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Abstract Given an arithmetic lattice of the unitary group U(3,1) arising from a her-
mitian form over a CM-field, we show that all unitary representations of U(3,1)

with nonzero cohomology contribute to the cohomology of the attached arithmetic
complex 3-manifold, at least when we pass to a finite-index subgroup of the given
arithmetic lattice.

Keywords Cohomology · Unitary representation · Theta lift · Complex hyperbolic
3-manifold

Mathematics Subject Classification (2000) 11F70 · 32Q45 · 55N25

1 Introduction

Let G be a connected reductive Lie group containing a compact Cartan subgroup. Let
K ⊂ G be a maximal compact subgroup and X = G/K the global Riemannian sym-
metric space associated to G. Consider a lattice Γ ⊂ G. Let F be a finite dimensional
representation of G and F̃ the local system on Γ \X determined by F .

The L2-cohomology space H ∗
(2)

(Γ \X, F̃ ) is defined to be the cohomology of
the complex of F -valued smooth differential forms ω such that ω and dω are both
square integrable. (In particular, H ∗

(2)(Γ \X, F̃ ) agrees with the usual cohomology
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H ∗(Γ \X, F̃ ) when Γ \G is compact.) This space is related to the decomposition
of the regular representation of G on L2(Γ \G) via a Matsushima type formula as
follows. Write L2(Γ \G) as the direct sum of the discrete part L2

d(Γ \G) and its or-
thogonal complement, the continuous part L2

eis(Γ \G) furnished by Eisenstein series
(see [17]). Write

L2
d(Γ \G) � ̂

⊕

π∈Ĝ
m(π,Γ )Hπ,

where Ĝ is the unitary dual of G and the multiplicity m(π,Γ ) is a non-negative
integer for each π . Since G has a compact Cartan, the space H ∗

(2)
(Γ \X, F̃ ) is finite

dimensional and one has the formula [3]

H ∗
(2)(Γ \X, F̃ ) �

⊕

π∈Ĝ

m(π,Γ )H ∗
ct(G,Hπ ⊗ F), (1.1)

where H ∗
ct denotes continuous cohomology. As already noted, H ∗

(2)(Γ \X, F̃ ) agrees

with the ordinary cohomology space H ∗(Γ \X, F̃ ) when Γ is cocompact, in which
case (1.1) is the usual Matsushima formula, see [4, p. 223].

The representation π with H ∗
ct(G,Hπ ⊗ F) �= 0 turns out to be very special,

and they have been completely classified by Vogan and Zuckerman [27]. Together
with the formula (1.1), this implies a large amount of “automatic vanishing” for
various parts of the L2-cohomology. The purpose of this note is to show that, for
G = U(3,1) and Γ an arithmetic lattice arising from hermitian forms over CM-fields
(see Sects. 4 and 5), these are essentially all the vanishing there is, at least when we
pass to a finite-index subgroup of Γ .

Theorem 1.1 Let G = U(3,1) and Γ an arithmetic lattice of G arising from hermi-
tian forms over CM-fields. Let π be an irreducible unitary representation of G with
non-zero cohomology. Then there exists a subgroup Γ ′ ⊆ Γ of finite index, such that
m(π,Γ ′) �= 0. If π is not one-dimensional then it occurs in the space of cusp forms.

It seems quite likely that the analogous result is valid for any U(n,1). On the
other hand, vanishing results with respect to congruence subgroups arising from di-
vision algebras with involutions of the second kind [5, 23, 24] indicate that the above
restriction on the type of arithmetic subgroups is probably necessary.

2 Unitary Representations with Non-zero Cohomology

Let G be a connected reductive Lie group containing a compact Cartan subgroup. We
recall from [27, Sect. 5] the construction of irreducible unitary representations of G

with non-zero cohomology.
Let g0 be the Lie algebra of G with Cartan decomposition g0 = k0 +p0. Let t0 ⊆ k0

be a Cartan subalgebra of k0 (and also for g0 by our assumption). For x ∈ it0 the linear
transformation ad(x) of g is diagonalizable with real eigenvalues. Let q (resp. u,
resp. l) be the sum of non-negative (resp. positive, resp zero) eigenspaces of ad(x).
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Then q is a parabolic subalgebra of g with Levi decomposition q = l+ u, and l is the
complexification of l0 = l ∩ g0. Let K and L be the connected subgroups of G with
Lie algebra k0 and l0, respectively. Let Δ(g) denote the roots of t in g. Fix a positive
system Δ+(l) of the roots of t in l. Then Δ+(g) = Δ+(l) ∪ Δ(u) is a positive system
for Δ(g). Let ρ be half the sum of roots in Δ+(t,g), ρ(u ∩ p) half the sum of roots
of t in u∩ p. Let λ : l →C be a one-dimensional representation of l such that

{

(a) λ is the differential of a unitary character of L;
(b) if α ∈ Δ(u), then 〈α,λ|t〉 ≥ 0.

(2.1)

Let μ(q, λ) be the representation of K of highest weight λ|t + 2ρ(u ∩ p). In [27,
Theorem 5.3], Vogan and Zuckerman prove the existence of a unique irreducible uni-
tary representation Aq(λ) of G with lowest K-type μ(q, λ) and infinitesimal charac-
ter λ+ρ. In particular, the representation Aq(λ) is in the discrete series if and only if
L is compact, and all discrete series representations of G arise this way. Finally, every
irreducible unitary representation with non-zero cohomology is of the form Aq(λ).

Now we specialize to the case G = U(3,1). We realize G as the group of linear
transformations preserving the hermitian form on C

4 with matrix diag(1,1,1,−1).
We take K = U(3) × U(1), embedded in G as block diagonal matrices. Let t0 be the
Cartan subalgebra consisting of diagonal matrices and identify

√−1t0 with R
4 in

the obvious manner. Since G is of hermitian type, we have the usual decomposition
p = p+ ⊕ p− into holomorphic and anti-holomorphic tangent spaces. The roots of t
in g are Δ(g) = Δ(k) ∪ Δ(p+) ∪ Δ(p−), with

Δ(k) = {±(εi − εj ) | 1 ≤ i < j ≤ 3
}

,

−Δ
(

p
−) = Δ

(

p
+) = {

(εi − ε4) | i = 1,2,3
}

,

where εi denotes evaluation on the ith coordinate.
Take

x = (x1, x2, x3;x4) ∈ √−1t0

and consider the corresponding parabolic subalgebra q as in the first paragraph of this
page. Up to conjugation by K , we may assume x1 ≥ x2 ≥ x3. The following lemma
is obvious.

Lemma 2.1 Assume that x is not in the center of g, i.e., its coordinates are not all
equal.

(a) If x3 ≥ x4 then Δ(u) ⊆ Δ(p+), and the corresponding Aq(λ)’s are holomor-
phic (lowest weight) representations. Similarly if x4 ≥ x1 then the corresponding
Aq(λ)’s are anti-holomorphic representations.

(b) Assume xi �= x4 for i = 1,2,3. Then L is compact, and the corresponding
Aq(λ)’s are discrete series representations.

Excluding the situations considered in the preceding lemma, we have

x = (x1, x2, x3;x2), x1 > x2 > x3.
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All such x’s define the same q. So from now on we fix one of them, say

x = x0 = (1,0,−1;0) (2.2)

and let q = l⊕u be the parabolic subalgebra defined by x0. This is the case of interest
to us. Note that

L � U(1)2 × U(1,1), Δ(u∩ p) = {ε1 − ε4,−ε3 + ε4}.
Since G is of hermitian type, for any (g,K)-module V we have a natural decompo-
sition of cohomology spaces

Hn(g, k,V ) =
⊕

p+q=n

Hp,q(g, k,V ),

corresponding to the Hodge structure on the cohomology of locally symmetric spaces
via the Matsushima formula (1.1). By Proposition 6.19 of [27] we easily obtain the
following result. Here we will abuse notations slightly to write Aq(λ) also for the
Harish-Chandra module underlying the unitary representation.

Proposition 2.2 Let q be defined by the element x0 of (2.2), and let λ be a one-
dimensional representation of l satisfying (2.1). Let F be a finite dimensional irre-
ducible representation of G.

(a) If the lowest weight of F is −λ|t then

dimH 1,1(
q, k,Aq(λ) ⊗ F

) = dimH 2,2(
q, k,Aq(λ) ⊗ F

) = 1

and Hp,q(q, k,Aq(λ) ⊗ F) = 0 whenever (p, q) �= (1,1) or (2,2).
(b) If the lowest weight of F is not −λ|t then Hi(q, k,Aq(λ) ⊗ F) = 0 for all i.

Since λ is one-dimensional, it is determined by its restriction to t. We will there-
fore abuse notations slightly to denote λ|t by λ. Then, any λ satisfying (2.1) is of the
form

λ = λr = (a + r, r,−b + r; r) (a, b, r ∈ Z, a, b ≥ 0). (2.3)

In particular,

λ0 = (a,0,−b;0) (a, b ∈ Z, a, b ≥ 0). (2.4)

Then clearly

Aq(λ) = Aq(λr) � Aq(λ0) ⊗ det r , (2.5)

where det denotes the determinant character of U(3,1).
Consider now another unitary group U(1,1). As is well known, U(3,1) and

U(1,1) together form an example of what is called a reductive dual pair inside the
symplectic group Sp16(R). Let ω be the smooth oscillator representation of meta-
plectic cover of Sp16(R) attached to the additive character t �→ eiax , with some fixed
a > 0. (For all this, see [10].) When restricted to the subgroups, ω can be considered
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an ordinary representation of the product U(3,1)×U(1,1). More precisely, the split-
ting of the metaplectic cover over U(3,1) × U(1,1) depends on the choice of a pair
of characters χ = (χ1, χ2) of C× with trivial restrictions to R

× (cf. [14]). With this
in mind, we speak of χ -theta liftings. We could in particular choose both χ1 and χ2
to be trivial, in such case we simply use the term “theta lifting”.

We recall the following result from [19], specialized to the present case.

Proposition 2.3 The representation Aq(λ0) in (2.5) is the local theta lift from the
holomorphic discrete series representation π ′ = π ′(a, b) of U(1,1) with lowest
weight (a + 2,−b − 2).

Remark 2.4 As explained above the theta lift in the proposition uses the trivial split-
ting character. If instead we choose χ2 to be trivial but let

χ1(c) =
(

c

c̄

)r
(

c ∈C
×)

with r as in (2.3) and write χr = (χ1,1) for the resulting pair, then Aq(λ) is the
χr -theta lift of π ′(a, b).

It is important to note that the theta lifting in the above proposition is explicitly
constructed (in [19]) as follows. Let π ′∨ be the contragredient of π ′ = π ′(a, b), and
suppose it is realized on some Hilbert space V . Let V∞ ⊂ V be the subspace of
smooth vectors. Similarly let W be the space for the smooth oscillator representa-
tion ω. On the algebraic tensor product W ⊗ V∞ we have the actions of U(3,1) and
U(1,1), where U(3,1) acts on the first factor via ω, and U(1,1) acts by ω ⊗ π ′∨.
Consider the integrals

∫

U(1,1)

〈

ω ⊗ π ′∨(h)u, v
〉

dh
(

u,v ∈W ⊗ V∞)

,

where dh denotes a fixed Haar measure on U(1,1). These integrals are absolutely
convergent, and the resulting sesquilinear form on W ⊗V ∞ is positive semi-definite.
Let R be the radical of this sesquilinear form. Then W⊗V∞/R is a pre-Hilbert space
on which G = U(3,1) acts unitarily, and the resulting unitary representation on the
completed Hilbert space is precisely Aq(λ0).

For later use we also record the known theta correspondence for the dual pairs
U(4),U(2) and U(4),U(1,1), also with respect to the trivial splitting character.

Proposition 2.5 [12] (a) The theta correspondence for the compact dual pair U(4),
U(2) is given as follows. An irreducible representation of U(2) occurs in the cor-
respondence if and only if its highest weight is of the form (a + 2, b + 2) with
a ≥ b ≥ 0. In such case the corresponding representation of U(4) is of highest weight
(a + 1, b + 1,1,1).

(b) An irreducible representation of U(1,1) occurs in theta correspondence with
U(4) if and only it is a holomorphic discrete series representation with lowest weight
(a + 2,−b − 2), where a, b ≥ 0. In such case the corresponding representation of
U(4) is of highest weight (a,0,0,−b).
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3 Non-vanishing of Certain Integrals of Matrix Coefficients

In this section only, assume that F is a non-Archimedean local field of character-
istic zero. Let E be a separable F -algebra of dimension 2. In other words, E is
either a quadratic field extension of F , or a product of two copies of F . Let V be
a hermitian E-module, namely, it is a free E-module of finite rank, equipped with a
non-degenerate F -bilinear map

〈 , 〉 : V × V → E

such that

〈u,v〉 = 〈v,u〉ι, 〈au, v〉 = a〈u,v〉, a ∈ E,u, v ∈ V.

Here “ι” denotes the non-trivial automorphism of E (as an F -algebra). Likewise, let
V ′ be a skew hermitian E-module. Then

W := V ⊗E V ′

is a symplectic space over F under the form

〈

u ⊗ u′, v ⊗ v′〉 := trE/F

(〈u,v〉 · 〈u′, v′〉).

Denote by

H(W) := W × F

the associated Heisenberg group, whose multiplication is given by

(w, t)
(

w′, t ′
) := (

w + w′, t + t ′ + 〈

w,w′〉).

The product U(V ) × U(V ′) of unitary groups (or general linear groups in the split
case) acts on H(W) as group automorphisms through its natural action on W . We
define the associated Jacobi group to be the semi-direct product

J := (

U(V ) × U
(

V ′))
� H(W).

Fix a non-trivial unitary character ψ : F → C
×. Assume that V and V ′ have re-

spective ranks 4 and 2, as free E-modules. Write ω for the smooth oscillator represen-
tation of J attached to ψ and the trivial splitting characters, that is, up to isomorphism,
it is the unique smooth representation of J with the following properties:

• as a representation of H(W), it is irreducible with central character ψ ;
• both the representation ω|U(V )�H(W) and ω|U(V ′)�H(W) have trivial Kudla charac-

ters (see [9, Sect. B.2] for the notion of Kudla characters).

Note that the contragredient ω∨ of ω is isomorphic to the smooth oscillator represen-
tation of J attached to ψ−1 and the trivial splitting characters.

Let π ′ be a unitarizable irreducible smooth representation of U(V ′), and write π ′∨
for its contragredient.
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Proposition 3.1 The integrals in

ω × π ′∨ × ω∨ × π ′ →C,

(

φ,v∨, φ∨, v
) �→

∫

U(V ′)

〈

g′.φ,φ∨〉〈

g′.v∨, v
〉

dg′,
(3.1)

are absolutely convergent, where dg′ denotes a Haar measure on U(V ′). The
map (3.1) is not identically zero if E splits, or V splits, or π ′ is not the trivial repre-
sentation.

Proof Write V ′− for the space V ′ equipped with the form scaled by −1. Put

V ′� := V ′ ⊕ V ′−.

It has a Lagrangian submodule

V ′Δ := {(

v′, v′) ∈ V ′�}

.

As before,

W� := V ⊗E V ′�

is a symplectic space over F . It has a Lagrangian subspace

WΔ := V ⊗E V ′Δ,

and an orthogonal decomposition

W� := W ⊕ W−, where W− := V ⊗E V ′−.

Denote by ω� the smooth oscillator representation of

J� := (

U(V ) × U
(

V ′�))

� H
(

W�)

,

attached to ψ and the trivial splitting characters. Fix a non-zero linear functional λΔ

on ω� which is invariant under

WΔ ⊂ W� ⊂ H
(

W�) ⊂ J�.

It is unique up to scalar multiplications. Moreover, for all p in the parabolic subgroup
P(V ′Δ) of U(V �) stabilizing V ′Δ, one has (cf. [9, Sect. B.2])

λΔ

(

pφ�) = |p|2λΔ

(

φ�)

, φ� ∈ ω�. (3.2)

Here |p| denotes the value at p of the following positive character:

P
(

V ′Δ) restriction on V ′Δ−−−−−−−−−→ GL
(

V ′Δ) det−→ E× normalized absolute value−−−−−−−−−−−−−−→R
×+.

Write

η : ω ⊗ ω∨ ∼−→ ω�

for the unique linear isomorphism with the following two properties:
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• it is equivariant with respect to the homomorphism

H(W) × H(W)
1×εW−−−→ H(W) × H

(

W−) ς−→ H
(

W�)

,

where εW denotes the isomorphism H(W) → H(W−), (w, t) �→ (w,−t) (note
that W = W− as vector spaces over F ), and ς denotes the homomorphism
(w, t;w−, t ′) �→ (w,w−; t + t ′);

• λΔ ◦ η coincides with the canonical paring between ω and ω∨.

Then η is also equivariant with respect to the inclusion (cf. [26, Sect. 3])

U
(

V ′) × U
(

V ′) = U
(

V ′) × U
(

V ′−) ⊂ U
(

V ′�)

.

Consequently, the following diagram commutes:

ω ⊗ ω∨ η

cω

ω�

ΛΔ

C∞(U(V ′)) I,
r1

(3.3)

where

I := {

f ∈ C∞(

U
(

V ′�)) | f (px) = |p|2f (x),p ∈ P
(

V ′Δ)

, x ∈ U
(

V ′�)}

is a representation of U(V ′�) under right translations; ΛΔ denotes the map

φ� �→ (

g �→ λΔ

(

gφ�));
cω denotes the matrix coefficient map

φ ⊗ φ∨ �→ (

g �→ 〈

g.φ,φ∨〉);

and r1 denotes the restriction through the inclusion U(V ′) ⊂ U(V ′�).
Note that there is a commutative diagram

C∞(U(V ′)) I
r1

iV ′

D∞(U(V ′)) D∞(P(V ′Δ)\U(V ′�)),
r2

(3.4)

where “D∞” stands for the space of smooth measures; iV ′ is a U(V ′�)-equivariant
linear isomorphism; r2 is the restriction map through the open embedding U(V ′) ↪→
P(V ′Δ)\U(V ′�); and the left vertical arrow is the linear isomorphism of multiplying
by the Haar measure dg′.
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Since P(V ′Δ)\U(V ′�) is compact, every element in the image of r2 is integrable.
Therefore the image of cω consists of only integrable functions. This proves the first
assertion of the proposition.

If either E or V splits, then by [15, Theorem 1.2], the map ΛΔ is surjective.
Therefore, the image of cω contains the space of all Schwartz functions on U(V ′),
and the proposition follows.

Now assume that E is a field, and V does not split. Then [15, Theorem 1.2]
implies that the image of iV ′ ◦ ΛΔ equals the space of all smooth measures on
P(V ′Δ)\U(V ′�) whose integrals vanish. Therefore, the image of cω contains the
space of all Schwartz functions on U(V ′) whose integrals vanish. If π ′ is not the
trivial representation, then π ′ has a bounded non-constant matrix coefficient, and the
proposition follows easily. �

We remark that when V splits, the dual pair U(V ),U(V ′) is in the so called stable
range, and the assertion of the proposition also follows from [18].

4 Global Theta Lifting

From now on let F be a totally real number field, and E/F a totally imaginary
quadratic extension of F . Let V be a hermitian space over E of dimension 4. We
assume that

{

(a) for one fixed real placev0,V has signature (3,1);
(b) at all other real places, V is positive definite.

(4.1)

View the isometry group G = U(V ) as an algebraic group over F . By the above
assumption, we see that G(Fv) = U(3,1) for v = v0, and G(Fv) = U(4) for any
other real place v.

Let V ′ be a skew-hermitian space over E of dimension 2. Let G′ = U(V ′) be the
corresponding unitary group. Then for any real place v, G′(Fv) is isomorphic to either
U(2) or U(1,1). We assume that G′(Fv0) is isomorphic to U(1,1), i.e., V ′ splits at
the place v0.

Set

W = V ⊗E V ′.

As in the preceding section, this is a symplectic space over F of dimension 16. Let
Sp(W) be the corresponding symplectic group. We have a natural map

ι : G×G
′ −→ Sp(W)

given by the obvious actions of G and G
′ on W . We remark that the reductive dual

pair G,G′ is outside the range considered in [20].
Let A = AF be the ring of adeles of F . Fix a non-trivial character ψ = ∏

ψv

of A/F . We assume that for each real place v of F , there is a positive element
a ∈ Fv � R, such that

ψv(x) = eiax (x ∈ Fv).
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Let ωψ be the oscillator representation of the metaplectic group Mp(W) attached
to ψ . We recall that Mp(W) fits into the short exact sequence

1 −→ S1 −→ Mp(W) −→ Sp(W)A −→ 1.

Let CF and CE be the idele class groups of F and E, respectively. Recall from
[14] and [8] that for any pair of characters χ = (χ1, χ2) of CE satisfying certain
condition—which means trivial restriction to CF in the present context—we have a
homomorphism

ιχ : G(A) ×G
′(A) −→ Mp(W)

lifting ι. In other words, we have the commutative diagram

G(A) ×G
′(A)

ιχ

Mp(W)

G(A) ×G
′(A)

ι

Sp(W)A.

Let ωχ = ωχ,ψ be the composition of ιχ with ωψ . In this paper, we shall just take
χ to be trivial (i.e., both χ1 and χ2 are trivial). We write 1 for this trivial χ , and let
ω = ω1 = ω1,ψ . This is a restricted tensor product: ω = ⊗ωv , where each ωv is a
local oscillator representation as discussed in Sects. 2 and 3. As is well known, the
representation ω may be realized on the Schwartz space S(X(A)), where X is any
Lagrange subspace of the symplectic space W . The theta-distribution is defined by

θ(φ) =
∑

ξ∈X(k)

φ(ξ)
(

φ ∈ S
(

X(A)
))

which satisfies

θ
(

ω(γ )φ
) = θ(φ)

(

γ ∈ Sp(W)F
)

.

For any fixed Schwartz function φ, the formula

θφ(g,h) = θ
(

ω(g,h)φ
) (

g ∈ G(A), h ∈G
′(A)

)

defines a smooth, slowly increasing function on G(F )\G(A) × G
′(F )\G′(A). See

[28, 29] for these facts.
Let σ = ⊗σv be a cuspidal automorphic representation realized on a subspace

Hσ ⊂ L2(G′(F )\G′(A)). For each smooth f ∈ Hσ the function

θ
f
φ (g) =

∫

G
′(F )\G′(A)

θφ(g,h)f (h) dh
(

g ∈ G(A)
)

(4.2)

is well defined, and determines a slowly increasing function on G(F )\G(A). Note,
however, that with a bar over f (h) in the integrand, our definition is slightly different
from the usual conventions, but is more compatible with local theta correspondence.
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Take φ1, φ2 ∈ S(X(A)) and f1, f2 ∈ Hσ , assumed to be smooth. We shall consider
the inner product

〈

θ
f1
φ1

, θ
f2
φ2

〉 =
∫

G(F )\G(A)

θ
f1
φ1

(g)θ
f2
φ2

(g) dg. (4.3)

Because of our assumption (4.1), the group G is anisotropic if and only if F �= Q.
If G is anisotropic, then the integral in (4.3) is certainly absolutely convergent. If G
is isotropic, then F = Q and the assumption (4.1) implies that V is of Witt index
1 over F . In this case the criterion of [29] again implies that the integral in (4.3) is
absolutely convergent.

In any case, the right hand side of (4.3) can be computed via the Rallis inner
product formula, which has been worked out in greater generality in [8] using Ichino’s
extended version of the Siegel–Weil formula for unitary groups [11]. We now explain
the formula in the present setting.

In the formalism of L-groups [2, 16], the dual group of G is L
G

0 = GL(4,C), and
the non-trivial element of the Galois group Gal(E/F) acts on GL(4,C) by an outer
automorphism. The semi-direct product Gal(E/F)� GL(4,C) is (a quotient of) the
L-group of G denoted by L

G. Now first take the standard representation of GL(4,C)

on C
4 and then induce it to Gal(E/F) � GL(4,C). This gives an irreducible eight-

dimensional representation r of the L-group L
G. We let L(s,σ ) = L(s,σ, r) be the

Langlands L-function attached to the cusp form σ and the representation r .
Let ε = εE/F be the quadratic character of CF associated to the extension E/F ,

and L(s, ε) the corresponding Hecke L-function. Let S∞ be the set of Archimedean
places of F (all real according to our assumption). Let S be a finite set of places
containing S∞, such that σv is unramified for v /∈ S. Then the partial L-functions

LS(s, σ ) =
∏

v /∈S

Lv(s, σ ), LS(s, ε) =
∏

v /∈S

Lv(s, ε)

are well defined and entire, so they can be evaluated at any point.
Now suppose the vectors φi, fi are all factorizable:

φi = ⊗φiv, fi = ⊗fiv, i = 1,2.

Assume that for each place v /∈ S the following conditions are satisfied:

(a) The groups G,G′ are unramified at v.
(b) The vectors φiv, fiv are all unramified for i = 1,2.
(c) One has the usual normalization

〈φ1v,φ2v〉 = 1 = f1v, f2v〉.

Then we can express the Rallis inner product formula as

〈

θ
f1
φ1

, θ
f2
φ2

〉 = IS(φ1, φ2;f1, f2) · LS( 3
2 , σ )

∏4
k=1 LS(2 + k, εk)

, (4.4)
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where

IS(φ1, φ2;f1, f2) =
∏

v∈S

Iv(φ1, φ2;f1, f2)

and

Iv(φ1, φ2;f1, f2) =
∫

G
′(Fv)

〈

ωv(h)φ1v,φ2v

〉〈

σv(h)f1v, f2v

〉

dh. (4.5)

We now discuss conditions under which the right hand side of (4.4) will not be
identically zero. First observe that if σ were one-dimensional then s = 3/2 is pre-
cisely the first point where the product

∏

v /∈S Lv(s, σ ) fails to converge absolutely.
On the other hand if σ is infinite dimensional (as will be the case for us) then any
non-trivial estimate towards the Ramanujan conjecture on the Hecke eigenvalues im-
ply that the product

∏

v /∈S Lv(s, σ ) converges absolutely at s = 3/2. Note that such
estimates do exist—for example one could combine base change with the results of
[6] or [21]. It follows that LS( 3

2 , σ ) �= 0. Thus it suffices to consider the local integrals
in (4.5) for places v ∈ S.

Let S0 be the finite set of places where the group G fails to be quasi-split. By our
assumption (4.1) and the conditions for S we have

S∞ ⊆ S0 ⊆ S,

and a finite place v belongs to S0 precisely when the extension E/F does not split
at v, and that V has Witt index 1 over Fv . From the local results of Sects. 2 and 3
we can now deduce the following result. Recall that G′(Fv) is isomorphic to either
U(1,1) or U(2) for any v ∈ S∞.

Theorem 4.1 Suppose that

(a) At the place v0 (cf. (4.1)), σv is a holomorphic discrete series representation of
G

′(Fv0) � U(1,1) that appears in Proposition 2.3 (called π ′ there).
(b) For any other v ∈ S∞, the representation σv is one of the discrete series repre-

sentations of G′(Fv) discussed in Propositions 2.5.
(c) When v ∈ S0 is finite and G

′(Fv) is anisotropic, σv is not the trivial representa-
tion.

Then the right hand side of (4.4) is not identically zero. The functions θ
f
φ with

φ ∈ S(X(A)) and f ∈ Hσ generate an irreducible automorphic representation π =
⊗πv which occurs discretely in L2(G(F )\G(A)). In particular, for each v ∈ S∞, the
representation πv is the local theta lift of σv described in Proposition 2.3 or 2.5.

Proof We need to make sure that for each v ∈ S the local integrals (4.5) are not
identically zero. Observe that if v is not in S0 then the dual pair G(Fv),G

′(Fv) is
in the so called stable range, and we obtain the result from Sect. 3 or [18]. If v is in
S0 and finite then there are two possibilities for G′(Fv). If G′(Fv) is not anisotropic
then σv (as a local component of the automorphic cuspidal representation σ ) must be
infinite dimensional, and in particular non-trivial. So the results of Sect. 3 imply that



On the Cohomology of Some Complex Hyperbolic Arithmetic 327

the local integrals (4.5) are not identically zero. Finally if G′(Fv) is anisotropic then
our condition (c) and Sect. 3 give what we want.

The assertion about what happens at the Archimedean places follows from the
remarks after Proposition 2.3. �

If F �= Q then G is anisotropic over F , and the automorphic representation π is au-
tomatically cuspidal. Suppose F = Q. Then our assumption (4.1) implies that V has
Witt index 1. Write V = H ⊕V0 where H is a hyperbolic plane and V0 is anisotropic.
Let G0 = U(V0). A general principle [22] says that π is cuspidal if and only if the
theta lift of σ to G0 is zero. This last condition can be arranged as follows. Fix a finite
place v1 where the extension E/F does not split (we could choose v1 ∈ S0). Let π ′

v1
be a supercuspidal representation of G′(Fv1). Up to equivalence there are exactly two
hermitian forms of dimension 2 over Ew , where w is the place of E lying over v.
Consequently there are two unitary groups, one of them being G0(Fv). Now theta
dichotomy [7] says that π ′

v1
has a non-zero theta lift to exactly one (not both) of these

two groups. We choose π ′
v1

so that it does not lift to G0(Fv). There exists a cuspi-
dal automorphic representation σ of G′ satisfying the conditions of Theorem 4.1, and
such that σv1 � π ′

v1
. It is then clear that σ does not lift to G0, and hence π is cuspidal.

5 Conclusions

We are now in a position to prove Theorem 1.1. Let G be as in Sect. 4. Then

G∞
def=

∏

v∈S∞
G(Fv) � U(3,1) × U(4)t ,

where t + 1 = [F : Q] is the degree of F . According to Margulis, the projection of an
arithmetic subgroup of G(F ) to U(3,1) is called an arithmetic subgroup of U(3,1):
this is what we mean by “an arithmetic subgroup of U(3,1) arising from hermitian
forms over CM-fields” in the statement of Theorem 1.1. Similarly, the projection of a
congruence subgroup of G(F ) to U(3,1) is called a congruence subgroup of U(3,1).
Note that if Γ is a congruence subgroup of U(3,1) then

det(Γ ) = {

det(γ ) | γ ∈ Γ
}

is a congruence subgroup of U(1) and must be finite. Hence Γ ∩ SU(3,1) is of finite
index in Γ .

Let Γ be an arithmetic subgroup of U(3,1), of the type defined above. Let πv0 be
an irreducible unitary representation of U(3,1) with non-zero cohomology.

We first assume that πv0 is the representation Aq(λ) described by Proposition 2.2
and (2.3)–(2.4). For each v ∈ S∞, different from v0, we let πv be the one-dimensional
representation of U(4) discussed in Proposition 2.5. Then by the results of Sect. 4,
there exists a cuspidal automorphic representation π of G(A) such that (i) its factor
at v0 is the representation Aq(λ0) (cf. Proposition 2.3), and (ii) the factors at the other
Archimedean places are the πv’s already given above.



328 J.-S. Li, B. Sun

Let Af be the finite adeles of F and let Kf be an open compact subgroup
of G(Af ), such that π has a non-zero vector fixed by Kf . There is a finite set
{x1, · · · , xm} of elements of G(Af ) such that

G(A) =
m
⋃

j=1

G(F )G∞xjKf

(a disjoint union). Set Kj = xjKf x−1
j and K = ∩Kj . Then K is open compact in

G(Af ). Let Γ0 = G(F ) ∩ (G∞ × K). Then G(F )\G(A)/K is covered by a dis-
joint union of finite copies of Γ0\G∞, and pull-back of functions respects the action
of G∞. It follows that the representation

π0∞ = Aq(λ0) ⊗
(

⊗

v∈S∞\{v0}
πv

)

occurs in L2(Γ0\G∞). Replacing Γ0 by a finite-index subgroup if necessary, we may
assume that all elements of Γ0 has determinant 1. Then since πv is one-dimensional
for each v ∈ S∞ \ {v0}, the space of π0∞ can be identified with a space of functions
on Γ0\U(3,1). Thus Aq(λ0) occurs in L2(Γ0\U(3,1)). Let Γ1 = Γ ∩ Γ0. Then Γ1
is of finite index in Γ and Γ0, and Aq(λ0) occurs in L2(Γ1\U(3,1)). Finally, since
Aq(λ) = Aq(λ0) ⊗ det r (cf. (2.5)) and elements of Γ1 have determinant 1, we see
that Aq(λ) also occurs in L2(Γ1\U(3,1)).

We remark that in the above we have tried to handle theta liftings from various
possible forms of U(V ′). But for the purpose of proving Theorem 1.1 we could have
just assumed from the very beginning that V ′ is split over F . Then the πv discussed
above would be the trivial representation for each v ∈ S∞ \ {v0}, and that condition
(c) in Theorem 4.1 would be vacuous.

We now return to our proof. From Lemma 2.1 we see that in any other situation
πv0 would be either holomorphic or anti-holomorphic, or in the discrete series (or
one-dimensional, which is the trivial case). But for discrete series representations
the result is well known and valid for all arithmetic lattices—not just those arising
from hermitian forms, see for example [25]. If πv0 is holomorphic the result is again
known [1, 4, 13]. Alternatively it can be proved in the same way as above, by making
different choices of the hermitian space V ′, positive definite at the place v0. This
concludes our discussion.
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