(p),…βk(p) and/or hyperbolic periodic orbits βk+1(O),…βn(O).

2. R(X) furthermoremayhave afinite number of homoclinic orbitsβn+1(H),…βl(H)

that can be obtained via local bifurcation from hyperbolic periodic orbits
βn+1(O), . . . , βl(O).
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3. For each βi (p), 1 ≤ i ≤ k and each βi (O), k + 1 ≤ i ≤ l the stable and unstable
manifolds W s(βi ) and W u(βi ) associated with βi intersect transversally.
(Here, two such submanifolds intersect transversally if for every x ∈ W u(βi ) ∩
W s(β j ) we have: Tx (M) = Tx W u(βi )

⊕
Tx W s(β j ).)

Note that the only difference between generalised Morse–Smale flows as defined
here and standard Morse–Smale flows is the possible existence of homoclinic points
and orbits. In the standard case, one simply excludes the second condition.

Therefore, a generalised Morse–Smale flow can be perturbed to a corresponding
Morse–Smale flow,where all of the homoclinic orbitsβi (H), n+1 ≤ i ≤ l, are substi-
tuted byperiodic orbitsβi (O). For any twodistinctβi andβ j in the above definition,we
consider W (βi , β j ) = W u(βi )∩W s(β j ). Then, based on the transversality condition,
this intersection is either empty (if there is no flow line from βi to β j ) or a submanifod
of dimension λβi − λβ j + dim βi , where the index of βk is denoted by λβk [1]. In the
second case, the flow φt induces an R-action on W (βi , β j ) = W u(βi )∩ W s(β j ). Let

M(βi , β j ) = (W (βi , β j ))/R)

be the quotient space by this action of the flow lines from βi to β j .

Remark 2.4 In the definition of standard Morse–Smale flow, the condition (1) above
could be replaced by (1′):
All periodic orbits and rest points of the flow are hyperbolic, and there exists a Morse–
Bott type energy function (as defined by Meyer [22]).

2.2 The Chain Complex for GeneralizedMorse–Smale Vector Fields

Suppose X is a generalized Morse–Smale vector field over M . To motivate our con-
struction, we first observe that by a slight extension of a result of Franks [17], we
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can replace every periodic or homoclinic orbit by two non-degenerate critical points,
without changing the flow outside some small neighbourhood of that orbit.

Lemma 2.5 Suppose φt is a generalized Morse–Smale flow on an orientable manifold
with a periodic or homoclinic orbit of index k. Then, for any neighbourhood U of that
orbit, there exists a new generalized Morse–Smale flow φ′

t whose vector field agrees
with that of φt outside U and which has rest points t and t ′ of index k + 1 and k in U ,
but no other chain recurrent points in U.

Proof In [17], Franks proved that for aMorse–Smale flowφt on an orientablemanifold
with a closed periodic orbit O of index k and a given neighbourhood U of O , there
exists a new Morse–Smale flow φ′

t whose vector field agrees with that of φt outside
U and which has rest points q1 and q2 of index k and k + 1 in U , but no other chain
recurrent points in U .

For the generalized Morse–Smale flow, we note that each homoclinic orbit is by
definition obtained in a continuous local bifurcation of a periodic orbit. Therefore, ifwe
use this bifurcation in the reverse direction and substitute again any such homoclinic
orbit with its corresponding periodic orbit we can use Franks’ argument for replacing
all the periodic and homoclinic orbits with two rest points and two heteroclinic orbits
between them. �

Remark 2.6 In the above figure, the qualitative features of the three cases outside
the grey annulus are the same. In particular, we can bifurcate two heteroclinic orbits
between two critical points (in the right) to get a homoclinic orbit and a homoclinic
critical point (in the middle) by bringing the two critical points closer and closer and
then bifurcate the homoclinic orbit to a periodic orbit (in the left).

With this lemma, we can turn our flow into one that has only non-degenerate critical
points. We could then simply utilize the Floer boundary operator for that flow. In fact,
that motivates our construction, but we wish to define a Floer type boundary operator
directly in terms of the periodic and homoclinic orbits and the critical points. Our
simple observation is that a Floer boundary operator resulting from the replacement
that Franks proposed has some additional structure that is derived from the orbits that
have been perturbed away. This allows for an arrangement of the flow lines between the
critical points of the perturbed flow that leads to the definition of the boundary operator
in the presence of those orbits. That is, we can read off the boundary operator directly
from the relations between the orbits and the critical points without appealing to that
perturbation, although the perturbation helps us to see why this boundary operator
squares to 0.

We define the Morse–Floer complex (C∗(X), ∂) of X as follows. Let Ck denote
the finite vector space (with coefficients in Z2) generated by the following set of rest
points/orbits of the vector field:

(
pk, O0

k , O1
k−1, H0

k , H1
k−1

)
.

The differential ∂k : Ck(X) −→ Ck−1(X) counts the number of connected compo-
nents of M(βi , β j ) (mod 2), where βi and β j are isolated rest points pk or closed
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orbits (either homoclinic orbits H or periodic orbits O). Here, each such orbit, carry-
ing topology in two adjacent dimensions, corresponds to two elements in the boundary
calculus. More precisely, a periodic orbit Ok of index k generates an element O1

k in
dimension k + 1 and an element O0

k in dimension k, and analogously for the homo-
clinics. Thus, our boundary operator is:

∂ pk =
∑

α(pk, pk−1)pk−1 +
∑

α(pk, Ok−2)O1
k−2

+
∑

α(pk, Hk−2)H1
k−2,

∂O0
k =

∑
α(Ok, Ok−1)O0

k−1 +
∑

α(Ok, Hk−1)H0
k−1

+
∑

α(Ok, pk−1)pk−1,

∂O1
k−1 =

∑
α(Ok−1, Ok−2)O1

k−2 +
∑

α(Ok−1, Hk−2)H1
k−2,

∂ H0
k =

∑
α(Hk, Hk−1)H0

k−1 +
∑

α(Hk, Ok−1)O0
k−1

+
∑

α(Hk, pk−1)pk−1,

∂ H1
k−1 =

∑
α(Hk−1, Hk−2)H1

k−2 +
∑

α(Hk−1, Ok−2)O1
k−2.

In this definition, the sums extend over all the elements on the right hand side; for
instance, the first sum in the first line is over all critical points pk−1 of index k − 1.
α(pk, pk−1), similar to the classical Morse–Floer theory (where there is no closed
orbit and therefore, the vector field is up to topological conjugacy, gradient-like), is
the number of flow lines from pk to pk−1. We observe some terms do not appear; for
instance, we do not have terms with coefficients of the form α(pk, Ok−1), nor of the
form α(pk, Hk−1). This will be important below in the proof of Theorem 2.8. The
reason why such a term does not show up is that if there were a flow line from some
pk to some O0

k−1, then there would also be a flow to the corresponding O1
k−1 which

comes from the same closed orbit. But O1
k−1 and pk are the elements of the same Ck ,

and by the Morse–Smale condition, there are no flow lines between critical elements
of the same Ck . Analogously for homoclinics.

Remark 2.7 Note that in defining the chain complex and the corresponding boundary
operator ∂ for X , we could first replace all the homoclinic orbits with bifurcated
periodic orbits and present our definitions for the simpler case where all the closed
orbits are periodic. Then, we would have just three generators

(
pk, O0

k , O1
k−1

)

for Ck(X). However, here we choose not to do this to emphasize that we can construct
the boundary operator also for homoclinic orbits as long as our operator is defined
based on the flow lines outside the tubular neighbourhoods of orbits.

Theorem 2.8 ∂2 = 0.
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In classicalMorse–Floer theory, one assumes that there are only isolated critical points
and no closed or homoclinic orbits, and therefore, all the α coefficients in the definition
of ∂ except the first one (in the first row) are zero; there to prove ∂2 = 0 one can
then use the classification theorem of one-dimensional compact manifolds, where
the number of connected components of their boundary mod two is zero (see [20]).
Here, as W (βi , βi−1)might have dimension bigger than one, the number of connected
components of the boundary of compact two-dimensional manifolds might vary. For
our generalized Morse–Smale flows, however, we use Lemma 2.5 to replace any orbit
of index k (both periodic Ok and homoclinic Hk) by a rest point of index k and one of
k + 1 which are joined by two heteroclinic orbits. When replacing Hk , the resulting
rest point of higher index can be taken to be the point h itself, which then will be no
longer homoclinic.

Proof By the above replacement, we get a vector field Y which has no periodic and
homoclinic orbits and is therefore gradient-like (up to topological conjugacy [16]).
This Y has all the isolated rest points of X , two isolated rest points qup

k and q ′down
k−1

instead of every periodic orbit Ok−1 of index k − 1 and two isolated rest points tupk
and t ′downk−1 instead of every homoclinic orbit Hk−1 of index k − 1. We note that all the
critical points in Y are isolated and for each index k, they can be partitioned into five
different sets pk, tupk , t ′downk , qup

k , q ′down
k . This partitioning is possible because orbits

and isolated rest points have pairwise empty intersection. The proof will now consist
of the following main steps:

1. We define Ck(Y ) to be the finite vector space (with coefficients in Z2) generated
by

(
pk, qup

k , q ′down
k , tupk , t ′downk

)
.

2. We define a boundary operator ∂ ′ and consequently a chain complex corresponding
to (Y , C∗(Y ), ∂ ′).

3. And then we prove there is an isomorphism (chain map) ϕ∗ : C∗(X) −→ C∗(Y ).
Since ϕ is an isomorphism, we get our desired equality ∂2 = 0 as ∂ = ϕ−1∗ ∂ ′ϕ∗
and ∂2 = ϕ−1∗ ∂ ′2ϕ∗
1) We note that in Ck(Y ), qup

k comes from a periodic orbit of index k − 1 and
q ′down

k comes from the replacement of a periodic orbit of index k. Similarly,
tupk is obtained from replacing a homoclinic orbit of index k − 1 and t ′downk
comes from a homoclinic orbit of index k.

2) We define ∂ ′
k : Ck(Y ) −→ Ck−1(Y ) as follows:

∂ ′ pk =
∑

α(pk, pk−1)pk−1 +
∑

α(pk, qup
k−1)q

up
k−1

+
∑

α(pk, tupk−1)t
up
k−1,

∂ ′q ′down
k =

∑
α(q ′down

k , q ′down
k−1 )q ′down

k−1

+
∑

α(q ′down
k , t ′downk−1 )t ′downk−1
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+
∑

α(q ′down
k , pk−1)pk−1,

∂ ′qup
k =

∑
α(qup

k , qup
k−1)q

up
k−1

+
∑

α(qup
k , tupk−1)t

up
k−1,

∂ ′t ′downk =
∑

α(t ′downk , t ′downk−1 )t ′downk−1

+
∑

α(t ′downk , q ′down
k−1 )q ′down

k−1

+
∑

α(t ′downk , pk−1)pk−1,

∂ ′tupk =
∑

α(tupk , tupk−1)t
up
k−1

+
∑

α(tupk , qup
k−1)q

up
k−1.

These sums extend over all the elements on the right hand side, and α is the number
of gradient flow lines (mode 2) between the corresponding critical points.Wewant
to prove ∂ ′2 = 0 over Ck(Y ) by equating ∂ ′ with the boundary operator ∂ M of
Floer theory which is of the form ∂ M (sk) = ∑

α(sk, sk−1)sk−1 for a gradient
vector field and counts the number of gradient flow lines α (mod 2) between two
rest points with relative index difference one, without any partitioning on the set
of isolated rest points sk of index k. In our case, we have such a partitioning and
therefore more refined relationships in the definition of ∂ ′. And then, for all the
generators of C∗(Y ), ∂ ′ = ∂ M ; we show this equality for pk, qup

k , t ′downk as for the
other cases it can be similarly proved.

If we consider such a partitioning on the set of rest points of our vector field,
we have:

∂ M (pk) =
∑

α(pk, pk−1)pk−1 +
∑

α(pk, qup
k−1)q

up
k−1

+
∑

α(pk, q ′down
k−1 )q ′down

k−1 +
∑

α(pk, tupk−1).t
up
k−1

+
∑

α(pk, t ′downk−1 )t ′down.

Comparing this formula with that of ∂ ′ pk , we see that we have two extra terms in
the latter; as we have explained after the definition of ∂ , the 3th and the 5th term are
not present in the former case. To have ∂ M (qup

k ) = ∂ ′(qup
k ), the three coefficients

α(qup
k , q ′down

k−1 ), α(qup
k , t ′downk−1 ), α(qup

k , pk−1)

need to be zero. The first one is zero since there are exactly two gradient flow lines
(heteroclinic orbits) from qup

k to q ′down
k−1 which correspond to replacement of an

orbit Ok−1. We note that for the other q ′down
k−1 coming from other orbits α is zero by

definition of ∂ over Ck(X) as otherwise in X we would have flow lines between
two orbits of the same index which is not possible by the Morse–Smale condition.
For the same reason, the second element is also zero since there is no flow line
from qup

k to t ′downk−1 . Also the last α is zero as otherwise there would be flow lines
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from a periodic orbit of index k − 1 to an isolated rest point with index k − 1 in
X , again violating Morse–Smale.

Finally, ∂ M (t ′downk ) = ∂ ′(t ′downk ) if we show that α(t ′downk , tupk−1) and
α(t ′down, qup

k−1) are zero. If not, there would be two orbits in X with index dif-
ference two which are the boundaries of a cylinder, which is not possible.

Therefore, over C∗(Y ), ∂ M = ∂ ′ and hence ∂ ′2 = 0 by classical Morse–Floer
theory.

3) We now define ϕ∗ : C∗(X) −→ C∗(Y ). For 0 ≤ k ≤ m, we put

ϕ∗(pk) = pk, ϕ∗(O0
k ) = q ′down

k , ϕ∗(O1
k−1) = qup

k ,

ϕ∗(H0
k ) = t ′downk , ϕ∗(H1

k−1) = tupk .

ϕ∗ is an isomorphism by the above construction of the rest points of Y . To prove
ϕ∗ is a chain map from C∗(X) to C∗(Y ), we should have ∂ ′ϕ∗ = ϕ∗∂ . Here, we
show this equality for one of the generators of Ck(X) and for the others it can be
similarly obtained. For O1

k−1, we have:

ϕ∗∂(O1
k−1) = ϕ∗

(∑
α(Ok−1, Ok−2).O

1
k−2 +

∑
α(Ok−1, Hk−2).H

1
k−2

)

=
∑

α(qup
k , qup

k−1).q
up
k−1 +

∑
α(qup

k , tupk−1).t
up
k−1

= ∂ ′qup
k

= ∂ ′ϕ∗(O1
k−1).

Therefore, ∂ ′ϕ∗ = ϕ∗∂ and since ∂ ′2 = 0 and ∂2 = ϕ−1∗ ∂ ′2ϕ∗, ∂2 = 0. �

We can then define Z2 Morse–Floer homology of M by putting for each k, 0 ≤

k ≤ m,

Hk(M,Z2) = ker(∂k)

image(∂k+1)
.

Remark 2.9 Although here we do not treat orientations, we observe from the following
figure that in the above equalities, ϕ∗ preserves the parity of α as each connected
component of M(Ok−1, Ok−2) corresponds to exactly one gradient flow line from qup

k
to qup

k−1 (and exactly one flow line from q ′down
k−1 to q ′down

k−2 ). Similarly the same happens
when we consider connected components of M(Ok−1, Hk−2).

123



Floer Homology: From Generalized Morse–Smale Dynamical…

2.3 Computing Homology Groups of SmoothManifolds

We shall now illustrate the simple computation of Floer homology for some smooth
vector fields.

1. Let the sphere S2 be equipped with a vector field V which has two isolated rest
points of index zero at the north (N) and the south (S) pole, and one periodic orbit O
of index one on the equator. Then,

C2 =
(

O1
1

)
,

C1 =
(

O0
1

)
,

C0 = (N0, S0) .

∂2O1
1 = 0 since there is no closed orbit of index 0 and therefore, O1

1 is the only
generator for H2(M,Z2).

∂1O0
1 = α(O1, N0).N0 +α(O1, S0).S0 = N0 + S0 �= 0 and therefore, O0

1 does not
contribute to H1(M,Z2) and H1(M,Z2) = 0. ∂0N0 = 0 = ∂0S0, but since N0 + S0
is in the image of ∂1, therefore we have a single generator for H0(M,Z2).

2. If we reverse the orientation of flow lines in the previous example, the isolated
rest points at the north and south pole will get index two and the index of the periodic
orbit becomes zero. Therefore:

C2 = (N2, S2) ,

C1 =
(

O1
0

)
,

C0 =
(

O0
0

)
.

∂2N2 = O1
0 = ∂0S2 and N2 − S2 is the generator for H2(M,Z2).

Also ∂1O1
1 = 0 but since O1

1 is in the image of ∂2, it does not contribute to
H1(M,Z2). Finally, ∂0O0

0 = 0 and therefore, O0
0 is the only generator for H0(M,Z2).
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3. Consider S2 with a vector field V which has two isolated rest points, at the north
pole of index zero and at the south pole of index two, one orange homoclinic orbit H
of index one and one yellow periodic orbit O of index zero.

C2 =
(

S2, H1
1

)
,

C1 =
(

H0
1 , O1

0

)
,

C0 =
(

O0
0 , N0

)
.

∂2S2 = O1
0 = ∂2H1

1 and therefore, S2 − H1
1 is the only generator for H2(M,Z2).

∂1H0
1 = α(H1, O0).O0

0 + α(H1, N0).N0 = O0
0 + N0 �= 0 and therefore, H0

1 does
not contribute to H1(M,Z2). On the other hand, ∂1O1

0 = 0 but since O1
0 is in the

image of ∂2, it does not contribute to H1(M,Z2) and therefore, H1(M,Z2) = 0.
∂0N0 = 0 = ∂0O0

0 but since O0
0 + N0 is in the image of ∂1, therefore we have just

one generator for H0(M,Z2).
4. Finally, a two-dimensional Torus T 2 with a vector field V with two periodic

orbits O1 and O ′
0:

C2 =
(

O1
1

)

C1 =
(

O0
1 , O ′1

0

)

C0 =
(

O ′0
0

)
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∂2O1
1 = 2.O ′1

0 = 0 therefore, O1
1 is the generator for H2(M,Z2). ∂1O0

1 = 2.O ′0
0 =

0 so O0
1 is a generator for H1(M, Z). Also, ∂1O ′1

0 = 0 and therefore, O ′1
0 is another

generator for H1(M,Z2) = 0.
Finally, ∂0O ′0

0 = 0 and therefore, we have one generator for H0(M,Z2).

Remark 2.10 For a computation of the homology groups of the first two examples via
Morse–Bott theory (after turning the periodic orbits into critical submanifolds of a
gradient flow), see [1].

3 Combinatorial Vector Fields

3.1 Preliminaries

Forman introduced the notion of a combinatorial dynamical system on CW complexes
[13]. He developed discrete Morse theory for the gradient vector field of a combina-
torial Morse function and studied the homological properties of its dynamic [14] .
For the general combinatorial vector fields where as opposed to gradient vector fields,
the chain recurrent set might also include closed paths, he studied some homological
properties by generalizing the combinatorial Morse inequalities. It remains, however,
to construct a Floer type boundary operator for these general combinatorial vector
fields. We define a Morse–Floer boundary operator for combinatorial vector fields on
a finite simplicial complex.With this tool, we no longer need aMorse function to com-
pute the Betti numbers of the complex. Combinatorial vector fields can be considered
as the combinatorial version of smooth Morse–Smale dynamical systems on finite
dimensional manifolds; here, in contrast to the smooth case we cannot have homo-
clinic points and homoclinic orbits as here, we cannot have a continuous bifurcation
between a pair of heteroclinic orbits and a closed one, and in particular none with a
homoclinic orbit in the middle.

We now recall some of the main definitions that Forman introduced. Let M be a
finite CW complex of dimension m, with K the set of open cells of M and K p the set
of cells of dimension p. If σ and τ are two cells of M , we write σp if dim(σ ) = p
and σ < τ if σ ⊆ τ , where τ is the closure of τ and we call σ a face of τ .

Suppose σp is a face of τp+1, B is a closed ball of dimension p+1 and h : B → M ,
the characteristic map for τ , i.e., a homeomorphism from the interior of B onto τ .

Definition 3.1 σp is a regular face of τp+1 if

• h−1(σ ) → σ is a homeomorphism.
• h−1(σ ) is a closed p-ball.
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Otherwise, we say σ is an irregular face of τ . If M is a regular CW complex (such
as a simplicial or a polyhedral complex), then all its faces are regular.

Definition 3.2 A combinatorial vector field on M is a map V : K → K ∪ 0 such that

• For each p, V (K p) ⊆ K p+1 ∪ 0.
• For each σp ∈ K p, either V (σ ) = 0 or σ is a regular face of V (σ ).
• If σ ∈ Image(V ), then V (σ ) = 0.
• For each σp ∈ K p,

�{u p−1 ∈ K p−1 | V (u) = σ } ≤ 1.

To present the vector field on M for any σ ∈ K , where V (σ ) �= 0, we usually draw
an arrow on M whose tail begins at σ and extend this arrow into V (σ ). Thus, for each
cell σp, there are precisely 3 disjoint possibilities:

• σ is the head of an arrow (σ ∈ I mage(V )).
• σ is the tail of an arrow (V (σ ) �= 0).
• σ is neither the head nor the tail of any arrow (V (σ ) = 0 and σ /∈ Image(V ).

In the last case, we call such a σp a zero or rest point of V of index p. Cells which are
not rest points occur in pairs (σ, V (σ )) with dim V (σ ) = dim σ + 1. From now on
and for simplicity, we restrict ourselves to the special case of simplicial complexes,
instead of CW complexes. As the combinatorial version of closed periodic orbits in
smooth manifolds, we have the next definition:

Definition 3.3 DefineaV -path of index p to be a sequenceγ : σ 0
p, τ 0p+1, σ

1
p, τ 1p+1, . . . ,

τ r−1
p+1, σ

r
p such that for all i = 1, ..., r − 1 : V (σ i ) = τ i and σ i �= σ i+1 < τ i .

A closed path γ of length r is a V -path such that σ 0
p = σ r

p. Also, γ is called non-
stationary if r > 0.

Forman showed that there is an equivalence relation on the set of closed paths by
considering two paths γ and γ ′ to be equivalent if γ is the result of varying the starting
point of γ ′. An equivalence class of closed paths of index k will be called a closed
orbit of index k and denoted by Ok .

Definition 3.4 We call an orbit Op twisted if in its corresponding closed path

γ : σ 0
p, τ 0p+1, σ

1
p, τ 1p+1, . . . , τ

r−1
p+1, σ

r
p = σ 0

p,

there is at least one vertex of σ 0
p that does not attach to itself in σ r

p (for example see
Remark 3.10). Otherwise, we call the orbit simple.

Definition 3.5 The combinatorial chain recurrent set R(V ) for a combinatorial vector
field V on M is defined to be the set of simplices σp which are either rest points of
V or are contained in some non-stationary closed path γ (γ must have index either
p − 1 or p).

The chain recurrent set can be decomposed into a disjoint union of basic sets
R(M) = ∪i�i , where two simplices σ, τ ∈ R(V ) belong to the same basic set if and
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only if there is a closed non-trivial V -path γ which contains both σ and τ . Forman
proved that if there are no non-stationary closed paths then V is the combinatorial
negative gradient vector field of a combinatorial Morse function. However, when V
has closed paths then it cannot be the gradient of a function. Subsequently, he defined
a combinatorial ”Morse-type” function on K called a Lyapunov function, which is
constant on each basic set and has the property that away from the chain recurrent set,
V is the negative gradient of f .

Remark 3.6 This Lyapunov function can be considered as the combinatorial analogue
of the Morse–Bott energy function which Meyer defined for Morse–Smale dynamical
systems.

3.2 The Chain Complex of Combinatorial Vector Fields

Forman obtained Morse–type inequalities based on the basic sets of V and showed
that these sets control the topology of M [13]. In this section, we present a direct
way of recovering the homology of the underlying complex from the chain recurrent
set of a combinatorial vector field on M from our Floer type boundary operator; our
main restriction is that the chain recurrent set should not have twisted orbits. Our
operator acts on chain groups generated by the basic sets and counts the number of
suitable V-paths between elements of the chain recurrent set. We consider V to be a
combinatorial vector field on a finite simplicial complex M , where R(V ) does not
include twisted orbits.

We define the Morse–Floer complex of V denoted by (M, C∗(V ), ∂) as follows.
Let Ck denote the finite vector space (with coefficients in Z2) generated by the set of
rest points pk and closed orbits Ok−1 of the vector field:

(
pk, O1

k−1, O0
k

)

in which by O1
k−1 we mean the whole closed orbit Ok−1 of index k − 1 and by O0

k
we mean an arbitrary simplex with dimension k in the closed orbit Ok . Similar to the
smooth case, each such orbit carries topology in two adjacent dimensions, namely
a closed orbit Ok generates an element O1

k in Ck+1 and an element O0
k in Ck . We

note that here, by definition of combinatorial vector fields, we do not have any V -path
between the elements of the sameCk ; but in order to get a Floer type boundary operator
in the same way as in the smooth setting we have to exclude three different cases in
our vector field; we assume:

1. There is no V -path from a face of a critical simplex pk to a (k − 1)-dimensional
simplex in an orbit Ok−1.

2. There is no V -path from a face of a k-dimensional simplex of an orbit of index
k − 1 to a critical simplex of dimension k − 1.

3. There is no V -path from a face of a k-dimensional simplex of an orbit of index
k − 1 to a (k − 1)-dimensional simplex of another orbit of index k − 1.

This will be used in the proof of Theorem 3.7. In the smooth setting, the excluded
cases cannot occur because of the Morse–Smale transversality condition.
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To be able to define the combinatorial Floer-type boundary operator, we have to
transfer the idea of the number of connected components of the moduli spaces of flow
lines to our combinatorial setting. As we see, the number of these components (mod
2) plays a key rule in the definition of the boundary operator in the smooth setting. In
the sequel, for two simplices of the same dimension q and q ′, by q ⊥ q ′, we mean
that q and q ′ are lower adjacent, i.e., they have a common face.

We have V -paths between closed orbits and rest points which make different fol-
lowing cases: For two orbits Ok−1 and Ok−2, we define the set V P(Ok−1, Ok−2) as
the set of all V-paths starting from the faces of (k − 1)- and k-dimensional simplices
of Ok−1 and go to, respectively, (k − 2)- and (k − 1)- dimensional simplices of Ok−2.
If V P(Ok−1, Ok−2) is non-empty, for O1

k−1 and O1
k−2, we define the higher dimen-

sional spanned set of V-paths in V P(Ok−1, Ok−2), denoted by SV P(O1
k−1, O1

k−2) to
be

{q ∈ Kk, q ∈ Image(V ) | ∃γ ∈ V P(Ok−1, Ok−2), q ∈ γ }.

On this set, we can then define a relation as follows. We say q and q ′ in
SV P(O1

k−1, O1
k−2) are related (q ∼ q ′) if q and q ′ belong, respectively, to two V-

paths γ : α0
k−1, . . . , qk, . . . , α

r
k−1 and γ ′ : β0

k−1, . . . , q ′
k, . . . , β

s
k−1, where α0

k−1 and
β0

k−1 are faces of k-dimensional simplices of Ok−1 and αr
k−1 and βs

k−1 are some k − 1
dimensional simplices in Ok−2 such that one of the following situations happens:

• Either α0
k−1 and β0

k−1 coincide (and therefore γ and γ ′ are the same) or
• α0

k−1 ⊥ β0
k−1 or

• There is a sequence of k − 1 dimensional simplices θ0k−1, . . . θ
z
k−1, where

θ0k−1, . . . θ
z
k−1 are the faces of k dimensional simplices in Ok−1 such that α0

k−1 ⊥
θ0k−1, β

0
k−1 ⊥ θ z

k−1 and for each i , θ i
k−1 ⊥ θ i+1

k−1 and θ i
k−1 is the starting simplex

of some γ ∈ V P(Ok−1, Ok−2).

It is straightforward to check that ∼ is an equivalence relation on SV P(O1
k−1, O1

k−2).
On the other side for two arbitrary simplices of dimension k − 1 and k − 2 in,
respectively, Ok−1 and Ok−2, we consider the following equivalence relation (∼′)
on SV P(O0

k−1, O0
k−2) which is defined as follows:

{q ∈ Kk−1, q ∈ Image(V ) | ∃γ ∈ V P(Ok−1, Ok−2), q ∈ γ }.

We say q and q ′ in SV P(O0
k−1, O0

k−2) are related (q ∼′ q ′) if there are w and w′ in
SV P(O1

k−1, O1
k−2) such that q < w and q ′ < w′ and w ∼ w′. By definition, ∼′ is

also an equivalence relation on SV P(O0
k−1, O0

k−2) and the number of its equivalence
classes is exactly the number of equivalence classes of ∼ over SV P(O1

k−1, O1
k−2).

For instance, consider the following triangulation of the torus which has two closed
orbits of index one and index zero, respectively, shown by green and red arrows. Here,
SV P(O1

k−1, O1
k−2) is the set of all the two-dimensional coloured simplices and based

on the above equivalence relation, this set is partitioned into two sets of yellow and
pink two-dimensional simplices. Also, SV P(O0

k−1, O0
k−2) is the set of all marked
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(with cross sign) edges which is partitioned into two sets, represented by orange and
purple signs.

If for two orbits, Ok−1 and Ok−2, V P(Ok−1, Ok−2) is empty and some of the
faces of Ok−1 (faces of both k − 1 and k-dimensional simplices) coincide with k − 2
and k − 1 dimensional simplices in Ok−2, we say Ok−2 is attached to Ok−1. In the
tetrahedron shown below, the bottom faces of the closed red orbit of index one are the
closed orbit of index zero with purple arrows:

Also, we could have V-paths, V P(pk, Ok−2), from the faces of a critical simplex
pk of index k which go to the k − 1 dimensional simplices of some orbit of index
k − 2; we define the span set of these V-paths, denoted by SV P(pk, O1

k−2) to be

SV P(pk, O1
k−2) := {q ∈ Kk, q ∈ Image(V ) | ∃γ ∈ V P(pk, Ok−2), q ∈ γ }.

As above, we can define an equivalence relation on this set in which the equivalence
classes are obtained based on the following relation:
q ∼ q ′ if they belong, respectively, to twoV-paths γ : α0

k−1, . . . , qk, . . . , α
r
k−1 and γ ′ :

β0
k−1, . . . , q ′

k, . . . , β
s
k−1 such that either α0

k−1 and β0
k−1 coincide or α0

k−1 ⊥ β0
k−1 or

there is a sequence of k −1 dimensional simplices θ0k−1, . . . θ
z
k−1, where θ0k−1, . . . θ

z
k−1

are the faces of pk such that α0
k−1 ⊥ θ0k−1, β

0
k−1 ⊥ θ z

k−1 and for each i , θ i
k−1 ⊥ θ i+1

k−1.
We note that here, α0

k−1 and β0
k−1 are faces of pk and αr

k−1 and βs
k−1 are some k − 1

elements of Ok−2.
Also for V on M , for some rest point pk and some closed orbit Ok−2, the faces of

pk and k − 1 dimensional simplices in Ok−2 might coincide; for instance in the above
tetrahedron the faces of orange 2-d rest simplex coincides with the one-dimensional
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simplices in the closed orbit of index zero with purple arrows. We consider this again
as an attachment.

In the third possible case, V-paths start from the faces of k-dimensional simplices of
a closed orbit of index k, Ok , and go to a rest simplex of index k −1, pk−1. We denote
the set of such V-paths by V P(Ok, pk−1) and we consider SV P(O0

k , pk−1) := {q ∈
Kk, q ∈ Image(V ) | ∃γ ∈ V P(Ok, pk−1), q ∈ γ }. In this set, we call two simplices
q and q ′ equivalent if either q and q ′ coincide or q ⊥ q ′ or we can find a sequence
of simplices in SV P(O0

k , pk−1) such as θ0k , . . . θ z
k , such that q ⊥ θ0k , q ′ ⊥ θ z

k and for
each i , θ i

k ⊥ θ i+1
k . Here, we have to exclude pk−1 for determining lower adjacency of

k-dimensional simplices in SV P(O0
k , pk−1), namely if q ∩ q ′ = pk−1, they belong

to different classes. As an example, consider the following triangulation for the torus
with four orange rest simplices, one of index two, two of index one and another one of
index zero, and a closed red orbit of index one. Here, the edges marked by cross signs
are the edges in SV P(O0

1 , p0), which is portioned into two pink and yellow marked
edges. If V P(Ok, pk−1) is empty, but Ok and pk−1 have a non-empty intersection,
we have another type of attachment. For an example of this case, see the top critical
vertex and the red O1 in the above tetrahedron.

Finally, if we substitute Ok(O0
k ) in the third case by a rest point of index k, pk ,

we count the number of equivalence classes of SV P(pk, pk−1) := {q ∈ Kk, q ∈
Image(V ) | ∃γ ∈ V P(pk, pk−1), q ∈ γ }, where V P(pk, pk−1) is the set of all V-
paths starting from the faces of pk and go to pk−1 by passing through k-dimensional
simplices, based on the following relation:
We say q and q ′ in SV P(pk, pk−1) are related (q ∼ q ′) if there is a V-path in
V P(pk, pk−1) which includes both q and q ′. Therefore, the number of equivalence
classes here is the number of V-paths starting from the faces of pk which go to pk−1.
The differential ∂k : Ck(V ) −→ Ck−1(V ) counts the number of the above equivalence
classes mod 2, denoted by α, and for the three types of attachments we consider α = 1.
That is,

∂ pk =
∑

α(pk, pk−1)pk−1 +
∑

α(pk, O1
k−2)O1

k−2,

∂O0
k =

∑
α(O0

k , O0
k−1)O0

k−1 +
∑

α(O0
k , pk−1)pk−1,

∂O1
k−1 =

∑
α(O1

k−1, O1
k−2)O1

k−2,

where the sums extend over all the elements on the right hand side; for instance, the
second sum in the first line is over all closed orbits O1

k−2 of index k − 2. In Forman’s
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discrete Morse theory where there is no closed orbit (and therefore the combinatorial
vector field is the negative gradient of a discrete Morse function), α(pk, pk−1) is the
number of gradient V-paths from the faces of the rest point pk of higher dimension to
the rest point of lower dimension pk−1 (in this case, all the coefficients in the above
formula except the first coefficient in the first line are zero).

Theorem 3.7 ∂2 = 0.

To prove this theorem similarly to Theorem 2.8 in the smooth case, we introduce a
procedure to replace any closed path of index p (correspondingly its orbit of index
p, Op) with a rest point of index p and one of index p + 1 which are joined by two
gradient V-paths starting from the faces of a higher dimensional rest point and going
to the lower dimensional rest point.
We assume V has a finite number of simple closed non-stationary paths (orbits)
and rest simplices. Choose arbitrarily one of these closed paths γ of index p,
γ : σ 0

p, τ 0p+1, σ
1
p, τ 1p+1, . . . , τ

r−1
p+1, σ

r
p = σ 0

p . γ is a sequence of p and (p + 1) dimen-

sional simplices. Take one of the p + 1 dimensional simplices τ k
p+1 where k �= r − 1.

(Note that for non-stationary closed paths such a τ k always exists). We consider the
following two sets of the simplices of γ by preserving the orders in each of the sets:

σ 0
p, . . . , τ k−1

p+1, σ
k
p, τ k

p+1and

τ k
p+1, σ

k+1
p , τ k+1

p+1, . . . , σ
r
p = σ 0

p,

where the union of the elements in these sets consists of all the simplices of γ and
their intersection is the starting simplex of the closed path σ 0

p and the one of higher

dimension that we took τ k
p+1.

We keep the arrows in the second set as they are in γ and in the first set we reverse
the direction of V-path from σ 0

p to τ k
p+1. Namely instead of a pair (σ s

p, τ
s
p+1) in γ (for

0 ≤ s ≤ k) we will have (σ s
p, τ

s−1
p+1) in our vector field, where the two simplices σ 0

p

and τ k
p+1 will no longer be the tail and head of any arrow; therefore by definition both

of them become rest points and there is no other rest point in γ created in this process.
We note that in this procedure we just change the arrows in O and the other pairs of
the vector field (outside O) are not changed.

Proof of Theorem 3.7 If by the help of above procedure, we replace all the closed paths
(orbits) by two rest points whose indices (dimensions) differ by one we get a vector
field V ′ which has no closed path (orbit) and therefore, there is a discrete Morse
function on M whose gradient is V ′. V ′ has all the rest points of V and two rest points
qup

k (the simplex of higher index) and q ′down
k−1 (the simplex of lower index) instead of

every orbit Ok−1 of index k − 1. Then, we have the following three steps to prove the
theorem:

1. We considerCk(V ′) to be the finite vector space (with coefficients inZ2) generated
by

(
pk, qup

k , q ′down
k

)
,
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where in this set qup
k comes from an orbit of index k − 1 and q ′down

k comes from
the replacement of an orbit of index k.

2. We define a boundary operator ∂ ′ and consequently a chain complex corresponding
to (V ′, C∗(V ′), ∂ ′).

3. Then, we prove there is an isomorphism (chain map) ϕ∗ : C∗(V ) −→ C∗(V ′) .

Since ϕ∗ is an isomorphism, we get our desired equality ∂2 = 0 as ∂ = ϕ−1∂ ′ and
∂2 = ϕ−1∂ ′2.

1) All the elements of the chain recurrent set ofV ′ are rest simplices and for each index
k they can be partitioned into three different sets pk, qup

k , q ′down
k . Here, in contrast

to the smooth case, orbits and rest points can have non-empty intersections; in
particular for different types of attachments, the pairwise intersections are non-
empty. However, partitioning of rest simplices is possible since the indices of the
rest simplices are the same as their dimensions and after converting orbits into two
rest simplices, they will belong to different chain groups (in adjacent dimensions).

2) We define ∂ ′ : Ck(V ′) −→ Ck−1(V ′) as follows:

∂ ′ pk =
∑

α(pk, pk−1) · pk−1 +
∑

α(pk, qup
k−1).q

up
k−1,

∂ ′q ′down
k =

∑
α(q ′down

k , q ′down
k−1 ) · q ′down

k−1

+
∑

α(q ′down
k , pk−1) · pk−1,

∂ ′qup
k =

∑
α(qup

k , qup
k−1) · qup

k−1.

To prove ∂ ′2 = 0 over Ck(V ′), we want to equate ∂ ′ with the discrete Morse–
Floer boundary operator ∂ M of a combinatorial gradient vector field of the form
∂ M (sk) = ∑

α(sk, sk−1)sk−1. There we count the number of gradient V-paths α

(mod 2) between two rest points of relative index difference one without any such
partitioning on the set of rest simplices sk of index k. In our case, where we have
such kind of partitioning we should show that for all the generators of C∗(V ′),
∂ ′ = ∂ M .

After the preceding procedure, we have:

∂ M (pk) =
∑

α(pk, pk−1) · pk−1 +
∑

α(pk, qup
k−1) · qup

k−1

+
∑

α(pk, q ′down
k−1 ) · q ′down

k−1 ;

comparing this formula with that of ∂ ′ pk in the above formula. We see that there
is one extra term in the latter; because we exclude case (1) in our vector field, the
third sum is not present in the former case.

As in the previous discussion to have ∂ M (qup
k ) = ∂ ′(qup

k ), the following two
coefficients should be zero: α(qup

k , q ′down
k−1 ), α(qup

k , pk−1). In the first case, if qup
k

and q ′down
k−1 are coming from replacement of the same orbit Ok−1, we will have

exactly two V ′-paths from the faces of qup
k to q ′down

k−1 and it is zero mud 2. If they
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are not obtained from replacement of the same orbit Ok−1, α is zero as otherwise
in V we would have V -paths between two orbits of the same index which either
contradicts the non-existence ofV -paths between elements of the same chain group
or violates our exclusion (3) on the vector field. On the other hand, the second α

is zero as otherwise it violates our assumption (exclusion 2) on the vector field.
Finally, ∂ M (q ′down

k ) = ∂ ′(q ′down
k ) if α(q ′down

k , qup
k−1) is zero; if not, we would

have two closed orbits O and O ′ in V such that the faces of O are connected to
O ′ by some V-paths and their indices differ by two which is not possible.

Therefore, on C∗(V ), ∂ M = ∂ ′ and ∂ ′2 = 0 since by Morse–Floer theory for
combinatorial gradient vector fields (∂ M )2 = 0.

3) We define ϕ∗ : C∗(V ) −→ C∗(V ′) as follows. For 0 ≤ k ≤ m,

ϕ∗(pk) = pk, ϕ∗(O0
k ) = q ′down

k , ϕ∗(O1
k−1) = qup

k .

ϕ∗ is an isomorphism by the above partitioning method for the set of rest points of
V ′. To prove ϕ∗ is a chainmap fromC∗(V ) toC∗(V ′), we should have ∂ ′ϕ∗ = ϕ∗∂ .
Here, we show the equality for O1

k−1 and for the other generators of Ck(V ), it can
be similarly obtained:.

ϕ∗∂(O1
k−1) = ϕ∗(

∑
α(O1

k−1, O1
k−2).O

1
k−2

=
∑

α(qup
k , qup

k−1).q
up
k−1

= ∂ ′qup
k

= ∂ ′ϕ∗(O1
k−1).

In the second equality,ϕ∗ preserves the parity ofα(O1
k−1, O1

k−2) since each equiva-
lence class of SV P(O1

k−1, O1
k−2) corresponds to exactly one gradient V-path from

qup
k to qup

k−1 (and one gradient V-path from q ′down
k−1 to q ′down

k−2 ).

Therefore, ∂ ′ϕ∗ = ϕ∗∂ and since ∂
′2 = 0 and ∂2 = ϕ−1∗ ∂

′2ϕ∗, ∂2 = 0. �


Remark 3.8 For the three types of attachments in the above equality, after replacing
orbits with two rest simplices and two gradient V-paths between them, α(pk, qup

k−1),
α(qup

k , qup
k−1), α(q ′down

k , q ′down
k−1 ) and α(q ′down

k , pk−1) are also one. For instance, in
the left tetrahedron below, we have two orange rest simplices, one of index two B2
at the bottom and one of index zero at the top T0 and two red and purple closed
orbits of indices one and zero. If we convert the red orbit into two rest simplices,
marked with red crosses, one of index two R2 and the other one of index one R1 and
similarly turn the purple orbit into two rest simplices, marked with purple crosses,
one of index one P1 and the other one of index zero P0 (shown in the right figure),
we have α(B2, P1) = 1, α(R2, P1) = 1, α(R1, P0) = 1 and α(R1, T0) = 1 (Also
α(R2, R1) = 0, α(P1, P0) = 0).
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We can then define the Z2 Morse–Floer homology of M , for each k, 0 ≤ k ≤ m
by

Hk(M,Z2) = ker(∂k)

image(∂k+1)
.

In [13], Forman proved Morse inequalities for general combinatorial vector fields
based on his combinatorial Morse type Lyapunov function.

There the main components are rest points and orbits in basic sets. Here, we want
to present these inequalities in a much shorter way based on the idea of changing
every orbit of index k − 1, Ok−1 to two rest points of index k and k − 1 as above.
The following result can be considered as the combinatorial version of what Franks
proved for smooth Morse–Smale dynamical systems [17].

Theorem 3.9 Let V be a combinatorial vector field over a finite simplicial complex
M with ck rest points of index k and Ak orbits of index k. Then,

ck − ck−1 + · · · ± c0 + Ak ≥ βk − βk − 1 + · · · ± β0,

where βk = dim Hk(M,Z2).

Proof We create a new vector field V ′ over M by replacing each closed orbit with
two rest points as above. Since there is no closed orbit in V ′, based on what Forman
showed in [14], V ′ is the gradient of some combinatorial Morse function on M . On
the other hand, the indices of rest points do not change when turning V to V ′ and
V ′ has c′

k rest points of index k, where c′
k = ck + Ak + Ak−1. Applying the Morse

inequalities for gradient vector fields, to c′
k in V ′ gives us the desired inequalities. �


Remark 3.10 If a simplicial complex is obtained by triangulation of a non-orientable
manifold, wemight not get the correct (Z2) homology groups when the chain recurrent
set of our combinatorial vector field has non-stationary closed V-paths. However, for
computing the Z2 homology, we can turn each orbit into two rest simplices and two
V-paths between them as above to get a combinatorial gradient vector field on the
simplex and use the classical discrete Floer-Morse theory. For instance, consider a
triangulation of the Klein which has two closed orbits represented by red and blue
arrows of index one and zero, respectively, as shown in the left diagram below. We
note that the red orbit is twisted. Here, by turning orbits into two rest simplices and two
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V-paths between themwe get the correctZ2-homology of the Klein bottle which is the
same as theZ2-homology of the triangulated torus asZ2-homology cannot distinguish
between orientable and non-orientable surfaces.

Remark 3.11 Orientability of a simplicial complex is not a necessary condition for
defining the Floer boundary operator for general combinatorial vector fields. For
instance in the following diagram, we have a non-orientable simplex as each ver-
tex is the intersection of three different edges. Here, the chain recurrent set has an
orbit of index zero with red arrows, as well as three critical edges and one critical
vertex in the middle. If we use Theorem 3.7 to compute the Z2 homology of M based
on this vector field, we get H0(M,Z2) = 1 and H1(M,Z2) = 3.

3.3 Computing Homology Groups of Simplicial Complexes

We now present the computation of Floer homology groups for some CW complexes.
1. Consider the tetrahedron as a symmetric triangulation of the Sphere S2, equipped

with a vector field V which has two rest simplices, one of index (dimension) zero (p0)
(the vertex at the top corner) and another of index two τ2 (the simplex at the bottom),
shown in orange, and a closed red orbit O1 of index one and one of index zero O ′

0 in
purple.
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C2 =
(
τ2, O1

1

)
,

C1 =
(

O0
1 , O ′1

0

)
,

C0 =
(

O ′0
0 , p0

)
.

∂2τ2 = O ′1
0 as this is an attachment where the faces of τ2 and edges in O1

0 coincide.
On the other hand, ∂2O1

1 is also equal to O ′1
0 (another type of attachment) and therefore,

τ2 − O1
1 is the only generator for H2(M,Z2).

∂1O0
1 = α(O0

1 , O ′0
0 ).O ′0

0 +α(O0
1 , p0).p0 = O ′0

0 + p0 �= 0 and O0
1 does not contribute

to H1(M,Z2).Also, ∂1O ′1
0 = 0 but since O ′1

0 is in the imageof ∂2, it does not contribute
to H1(M,Z2) and H1(M,Z2) = 0 Finally, ∂0 p0 = 0 = ∂0O ′0

0 , but since O ′0
0 + p0 is

in the image of ∂1, we have just one generator for H0(M,Z2).
2. Let T 2 at right be a triangulation of the two-dimensional torus equipped with a

vector field which has two closed orbits O1 and O ′
0 with green and red arrows.

Since this case is actually a discrete version of example 4 in the previous section, we
have analogous structures for the chain complexes and boundaries; SV P(O1

1 , O ′1
0 ) is

partitioned into two equivalence classes and therefore, α(O1
1 , O ′1

0 ) = α(O0
1 , O0

0 ) = 0
and all of the generators ofCk for k = 0, 1, 2 contribute to the corresponding homology
groups.
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3. Consider another combinatorial vector field on the triangulated torus, where V
has four orange rest simplices, one of index zero (p0), a vertical edge ve1 of index
one, a horizontal edge he1 of index one and one rest simplex τ2 of index two and also,
a red orbit O of index one. We have

C2 =
(
τ2, O1

1

)
,

C1 =
(
ve1, he1, O0

1

)
,

C0 = (po) .

∂2τ2 = 1.ve1 + 1.he1 �= 0; also, ∂2O1
1 = 0 as there is no orbit of index zero here.

Therefore, O1
1 is the only generator for H2(M,Z2).

∂1ve1 = 2.p0 = 0 = ∂1he1 but since ve1 + he1 is in the image of ∂2, ve1 − he1
is one generator for H1(M,Z2). ∂1O0

1 = 2.p0 = 0 and therefore, O0
1 is the other

generator of H1(M,Z2). ∂0 p0 = 0 and it is the generator for H0(M,Z2).
4. Finally, to compute the Floer homology groups of the depicted cube, we consider

a vector field V that has two (orange and yellow) rest simplices of index two at the
top τ N

2 and at the bottom τ S
2 and three different orbits, one blue orbit (bO)0 of index

zero, one green orbit (gO)0 of index zero and a red orbit (r O)1 of index one.

C2 =
(
τ N
2 , τ S

2 , (r O)11

)
,

C1 =
(
(r O)01, (bO)10, (gO)10

)
,

C0 =
(
(bO)00, (gO)00

)
.

∂2τ
N
2 = 1.(gO)10 �= 0; ∂2τ

S
2 = 1.(bO)10 �= 0; ∂2(r O)11 = 1.(gO)10 + 1.(bO)10 �= 0

but ∂2(τ N
2 + τ S

2 − (r O)11) = 0 and therefore, we have one generator for H2(M,Z2).
∂1(r O)01 = 1.(bO)00 + 1.(gO)00 �= 0. ∂1(bO)10 = 0 = ∂1(gO)10, but since both (bO)10
and (gO)10 are in the image of ∂2, we have no generator for H1(M,Z2). Finally,
∂0(bO)00 = 0 = ∂0(gO)00, but as (bO)00 + (gO)00 is in the image of ∂1, we have one
single generator for H0(M,Z2).

Acknowledgements The first author would like to thank Cédric De Groote, Parvaneh Joharinad and Ros-
tislav Matveev for their enlightening comments/questions, on the first draft, which helped to improve the
manuscript.

123



M. Eidi, J. Jost

Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Banyaga, A., Hurtubise, D.: Morse-Bott homology. Trans. Am. Math. Soc. 362(8), 3997–4043 (2010)
2. Banyaga, A., Hurtubise, D., Ajayi, D.: Lectures on Morse Homology. Springer (2004)
3. Benedetti, B.: Discrete Morse theory is at least as perfect as Morse theory. arXiv preprint

arXiv:1010.0548, (2010)
4. Bott, R.: Morse theory indomitable. Publ. Mathématiques de l’IHÉS 68, 99–114 (1988)
5. Conley, C., Zehnder, E.: Morse-type index theory for flows and periodic solutions for Hamiltonian

equations. Commun. Pure Appl. Math. 37(2), 207–253 (1984)
6. Conley, C.C.: Isolated Invariant Sets and the Morse Index, vol. 38. American Mathematical Society

(1978)
7. Floer, A.: An instanton-invariant for 3-manifolds. Commun. Math. Phys. 118(2), 215–240 (1988)
8. Floer, A.: Morse theory for lagrangian intersections. J. Differ. Geom. 28(3), 513–547 (1988)
9. Floer, A.: A relativeMorse index for the symplectic action. Commun. Pure Appl.Math. 41(4), 393–407

(1988)
10. Floer, A.: The unregularized gradient flow of the symplectic action. Commun. Pure Appl. Math. 41(6),

775–813 (1988)
11. Floer, A.: Witten’s complex and infinite-dimensional Morse theory. J. Differ. Geom. 30(1), 207–221

(1989)
12. Floer, A., Hofer, H.: Coherent orientations for periodic orbit problems in symplectic geometry. Math-

ematische Zeitschrift 212(1), 13–38 (1993)
13. Forman, R.: Combinatorial vector fields and dynamical systems. Mathematische Zeitschrift 228(4),

629–681 (1998)
14. Forman, R.: Morse theory for cell complexes. Adv. Math. 134(1), 90–145 (1998)
15. Forman, R.: Witten–Morse theory for cell complexes. Topology 37(5), 945–980 (1998)
16. Franks, J.M.: Morse–Smale flows and homotopy theory. Topology 18(3), 199–215 (1979)
17. Franks, J.M.: Homology and Dynamical Systems, vol. 49. American Mathematical Society (1982)
18. Hurtubise, D.E.: Three approaches to Morse–Bott homology. Afr. Diaspora J. Math. New Ser. 14(2),

145–177 (2012)
19. Jost, J.: Dynamical Systems: Examples of Complex Behaviour. Springer (2005)
20. Jost, J., Jost, J.: Riemannian Geometry and Geometric Analysis, vol. 42005. Springer (2008)
21. Knudson, K.P.: Morse Theory: Smooth and Discrete. World Scientific Publishing Company (2015)
22. Meyer, K.R.: Energy functions for Morse Smale systems. Am. J. Math. 90(4), 1031–1040 (1968)
23. Morse, M.: Relations between the critical points of a real function of independent variables. Trans.

Am. Math. Soc. 27(3), 345–396 (1925)
24. Schwarz, M.: Morse Homology, vol. 111. Springer (1993)
25. Scoville, N.A.: Discrete Morse Theory, vol. 90. American Mathematical Society (2019)
26. Smale, S.: Morse inequalities for a dynamical system. Bull. Am. Math. Soc. 66(1), 43–49 (1960)
27. Smale, S.: On gradient dynamical systems. Ann. Math. 74, 199–206 (1961)
28. Smoller, J.: Shock Waves and Reaction–Diffusion Equations, vol. 258. Springer (2012)

123

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1010.0548

	Floer Homology: From Generalized Morse–Smale Dynamical Systems to Forman's Combinatorial Vector Fields
	Abstract
	1 Introduction
	2 Generalized Smooth Morse–Smale Vector Fields
	2.1 Preliminaries
	2.2 The Chain Complex for Generalized Morse–Smale Vector Fields
	2.3 Computing Homology Groups of Smooth Manifolds

	3 Combinatorial Vector Fields
	3.1 Preliminaries
	3.2 The Chain Complex of Combinatorial Vector Fields
	3.3 Computing Homology Groups of Simplicial Complexes

	Acknowledgements
	References




