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Abstract

We investigate the quality of space approximation of a class of stochastic integral
equations of convolution type with Gaussian noise. Such equations arise, for exam-
ple, when considering mild solutions of stochastic fractional order partial differential
equations but also when considering mild solutions of classical stochastic partial dif-
ferential equations. The key requirement for the equations is a smoothing property
of the deterministic evolution operator which is typical in parabolic type problems.
We show that if one has access to nonsmooth data estimates for the deterministic
error operator together with its derivative of a space discretization procedure, then
one obtains error estimates in pathwise Holder norms with rates that can be read off
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the deterministic error rates. We illustrate the main result by considering a class of
stochastic fractional order partial differential equations and space approximations per-
formed by spectral Galerkin methods and finite elements. We also improve an existing
result on the stochastic heat equation.

Keywords Stochastic partial differential equation - Stochastic integro-differential
equation - Wiener process - Fractal Wiener process - Stochastic Volterra equation -
Finite element method - Spectral Galerkin method - Fractional partial differential
equation
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1 Introduction

Let H be a real separable Hilbert space and let Wy be a H-cylindrical Wiener pro-
cess on a complete, filtered probability space (2, F, (F;):>0, P) with respect to the
filtration (F;);>0. To be more precise, we assume that (F;);>0 satisfies the usual con-
ditions, which are, (F;);>0 is right-continuous and Fg contains all P-nullsets of F.
Let H;,i = 0, 1, 2 be real separable Hilbert spaces to be specified later on but they are
typically associated with fractional powers of a linear operator. We consider integral
equations of the form

t t
U(t):XO(t)—i-/ Sz(t—s)F(s,U(s))ds+/ Yt —$)G(s, U(s) dWx(s).
0 0
(D

Here, the non-linear functions G : [0, T] x Hy — Lys(H, Hy), where Lys(H, Hy)
denotes the space of Hilbert-Schmidt operators form H to Hy,and F : [0, T] x Hy —
H, are assumed to satisfy global Lipschitz and linear growth conditions. The operator
families S'(¢) : H; — Ho,i = 1, 2, are assumed to admit certain smoothing estimates
fort > 0.

A typical example where the integral Eq. (1) arises is when defining mild solutions
of fractional order equations of the form [23],

_ t(t_s)oz—l
Ut)y=Uy+1tU; — A A WU(s)ds

t (I _ S)/(—]

A 2

+/é T F(s,U(s))ds 2)
L —s5)P!

A Tﬂ) G(s,U(s))dWg(s); te[0,T],

see Sect. 3.1 for more details. Here, A is a densely defined, possibly unbounded,
non-negative operator on the Hilbert space Hy, o € (0,2), 8 > % and k > 0. The

restriction 8 > % is needed otherwise the stochastic integral does not make sense even
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for constant G as for § < % the function  — t#~! is not square integrable on [0, T'].
For o € (0, 1) (and Uy = 0 in this case), Eq. (2) becomes a fractional stochastic heat
equation, for « € (1, 2) Eq. (2) becomes a fractional stochastic wave equation.

Time fractional stochastic heat type equations might be used to model phenomena
with random effects with thermal memory [48]. In its simplest form, the fractional
stochastic heat equation has the form

dU + AD,I_“(U)dt =FU)dt+ GWU)dWg(t); U) =Uy, o € (0, 1), (3)

where

1 d

Dtl_a(U)(l‘) = mg

t
f (t — ) 'U(s)ds, o € (0, 1).
0

Eq. (3) corresponds to (2) with f =«x =1, € (0, 1) and U; = 0.

Time fractional stochastic wave type equations may be used to model random forc-
ing effects in viscoelastic materials which exhibit a simple power-law creep behaviour
[13, 38]. The simplest form of the fractional stochastic wave equation takes the form

dU + AI°7Y(U)dt = Uydt + F(U)dt + G(U)dWy (1); U(0) = Uy, a € (1,2),
“)

where
1( )(t)——l_, ! /t(l—s) 2 ( ) o 1
17 (U = =1 Js TU(s)ds, a > 1,

and U] is the initial data for U. Equation (4) corresponds to (2) with 8 =k = 1 and
a e (1,2).

In both cases the parameters 8 and « can be used to model the time-regularity of
the stochastic, respectively, the deterministic feedback. For example, when 8 < 1,
then the driving process is rougher than the Wiener process, while if § > 1, it is
smoother. It is important to note that while the parameter choice in (2) corresponding
toa = B = « = 1 is the standard stochastic heat equation, the parameter choice
B =« = 1and o = 2 does not result in the standard stochastic wave equation but in
something much more irregular as in this case the noise will drive U and not U. The
standard stochastic wave equation would correspond to the choice § = x = 2 and
a = 2. This case is not covered by our paper, since in our setting crucial estimates
has constants blowing up as « — 2. In particular, the constants in the fundamental
regularity estimates (20) and (21) will blow up, and therefore we cannot say anything
for the limiting case o = 2 by taking o — 2.

Our aim is to approximate stochastic integro-differential equations of the type (1)
and derive error estimates in pathwise Holder norms in time. To this end we consider
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approximations of (1) given by the following integral equation

t t
Uy (1) =X,‘2(r)+f S2(t — ) F (s, Un<s))ds+f Syt — )G (s, Up(s)) dWg (5).
0 0

Here, the approximation U, can typically be a spatial approximation derived via a
spectral Galerkin or a continuous finite element method. The main purpose of our
work is to derive rates of convergence of the strong error over CY ([0, T']; Hp); that is,
we derive error estimates for U — U, in L?(2; CY ([0, T']; Hy)). Here, for a function
f:[0,T] — E, where E is a Banach space, the Holder seminorm is defined by

lf@) — fle
Il fllcyqo,r1:E) = sup ——————, v € (0, 1).
L,se?[é),T] |t — 5|7
t#£s

In particular, we derive a rate of convergence of the strong error over C ([0, T']; Hp)
(the space of Hp-valued continuous functions on [0, 7] equipped with the supremum
norm); that is, an error estimate for U — U,, in L (2; C ([0, T']; Hp)). These error esti-
mates are derived given that one has access to deterministic nonsmooth error estimates
for S — Si and %(Si — 8i). The main point is that the rate of convergence in these
norms can be directly read off the deterministic error rates. While traditionally error
estimates for % (8" —S!) are seldom considered they are not out of reach in many cases
(see, for example, [55, Theorem 3.4], for finite elements for parabolic problems). We
demonstrate by two examples how to obtain such estimates for fractional order equa-
tions both for spectral Galerkin and for a standard continuous finite element method.
In general, when S’ are resolvent families for certain parabolic integro-differential
problems arising, for example, in viscoelasticity, [3, 13, 38, 52], these nonsmooth data
estimates are direct consequences of the smoothing property of the resolvent family
of the linear deterministic problem, at least for the spectral Galerkin method.

Our motivation for considering estimates in such norms is twofold. Firstly, esti-
mates with respect to the L?(2; C([0, T']; Hp))-norm are useful for using standard
localization arguments [29, 51] in order to extend approximation results for equations
with globally Lipschitz continuous nonlinearities to results for equations with nonlin-
earities that are only Lipschitz continuous on bounded sets. We refer to [18, Section
4] for further details in the semigroup case. Secondly, as Remark 2.10 shows, the pro-
cesses U and U, can be viewed as random variables in L?(2; C¥ ([0, T]; Hy)) and
therefore it natural to consider the approximation error in the corresponding norm.
For further applications of approximations in Holder norms we refer to [18] and [4].

Finally, we would like to emphasize that the derivation of error estimates in the
LP($2; C([0, T]; Hp))-norm is usually a nontrivial task even when the operator family
S1 is a semigroup. This is because, in general, the stochastic convolution appearing
in (1) fails to be a semimartingale and hence Doob’s maximal inequality cannot be
applied to obtain estimates with respect to the L”(2; C([0, T']; Hp))-norm. In case
the operator family S! is a semigroup one may employ the factorization method of Da
Prato, Kwapien and Zabczyk [12] directly to obtain such estimates, for an instance,
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see, for example, [37]. However, when the semigroup property does not hold; that is,
there is a nontrivial memory effect in the equation, then even this approach fails.

The state of the art

For analytical results, such as existence, uniqueness and regularity of various stochastic
Volterra-type integro-differential equations driven by Wiener noise we refer to [3, 5,
8-10, 13, 14, 32-34] and for results concerning asymptotic behaviour of solutions to
[7, 24]. The particular case of fractional order equations driven by Wiener noise are
considered in [11, 21-23, 35, 43, 48]. Various integro-differential equations driven
by Lévy noise are analysed in [20, 30] with the particular case of fractional order
equations in [6]. Finally a class of linear Volterra integro-differential equations driven
by fractional Brownian motion are investigated in [53, 54].

The main purpose of our work is to derive rates of convergence for space approxima-
tions. Here, we consider the strong error over C? ([0, T']; Hp) and C([0, T']; Hp), that
is, we derive error estimates in L”(2; CY ([0, T]; Hp)) and L?(2; C([0, T1; Hp)).
To our knowledge all existing work on the numerical analysis of stochastic fractional
order differential equations are considering a much weaker error measure; that is, the
error measure sup; ¢ 7} E|U@) — U, (t)||1;;0 (mainly for p = 2), see, for example,
[26, 27, 31, 38, 40, 56], or the weak error [1, 31, 39, 41]. For similar works in the
setting of abstract evolution equations without memory kernel we refer to [16, 17],
and [18].

The structure of the paper

The paper is organized as follows. In Sect. 2 we introduce the abstract setting
and the assumptions which we will use. Here we illustrate the applicability of our
setting by several examples. In Lemma 2.9 we state and prove a basic existence
and uniqueness result for the solution of (1) and specify the time-regularity of the
solution in Remark 2.10. Our main abstract approximation result estimating the dif-
ference U — U, in LP(2; CY ([0, T]; Hy)) is contained in Theorem 2.11 while in
LP(2; C([0, T]; Hp)) in Corollary 2.12. In Sect. 3 we apply Theorem 2.11 and Corol-
lary 2.12 to two typical space discretization schemes. In particular, in Subsection 3.1
we consider the general fractional-order Eq. (2) (with time-independent coefficients,
for simplicity) and its spectral Galerkin approximation and apply Theorem 2.11 and
Corollary 2.12 to obtain rates of convergence depending on the parameters in the equa-
tion. In Examples 3.6, 3.7, and 3.8 we state the results in some simplified settings for
the stochastic heat equation, the fractional stochastic heat and wave equations, respec-
tively. In Subsection 3.2 we consider a fractional stochastic wave equation and its finite
element approximation and apply Theorem 2.11 and Corollary 2.12 again to obtain
rates of convergence. Here, in Remark 3.13, we point out in which way the stochastic
heat equation fits in our abstract framework and we also show that using the setup
of the paper one may remove some unnecessary smoothness assumption on G which
was present in [16, Proposition 4.2]. Finally, in Sect. 4, we present some numerical
experiments for a fractional stochastic wave equation to verify the theoretical rates
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obtained in Subsections 3.1 and 3.2. In particular, in Subsection 4.1, we present some
numerical results for the spectral Galerkin approximation and space-time white noise,
while in Subsection 4.2, we describe some experiments for the finite element method
and trace-class noise.

Notation

We denote by ]R(J{ the set {r € R : # > 0}. For Banach spaces V and W we denote by
L(V, W) the space of bounded linear operators from V into W endowed with the norm
lAllzv,wy =inf{C > 0: |[Av|lw < C|lv|ly forallv € V}, for A € L(V, W).

If V.= W, we write L(V) for L(V, W) and we denote the norm by || - || z(y). For an
operator valued function S : [a, b] — L(V, W) we use the notation

. d
S(tv = E(I — S(t)v)(t), veV,

whenever ¢t — S(t)v is differentiable at 7. Furthermore, for two real separable Hilbert
spaces V and W, we denote by Lys(V, W) the space of Hilbert-Schmidt operators
from V to W equipped with the norm

o
TN vwy = D I Tenllyy. for T € Lys(V. W),

n=1

for an orthonormal basis (e,) C V. Let H be a real, separable, infinite-dimensional
Hilbert space and let A : D(A) € H — H, be an unbounded, self-adjoint, and
positive definite operator with compact inverse. For & € R one defines the fractional
power A% of A via the standard spectral functional calculus of A. For & > 0 we equip
D(A%), where D(A%) denotes the domain of A%, with the norm ||x || gy = |l ASx|m,
x € A5 For§ > 0, let H ﬁ‘a, denote the completion of H with respect to the norm
Ixll—s := IIA=%x||g, x € H*.Let E be aBanach space. We denote by L? ([0, T; E),
1 < p < o0, the space of all measurable functions f : [0, T] — E being L? integrable
equipped the with the standard norm

T 1/p
I leraorie = ( [ 1rongar) .

Moreoverif p = oo, then L*°([0, T']; E) denotes the space of all measurable functions
f from [0, T'] to E being essential bounded in E on [0, 7] equipped with the norm

| fllzooqo,71:E) = ess supll f (D)l E.
1€[0,T]

We denote by C([0, T]; E) the space of continuous functions f : [0,T] — E
endowed with the usual supremum norm. Let CY ([0, T]; E), 0 < y < 1, denote
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the space of functions f : [0, T] — E such that the seminorm

] lf@®)— fIE
I fllcyqo,11:E) := sup Ty, <™
1,5€[0,T] [t —s]
t#s

Let (2, 7, P) be a probability space and let L?(2; E) denote the space of random
variables X : (2, F) — (E, B(E)); thatis, F/B(E)-measurable mappings X : Q —
E, where B(E) denotes the Borel o-algebra of E, such that

IX 1755 = E(IX12) = / | X (@)|I}; dP(w) < oo.
Q

2 The abstract approximation result

Let H and Hy be two real separable Hilbert spaces. Let Wy be a H-cylindrical Wiener
process on a complete, filtered probability space (2, F, (F;):>0, IP) withrespect to the
filtration (F;);>0, the latter satisfying the usual conditions. We consider the following
integral equation

t t
U(t):XO(t)+/ Sz(t—s)F(s,U(s))ds+/ St —$)G(s, U(s)) dWy (s).
0 0
(&)

To specify the assumptions on the coefficients F' and G, let us fix two real separable
Hilbert spaces Hj and H,. Later on, we will see in the examples that these spaces will
be interpolation spaces associated with a linear operator.

Assumption 2.1 We assume that

(1) the mapping G : [0,T] x Hy — Lys(H, Hy) is Lipschitz continuous and of
linear growth in the second variable uniformly in [0, T'|; that is, there is a constant
Ci > 0 such that

1G (. u) = G(s, V)lLygr.my) < Co(lt —s|+ [lu —vlm), u,v e Ho,
s, t [0, T];

and
NG, WllLysH,H) < Co + lullgy), u € Hy, t €[0,T];
(2) the mapping F : [0, T] x Hy — H> is Lipschitz continuous and of linear growth
in the second variable uniformly in [0, T, that is there is a constant Cr > 0 such

that

lF(t,u) — F(s,V)lg < Crp(t —s|+llu—vln), u,v € Hy, s,t €[0,T];
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and
IF(, wllH, < Cr(l+ lullm), u € Ho, t € [0, T1;
(3) the Hy-valued process {Xo(t)}te[o,r] is predictable and, for some p > 2,
X% e LP(; L([0, T1; Hp)).

We note that the 7-dependence of F and G may be weakened considerably and they
may also be stochastic. Concerning the families S* we suppose the following.

Assumption 2.2 We assume that the linear operator families S are strongly continu-
ously differentiable as operators from H; to Hy on (0, T), i = 1, 2. Furthermore, we
assume that

(1) there exists a function s1 € L0, TT; R(')") and a constant 0 < y; < % such that
NS Ox Ny + 1S Ox Ny < 1O Ix Ny forall x € Hy, t € 0, T);

(2) there exists a function s, € L0, T1; R(")') and a constant 0 < y» < 1 such that
82 Ox gy + 7 SPOx N 1y < $20)|1x | 11y forall x € Hy, t € (0, 7).
We consider an approximation of (5) given by the following integral equation
t t
Uy = X000+ [ 2= F 6. U0 ds + [ 8}t =605, Une) W5,
0 0
(6)

where {X?,(t)},e[o,r] is Hp-predictable and XS € LP(Q; L°°([0, T]; Hp)). Concern-
ing the approximation we make the following assumptions.

Assumption 2.3 Let v and y> be as in Assumption 2.2. For bounded functions r; :
N — R*, i =1, 2 consider

o= [S’(t) _ S;(r)], i=1,2.

We assume that the linear operator families Sﬁl are strongly continuously differentiable
as operators from H; to Hyon (0, T), i = 1, 2. Furthermore, we assume that

(1) there exists a function hy € L0, T1; R(J{) such that for all n € N we have
N Ox 1 + 7 I Ox |y < hiOllx || gy forall x € Hy, t € (0, T):;
(2) there exists a function hy € L'([0, T7; Rg‘) such that for all n € N we have

2O x| gy + 22O x| 1y < ho () ||x| 5y, forall x € Hy, t € (0, T).
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Note that Assumptions 2.2 and 2.3 imply that for some C > 0, forall n € N,

NSy Ox N ry + 1S, Ox 1y < (51(8) + Chi®) x| 1y ()
forallx € Hy,t € (0, T), and

2|5y )x |y + 7S Ox by < (52(8) + ChaO) x| 1 (8)

forallx € Hy,t € (0, T).

Example 2.4 (Stochastic heat equation) In order to illustrate a typical situation of our
basic assumptions, we first consider the familiar setting of the heat equation. Let A :
D(A) C Hy — Hp be an unbounded, densely defined, self-adjoint, positive definite
operator with compact inverse. Let A,, denote the eigenvalues of A, arranged in a non-
decreasing order, with corresponding orthonormal eigenbasis (e,) C Hp. A typical
example is when Hy = L?(D), where D C R? is a bounded domain with smooth or
convex polygonal boundary, and A = — A with Dirichlet zero boundary conditions. In
this case, we have S' (1) = S%(t) = e~"A. Typically the spaces H; and H; are related to
the fractional powers of A but for simplicity we take H] = H, = H = Hy. Inthis case,
Assumptions 2.1 become standard global Lipschitz assumptions on the coefficients
in the equation. Furthermore, due to the analyticity of the semigroup S(z) := e 4
one has the well-known smoothing properties

IASS(Oxllm < Mt~ |1xll iy, A5 S(Oxlmy < Mt~ x| o,

fort > 0 and & > 0. Then Assumption 2.2-(1) is satisfied for any 0 < y| < %

for s1(r) = Mt~ and Assumption 2.2-(2) is satisfied for any 0 < y» < 1 for
s2(t) = Mt">~!. The simplest example of an approximation procedure that we have
in mind is the spectral Galerkin method. We define a family of finite-dimensional
subspaces {H" : n € N} of Hy by
H" = span{e|, ez, ..., e}
and define the orthogonal projection
n
Pa: Hy— H", Pax =) (x,e)mer, x € Ho, ©)

k=1

where (-, -) g, denotes the inner product of Hy. It is easy to see that

IAT"(I = Pu)llcrgy = I = P) A llgergy = sup A" =24, v=0.
k>n+1

The approximating operators become
SHt) = S2(t) = PuS(t) = S(t)Py := Su(0).
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Using eigenfunctions and eigenvalues of A we can write
n
Su(t)x =D e (x, er) e
k=1
For v > 0, we set r{(n) = ra(n) = A, ;. We then have
Wi (1) = Wr(t) = A, (S(6) = Su(t)) = Ay (T — Pu)S(2)
with

W (OxllHy < CIIA”S®)x Iy < Ct™"llxllk, i = 1,2and n € N,

and
Wi (x|l gy < CIIAS(@)x gy < Ct™ " ixllpy, i = 1,2 and n € N.

Thus, Assumption 2.3 is satisfied with ri(n) = )L;fl with vi < y; and h1(¢t) =

Ct=1""Land ry(n) = 1,,}3 with vy < yp and ho(t) = Cr727 172,

Example 2.5 (Fractional stochastic heat Equation) Here we consider the fractional
stochastic heat Eq. (3) with mild solution given by (17) with parameters o € (0, 1),
B =k =1,up = Upandu; = 0, where the operator family S%# is defined by (18) via
its Laplace transform. We use the setting of the previous example for A, F and G; that
is, consider the global Lipschitz case. In this case we have S'@t) = S%(r) = §* (1)
with smoothing properties specified in Lemma 3.1. In particular, we have

IASS" (Oxllmy < Mt ||x s NASS (O x Ny < Mt ix g, i = 1,2,

for & € [0, 1] and ¢t > 0. Then, Assumption 2.2-(1) is satisfied for any 0 < y; < %

for s1(r) = Mt~ and Assumption 2.2-(2) is satisfied for any 0 < y» < 1 for
s2(t) = Mt">~'. The approximating operators in this case become

Sht) = S2(t) = PoS (1) = $* 1 (1)P, := S*1(0).

Forv € [0, 1], weset ri(n) = r(n) = )L;L. We then have

W) = Wit) = Ay (S0 = SPH ) =2 (= P)S* (1)
with
I (O)x 1y < CIIAYS™ (x|l Hy < Ct™*V x|l s, i = 1,2 and n € N,
and

1! (x|, < CIIAY S (x| iy < Ct™*" x|y, i = 1,2 and n € N.
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Thus, Assumption 2.3 is satisfied with rj(n) = )‘;:]1 with v < % and h(t) =

C=1= and ry(n) = A, 3 with va < 2 and ha(r) = C1>~'=*"2_ 1t is important
to note that the additional restriction max(vy, v2) < 1 applies as §%1 has only the
limited smoothing properties shown in Lemma 3.1. This implies that the rates improve

as « decreases to y;, however, remain constant once we have o < ;.

Example 2.6 (Fractional stochastic wave equation) Here we consider the fractional
stochastic wave equation (4) with mild solution given by (17) with parameters o €
(1,2), B = k = 1, up = Up and u; = Uj, where the operator family S4B s
defined by (18) via its Laplace transform. We use the setting of the previous example
for A, F and G; that is, consider the global Lipschitz case. In this case we have
Sl(r) = $%(t) = $*1(¢) with smoothing properties specified by Lemma 3.1

IAS ST (x| y < Mt~ Xy NASS' Oy < Mt Xl gy, i = 1,2,
for & € [0, 1] and # > 0. Then, Assumption 2.2 (1) is satisfied for any 0 < y; < %

for s1(r) = Mt~ and Assumption 2.2 (2) is satisfied for any 0 < y» < 1 for
s2(t) = Mt">~!. The approximating operators in this case become

Sht) = S2(t) = PuS™1 (1) = $* 1 0)P, := $21(0).
For v € [0, 1], we set 71 (n) = r2(n) = A, . We then have
W (1) = Wi (1) =2, (SO0 = SN (D) = Ay (T = Pu)S™! (1)
with
I, (Ox [y < CIHA”S® () x Ny < Ct " Ixllmg, i = 1,2and n € N,
and

I (x|, < CIIA”S* (x| gy < C1~ " x|l g, i = 1,2 and n € N.

Thus, Assumption 2.3 is satisfied with r1(n) = 4,}} with v; < L and b (r) =

Ct=1=2 and ry(n) = )»;_';21 with vy < % and hy(1) = Ct”2717%2 We see here
that the rate deteriorates with increasing .

We will often make use of the following results on the Holder regularity of deterministic
and stochastic convolutions.

Lemma 2.7 Let Y| and Y be real separable Hilbert spaces. Let T > 0 and suppose
that® € LP(2; L°°([0, T1; Y1)) forsome p € [1,00). LetW : [0, T] — L(Y}, Y2) be
a mapping such that the mapping t +— W (t)x is continuously differentiable on (0, T)
forall x € Y. Suppose, moreover, that there exists a function g € L'([0, T; Rg) and
a constant 0 € (0, 1) such that for all t € (0, T) we have

1 E@O)xlly, + 0 W Dxlly, < gOlIxlly,, forall x € Y1

@ Springer



Stoch PDE: Anal Comp (2023) 11:1044-1088 1055

Then,

(a) the convolution
t
(VD) / Ut —s)D(s)ds
0

is well-defined almost surely;
(b) there is C > 0, depending only on 6, such that

Hm—> (\IJ*CIJ)(I)‘

LP(Q;C'=9([0,T1;Y2))

= Cligllgoriep 1 PlLr@iz=qo.rivy ;
(c) thereis C > 0, depending only on 0 and T, such that

Hz > (U % CD)(t)‘

LP(Q:C([0.T]:Y2))

= C”g”Ll([O,T];]RJ) 1@l Lr ;L q0.71:11)) -

Proof Note first that, almost surely, the mapping s > W(t —s)D(s) € LY([0, TT; Y2)
and hence W x ® is well defined almost surely. In [17, Proposition 3.6] it is shown,
that under the assumptions of the theorem, almost surely, there is C > 0, depending
only on 6, such that

ASCER0] < Clighyiqorrg) 19 eqo. ) -

C1=9([0,71;Y2)

The estimate in (b) follows by taking the pth power and expected value of both sides
of the inequality. Finally the estimate in (c) follows from the estimate in (b) by noting
that (¥ * ©)(0) = 0. O

Lemma 2.8 Let Y| and Y, be real separable Hilbert spaces. Let T > 0 and sup-
pose that the process ® : Q x [0,T] — Lys(H, Y1) is predictable and that
(OJNS L”/(Q; L°([0,T); Lys(H, Y1))) for some p' € (2,00]. Let ¥ : [0,T] —
LYy, Y2) be a mapping such that the mapping t — Y (t)x is continuously differ-
entiable on (0, T) for all x € Y. Suppose, moreover, that there exists a function
g€ L! ([0, T1; RJ) and a constant 0 € (0, 1) such that for allt € (0, T),

CIGOxly, + 0 N Oxlly, < gOlxlly,, forall x € Y.

Then,

(a) the stochastic convolution process
t
Tod):t+> / Wt —s5)D(s)dWg(s)
0
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is well-defined;
(b) foranyy € (0, % —0— #) with9 < % — # there exists a modification of ¥ ¢ @
such that

H’ > (\l!o@)(t)‘

LP'(£;C7 ([0,T1;Y2))

= Cligl o, rire) 1PN Lo @500, 7:Lysh.11))) -

where C only depends on y, 0, p’ and T
(¢) the modification of V ¢ ® from (b) also satisfies

Hr > (\11<><1>)(r)’

LV (2:C([0,T]:Y2))

=< C”g”Ll([()’T];RSr) ||¢”Lp/(Q;LDO(O,T;LHS(H,Yl))) s

where C only depends on'y, 0, p’ and T.

Proof Let0Q < n < % Then

sup ls = (0 =) PO Ly @207 LysH.11)
0<t<T

= Cprll®l Ly @ 0. 71:Lys (. ¥1)))- (10)

As Y is a Hilbert space, the statement in (a) follows from [17, Lemma 3.2] by noting
that in this case Lz([O, Tl; Lys(H,Yy)) ~y(0, T]; H, Y1), where the latter denotes
the space of gamma radonifying operators from L2 ([0, T']; H) — Y1, see [17, Section
2.2] for further details. Let y € (0, % -0 — #). Then, there is 0 < n < % such that
ye0,n—0-— %). Then, by [17, Corollary 3.4], there exists a modification of ¥ ¢ @
and a constant C depending on y, 1, p’ such that

Hr > (\Do@)(r)‘

LP'(:C7 ([0,T1:Y2))

=< C||g||L|([(),T];R0+) sup ”S = (t - s)ﬂ](D(s)”LP'(Q;L2([O,T];LH5(H,Y1)))
0<t<T
= Cliglzrqo,rirH 1P L (@: Lo 0.7 Lys (.11

where C depends on y, p, T and 7, with the latter ultimately depending on y, @ and
p’. We used [17, Corollary 3.4] in the first inequality and (10) in the second. Finally
the estimate in (c) follows from the estimate in (b) by noting that (W ¢ ®)(0) = 0. O

Next we state a basic existence and uniqueness result.

Lemma 2.9 Let p > 2 and let Assumption 2.1, Assumption 2.2, and Assumption 2.3
be satisfied with 0 < y; < % — % and 0 < y» < 1. Then, Egs. (5) and (6) have unique
Hy-predictable solutions U, respectively U, in L?(2; L*°([0, T]; Hy)) with
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U Lr@:Leq0,71:Hyyy < C(1 + ||XOIILP(Q;LOO([O,T];HO)));

(1)
Ul Lr i1 0.77: Hey) < C(1 4 1 X011 Lr (910 (0.77: Ho)))»

for some C > 0 depending on y1, y2, pand T.

Proof The proofis fairly standard as it uses Banach’s fixed point theorem and therefore
we only sketch a proof. Let 7 > 0 and set

X7 :={U € LP(2; L*°([0, T); Hp)) : U is Hy-predictable}.
For A > 0, later to be chosen appropriately, we endow X with the norm

Wil =& ess sup UMDY,

Note, the latter definition is equivalent to the natural norm of L (2; L*°([0, T]; Hp)).
For U € Xt define the fixed point map

t t

L)1) = X°0) +/ S%(t — $)F(s, U(s)) ds +f St — $)G(s, U(s)) dWg (s)
0 0

=: X°(0) + Lo(U) (@) + L1(U)().

Fory < min(% — % — 1,1 — ) and fori = 1, 2, we have

ILi (U)DLr(g; 220 (0.71: Ho))
= CrlILi(U)DiLr@:cr qo.11: o) SCIsill Lo, 71 (1+I1U | Lr s L0, Ho)) -
(12)

In the first inequality above we used the fact that £; (U)(0) = 0. In the second inequal-
ity, for i = 1, we used Lemma 2.7 with Y; = H>, Y» = Hp and the linear growth
of F while, for i = 2, we used Lemma 2.8 with Y| = Hj, Y» = Hj and the linear
growth of G. Hence, the operator £ is a mapping X7 — X7. Next we show that £ is
a contraction for A large enough. Indeed, if U, V € X7, then

I1L2(U) (@) = L2(VYDIIY

p
= [E ess sup
1€[0,T]

t
/ e M2 (1 — )™ (F(s, U(s)) — F(s, V(s))) ds
0

Hy
P
<Cr

t
z»—>/ e M= 82(r — )e ™ (F(s, U(s)) — F(s, V(s))) ds
0

LP(€;CY([0.T]: Ho))

T P
<Cpr (/ 2+ r)e M5y (1) dt) v —viy.
0
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see the estimate of 7 in the proof of Theorem 2.11 for more details. We similarly have
that

T p
I£1(U) (@) = Li(VYDI] < Cpr <fo (2+/\t)€_“51(t)dt) v —-viy,

see the estimate of /3 in the proof of Theorem 2.11 for more details. Thus, by choosing
A > 0 large enough, we conclude that there is a constant M € (0, 1) such that
L)) — LV, < M|U — V|, when £ : X7 — X7 is a contraction.

Therefore, by Banach’s fixed point theorem, there exists a unique U € X7 with
U = L(U). A similar argument shows, by defining the corresponding mapping £, in
an obvious way, the existence and uniqueness of U,, with the terms (2 + At)e Msi (1)
above replaced by (2 4+ At)e™* (s; (t) + Ch;(?)) (c.f., (7) and (8)) yielding a uniform
in n contraction constant 0 < M’ < 1 of £,. The estimate (11) follows from the
following simple estimate

U = ILW) % < I1LW) = LOYx + 1£O)x < MIU I+ 1X°lx + Cp.1.a

where A is large enough so that 0 < M < 1 and similarly for U,,. O

Remark 2.10 (Regularity) Observe that under the assumptions of Lemma 2.9, if also

Xo, X0 € LP(Q; C7 ([0, T1; Ho)) holds for y < min(} — % — 1,1 — ), then

1U Nl r:crqo.m1:H0)) < CL+ 11X Lr@:cr qo0.71: oy + 1X° Nl Lr@: Lo (10.71: Ho))):

1UnllLr@:cv q0.73: Hyy < €L+ 11X Lr@:cro.71: Hoy + 1 X2 Le(@: L% (0.7 Ho)))-

Indeed, we have that U = X° + £5(U) + £1(U) hence the claim for U follows from
the second inequality in (12) and (11); with an analogous argument showing the claim
for U,,.

Now we are ready to present our main result.
Theorem 2.11 Let p > 2 and let Assumption 2.1, Assumption 2.2, and Assumption 2.3

be satisfied with0 < y; < % - % and 0 < y» < 1. Suppose that there exists a number
K > 0, such that

”XS”LP(Q;LOO([()’T];HO)) < K forall neN.
Let
e(t) == U(t) — Uy(t) and eo(r) == X°(r) — X°(r), t€l0,T],
1 1

andlet0 <y < min(5; — 5=V 1—w).
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Then there exists a constant C > 0, depending on y, y1, y2, p and T, such that for
alln € N we have

lell Lr:cr0,71: 5oy < C (lleollLr@:cr (0,71 Hoy + €Ol Lr (e Hyy + r1(n) + r2(n))
(13)

where the rate functions ri, i = 1, 2, are introduced in Assumption 2.3.

Proof Lett € [0, T] and fix a parameter A > 0. Then

e (1) == e Me(r) := e M (U (1) — Uy(1))
=eMX%) — e M X0r)

+ /Ot e M= 82 (1 — 5)e M [F (s, U(s)) — F(s, Up(s))) ds
+ /0 t e MTIS2 (1t —5) — S2(t — 5)]e ™ F(s, Uy(s)) ds
+ /0 IS )G ls, Uls) — G, Un()]dWr (s)
+ /0 LISl g - Syt = $)le G (s, Un(s)) dWg (s)
= el (1) + L (t) + L(t) + (1) + I4(r).
Note that, by Remark 2.10, we have that
llellr ey (o,71; Hyy) < 00
and hence also
llexll Lr@:c7 (0,71 Hy)) < OO

In the following we estimate term by term.
Estimate of /: To estimate /1, we will use Lemma 2.7 by setting Y1 = H», Y> = Hy,

[0,T]13 1+ W) :=e ™81,

and ® (1) := e M[F(t, U(t))—F(t, U,(t))]. Wehave that & € LP(Q; L*®([0, T; H>))
since F is Lipschitz continuous and U, U, € LP(2; L*°([0, T]; Hp)) by Lemma 2.9.
Due to Assumption 2.2-(2), we know that the assumptions of Lemma 2.7 are satisfied
with g(1) = 2+ A)e Msy(r) and 6 = 2. Indeed, we have that

U(t)x = —re M S2()x + e M §2(1)x
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Therefore, as y» < 1,

2 NF (x| 1y + vt W Ox < 21T @ x i, + 2 WX 1,
< e M2 (Ox |y + e M SAOx 1y + M TSP (Ox ] 1y
Mo OlIxmy, + e M2 lx N, + e M s2 @) X a,

= Q2+ rt)e Msr()|x]l .-

< Ate”

Thus, we can infer by Lemma 2.7

I111lLp (@;c7 (10,71; Ho))

1

T P

< C/ 2+ rt)e My (1) dt (IE esssup e M| F(t, U (1) — F(t, Un(t))||’;,2> .
0 1€[0,T]

The Lipschitz continuity of F then gives
1111l Lp ;7 (10,71: Hoy)

T 7
< C/ @+ r)e Msy(r)dt [ E ess sup (e“”’ne(z)ni,o))
0

te[0,T]

T 4 %
= C/ Q24+ r)e M) dr | E | ess sup|les )l
0 1€[0,T]

1
T _ P\ 7
< c/ @+ r)e My (1) di (IE (ess sup (ﬂ a®—a@) |e(0)||HU>> )
0 t€l0,T] Hy

124
T
< C/ @+ e Msp(t) dt (T llesl|Lrzcr (0,71 Hoyy + €Ol Lo (@) - (14)
0

Estimate of />: To estimate [, we will use again Lemma 2.7 by setting Y| = H>,
Y2 = Ho,

(0.T]51 > W) = M [Sz(t) _ S,%(z)] = e HW2(p),
ra(n)

and ®(¢) := e M F(t, U,(t)). We have that ® € L?(Q; L>([0, T]; H»)) since F is
of linear growth in the second variable, uniformly in ¢ € [0, T'], and since we also have
that U, € LP(2; L*([0, T]; Hp)) by Lemma 2.9. Assumption 2.3-(2) implies that the
assumptions of Lemma 2.7 are satisfied for all n € N with g(1) = (2 + At)e ™ ha (1)
and 6 = y, as a similar calculation as in the case of I} shows. Therefore, we can infer
from Lemma 2.7 that for alln € N,
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1
—— 1 LllLr:cr o, 11 H
r(n) ( ([0,T]; Hp))

T »
< c/ Q2+ r)e M hy(t)di | Eess sup e P || F (¢, Uy (1)l
0 te[0,T]

1

T P
< C/ ho(t) dt <E ess sup || F(t, Un(t))||22> .
0

t€[0,T]

The linear growth of F gives for alln € N

1

1 T P
——L2llLr(2;cr (0,71; Ho)) = C/ ha(t)dt | 1+ E ess sup ||Un(t)||fy;0 .
ry(n) 0 tel0,T]

Estimate of I5: Here, we will apply Lemma 2.8 with Y| = Hj, Y> = H,
[0,T]31 > V() :=e MS ),

and ®(t) := e M[G(t, U (1)) —G(t, Uy(1))], t € [0, T]. We have that the process @ is
predictable as G is Lipschitz continuous and U, U,, are predictable by Lemma 2.9 and
also that ® € LP(Q2; L°°([0, T]; Lys(H, Hy)))as U, U, € LP(2; L°°([0, T1; Hp))
again by Lemma 2.9. Due to Assumption 2.2-(1) the assumptions of Lemma 2.8, with
g(t) = (24 rt)e Ms(r) and @ = y; are satisfied, as a calculation similar to that in
the case of I; shows. Hence, it follows from Lemma 2.8, that

1131l Lr ;7 (10,71 Ho))
1

T P
<C /0 Q@+ At)e My () dt (IE ess sup e MGt U®)) — G(z,Un<t))||’L’,”(H_HI)> :

The Lipschitz continuity of G then gives

1
T P
I 31l Lr (i 7 (10.7): Hoy) < C / 2+ rt)e sy (1) dt (]E ess sup e“’f||e(t)||',’,0) .
0 t€[0,T]

By the same calculation used for estimating /7 in (14), where s is replaced by s1, we
get

1131l LP ;7 (10,71; Ho))

T
< C/ @ +ane Ms () dt (T el Lr@:cv (0,71 Hoy + €Ol Lr (@ Ho) ) -
0
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Estimate of /4: To estimate /4 again we will use Lemma 2.8 by setting Y1 = Hj,
Y> = Hy,

[0,T]5 1> W(t) := rlz—n)e*“ [S](t) — s (r)] = Mwl (),

and ®(¢) := e MG, U, (1)). The process @ is predictable as G is Lipschitz continu-
ous and U, is predictable by Lemma 2.9 and ® € LP(2; L*°([0, T]; Lys(H, Hy)))
as G is of linear growth in the second variable, uniformly in [0, T'], and U, €
LP(2; L*°([0, T1; Hp)) by Lemma 2.9. Assumption 2.3-(1) implies that the assump-
tion of Lemma 2.8 are satisfied for all n € N with g(f) = (2 + At)e *h;(t) and
6 = vy, as a calculation similar to that in the case of /1 shows. Hence, we can infer
that for all n € N,

”14' L! Szycy [0,2 I;H
1

T
<C /O Q2+ at)e Mhy(t)dt <E P;SGSIOSITJI]) e MG (t, Uy (1)) IIst<H,H1)>

1

T P
<c [ moa (Ee,is[(f?%’ ||G<z,Un<z)>||’L’HS(H,H1)) .

The linear growth of G then gives, for alln € N,
1
1 T P
—— 4l Lr(@:c7(0,T1: Hy)) < C/ hi(t)dt [ 1+ E ess sup ||Un(t)||11?10 .
ri(n) 0 1€[0,7]

In this way we get

lexllLr;cr (0.7 Hoy < ledlLr@scr 0,71 Hoy
+ C (ri(n) + r2(m) (1 4+ |Unll r(@: 120,71 Ho)) )

T
¢ [C@4ane™ 610+ sa0)dr (lexlracrioring + leOlnany )
0
(1)

Note that, by Lemma 2.9 and by our assumption || X9l 1 (q: > ((0.7]: y)) < K for all
n € N, there exists a constant C > 0 such that

UnllLr(@:10,71; Hy)) < C foralln € N.

Furthermore, using Lebesgue’s Dominated Convergence Theorem, it follows that
T
/ (2 4+ 1)e M (s1(t) + 52(1)) dt — 0 as A — 00,
0
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and, hence, with 1 > 0 large enough, we may absorb the last term on the right hand
side of (15) into the left hand side to conclude that

lexllLe:crqo.11:Hyy < C (legllLr@:cr 0,11 Hoy + 1eO)lLr(; Hy) + 71 (1) + ra(n)) .

(16)
Remembering that ¢, (0) = ¢(0) a straightforward calculation shows that
lellLr:crqo.71:Hyy < Ch, T) (llexllLr ey (0,71 Hoy + IleO) | Lr(@:Hy) ) -
A similar calculation implies that, remembering that ey (0) = ¢(0),
le§llLr:cr 0.1 Hyy < COu T) (leollLr@:cr (0,71 Hoy + Ile ()l Lr (o)) -
and the proof is complete in view of (16). O

We end this section with the special important case y = 0.

Corollary2.12 Let p > 2 and let Assumptions 2.1 — 2.3 be satisfied with 0 <

Y1 < % — % and 0 < y» < 1. Suppose that, there exists K > 0, such that

||X2||LP(Q;LOO([()’T];HO)) < K for all n € N. Let e(t) = U(t) — U,(t) and
eo(t) := X% — Xg(t), t € [0, T]. Then there exists a constant C > 0, depend-
ing on y1, v2, p and T, such that, for alln € N,

lellLr@:cqo.m1:Hey < C (lleollr:cqo. 11 Hoy + r1(n) + ra(n))
where the rate functions ri, i = 1, 2, are introduced in Assumption 2.3.

Proof In a completely analogous fashion and using the same notation as in the proof
of Theorem 2.11 using this time specifically item (c) from Lemma 2.7 and 2.8 one
concludes that

lexllLr:cqo.1:He) < lefllLr:cqo.71: Hoy
+ C (ri(n) + r2(n)) (1 + 1UnllLr(@:1(0.71: Ho))

T
+C / 2+ r)e M (s1(t) + s2(0) dt llex |l Lr@:C((0.7]: Ho)) -
0

Now the proof can be completed the same way as that of Theorem 2.11. O

3 Applications

In this section we give two typical instances where our abstract results are applicable.
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3.1 Spectral Galerkin approximations of a class of abstract stochastic integral
equations

Let A : D(A) C Hy — Hp be an unbounded, densely defined, self-adjoint, positive
definite operator with compact inverse. Let A,, denote the eigenvalues of A, arranged
in a non-decreasing order, with corresponding orthonormal eigenbasis (e,,) C Hy. For
a € (0,2), 8 > 1/2 and k > 0 we consider the integral equation introduced in [23]
given by

U(t) = S* (tyug + S*2(1)uy

t t
+/ St =) F(U(s)ds +/ SP(t = $)GW(s)dWr(s)  (17)
0 0

where the Laplace transform S%£(z)x := f0°° e US%P()x dt, x € Hy, Rz > 0, of

58 is given by
SuB(x =22 P¥ + A)x (18)
and ug, u; € LP(L2; Hy) for some p > 2 are Fp-measurable. To connect S8 1o the

convolution kernels ¢ — ﬁt“‘l and t — %tﬁ —! we note that it is shown in [23,
Lemma 5.4] that for o € (0, 2), 8 > 0, and x € Hy one has

t (t — s)oz—l 1 3
a,f _ o, B B—1
S*P(tx = A/o F@ S*P(s)xds + l"(ﬁ)t X. (19)

Next we provide smoothing estimates for S*# and its derivative.

Lemma3.1 For& € [0, 1], @ € (0, 2) and B > O the estimates

IAS S“P ()l oipgy < MP~*71 1 > 0, (20)
IASS%B ()| £(pyy < MtP™472 1t > 0, Q1)

hold for some M = M (a, B, £).

Proof 1t is shown in [23, Lemma 5.4] that for all x € Hp,

1
s*B(tx = _/ P + A dz,
2mi Tpo

where the contour is given by

(s—¢+p)ei¢ fors > ¢,
Cpols) = pe's fors € (—¢, ¢),
(—s—¢+p)e'? fors <—9,
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where p > 0, ¢ > % and ¢ < 7. Therefore, as Af is a closed operator, one has that
§B(1)x € D(A?) and

1
ASS P = — | 2 PAS 4 A) xdz (22)
2mi Tpo

provided that
/ %22 F | HAE(ZO‘ + A)_le |dz| < oo.
Lo Ho
It is shown in the proof of [23, Lemma 5.4] that

/ ez P [ A5G + 7| ldzl = Cf / ez TPt |y,
Lo Ho Ty
(23)
and hence (22) holds and
A5 SP (1)l ooy < P71 1 > 0.

To show (21) note that, by [23, Lemma 5.4] the function r — se.B (t)x can be extended
analytically to a sector in the right half-plane for all x € Hj. In particular, the function
t — S*P(¢)x is differentiable for > 0. Hence, we have

. 1
ASSUP(x = — | ze" 2P AR 4+ A)xdz, (24)
g Ty

provided that for every ¢ > O there is € > 0 and K = K (¢, €) > 0 such that

J

fort € (1o — €, to + €). In a completely analogous fashion as in the case of estimate
(23), we get

|ze¥' 22| HA‘f(z“ + A)*‘xH dz| < K
¢ Ho

o

/ |ze¥' 227 F| HAE(ZO‘ + A)fle |dz|
Tpg Ho

— — N —
< P2 x|y, / ez TPTETT gy,
Fl,d)

and thus (24) holds and
1A% SP )l 2oy < MIP572, 1 > 0,
which finishes the proof. O
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Remark 3.2 We would like to point out two crucial points concerning (20) and (21).
First, unless « = B = 1, which correspond the heat equation, the estimates do not
hold for & > 1. Furthermore, the constant M in the estimates blows up as«@ — 2 asin
this case we must have ¢ — /2 and hence we integrate on a path with infinite line
segments approaching the imaginary axis.

Assumption 3.3 We assume that

(a) there exists 0 < g < 1 such that F : Hy — Hf(SF is Lipschitz continuous. In
particular, there exists a constant C > 0 with

1A (F () = FODlli < C llx = yllsy. %y € Ho.

(b) There exists 0 < §g < 1 such that G : Hy — LHS(H,HfaG) is Lipschitz
continuous. In particular, there exists a constant C > 0 with

1A (G(x) = GOl Lyt o) < C IIx = Vllmp, X,y € Ho.
Thus, the spaces H; and H> become
H| = Hfac and H, = Hfgp.

Note next that A* commutes with S%#(¢) for all r > 0 and all £ € [—1, 0] using an
inversion formula for the Laplace transform (see, for example, [2, Chapter 2.4]) as

this property clearly holds for $*-#(z), %tz > 0, and A® € L(Hy) is this case. Then,
fort > 0, (20) and (21) show that

ISP @l = MP=00 el 18P el = MO e

—adp—1 ¢ —adp—2
IS5 OxHy < M xlmy,  I1S%5(OxlHy < Mt |lx]| g,

We also define the approximating operators by
il (1) 1= $*P ()P = PuS“P (1),

where P, is defined in (9), and the approximating process by

t

Un(t) = S& N (0o + S%2(1)uy +/O S%K(t — §)F(Uy(s)) ds
+ /0 SO - G U (s)) ds. 26)
Forv > 0, let
W) =y (SUP (1) = SPP (1) = Ay (T = Pu)S*P (1)
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and

n n

\Ilﬁ(t) = A”+1(S“’K(t) —S7K() = )‘VH(I — P)S* (1).
For t > 0, we then have for§g +v <landér +v <1,

1wl (x| gy < CIAYS®P (1)x|| gy < CPOHI = x|
1L (Oxll gy < CIAYS*P(1)x |y < CtPmoOGH) =21y,

IW2(0)x] gy < CIAYS®  (1)x ||y < Cr*~CE )= x|y,

Iy (OxllH, < CIIAYS® (x| my < Cr P22 x| .

27)

Theorem3.4 Let U and {U, : n € N} given by (17) and (26), respectively. Let
e(t) :=U@t) — Uy(t) and eo(t) = S (Huo — Sf,"l(t)uo + S“2(tu; — S,‘f’z(t)u].

(a) Letp > 2,0 <y < %—%ando < y» < 1 and suppose that min(y; + B —adg —

Ly +x —adp —1) > 0. Let y <min(%—%—y1,1—)/2), v < %

Afdg +vi < 1and 8F + vo < 1, then the error estimate

Yot+k—adp—1
and vy < H———

lellLr@:cr qo.11:Hoy < C(T, p,vi,va, ¥)(lleoll r(:cr (0,77 Ho
+leO) e Hy + Ayt + 2 id) (28)

holds. Set v := min(vy, v2) and suppose thatv—i—g < 1.Ifup € LP(2; D(A”*g))
and uy € LP(SQ: DA™ OVHED)) thon

lellr@:cv qo.11:Hy) < C(T, p,vi, va, ¥, uo, u)h, ;.

(b) Let p > 2 and suppose that min(% — % + B —adg — 1,k —adp) > 0. For

1 1
1_14p o551
v < 22 7 "

error estimate

and vy < *=2C if§G + vy < 1and 8p + vy < 1, then the

lellr@:cqo.m1:m)) < C(T, pvisv2)(lleollLr:co.11: Ho) + 2yt + 2nid)
(29)

holds. Setting v := min(vy, v2), and assuming that uy € LP(Q2; D(AY)) and
uy € LP(Q; D(Amax(o"’*i))) the error estimate

lellr@:cqo.71:Ho) < C(T, p, v, v2, uo, u)r,
holds.
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Proof Estimate (28) follows from Theorem 2.11 using Assumption 3.3 and estimates
(25) and (27). To estimate the initial terms first note that as S% ! (0) = I and §%2(0) = 0
it follows that

lleO)llLr(@:Hy) = o — PuttollLr(: Hy) < Chy 1 1A uollLr (: Ho)-

Itis shown in [23, Lemma 5.4] that if x € D(A"F &) with v + £ < 1, then the function
v(r) := S%1(r)x — x admits a fractional derivative of order y defined by

va(t)—ﬁdt/ (t—s)Yv(s)ds, y € (0, 1),

in D(AY) and
1A DY v(t) 1, < MIA™ 5 x| g, 1 € (0, T1.
A straightforward calculation shows that (see also, [57, Vol. II, p. 138], [15])
1A v ller qo.71:Hp) < CIAY DY v() Lo (0. 71: Ho) -

Therefore,

151 uo = S5 Ouoll Lo s v 0,71 oy
= 1S“1 () = Po)uollLr@:c7 (0.7 Hoy)
< Ay 1AV S Guoll Lr@:cr (0.7 Hop
=M1 AV (S (Yug — u0) | Lr (v (0.71: Ho))
< Ca ) IAY DY (8% Yug — uo) |l (s Loe0.71: Ho)
<Cxr,. 1||Av+°‘u0||L1’(Q Ho) -
Here, for the equality in the second row of the calculation, we used the fact that

the C” ([0, T]; Hp))-seminorm of a function f : [0, T] — Hp does not change by
adding a constant to f. Similarly, it is also shown in [23, Lemma 5.4] that if x €

—1
D(Ama"(o’”+y7)), then the function v(¢) := §%2(r)x admits a fractional derivative
in D(AY) and

r=1

IAY D] o)y < MIA™X OV x|y, 1 € (0, T1.

Then, similarly as above we conclude that
_ y=1
5% 2 (Yuy — S%2(Yut || Lr(:cr (0.71: Hyy) < C)»HU]||1‘\max(0")4r T || Lr (9 Ho)

and the proof of (a) is complete. To show the claims in (b) first note that estimate
(29) follows from Corollary 2.12 by choosing y; sufficiently close to % — % and y»
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sufficiently close to 1 together with Assumption 3.3 and estimates (25) and (27). To
estimate the initial terms first note that, by (20) with & = 0 and 8 = 1, using also the
fact that %! and A=Y commutes for v € [0, 1],

8% (tyuo — SE ' Ouolly = 11 — Pu)S* (Duolly < CA, Y IAY S (ol 1y
= Ca A S AT A uoll gy = CA2 IS () AV uoll gy < Ct A Ul g »

for all + > Q. Therefore,
5% (Yo — SEOuollLe@:cqo.71: Hyyy < Ch {1 1A  uoll Lo (92; Hy) -
For the second initial term, let first v < é Then, by (20) with £ = v and 8 = 2,

182ty — 2 Ourll g = (I — Pu) SOl gy < Chyy A" S (Our ]| 1y

=t N . £ = 0.
On the other hand, if 1 > v > L. then by (20) with & = L and g = 2,

152 @1 = SE2Ourl g = I = PS> Oui gy < Cryt IASS> (0ur |y

= Ch 2 | A S“H O A T w1, < Chy A" @t [l 1 = 0.

—v
n+1 n+1

In summary, if u; € LP(; D(Amax(o’”_é))), then

_ 1
I15%2 (Yuy — SE2urllLr@scr (0,71 oy < ClnllllAmax(o’v ur L (9: Ho)»

which finishes the proof of item (b) and hence that of the theorem. O

Remark 3.5 In general, we may observe that larger values of the parameters 8 and «
allow for higher rates of convergence in Theorem 3.4 as larger values of these param-
eters correspond to better time-regularity of the stochastic, respectively, deterministic
feedback. Note also, that the operator family $%2 which is §%# with B =2hasa
stronger smoothing effect than S%1 which is $%# with B =1, as Lemma 3.1 shows.
This explains why the regularity requirement in Theorem 3.4 is stricter on u( than that
on u for the same rate of convergence.

Example 3.6 (Stochastic heat equation) The stochastic heat equation corresponds to
parameters « = 8 = k = 1 and u; = 0. In this case, Theorem 3.4, yields

lellr@:crqo.71:H) < Chpyys

fory < min(% - % — 1,1 — ) and v = min(v;, vp) where v; < y; — 8g and

V) < y2 — 8F, provided that ug € LP($2; D(A"1?)). Furthermore,
lellLr(@:cqo.11:He) < CAy Yy
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for v = min(vy, vp) where v; < % — % — &g and v < 1 — §F, provided that

ug € LP(2; D(AY)). This is consistent with [16, Proposition 3.1].

Example 3.7 (Fractional stochastic heat equation) The simplest fractional stochastic
heat equation, considered also in Example 2.5 in the standard global Lipschitz set-
ting, corresponds to parameters 8 = k = 1, @ € (0,1) and u; = 0. In this case,
Theorem 3.4, yields

lellLr:cr qo.71:Hp)y < Chpyys

for y < min(% — % — 1,1 — y») and v = min(vy, vp) where v; < % — §¢g and

vy < % — 8F, provided that ug € L?(2; D(A”%)) and max(v; + 8g, 12 +6F) <1
holds. Furthermore,

lellzr@:cqo.m1:H) < CA, Yy

1

1
for v = min(vy, vp) where v; < 2;5 —68g and vy < é — 8F, provided that ug €
LP(2; D(AY)) and max(v; + 8¢, v2 + ) < 1 holds. As discussed in Example 2.5,
the rate only improves with decreasing « as long as max(vy + g, v2 +8F) < 1 holds
and stays the same when o decreases further. For example, if §r = 6g = 0, then

lellLr(@:cqo.m1:Hy) < Chy iy

1

11
for v < min(=22, ).

Example 3.8 (Fractional stochastic wave equation) The simplest fractional stochastic
wave equation, considered also in Example 2.6 in the standard global Lipschitz setting,
corresponds to parameters 8 = k = 1, o € (1, 2). In this case, Theorem 3.4, yields

lellLr(@:cv o.71: ey < CAy iy,

)4

fory < min(% — —~—y1, 1 —y)and v = min(vy, vp) where v| < v dg and vy <

1

b -1
2 _ §p, provided that ug € LP(Q; D(AV* %)) and u; € LP (S D(A™XOv 7)),
Furthermore,

lellr@:cqo.m1:H) < CA, Yy

1_1
2 p
o

LP(Q2; D(AY)), u; € LP(L; D(Ama"(o"’_al))). We see that the rates deteriorate with
increasing «.

for v = min(vy, vp) where v; < — g and vy < é — 8F, provided that ug €
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3.2 Finite element approximation of a stochastic fractional wave equation

In this section we give a more concrete example to demonstrate how the abstract
framework can be used for finite element approximation. Let D C R¢ be a bounded
convex polygonal domain and let A = —A be the Dirichlet Laplacian in (Hy, || -
lay) == (L*(D). || - |l .2(py) With domain D(A) = H*(D) N Hy(D). Let p > 2 and
consider a fractional stochastic wave equation [13, 38] given by

'
dU (1) +A/ b(t —s)U(s)dsdt = F(U(s))dt + R(U(s))Q%dWH(t), t>0;
0

U(0) = Vo,
(30)

where Wy is a cylindrical Wiener process in H = Hy and Q : H — H is a linear,
symmetric, positive semidefinite, trace class operator on H with an orthonormal basis
of eigenfunctions {ey : k € N} with |lex|po(p) < M forallk = 1,2, .... The initial
data Uy € LP(R2; Hy) for some p > 2 is assumed to be Fy-measurable. The kernel b
is the Riesz kernel given by

a—1

"0 =Fw

, ae(0,1).

For u € Hy define [F(u)](r) := f(u(r)) with f : R — R being a globally Lips-
chitz continuous function while [R(u)v](r) := g(u(r))v(r) with g : R — R being a
globally Lipschitz continuous function. Then we may take Hy = H; = Hy, = H and

a straightforward calculation yields that F and G (u)v := R(u) Q% v satisfy Assump-
tion 2.1. The mild solution of (30) is given by the variation of constants formula

t t

U@)=St)Uy +/ St —s)F(U(s))ds +/ St —s)GU(s))dWh(s). (31)
0 0

Here the resolvent family {S(#)},;>¢ is a strongly continuous family of bounded linear
operators on Hp, which is strongly differentiable on (0, co) such that the function
t > S(t)x is the unique solution of

t

u(t) + A/ bt —s)u(s) ds =0, t > 0; u(0) =x, (32)
0

see [52, Corollary 1.2].

Remark 3.9 In connection with Subsection 3.1, in particular (19), by integrating (32)
from O to ¢, one sees that in fact S(r) = S@t1-1(z).

The resolvent family S has the following smoothing properties [47]:

IARS (1)l oemyy < Ct™ @R e 0,11, t > 0;
IARS() |l oemyy < Ct™ @D e [—1,1], £ > 0. (33)

@ Springer



1072 Stoch PDE: Anal Comp (2023) 11:1044-1088

For spatial approximation of (30) we consider a standard continuous finite element
method. Let {7,}0<n<1 denote a family of triangulations of D, with mesh size & >
0 and consider finite element spaces {V;}o<n<1, Where Vj, C H(} (D) consists of
continuous piecewise linear functions vanishing at the boundary of D. We introduce
the "discrete Laplacian" (see, for example, [55, page 10])

Ap Ve = Vi, (An¥, Dy = VU, VX, Y, X € Vi,

where (-, -) y, denotes the inner product of Hy, and the orthogonal projection
Py Ho— Vi, (Puf, xX)Hy = (s X)Hy» X € Vi
We consider the approximated problem
t
dUp(t) + Ay /0 b(t —s)Up(s)dsdt = P, F(Up(s))dt + PoG(Up(s))dWg(t);
Un(0) = PpUo,

with mild solution given by
t
UL(t) = Si(0)Palio + /O Su(t — )Py F (Up(s)) ds
t
+f Sp(t — ) PrG(Up(s)) dWh (s). 34
0

Similarly to the resolvent family {S()};>0, the resolvent family { S} (¢)},>¢ is a strongly
continuous family of bounded linear operators on Vj,, which is strongly differentiable
on (0, co) such that for x € Vj, the Vj-valued function # — S, (¢)x is the unique
solution of

t
(1) +f b(t —s)Apup(s) ds =0, t > 0; up(0) = x. (35)
0

Let E;(¢t) := S(t) — S, (t) P, denote the deterministic error operator. We have the
following error bounds.

Proposition3.10 Let € > 0 and T > 0. Then, the error estimates

NEn (x|, < ChPIAPCT x|y, B 10,21, x € D(APCED)), 1 € [0, T;

(36)
IEx()lzemyy < CRP @D g e0,1], 1 € (0, T; (37)
IER ()l cipgy < CRPeP@rD=10 g e 10,11, 1 € (0, T1, (38)

hold for0 <h <1 and C,C. > 0.
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Proof The error bound (36) is shown in [40, Proposition 3.3]. The error estimate (37)
for B = 1 is proved in [46, Theorem 2.1] while for 8 € [0, 1) it follows immediately
using also the stability estimate || E (¢)|| < C; the latter is a consequence of (36) with
B = 0. Thus, we have to prove (38). It is shown in [46, Eq. (2.2)] that the Laplace
transform E(z) of Ej, satisfies the error estimate

IE @)l ) < ChP1zl” (39)
in a symmetric sectorial region containing the right half-plane. We write

Ep(t) = S(t) = Sp(t) Py = S(t) Py — Sp(t) Py + S(t)(I — Py) := Ej (1) + Ej (1)

Let x € D(A). Then, it follows that t +— E ,]l (t)x is continuously differentiable on
[0, 00), E} (0)x = 0 and

IE;)x N, < Ct*(1Ax | Hy + 1| An Pax |l mp)-
Hencet > E ,ll (t)x is Laplace transformable and
El(2)x = zE} (2)x = zE(2) Pyx. (40)

Let6 € (3, ﬁ) be fixed and let I" := {z : |arg(z)| = 0} denote the curve with Im 7
running from —oo to co. Then, using (39) and (40), we get

. 1 ~
||E}l(t)x||HO = H—f ¢"“zE(2) Ppx dz
27i r

Hp
2 1 2 * 1
< O [ 12 ezl Pxling < O [ 51 dsl Pyl
r 0

© pya+l dr
< cn? / (5) e vl = CRP D g, 1 > 0,
0

Therefore, as D(A) is dense in Hy, we conclude that
1ELOllcimyy < CHP= D=1 1 >0,

To bound E}2l (t) recall that || (1 — Pp)x || gy < Ch?||Ax]|| H,- Hence, using the smoothing

property (33) and the self-adjointness of Pj, and S, we get

IEZO) N 2ty = 1SOU — P)llzcrgy = NSEUT — P)T* Nl £k
=11 = P)*SO* 2y = 1T — P)SO) gy < CRAIAS O £
S Ch2[_((x+1)_l,

where L* denotes the adjoint of an operator L € L£(Hp). Thus, in summary,

VEwO Nl 2y < VELO N 2ty + I1EFOll 2emyy < ChA~ @D 1 > 0,
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which is (38) for 8 = 1. Then, it follows that to show (38) for B € [0, 1] it is enough
to prove that

IEx@ll ey < Ct74 1> 0.
As, by (33), ||S'(t)||L(H0) < Ct~!',t > 0, we only need to prove that
185 Pall £y < €171 1> 0. (41)

It is well-known, see, for example [55, Chapter 6] that the uniform resolvent estimate
—1 M,
Iz + Ap)~ Pullocrg) < I (42)

holds in any sector X, = {z : |argz| < w}\ {0}, w € (0, 7). A simple calculation
shows that

Sn@) Py = 2% T+ Ap) TPy
Note that
18 @) Paxll g < C N AR £cag) 1%l 11
and thus 7 — Sj,(7) Py, is Laplace transformable and
Sh(@) Py = T + Ay Py — Py,
forall z € ¥, with w < /(1 + ). Using (42) it follows that
154(2) Pall ccaay < M

for all z € ¥, with w < /(1 4+ «). Hence, with " as above, we have

. 1 Lo
|51 () Ppll 2cHoy = HTm/ Sy (z) Py dz
r

< M/ e dzl < Mt~ t > 0,
L(Hp) I

and the proof is complete. O

We can now prove an error estimate in Holder norms.

Theorem 3.11 Let U and Uy, be given by (31) and (34), respectively. Set e(t) :=
U(t) — Up(t) and eo(t) := S(t)Uy — S (t) P, Uy.

(a) Let p > 2and 0 < y; < %—%. Then, for y < %—%—yl and f < t the
error estimate

llellLr:cvqo,11:Hy)) < C(T, p, B, V)
(”6‘0||L!’($2;CV([0,T];H0)) + leO) |l Lr(; Hy) + Chzﬁ) (43)
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holds. If the mesh is quasi-uniform and Uy € LP (R; D(AH%)), then

lellLr:cr qo.11:H0)) < C(T, p, B, v, Up)h?P. (44)

1_1

(b) Let p > 2. Then, for B < i +1 the error estimate

llellLr:cqo,11:Hy)) < C(T, p. B, V) (”eO”LP(Q;C([O,T];HO)) + Chzﬂ) (45)
holds. If Uy € LP(S2; D(APUF9)Y)) for some € > 0, then

lellLr:cqo.11: 1)) < C(T, p, B, v, Uph?*F. (46)

Proof Let0 < y; < % — %. Then,

SO xlm + " HISOx Ny < CO g == 51O N1 a 47)
and thus s; € L! 0, T]; R(‘)" ). Furthermore, by Proposition 3.10,
NEROxlmy + " NEROx e < CR2P e PODTIN x| o= iy (0ORP|1x || 1y »
(48)

for0 < h < 1. Wehave that iy € L'((0, T]; R7) ifand only if =B+ 1) —1+y; >
—1; that is, when 8 < a”ﬁ Then, the error bound in (43) follows from Theorem 2.11
for each fixed 0 < h < 1 with \U,l =h=2PE;,, ri(n) = h*f foralln € Nand \IJ,% =0,
ra(n) = h?8 foralln € N using (47) and (48) and noting that the function A in
(48) is independent of 4 and then so is the constant C in the error estimate (13) of

Theorem 2.11. To show (44) note that, by a standard finite element estimate, we have

2 1
lleO)lLr(@:Hy) = I — Pr)UollLr(@:Hyy < ChTH |[AT UpllLr(@.Hy).  (49)

Furthermore, for x € Hp, by choosing x = Ppx in (35), we see that the function
t +— Sp(t) Ppx is the unique solution of (35); that is,

t
Sp(t) Ppx + / (t — ) " ApSH(t)Prxds =0, 1 > 0,
0

1
[(a)
and therefore it follows that

1S3 (0) Pux ||y < Ct® | A Prx|| g,

where we used the stability estimate ||S, (t) Prllz(my) < C,t > 0. Using also (41) we
conclude, by interpolation that

1S5 (6) x|l gy < C* MO~ AN Pux |l g, e € 10, 11 (50)

@ Springer



1076 Stoch PDE: Anal Comp (2023) 11:1044-1088

Therefore, using (33) and (50) with © = , it follows that

1
+a

1ER(Dx |y < 1Sk (@) Puxlay + 1SOx Ny < CIIA,™ Pux |y + ClIATH x| g

= N U 1
= C|A,™ P A" T AT x| g, + Cl| AT x|| g,

= _1 1 1 1
< CIIA;T”X PrA” T | g |ATe x| gy + CllATe x| gy < CllATe x| gy, t € [0, T].
Here we also used that, by the self-adjointness of AL, Ay and Py,

145 PhA™ lccgy = I PaAR PRA™ | 2y = I1(Pa AR PRA™) | £ty
= ICA™) (Pa AL Pu)* vty = 1A™° A} Pall iy < €
where the last inequality holds for § € [0, 1] for quasi-uniform meshes, see, for

example, the proof of Theorem 4.4 (iv) in [36]. Thus, using interpolation in Holder
spaces and the smooth data estimate from (36),

< Clleol” -y WO-Peke e arts
lleollcr 0,711y = Clleolici o, 7. gy €0 e 0.7 ) = € te T | AT Uo || By -

As

1 2 291 1 1 1y 1 2 29 1
(I—=y) Y ( ) Y

1+a1+e>1+el+a ; 2 1+al+e>l+el+a

it follows that

e
leollLr(@:cr (0.71: Hyy) < Ch*P AT UgllLr(q: o)

for all B < Xy and the proof of (44) is complete in view of (43) and (49). Next, the
estimate (45) follows from Corollary 2.12 in view of (47) and (48). Finally, using (36),
we immediately conclude that

leoll Lr@:cqo.71: Hyyy < CRPNAPITOUG | Lo (@ 1)

which finishes the proof of (46) in view of (45) and the proof of the theorem is complete.
O

Remark 3.12 If Uy is deterministic, then we may take p arbitrarily large in Theo-
rem 3.11 (similarly, in Theorem 3.4 in case u( and u| are deterministic). We also point
out that the estimate on ||eg || c7 (0,71, Hy) in the proof of Theorem 3.11 is not sharp in
terms of the regularity of the initial data. This follows from the fact that we estimate the
y-Holder norm by interpolation and not directly and hence more regularity on Uy is
assumed than what is necessary. However, a sharp, direct estimate on |leg || cv ([0,71; Ho)
is not available in the finite element literature, and a derivation would be beyond the
scope of this paper.
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Remark 3.13 (Stochastic heat equation) Here we briefly comment on the stochastic
heat equation which also fits in our abstract framework. Suppose that F' and G are as
above and S(r) := e~/ is the heat semigroup and Sy, (1) := e~ Py, t > 0. In this
case the well-known error estimates, see [55, Chapter 3],

B
IEx()xll g, < ChPIAZ x|y, B €10,2], x € D(AP), t € [0, T;
IEx®)llzemyy < CH*Pt7P, B €l0,1], 1 € (0, T1;
IEx®)llcemyy < CRP7P~1, B el0,1], 1 € (0, T],

hold for 0 < i < 1. Note that these are essentially (36-38) for « = 0. Then, similarly

as in the proof of Theorem 3.11 we get, for p > 2,0 < y; < %— %, y < %— % -

and B < y) that the error estimate

lellLr:cr 0,71 Hoy < C(T, py B) (lleollLr:cr (0.7 Hoy + 1€l e @ 1) + Ch*P)

holds, where e(¢) := U(t) — Uy(t). In particular we have
lellLr:cqo.71:H0) < C(T, p, B) (10l o g; a8y + 1) B

for g < % — L This result is consistent with [16, Proposition 4.2] but less smoothness
on the noise 1s assumed here; that is, we may take 6¢ = 0.

Remark 3.14 In [40], a simplified version of (30) was considered with I'(z) = I and
F = 0 (linear equation, additive noise). It was shown there that if Q has finite trace
then

1
sup |le(®)l;2(0- <C <||U0|| l+e T+ 1) hTe
te[O,pT] L7 Ho) L@ A7)

This is consistent with Theorem 3.11 as in this case we may first take Uy = 0 and
hence take p in (45) arbitrarily large and then add the estimate for the initial term.

4 Numerical experiments

In this section, we will illustrate our theoretical results by some numerical experiments.
The underlying equation we consider is the fractional stochastic wave Eq. (30), where
D=1[0,1], F=0,'(U) = I,and A = —A is the Laplacian with Dirichlet boundary
conditions in Hy = (L2(D), |l - II) with inner product denoted by (-, -). In particular,
we will implement the numerical solution for the following equation:

4 1
dU(t, x) —f b(t —s)AU(s,x)dsdt = Q2dWg(t,x), t € (0,1], x € D, 1)
0

U0, x) =sin(wx) := Up(x), x € D,
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where Wy is a H-cylindrical Wiener process with H = Hy, b(t) = 1“1 T(a),
o €(0,1),and Q : H— H is symmetric, bounded, and positive semidefinite.

In Subsection 4.1, we apply the spectral Galerkin method based on the eigenvalues
Ak = k*>m? and the orthonormal basis of corresponding eigenfunctions {¢; : k € NJ.
For the driving noise we take space time white noise; that is, Q = I. In particular,
we take W to be given by the formal series Wy (¢, x) = Z,fil ex(x)BX(1), x € D,
t > 0, where {8% : k = 1,2, ...} is a family of mutually independent standard scalar
Brownian motions. To perform the integration in time, we use the Mittag-Leffler Euler
integrator (MLEI) method, developed for semilinear problems in [38]. In the present
linear setting this method is exact, that is, no additional time-discretization error is
introduced and we may simulate the spatially approximated process exactly on a time-
grid.

In Subsection 4.2, we approximate the solution of (51) by finite elements. We
consider a Wiener process which is of trace class given by

Q%WH(t,x) = 110,05/(x)B(),x € D,t €0, 1], (52)

where f is a scalar Brownian motion and 1[9,0.5] is the characteristic function of the
interval [0, 0.5]. That is, the Fourier expansion of the driving Wiener process contains
a single term only and thus its covariance operator is of rank 1 and hence trace class.
The motivation for the particular choice of the Wiener process is to consider trace
class noise which does not possess additional spatial smoothness. This is needed so
that we do not observe higher convergence rate, due to additional regularity, in the
numerical experiments than predicted by the theory for trace class noise. To perform
the time integration we implement a Lubich Convolution Quadrature (LCQ) method,
for details see [44, 45]. This method was successfully applied to a similar problem of
the third author in [40]. The LCQ method is easier to implement than the MLEI in
case of finite elements and a correlated noise.

4.1 The spectral Galerkin method and the MLEI-method

The mild solution of (51) with space time white noise can be written as
S t
U =S0U+ Y [ 5@ - e dp o), (53)
k=170
where, as shown in [38], the resolvent family {S(#)};>0 can be represented as

o
S =Y Eqp1 (=t (v, ep)ex, 1 >0, (54)
k=1
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where E,(z), p > 0, is the one parameter Mittag-Leffler function (MLF) defined by

Ey(z) = X:(:) F(,ok+ 0’ zeC.

For more details about Mittag-Leffler function and their application, we refer to the
paper [49] and the book [25]. Moreover, in order to implement the MLF, we use the
Matlab function mlf.m, see [50].

LetIT={0=1 <t <--- <ty = 1} be a partition of the time interval [0, 1].
From the representation given in (53) we get form =0,1,2,3,..., M

.
Utn) = SGnUo+ Y [ St = s)ex dp ).
k=170

For the discretization in space, we introduce the finite dimensional subspaces HY =
span{e; : k = 1,2,..., N} of H and the orthogonal projection Py : H — H" given
by

Pnv = Z(U,ek)ek, veH.
k=1

Using (54) we then get

N

Sn (v = SOPNv =) Eavt (—hat“ ) (v, ex)e.
k=1

This way we obtain for the approximation l_],ilv of U(t,,) given by (53) by the Galerkin
method

N I
¥ = sw 0 + Y [ St - s g (55)
k=1

with initial value Uév = PnUp. Let us define l_]rfl{ © by
UN i = Eap1 (=2t UL, + Oktm),
where l_]é\”k = (U(0), ex) and
fm 1 k
Ok (tm) 1=/ Eqi1 (= (tm — $)*) dB*(s).
0
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In(error)

‘
1 1.5 2 25 3 3.5 4 4.5 5 55 6
log,(N)

=—}—~=0.100, numerical rate = 0.0951, theoretical rate = 0.1038
==:[l-+ v = 0.075, numerical rate = 0.1468, theoretical rate = 0.1415
- ¥ *~=0.050, numerical rate = 0.1763, theoretical rate = 0.1792
@ -+ v =0.025, numerical rate = 0.2057, theoretical rate = 0.2170

~ = 0.000, numerical rate = 0.2292, theoretical rate = 0.2547

Fig. 1 The approximation error for the spectral Galerkin method and the MLEI-method in the
LZ(Q; CY ([0, T); Hp))-norm with o = 0.325

Then, (55) can be rewritten as
N
7N 7N
Uy =Y Upex.
k=1
To simulate the stochastic convolution process let us observe that

N = (Ok(t1), Ox(t2), ..., Ox(ts))

is a M -dimensional Gaussian random variable with zero mean and covariance matrix

R = (Ri,j>{Y’,-=1

Riim [ Eust (oot — ) Bt (—g(ts — )%+ d
i,j = Ot+1( k(ti =) ) 0t+1( k(t] s) ) ds.
0

Thus, NV can be represented as K x, where x is an M-dimensional standard Gaussian
random variable and K is the solution of equation K K7 = R (see Theorem 2.2 of
[28]); the equation K KT = R can be solved by the Cholesky factorization.

In our numerical experiment, we simulated 100 sample paths to verify the rate of
convergence in the L%(Q; CY ([0, T1; Hy))-norm for different y and «. According to

Example 3.8 we expect theoretical rate of v < 1)4/-_111 —8cinthe L?(Q: CY ([0, T1; Hy))-
1

norm for appropriately smooth and integrable initial data Uy, where y < % — ==
and p > 2. Note that the parameter « in Example 3.8 corresponds to o 4 1 in the
present example, see Remark 3.9. Taking into account that Ay = N272 and that
Q = I and hence 6 > 4—11 we obtain a rate in N of almost 2(% — % —y)/(1+a)— %
Note that since Uy is a deterministic eigenfunction of A and thus Uy € L?($2; D(AY))

for any p > 2 and s > 0, we may bound the L2(Q; CY ([0, T]; Hp))-norm by the
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0.4

In(error)

log, (N)

=—}—~ = 0.100, numerical rate = 0.0953, theoretical rate = 0.0926
==«[l-=+ = 0.075, numerical rate = 0.1332, theoretical rate = 0.1296
- % *~ = 0.050, numerical rate = 0.1616, theoretical rate = 0.1667
@ -+~ =0.025, numerical rate = 0.1916, theoretical rate = 0.2037

~ =0.000, numerical rate = 0.2219, theoretical rate = 0.2407

Fig. 2 The approximation error for the spectral Galerkin method and the MLEI-method in the
LZ(Q; CY ([0, T]; Hp))-norm with « = 0.35

LP(2; CY ([0, T]; Hp))-norm for any p > 2 and hence we expect arate in N of almost
1-2p)(1+a)— % inthe L2(2; CY ([0, T1; Hp))-norm. In the simulations, we chose
a small time step At =t — tx—1 = 0.001, k =0, 1,..., M and vary the dimension
of the finite dimensional approximation space H Nij=1, 2,...,6,with N; = 21
To estimate the error, we computed a reference solution with N = 213 In Fig. 1, we
present the error of the numerical approximation in the LZ(Q; C7 ([0, T1; Hp))-norm
for @ = 0.325 with varying y (see also Fig. 2 and Fig. 3 for « = 0.35 and « = 0.375,
respectively). In Figs. 1-3, we also compute the numerical rate of convergence given
by

errory, (N;)
In <err0ry}EN,-+1) )

min — "
i=1,2,3,4,5 i
In (Ni+1>

(56)

for y = 0,0.025,0.05,0.075, 0.1 where error,, (N;) is the error of the numerical
approximation in the L?(S2; CY ([0, T1; Hp))-norm when the dimension of HVi is N;.
Here, one may observe that if y decreases, then the rate of convergence increases.
Moreover, Figures 1-3 also show that the numerical rate of convergence is close to the
theoretical rate.

4.2 The finite element method and the LCQ-method

We first perform a time discretization of (51) with Q% Wy given by (52) by the first
order LCQ-method, for more details see e.g. [40]. To describe the first order LCQ
method, let [T = {0 = #) < ] < fp,--- < tyy = 1} be an equidistant partition of
the time interval [0, 1] with time step size At =t,, —ty—1,m =1,2,3,..., M. The
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In(error)

1 1.5 2 25 3 3.5 4 4.5 5 55 6
log,(N)

=—}—~ = 0.100, numerical rate = 0.0807, theoretical rate = 0.0818
==«[l-=+ y = 0.075, numerical rate = 0.1316, theoretical rate = 0.1182
- % v = 0.050, numerical rate = 0.1600, theoretical rate = 0.1545
@ -+~ =0.025, numerical rate = 0.1986, theoretical rate = 0.1909

~ =0.000, numerical rate = 0.2205, theoretical rate = 0.2273

Fig. 3 The approximation error for the spectral Galerkin method and the MLEI-method in the
LZ(Q; CY ([0, T); Hp))-norm with o = 0.375

approximation of a convolution term

Im
/ b(t, —s)g(s)ds
0

is then given by

m
Z om—i8 (),
i=1
where the weights {wy : k € N U {0}} are chosen such that

oo l—Z
Zwkzk=b< N ) 2l < 1.

k=0

This is a first order quadrature; that is, it has an approximatiog order of_(’)(At).
Applying the LCQ-method, the equation for the approximation U, where U, (x) &
U(t,, x), can be written as follows

n
On = Oper + 81( Y 0niAl;) = 051808, Do =UO),  (57)

i=1

where A, 8 = B(t,) — B(ty—1),n=1,2,..., M.

Secondly, we discretize (57) by linear finite elements. Let us consider a partition of
the domain D = [0, 1] given by {0 = xp < x] < x2 < --- < xy = 1} with constant
mesh size h = Xp41 — X, m = 0,1,..., N — 1. Let us denote the finite element
spaces by {Vi}o<n<1, where V, = span{gy : k=1,2,...,N—1} C H(}(D) with gk
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being a standard hat function in the 1-D finite element method [42]. We introduce the
discrete Laplacian

Ap:Vip—= Vi, (Apg ) =E XD, & x € Vi, (58)
where v = 2—)’? denotes the derivative, and the orthogonal projection
Pp:Ho— Vi, (Pnf,x)=(f.x), [f€H, x€Va

In order to obtain the numerical formulation for (51), we compute a V},-valued random
variable U,f‘ satisfying forallk =1,2,..., N — 1

n
O o) = 011,90 = (D 00 i(ArTL, 00)) + (0051, 9O A
i=1

(U, o1) = (sin(rx), o),

_ N-L _
where U,f x)=> U,?/J/’k (x) =~ U(t,, x). From (58) we then obtain
k=1

N—-1

[(@m. @1) + Atwo(g),. o0},
m=1

N-—1 N—1 n—1
= > @ 00U =AY @l 9 (Do iU ) + (L0051, 96 A

m=1 m=1 i=1
N—1

(@m- 91U, = (sin(mx), 9p).

m=1

The above system can be rewritten in the following form

n—1
Uh = (K 4 AtwgL)""(KU!_| — At Zw,,_,-Ll_Jih + JALP).

i=1

Here, the vectors 17,{' and J are defined by l?,’,’ = (05,1’ R l_],’f!N_l)T and J =
Ji, Jo, .., JN_l)—r where Ji = (1j0,0.5], ¢x) fork = 1,..., N — 1. Moreover, the
stiffness matrix K = (K,-,j)fvj_:l1 and the mass matrix L = (L,-,j)fvj;ll are given by

1 1

Kij= [ aweeds L= [ viwge dx
0 0

respectively.
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In(error)

5 I I I I I I I I I |
1 1.5 2 25 3 35 4 4.5 5 55 6

log,(N)

—+—~=0.100, numerical rate = 0.6395, theoretical rate = 0.6667
Wl 4 =0.075, numerical rate = 0.6561, theoretical rate = 0.7083
— 3k ~ =0.050, numerical rate = 0.7304, theoretical rate = 0.7500
® +=0.025, numerical rate = 0.7869, theoretical rate = 0.7917
+ ~ =0.000, numerical rate = 0.8512, theoretical rate = 0.8333

Fig. 4 The approximation error for the finite element method and the LCQ-method in the
L%(Q; CY ([0, T1; Hp))-norm with o = 0.2

In(error)

‘
1 1.5 2 25 3 3.5 4 4.5 5 55 6
log,(N)

——f—~=0.100, numerical rate = 0.6174, theoretical rate = 0.6400
W v =0.075, numerical rate = 0.6559, theoretical rate = 0.6800
— >k ~ =0.050, numerical rate = 0.7286, theoretical rate = 0.7200
® 7 =0.025, numerical rate = 0.7351, theoretical rate = 0.7600
+ ~ = 0.000, numerical rate = 0.8021, theoretical rate = 0.8000

Fig. 5 The approximation error for the finite element method and the LCQ-method in the
L%(Q2; CY ([0, T1; Hp))-norm with & = 0.25

In our numerical experiment, we used 500 sample paths to verify the dependence of
the rate of convergence in the L%(Q; CY ([0, T1; Hp))-normon y and «. The theoretical
rate of convergence is almost (1 —2y)/(1 +«) according to Theorem 3.11. Note again
that, similarly to the previous example, since Uy is a deterministic eigenfunction of A,
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In(error)

45 I I I I I I I
1 1.5 2 25 3 3.5 4 4.5

log,(N)

——f——~=0.100, numerical rate = 0.6087, theoretical rate = 0.6154
B v =0.075, numerical rate = 0.6557, theoretical rate = 0.6538
— =k— -~ =0.050, numerical rate = 0.6973, theoretical rate = 0.6923
® 4 =0.025, numerical rate = 0.7007, theoretical rate = 0.7308
+ ~ =0.000, numerical rate = 0.7753, theoretical rate = 0.7692

Fig. 6 The approximation error for the finite element method and the LCQ-method in the
L2(Q; C” ([0, T1; Hp))-norm with & = 0.3

we may bound the L>(2; C” ([0, T]; Hp))-norm by the L?(2; CY ([0, T']; Hp))-norm

forany p > 2.In the simulations we choose fixed a step time A7 = 0.0005 and varying

the dimension of the space approximationdim V, = N;—1 =2',i = 1,2, ..., 6;that
1

is, we take h = Nl = 1,2, ..., 6. Then, in order to measure the error, we computed
1
1

a reference solution with a mesh size 1 = 7.
the numerical approximation in the L2(S2: C7 ([0, T1; Ho))-norm for & = 0.2 with
varying values of y (see also Fig. 5 and Fig. 6 for = 0.25 and o = 0.3, respectively).
Similarly to Sect. 4.1, in this section we also compute the numerical rate of convergence
according to (56) for y = 0, 0.025, 0.05, 0.075, 0.1. Here, one may observe that if
y decreases, then the rate of convergence again increases. Moreover, the figures also
show that the numerical rate of convergence is close to the theoretical rate.

In Fig. 4, we present the error of
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