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Abstract

We introduce a new class of stochastic partial differential equations (SPDEs) with seed
bank modeling the spread of a beneficial allele in a spatial population where individuals
may switch between an active and a dormant state. Incorporating dormancy and the
resulting seed bank leads to a two-type coupled system of equations with migration
between both states. We first discuss existence and uniqueness of seed bank SPDEs
and provide an equivalent delay representation that allows a clear interpretation of
the age structure in the seed bank component. The delay representation will also be
crucial in the proofs. Further, we show that the seed bank SPDEs give rise to an
interesting class of “on/off”’-moment duals. In particular, in the special case of the
F-KPP Equation with seed bank, the moment dual is given by an “on/off-branching
Brownian motion”. This system differs from a classical branching Brownian motion
in the sense that independently for all individuals, motion and branching may be
“switched off” for an exponential amount of time after which they get “switched on”
again. On/off branching Brownian motion shows qualitatively different behaviour to
classical branching Brownian motion and is an interesting object for study in itself.
Here, as an application of our duality, we show that the spread of a beneficial allele,
which in the classical F-KPP Equation, started from a Heaviside intial condition,
evolves as a pulled traveling wave with speed +/2, is slowed down significantly in
the corresponding seed bank F-KPP model. In fact, by computing bounds on the
position of the rightmost particle in the dual on/off branching Brownian motion, we
obtain an upper bound for the speed of propagation of the beneficial allele given

by v4/5 —1 2 1.111 under unit switching rates. This shows that seed banks will
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indeed slow down fitness waves and preserve genetic variability, in line with intuitive
reasoning from population genetics and ecology.

Keywords Fisher—Kolmogoroff—Petrovski—Piscounov - Traveling wave - Duality -
Dormancy - Seed bank - On/off branching Brownian motion - Delay spde

1 Introduction and main results
1.1 Motivation

One of the most fundamental models in spatial population genetics and ecology,
describing the spread of a beneficial allele subject to directional selection, was intro-
duced by Fisherin[14]. Denoting by p(z, x) € [0, 1] the frequency of the advantageous
allele at time ¢ > 0 and spatial position x € R, and assuming diffusive migration of
individuals (described by the Laplacian), Fisher considered the partial differential
equation

A
dp(t,x) = = pt,x) — p(t, ) + p(t, x). (1.1)

The same system was independently investigated around the same time by Kol-
mogorov, Petrovsky, and Piscounov in [25], and thus the above PDE is now commonly
known (and abbreviated) as F-KPP Equation, see e.g. [9] for a recent overview. It is
well known that there exists a so called travelling wave solution with speed +/2 mean-
ing that there exists a function w such that

p(t,x) = wx — /21 (1.2)

solves (1.1). Much finer results about the asymptotic behaviour of the wave-speed and
the shape of the function w are known (see e.g. [10, 26, 32]), and the F-KPP Equation
and its extensions with different noise terms are still an active field of research (see
e.g. [24, 30]). A very interesting feature of the F-KPP Equation and a main reason for
the amenability of its analysis is given by the fact that the solution to (1.1) is dual to
branching Brownian motion (BBM), as was shown by McKean [29] (and earlier by
Ikeda, Nagasawa and Watanabe [18]). Indeed, starting in a (reversed) Heaviside initial
condition given by p(0, -) := 1}_«,0}, We have the probabilistic representation

p(t,x) =1—Po(R; < x), (1.3)

where (R;);>0 is the position of the rightmost particle of a (binary) branching Brownian
motion with branching rate 1, started with a single particle in 0. Bramson [11] then
also showed that the rightmost particle of this system thus governs the asymptotic
wave-speed of the original equation via the equality

lim X — 3. (1.4)

t—oo t
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Since the days of Fisher, mathematical modeling in population genetics has expanded
rapidly, and many additional “evolutionary forces” have been incorporated into the
above model. For example, one may include mutations between alleles and a “Wright-
Fisher noise” as a result of random reproduction, leading to the system

A
0 p(t, x) =3p(t, x) +mi(1 — p(t,x)) —map(t,x) +sp(t, x)(1 — p(t, x))

+Vvp(t, x)(1 — p(t,x)W(z, x). (1.5)

Here m{ > 0 and m, > 0 are the mutation rates to and from the beneficial allele, s > 0
denotes the strength of the selective advantage of the beneficial allele, v > 0 governs
the variance of the reproductive mechanism and W = (W (¢, x));>0.xer denotes a
Gaussian white noise process. The Wright-Fisher noise term is the standard null-
model of population genetics, in the non-spatial setting corresponding to an ancestry
governed by the Kingman-coalescent [23]. A justification for its use in population
genetics can be found in [30].

From a biological point of view one may think of a one-dimensional habitat modeled
by R on which two types (or species) compete for limited resources. The Heaviside
initial condition (induced perhaps by some initial spatial barrier separating the two
interacting types) admits a detailed analysis of the impact of the selective advantage
of the beneficial type on its propagation in space (see e.g. [35]).

Recently, an additional evolutionary mechanism has drawn considerable attention in
population genetics. Indeed, dormancy, and, as a result, seed banks, are both ubiq-
uitous in microbial species as well as crucial for an understanding of their evolution
and ecology (see e.g. [28, 36]). Corresponding discrete-space population genetic mod-
els have recently been studied in [15] and non-spatial models, where dormancy and
resuscitation are modeled in the form of classical migration between an active and
an inactive state, have been derived and investigated in [6] and [7] (these papers also
provide biological background and motivation). There, the population follows a two-
dimensional “seed bank diffusion”, given by the system of SDEs

dp(t) = c(q(t) — p(®) + v/ pO)(1 — p(1))dB (1),

dg(t) = ¢ (p(t) — q(1) (1.6)

where p describes the frequency of the allele under consideration in the active popula-
tion, and g its frequency in the dormant population. The constants ¢, ¢’ > 0 represent
the switching rates between the active and dormant states, respectively, and (B(¢));>0
is a standard Brownian motion. Though reminiscent of Wright’s two island model
(cf. [5]), the system above exhibits quite unique features. For example, it is dual to
an “on/off”’-coalescent (instead of the Kingman coalescent), in which lines may be
turned on and off with independent exponential rates given by ¢ and ¢’. Lines which
are turned off are prevented from coalescences. Note that this structure also appears
in the context of meta-population models from ecology, see [27]. It can be shown
that this new “seed bank coalescent” does not come down from infinity and exhibits
qualitatively prolonged times to the most recent common ancestor [7]. A further inter-
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esting feature is that the above system exhibits a long-term memory, which can be
well understood in a delay SDE reformulation obtained in ([5, Prop. 1.4]). Assume
starting frequencies po = x € [0, 1], g0 = y € [0, 1] and for simplicity ¢ = ¢’ = 1.
Then, the solution to (1.6) is a.s. equal to the unique strong solution of the stochastic
delay differential equations

t
o p(t) = (ye*’ + /0 e " p(s)ds — p(t))dt +vp@® (A — p)dB,,
t
oq(t) = (— ye ! — / e_(t_s)p(s)ds + p(t))dt
0

with the same initial condition. The result rests on the fact that there is no noise in the
second component and can be proved by a integration-by-parts argument. The second
component is now just a deterministic function of the first.

It appears natural to incorporate the above seed bank components into a F-KPP frame-
work in order to analyse the combined effects of seed banks, space and directional
selection. We will thus investigate systems of type

A
0 p(t, %) = c(q(t, x) = p(t, X)) + = pt, %) +5(p(t, x) = P, x))

+mi(1 = p(t,x)) —map(t, x) + /vp(t, x)(1 — p(t, x)W(t, x),
atCI(t,x) = c/(p(tvx) - Q(t, x))

where ¢, ¢’ > 0 are the switching rates between active and dormant states, s > 0 is
the selection parameter, v > 0 the reproduction parameter and mp, my > 0 are the
mutation parameters. One may view this as a continuous stepping stone model (cf.
[33]) with seed bank. Due to technical reasons, which will become clear in Sect. 3, it
is actually advantageous for us to consider in the following the process

(l/l, U)Zz(l - D 1- Q)

satisfying the system

oru(t,x) =c((t,x) —u(t,x)) + %u(r, x) + s(uz(t, x) —u(t,x))

—mu(t,x) +my(l —u(t, x)) + \/vu(t, x)(1 — u(t, x)W(t, X),
dv(t, x) = (u(t, x) —v(t, x)) (1.7)

instead. We expect to see the on/off mechanism of (1.6) emerge also in the dual of the

above system. In particular, in the F-KPP Equation with seed bank (setting s = 1 for
simplicity) given by

oru(t,x) =c(v(t, x) —u(t,x)) + %u(t, x) —u(t,x)(1 —u(t,x)),
qv(t, x) =c (u(t, x) — v(t, x)) (1.8)
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we expect to obtain an “on/off branching Brownian motion” with switching rates c, ¢’
and branching rate 1 as a moment dual. Further, we aim to derive a delay representation
for the above SPDE and hope to get at least partial information about the wave speed
of a potential traveling wave solution. Intuition from ecology suggests that the spread
of the beneficial allele should be slowed down due to the presence of a seed bank.
However, we also expect new technical problems, since the second component v(z, x)
comes without the Laplacian, so that all initial roughness of vy will be retained for all
times, preventing jointly continuous solutions.

1.2 Main results

In this section, we summarize the main results of this paper. We begin by showing that
our Equation (1.7) is well-defined, i.e. we establish weak existence, uniqueness and
boundedness of solutions. This is done via the following theorems:

Theorem 1.1 The SPDE given by Eq. (1.7) for s,c,c’,my,mp, v > 0 with initial
conditions (ug, vg) € B(R, [0, 1]) x B(R, [0, 1]) has a weak solution (u, v) (in the
sense of Definition 2.3 below) with paths taking values in C (10, oo[, C(R, [0, 1])) x
C([0, oo[, B(R, [0, 1])).

Here, for Banach spaces X and Y we denoted by B(X, Y) the space of bounded,
measurable functions on X taking values in Y and by C (X, Y) the space of continuous
functions on X taking values in Y. We usually suppress the dependence on the image
space whenever our functions are real-valued and equip both spaces with the topology
of locally uniform convergence.

Theorem 1.2 Under the conditions of Theorem 1.1, the SPDE (1.7) exhibits uniqueness
in law on C(]0, o[, C(R, [0, 1])) x C([0, oo[, B(R, [0, 1])).

Note that it turns out that the absence of a Laplacian in the second equation in (1.7)
gives rise to technical difficulties regarding existence and uniqueness. However, as in
the seed bank diffusion case, a reformulation as a stochastic partial delay differential
equation is possible allowing one to tackle these issues. To our knowledge, this is a
new application of a delay representation in this context, and a detailed explanation
of this approach can be found in Sect. 2.

Proposition 1.3 The Eq. (1.7) is equivalent to the Stochastic Partial Delay Differential
Equation (SPDDE)

/ ! ’ A
dpu(t, x) =c (e_c "vp (x) +C’/ e u(s, x) ds — u(t,X)) + Sult,x) —mu(t, x)
0

+mpy(1 —u(t,x)) —su(t,x)(1 —u(t,x)) + \/v(l —u(t,x))u(t, x)W(t, x),

/ J t /
v, x)=¢ (u(l, x) —e “lyg(x) —e¢ tc’[ e“Su(s, x) ds) (1.9)
0

in the sense that under the same initial conditions solutions of (1.7) are also solutions
of (1.9) and vice versa.

@ Springer



778 Stoch PDE: Anal Comp (2023) 11:773-818

Remark 1.4 Proposition 1.3 gives rise to an elegant interpretation of the delay term. It
shows that the type of any “infinitesimal” resuscitated individual is determined by the
active population present an exponentially distributed time ago (with a cutoff at time
0), which the individual spent dormant in the seed bank (cf. Proposition 1.4. in [5]).

Another major tool needed for deriving the uniqueness result is the powerful duality
technique, i.e. we prove a moment duality with an “on/off branching coalescing Brow-
nian motion” (with killing) which as in [3] we define slightly informally as follows.
For a rigorous construction, we refer the reader to the killing and repasting procedure
of Tkeda, Nagasawa and Watanabe (cf. [16—18]) or [2]. Note also that the introduction
of the on/off-mechanism will lead, as in the on/off-coalescent case in [7], to an exten-
sion of the state space allowing each particle to carry an active or dormant marker.

Definition 1.5 We denote by M = (M;),;>0 an on/off branching coalescing Brow-
nian motion with killing taking values in UkeNo (R x {a,d})F starting at My =
((x1,01), ..., (xn,02)) € (R x {a, d})" for some n € N. Here the marker a (resp. d)
means that the corresponding particle is active (resp. dormant). The process evolves
according to the following rules:

e Active particles, i.e. particles with the marker a, move in R according to indepen-
dent Brownian motions, die at rate m; and branch into two active particles at rate
s.

e Pairs of active particles coalesce according to the following mechanism:

— We define for each pair of particles labelled («, B) their intersection local time
LB = (L‘,x"g),zo as the local time of M® — M# at 0 which we assume to only
increase whenever both particles carry the marker a.

— Whenever the intersection local time exceeds the value of an independent
exponential clock with rate v/2, the two involved particles coalesce into a
single particle.

e Independently, each active particle switches to adormant state at rate ¢ by switching
its marker from a to d.

e Dormant particles do not move, branch, die or coalesce.

o Independently, each dormant particle switches to an active state at rate ¢’ by switch-
ing its marker from d to a.

Moreover, denote by I = (I;);>0 and J = (J;);>0 the (time dependent) index set of
active and dormant particles of M, respectively, and let N; be the random number of
particles at time t > 0 so that M; = (Ml, R va’). For example, if for r > 0 we
have

M, = (M}, a), (M}, d), (M}, @), (M}, a)),
then

II = {1’ 394}5 Jl = {2}’ Nl =4
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Fi

g.1 Simulation of an on/off-BBM. Horizontal lines appear whenever motion of a particle is switched off

Remark 1.6 For future use we highlight the following special cases of the process M.
They admit the same mechanisms as described in Definition 1.5 except for those where
we set the rate to O:

e m; = my = 0: M is called an on/off branching coalescing Brownian motion
(without killing) or on/off BCBM.

e my = my = v = 0: M is called an on/off branching Brownian motion (without
killing) or on/off BBM (Fig. 1).

e m; =my = s = 0: M is called an on/off coalescing Brownian motion (without
killing) or on/off CBM.

e my =my =v =s = 0: M is called an on/off Brownian motion (without killing)
or on/off BM.

We have the following moment duality for the process M of Definition 1.5 which
uniquely determines the law of the solution of the system (1.7).

Theorem 1.7 Let (u, v) be a solution to the system (1.7) with initial conditions ug, vy €
B(R, [0, 1]). Then we have for any initial state My = ((x1,01),..., (X, 0,)) €
R x {a,d})", n € N, and foranyt > 0

E| [T uc M) []ve. )| =E| [Tuomd) ] vo(M) e~ Jolls1ds

Belp v€Jdo Bel; =

Finally, as an application of the preceding results we consider the special case without
mutation and noise. This is the F-KPP Equation with seed bank, i.e. Equation (1.8).
In this scenario the duality relation takes the following form.
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Corollary 1.8 Let (u, v) be the solution to Equation (1.8) with initial condition ug =
vo = 1[0,00[- Then the dual process M is an on/off BBM (see Remark 1.6). Moreover,
if we start M from a single active particle, the duality relation is given by

t,x) =P max Mﬂ<x .
ult, x) ©.a) (ﬂel,UJ, = >

Using this duality and a first moment bound, we can show that the propagation speed

of the beneficial allele is significantly reduced to at least v/+/5 — 1 ~ 1.11 compared
to the previous speed of +/2 in the case of the classical F-KPP Eq. (1.1).

Theorem1.9 Fors =c=c' =1, ug = vy = Ljo,00[ and any A > \/\/5 — 1 we have
that

Iim 1 —u(t, At) =0.
11— 00

A more general statement highlighting the exact dependence of the upper bound on
the switching parameters ¢ and ¢’ is given later in Proposition 4.3.

1.3 Outline of paper

In Sect. 2, we first state results concerning (weak) existence of solutions of our class
of SPDEs from (1.7) and then prove the equivalent characterization of solutions in
terms of the delay representation (1.9). In Sect. 3, we establish uniqueness (in law) of
the solutions to (1.7) and show duality to on/off BCBM with killing. Then, in Sect. 4,
we investigate the special case of the F-KPP Equation with dormancy and show that
the beneficial allele spreads at reduced speed in comparison with the corresponding
classical F-KPP Equation (when started in Heaviside initial conditions). Finally, in
Sect. 5 we provide outlines for the proofs of the results from Sect. 2.

2 Weak existence for a class of stochastic partial differential
equations

In this section we provide a proof for Theorem 1.1. We begin by establishing strong
existence and uniqueness for general systems of SPDEs with Lipschitz coefficients
and use these results to obtain weak existence for systems with non-Lipschitz diffu-
sion coefficients under some additional regularity assumptions. Finally, we show that
Equation (1.7) fits into the previously established framework. In order to increase the
readability of this section, we postpone the rather technical yet standard proofs of most
theorems to Sect. 5.

We begin with the definition of the white noise process which is crucial to the
introduction of SPDEs.
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Definition 2.1 A (space-time) white noise W on R x [0, oo[ is a zero-mean Gaussian
process indexed by Borel subsets of R x [0, co[ with finite measure such that

E[W(A)W(B)]=A(ANB)

where A denotes the Lebesgue measure on R x [0, oo[. If aset A € B(R x [0, oo[) is
of the form A = C x [0, t] with C € B(R) we write W,(C) = W(A).

We are now in a position to introduce the general setting of this section.

Definition 2.2 Denote by
b: [0, 00[xR x R?> > R, b: [0, 00[xR x R* > R

and
o: [0, co[xR x RZ > R

measurable maps. Then we consider the system of SPDEs

oru(t,x) = %u(t, x)+b(t, x,u(t,x), v, x)) +o(t, x,u(t,x), v, x))W(t, Xx),

orv(t, x) =l;(t,x,u(t,x), v(t, x)) 2.1

with bounded initial conditions uq, v9 € B(R), where W is a 1-dimensional white
noise process.

The equation is to be interpreted in the usual analytically weak sense (cf. [34]), as
follows:

Definition 2.3 Let ug,v9 € B(R) and consider a random field (u,v) =
(I/l([, X), U(t, x))l‘ZO,xER'

e We say that ((u,v), W, Q, F, (Fi)i=0,P) is a weak solution (in the stochastic
sense) to Equation (2.1) with initial conditions (u¢, vo) if for each ¢ € C°(R),
almost surely it holds for all # > 0 and y € R that

t
/u(r,x>¢(x>dx=/uo(x)¢(x>dx+/ /u<s,x>é¢(x)dxds
R R 0o JrR 2
t
+/ /b(s,x,u(s,x),v(s,x))¢(x)dxds
0 JR
t
+/ /a(s,x,u(s,x),v(s,x))qS(X)W(ds,dx), 2.2)
0 JR
t
v(r,y):vo(y)+/0 B(s. y. u(s. y). v(s. y)) ds 23)

and both (#, v) and W are adapted to (F;);>0. We usually suppress the dependence
of weak solutions on the underlying probability space and white noise process.
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e We say that (u, v) is a strong solution (in the stochastic sense) to Eq. (2.1) if on
some given probability space (€2, F, P) with some white noise process W, the
process (u, v) is adapted to the canonical filtration (F;);>o of W and for each
¢ € C(R) satisfies almost surely (2.2)-(2.3) forallt > O and y € R.

e For p > 2, we say that a solution (u, v) is L”-bounded if

Gt T, pi= sup sup E [(lu(t, )] + [v(t, 0D?]"? < oo

0<t<T xeR

foreach T > 0.

The solutions (u,v) we construct will have paths in C(]O, oo[, C(R)) x
C([0, oo[, Bioc(R)). Here, we denote by C(R) resp. Bjoc(R) the space of continu-
ous resp. locally bounded measurable functions on R. The spaces are endowed with
the topology of locally uniform convergence. Note that for the random field u, this
means equivalently that u is jointly continuous on ]0, co[ xR. Since we allow for non-
continuous (e.g. Heaviside) initial conditions u#( and vg, we have to restrict the path
space for u by excluding r = 0. For the same reason and due to the absence of the
Laplacian in (2.3), we cannot expect continuity of v in the spatial variable y.

We start by establishing, for solutions with the above path properties, an equivalent
mild representation involving the Gaussian heat kernel

1 @—y)?
e 2

G(t,x,y) =
Tt

which is the fundamental solution of the classical heat equation.

Proposition 2.4 Let ug, vo € B(R) and assume that for all T > 0, the linear growth
condition

b(t, x, u, v)| + |b(t, x, u, v)| + |o(t, x, u, v)| < Cr(1 + |u| + |v]) 2.4

holds for every (t,x,u,v) € [0,T] x R x R x R.

Let (u,v) be an adapted and L*-bounded process with paths taking values in
C(]0, oo, C(R)) x C([0, oo, Bioc(R)). Then (u, v) is a solution of Equation (2.1) in
the sense of Definition 2.3 iff (u, v) satisfies the following Stochastic Integral Equation
(SIE): For eacht > 0 and y € R, almost surely it holds

t
u(t,y):/uo(x)G(t,x,y)dx—i—/ /b(s,x,u(s,x),v(s,x))G(t—s,x,y)dxds
R 0 JR
t
+/ /o(s,x,u(s,x>,v(s,x>)G<r—s,x,y> W(ds, dx). @.5)
0 JR

and almost surely Eq. (2.3) holds for allt > 0 and y € R.

Using the mild formulation of the equation, the next step is to show strong existence
and uniqueness by a standard Picard iteration scheme. For this we need to impose the
usual Lipschitz assumptions.
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Theorem 2.5 Assume that for all T > 0, we have the linear growth condition (2.4)
and the following Lipschitz condition:

|b(t, x,u,v) — b(t, x,ii,0)| + |b(t, x, u, v) — b(t, x, i, v)|
+ |U(tax7 l/l, U) - O'(t,.x, ﬁa ﬁ)l
< Lr(lu—ual+|v—7]) (2.6)

for every (t,x) € [0, T] x R and (u, v), (it, ) € R

Then for ug, vg € B(R), Eq. (2.1) has a unique strong L2-bounded solution (u, v)
with paths taking values in C(]0, oo[, C(R)) x C([0, oo[, Bioc(R)). Moreover, this
solution is L?-bounded for each p > 2.

Remark 2.6 Although the paths of u are not continuous at ¢ = 0 for non-continuous
initial conditions ug, Step 2 in the proof of Theorem 2.5 will in fact show that the
process

u(t,X)—/RG(t,x,y)uo(y)dy

has always paths in C ([0, co[, C(R)) and thus, in particular, is locally bounded in
(t,x) € [0, oo[xR.

Our next goal is to establish conditions under which we can ensure that the solutions
to our SPDE stay in [0, 1].

Theorem 2.7 Assume that the conditions of Theorem 2.5 are satisfied. In addition,
suppose that b and b are even Lipschitz continuous jointly' in (x, u, v) and satisfy the
inequalities
b(t,x,0,v) > 0forall (t,x,v) € [0, o[ xR x R,
b(t,x,1,v) <0forall (t,x,v) € [0, o[ xR x R,
b(t,x,u,0) > 0forall (t,x,u) € [0, 00[xR x R,
b(t,x,u,1) < 0 forall (t,x,u) € [0, o[ xR x R. 2.7
Finally, assume that o is a function of (t, x, u) alone, Lipschitz continuous jointly in
(x, u) and satisfies
o(t,x,0) =0forall (t,x) € [0, o[ xR,
o(t,x,1) =0forall (t,x) € [0, co[xR. (2.8)
For initial conditions ug,vo € B(R,[0,1]), let (u,v) € C(0, o[, C(R)) x

C ([0, oo[, Bioc(R)) be the unique strong L2-bounded solution to Eq. (2.1) from The-
orem 2.5. Then we have

P ((u(t,x), (t, x)) € [0, 112 forallt > 0 and x € ]R) —1.

! This is stronger than the Lipschitz condition (2.6) which only requires that the bound holds in (u, v).
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In particular, almost surely the solution has paths taking values in C(]0, oo,
C(R, [0, 1])) x C ([0, oo[, B(R, [0, 1])), where the spaces are endowed with the topol-
ogy of locally uniform convergence.

Remark 2.8 By the same approximation procedure as in the proof of Theorem 2.9
below, it is possible to relax the condition in Theorem 2.7 that b, b resp. o are Lipschitz
continuous jointly in (x, u, v) resp. (x, ) and to require merely joint continuity and
the Lipschitz condition (2.6).

In order to extend Theorem 2.7 to non-Lipschitz diffusion coefficients o, we need
to impose an additional assumption on our SPDE in what follows. For given u €
C(]0, oo[ xR, [0, 1]) and fixed y € R, we consider Eq. (2.3) as an ordinary integral
equationinv(-, y). We then assume in effect that the unique solution v is a deterministic
functional of u# and vy, in the sense of (2.9) below. We are then in a position to prove:

Theorem 2.9 Assume that b, b and o satisfy the following:
(i) We have that b, b: R?> — R are Lipschitz-continuous functions of (u, v) alone
and satisfy the inequalities in (2.7).
(ii) We have that o : R — R is a continuous (not necessarily Lipschitz) function of
u alone which satisfies the conditions in (2.8) and a linear growth bound

lo)| = K1+ |ul)

forallu € R and some K > Q.
(iii) We assume that there exist continuous functionals

F: C(]0, 00[xR, [0, 1]) = C([0, co[ xR, [0, 1]),
H: [0,00[xB(R,[0,1]) = B(R, [0, 1])

such that for each given u € C(]0, co[ xR, [0, 1]), vg € B(R, [0, 1)) and y € R,
the unique solution v (-, y) to Eq. (2.3) has the following representation:

v(t,y) = Fu)(t,y)+ H(, v)(y), t=>0. (2.9

Then for given initial conditions ug, vg € B(R, [0, 1]) there exists a white noise
process W and a corresponding filtered probability space such that Eq. (2.1) has a
weak solution (u, v) with paths in C (]0, oo[, C(R, [0, 1])) x C([0, oo[, B(R, [0, 1]))
almost surely.

Remark 2.10 Note that we have to impose the condition (2.9) that v is a deterministic
functional of u (and vg) in order to reduce our coupled system of equations (2.1) to
an equation in # only. This is due to the fact that the methods we employ for tightness
require Polish spaces and B (R, [0, 1]) (the state space of v) is not separable.

Our next goal is to show that our specific model, i.e. the SPDE (1.7) fits into the
framework of the preceding theorems. To this end, we first prove Proposition 1.3,
which allows us to represent our system of SPDE:s as a single Stochastic Partial Delay
Differential Equation (SPDDE).
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Proof of Proposition 1.3 For given u € C(]0, oo[xR, [0, 1]) and v9 € B(R, [0, 1]),
we consider for each fixed x € R the second component of the system (1.7) as an
integral equation in v(-, x), i.e.

t
v(t, x) = vo(x) + c’/ (u(s, x) — v(s, x))ds.
0

Then by an application of the variation of constants formula we get for all x € R that

t
v(t, x) = et <c// u(s, x)ec/s ds + v()(x)) , t>0. (2.10)
0

One may verify this through a simple application of the integration by parts formula.
To see this we calculate as follows for each x € R:

t t
e Tu(t, x) =v()(x)+c’/ v(s,x)e”ds—i—/ e *du(s, x)
0 0
t

t
= vp(x) + c’/ (s, x)es ds + c’/ ¢S (u(s, x) — v(s, x))ds
0 0

t
= vo(x) +c’/ e Su(s, x)ds.
0

Rearranging we obtain (2.10), which we note is just the integral form of the sec-
ond equation in (1.9). Now it is easy to see that (u, v) € C(]0, oo[, C(R, [0, 1])) X
C ([0, o[, B(R, [0, 1])) is a solution of (1.7) in the sense of Definition 2.3 iff it is a
solution of the SPDDE (1.9). O

We are finally in a position to provide the following:

Proof of Theorem 1.1 Consider the SPDE given by

A
oru(t, x) = Eu(t, x) + s(uz(t, x) —u(t, x)) L, 17(u(t, x)) +c(v(t, x) —u(t, x))
—mu(t,x) +my(l —u(t, x))

+ Lyo, 17 (e, X))/ vult, x)(1 — u(t, X)) W(t, x),
v(t, x) = (u(t, x) — v(t, x)).

Then we note that

b(u, v) == (U — w)Ljo,13() — myu +ma(1 —u) + el 1}(v) + 1j1,00[(v) — 1),
I;(u, v) = c/(ul[o’”(u) + 1]1,00[(”) — v) and 0(14) = ]1[011](14)\/1)14(1 — u)

satisfy all assumptions of Theorem 2.9. Moreover, (2.10) shows that (2.9) holds with

'
Fu)(t,y) = eith’/ e Cu(s, y)ds,
0
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H(t, v0)(y) 1= e "o (y).

Thus, all conditions of Theorem 2.9 are fulfilled and we have existence of
a [0, 1]3-valued weak solution (u,v) with paths in C(]0, oo[, C(R, [0, 1])) X
C([0, oo[, B(R, [0, 1])) almost surely. This means in turn that we may get rid of
the indicator functions and hence (u, v) solves Eq. (1.7). m]

Remark 2.11 Note that the preceding results become only notationally harder to prove
if we consider larger systems of equations of the following form:

Letd, d,r € N and denote by
b: [0, oo xR x R+ — RY, b: [0, oo xR x R4+ — R
and
o1 [0, co[xR x RI+d 5 Raxr

measurable maps. Then we may consider the system of SPDEs

oru(t,x) = %u(t, x) 4+ b, x, u(t, x), v(t,x)) + o, x,ut,x), v, )W, x),

dv(t, x) = b(t,x, u(t, x), v(t, x)) (2.11)
where W = (Wp)i=1

white noise processes.
Written component-wise, (2.11) means

» 1s a collection of independent 1-dimensional space-time

,,,,,

A
atui(tax) = Eui(tv-x) +bi(t’x7u(t7x)v 'U(t,.x))

+ Zoik(t, x,u(t, x), v(t, x))Wk(t, x),
k=1
o vj(t, x) =l;j(t,x,u(t,x),v(t,x)) (2.12)

fori e {l,...,d}and j € {1,...,d)}.

3 Uniqueness in law and duality
In this section we aim to establish a moment duality which in particular will yield
uniqueness in law for Equation (1.7). We follow the approach of Athreya and Tribe in

[3]. Now recall that on the one hand it is a well-known result by Shiga (cf. [33]) that
the SPDE without seedbank given by

A 2
oru(t, x) = 5u(t,x) + s((u=(t,x) —u(t, x))
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—mu(t,x) +mo(l —u(t,x)) + \/vu(t, x) (1 —u(t, x)W(t,x) (3.1)

satisfies a moment duality with a branching coalescing Brownian motion with killing
M and mutation compensator given by

E 1_[ U(t, M(")S) = 1_[ M(O, Mtﬁ)efmlf(;lis‘ds

pelo pel;

where f, is the index set of particles that are alive at time ¢ > (0. On the other hand,
in the seed bank diffusion case given by Eq. (1.6) it has been established that the dual
process is an “on/off” version of a (Kingman-)coalescent (cf. [6]).

In lieu of this we have defined a combination of all the previous mechanisms by
allowing the movement of the particles of Shiga’s dual process to also be subject to
an additional “on/off”” mechanism as in the on/off coalescent case in Definition 1.5.
Recall that we denote by M = (M;);>0 an on/off BCBM with killing and that /; and
J; are the index sets of active and dormant particles, respectively, at time ¢ > 0.

Remark 3.1 In the discrete setting the proof of duality can usually be reduced to a
simple generator calculation using the arguments in [13, pages 188—190]. However,
due to the involvement of the collision local time stemming from the coalescence
mechanism in the dual process, the generator of the dual process can only be defined
formally. Hence, we use a regularization procedure to still be able to use the main
ideas from [13].

Proof of Theorem 1.7 Consider for € > 0 the Gaussian heat kernel p. (x) = G (¢, x, 0)

2
= «/2177 exp (—’2‘—6) and set

ue(t,y)szu(t,X)pe(x—y)dx

and note that u. (¢, -) is smooth for each # > 0. Then by Definition 2.3 u, satisfies the
integral equation

t
1
ue<t,x>=ue(o,x>+/ /5u<s,ympe(x—y>dyds+mz
0 JR

t t
/ /(1 —u(s,y))pe(x—y)dyds—m/
0 JR 0

t
/u(s,y)pe(x —y)dyds—S/ f(l —u(s, Y)u(s, y)pe(x — y)dyds
R 0 JR

t
+C/ /(v(s,y) —u(s, y))pe(x —y)dyds
0 JR

t
+ﬁ/0 /Rpe(x—y)Ju(s,y)(l—u(s,y» W (ds, dy)
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t
= uc(0, x)+/ %Aue(s,XHmz(l—ue(s,X))—mlue(s,X)ds
0
t
_S[ /(1 —u(s, y)u(s, y)pe(x — y)dyds
0 JR

1 t
+C/ ve(t,X)—ue(f,x)dS-l-ﬁ/ /pe(x—y)
0 o Jr

Vu(s, y)(1 = u(s, y)) W(ds, dy)

t
1
= u(0, x)+/ EAue(s,X)erz(l—ue(s,x))—mme(s,X)ds
0
t
—s/ be(u, s, x)ds
0

t
+ c/ (ve(s, x) —ue(s, x))ds
0

t
i ﬁ/o /R”f(x — WG, (1 = us, ) W(ds, dy),
t
Ve(t, x) = ve(0, x) + c//o A(u(s, y) — v(s, y))pe(x — y)dyds

t
=v:(0,x) + C’/ ue(t,x) — ve(t, x)ds
0

where b (u, s, x):= fR(l — u(s, y)u(s, y)pe(x — y)dy. Note that the above two
quantities u. and v are semimartingales. Thus, takingn, m € N and choosing arbitrary
points x1,...,x, € Rand yy, ..., y, € R we see by an application of 1t6’s formula
to the C2 map

n m
(xl,u-,xn’YI,--wym)'—)l_[xil_[})j

i=1 j=I

that after taking expectations
n m n m
[Tuet, x) [Tve, yp) | =B | [Tue© x) [T e, y))
i=1 j=1 i=1 j=1
=E / Z ]_[ Ue (s, xk)]_[ve(s i)

i=1k=1,k#i

X <%Aue(s,xi) +mo(1 —ue(s, x;)) — mluf(s,xl-)) ds:|

tn n m
e8| [ 30 TT wetsmn) [T wets ) (octs. ) = s 00
Jj=1

i=1 k=1,k#i
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—sE / Z H uc(s, xk)l_[ve(s Yj)be(u,s, x;)ds

i=1 k=1,k#i
; mon m
+cE / DT uetsxd T vels. ) (uels, yj) = vels. yj)) ds
U k=1k#]
1 t n m m
+§vIE /0 | Z 1_[ 4 ue(s,xk)l_[ve(s,yj)
i=1i=1,i#l ke{l, o n)\{i.]} j=1

x / pe(z — x)pe( —XI)GQ(M(S,Z))dZdS}
R

where o (x) = +/x(1 — x). Now, we replace the x; and y; by an independent version
of our dual process taken at a time » > 0 and multiply by the independent quantity
K@) :=e™™ Jo Vs ds  This gives

E |:K(r) []uet. MP) [T vete. MZ)} ~E |:K(r) [T ue. mP) [T veco. M,V)}

Bel, vel Bel, vEJr

—]E|:K(r)/ ST] ue(s M) ] vets. MY)

Bel. sel\{B yed,

1
x (EAug(s, MPBY + ma(1 — ue(s, MP)) — myuc(s, M,f’)) ds:|

+cE {K(r)/ Z ]_[ ue(s, M%) ]_[ ve (s, M)

Bel; sl \{B} veJyr

x (ve(s, MP) — uc(s, MP)) dsi|

Belr sl \{B} yedy

—sE |:K(r)/ Z ]_[ ue(s, M%) ]_[ ve(s, MY)

X be(u, s, Mf’)ds:|

cIE|:K(r)/ Z l_[ue(s MP) ]_[ ve(s, MP) (e (s, MY)) — ve(s, M})) d }

yel, pel, se\{y}

ﬂ)E |:K(r)/ Z ]_[ ue(s, M%) ]_[ ve(s, MY)

B.8€l, B#5 pel\(B.5) yed,

x f ez — MP)pe(z — M) (u(s, 2)) dz ds} : (3.2)
R
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Further, since we have the following integrable upper bound

K(r)/t > 11 ue(s,M?)Hve(s,MZ)Ape<z—Mf)

0 g.5el, B#5 pel,\(B.5) yel,
pe(z — M))o*(u(s, 2)) dzds < C(t, €)1,

we may use Fubini’s theorem and similar bounds (which are possibly independent of
€) for the remaining quantities to justify that the terms in (3.2) are finite. Note that this
also allows for applications of the dominated convergence theorem later on.

On the other hand, for any C?-functions /, g we see by adding and substracting the
compensators of the jumps

E {]‘[ oy T g(MZ)} ~E [1‘[ ) [ g(yl-)}

Bel; yelJ; i=1 j=1

t
:]E|:/O > T h(Mf)l—[g(Msy);Ah(Msﬁ)ds:|

Bels 5€ls,6#B =h

t
+5EU >, I h(M?)Hg(MSV)(hZ(Mf)—h(Mf»ds}
0

Bels el 6#B veJs

t
+CE{/0 ST h(M?)Hg(MZ)(g(Mf)—h(Mf))ds}

Bel; 5ely,6#B vels

v€Js Bels selts,6#y

t

+c’E[f0 STy T g(Mé)(h(MZ)—g(MZ))ds}
t

MZEU’ 11 h(M?)]'[g(MK)(l—h(Mf))ds}

Bel; sely,6#B y€Js

1 ¢ S
+ B [/0 3 [T rd) [T sl ynardy — nmfrnemdyy art: }
B.Oels, B#S pel;\{B,5} yeJs

where we recall from Definition 1.5 that L?% is the local time of M? — M?% at 0

whenever both particles are active. By the integration by parts formula we then see
including the factor K (¢)

Bel, vel i=1 j=1

E [K(r) [Tr)) ] g(M,V)} -E [1«0) [Tren ]‘[g@,.)}

Bels 8els . 6#p vels

! 1
:E|:/0 kKoY ] h(Mf)ng(MZ)zAh(Mf)ds:|

Bels $€ls ,3#p vely

+5E [[IK@)Z I h<M§>]‘[g<M!><h2<MF>h(M?»ds}
0
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t
HEU koY ] h(Mf)]"[g(Mb(g(Mf)h(Mf))ds}
0

PBels 6€ls 5#pB vE€Js

t
+cE U K@ Y [Tr?y T] g(Mf)(h(M()—g<M3>>ds}
0

vEJs Bely dels. 8y

t
+sz[/ k&Y 1 h(M?)]‘[g(MM—h(Mf))ds}
0

Bel; Sl 6#p vels

] t
+ B [/0 ko Y. ] h(Mﬁ’)]‘[g(M{><h<M§>h(Mf)h(Mf))de’ﬂ
B.oely, B#S pel \{B.6) =

t
+E [/0 K@ [T hf [ g(MK)(—mlmnds} .

Bely vE€Js

Further, note that that for each € > 0 and r > 0 the maps u.(r, -), ve(r, ) are
bounded and smooth as they originate from mollifying with the heat kernel. Thus,
replacing & and g with the independent quantities u. (7, -) and v (r, -) we have

E |:K(t) [T uetr. mf) TT vece. MZ)} -E {K(m [Tuetoxd [T vetr, y;)}

pel; yel; i=1 j=1

t
—E [/O Ko) Y ] wet.mM) ] ve(r,Mj/);Aug(r,Mf)ds:|

Bels Sely,6#p y€Js

t
+sE /K(S)Z [T wet. M) [T vetr. MO @20 ME) = uer, MP)) ds
O Belysel o8 yels

t
+ cE f K (s) Z l_[ ue(r, M;s) 1—[ ve (r, Msy)(ve(r, Mf) —ue(r, Mf))ds
0 Bel, sel; 578 yels
t
0

+cE /K(s)Z [Tuer.mf) T] ve<r,M§><ue<r,MZ>—ve(r,Mz))ds}

v€Js Bels sels,6#y

t
+moE {/ K& Y, [] wuet.md) ] ve(r,Mﬁ/)(l—ue(r,Mf))dS}
0

Bels del;,0#p yeJs

1 t
+4UE|:/(; K@) Y [T weo.md) [T ver, M)

B.8€ls, B# pels\{B,5} vels
X (te(r, M) = ue(r, MO yue(r, M) aLf? |

t
+E [/0 K@) [T uetr.md) T] ve<r,MZ)(—m1|1s|)ds}

Bels yeJs
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Finally, define

k(t,s,e) =E | [ ] uet. M%) T ve(e. MI)

Bels yeJs

Then we may follow the idea from [13] and calculate for + > 0 by substituting with
our previously calculated quantities

t
/ k(r,0,e) —k(,r,e)dr
0

t t
=/ k(t—r,r,e)—k(O,r,é)dr—/ k(r,t —r,e) —k(r,0,€)dr
0 0

t t—r
:E|:/ / K> [T uets. ) ] vets. Mry);Aug(s,Mf)dsdr:|
0 Jo

Belr el \{B} v€Jr

Bels dels ,6#B yeds

t t—r 1
-E [/0 fo KoY T we.md) ] vg(r,Msy)zAuE(r,Mf)dsdr:|
t t—r t—r
—SE / / K(r)/ ST wets. M) T ves. MY b, s, Mf)dsdr
0 JO 0

Belr selr\{B} vEJr

t t—r
—sE {/ f KoY [T wuet.md) ] ve(r,Mg/)(ug(r,MSB)—ue(r,MSﬂ))dsdri|
0 Jo

Bels dels ,6#P yels

+cE |:/f /z_’ K(r) Z l_[ ue (s, Mra) H ve(s, MY) (ve(s, Mf) — ue(s, Mf)) dsdri|
0 Jo

Belr selr\{B} v€Jr

t t—r
—cE [/ / KoY T weomd)[] ve(r,Msy)(ve(r,Msﬂ)—ug(r,Mf))dsdr:|
0 JO

Bels 5€ls 6#P v€Js

yeJr Bely sedr\{y}

+E |:/f /tir K@) Z 1_[ ue (s, Mf) l_[ Ve (s, M;s) (ue(s, M,}/) — ve(s, M,JA/)) ds dr:|
0 Jo

yeJs Bels deds,8£y

t t—r
—E {/ / K& Y ] ue(r, MP) I vé(r,Mf)(ue(r,M;”)—ve(r,MZ))dsdr}
0 Jo

Bely selr\{B} yeJr

t t—r
+moE [/ [ Kr) Y [ uets.m) T] vg(s,Mﬁ/)(l—ue(s,Mf))dsdri|
0 Jo

t 1—
—myE [/ / VK(S) Z ]‘[ ue(r, M%) ]_[ ve(r, M) (1 ug(r,Mf))dsdr:| 3.3)
0 JO

Bels dels,6#B yeJs

+%v[€ |:ft/trK(r) 3 [T et m?) [ ves. M)
0 JO

B.8€lr,p#8 pelr\(B.8) yeJr

x /Rpe(z — MP)pe(z — M;S)az(u(s,z»dzdsdr]
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- E [/’/HK@) ST et T ver md)
0 Jo

B.8€ls, B8 pels\{B.5} vels
x (e (r, M) — ue(r, MEyue (r, M3 4Ll or

n |:/Ot /Otir K(r) Z l_[ ue(s, Mf) 1_[ ve (s, M)) (7m1ue(s, Mf;)) dsdr:|

Belr sl \{B} vEJr
t t—r }3
-E / / K(s) [ ] uetr. M) TT vetr. MYy (=my 5] ds dr
070 Bels yeJs
Belr 3el-\{B} YEJr

t t—r t—r
= —sE U / K(r)/ ST uetsomd) T vecs. Mry)bg(u,s,Mf)dsdr:| (3.4)
0 JO 0

i t t—r
—sE [/ K& Y ] wetromd) [T vetro M2 r, ME) —ue(r. ME)) ds ar
0 Jo

Bely sely,54p yels
(3.5)
1 i t t—r ¢
+§le / / K(r) Z H ue(s, My) H vg(s,Mry)
|70 70 B8l B pely\{B,5) yedy
x /R pe(zfMrﬂ)ps(zfMf)oz(u(s,z))dzdsdr] (3.6)
1 t t—r ¢
— JUE / / Ks) Y [T wet.Md) [T ver. M)
070 B.Sels B8 pel\(B,5) yels
% (ue(ro M) — ue(r. MPyue(r, M)y dLP? dr] . (3.7)

Now, again by Fubini’s theorem, taking the limit as ¢ — 0 we see that all the
quantities except (3.6) and (3.7) vanish. Note that we used properties of mollifications
(since u is continuous we have convergence everywhere) and the dominated conver-
gence theorem to justify this. Moreover, the use of Lemma 3.2 allows us to argue
that the same is true for the remaining two terms. By the (left-)continuity of the the
processes u, v, M in r we finally see that after differentiation

k(t,0,0) =k(0,1t,0)

as desired. O
Lemma 3.2 In the setting of Theorem 1.7 we have

%I)E /t/t_rK(r) > [T wuets. M?) [T vets. M)
0 Jo

B.5€l,,p#5 pel\{B,5) veldr

X /,OE(Z—Mrﬁ),oe(z—Mf)oz(u(s,z))dzdsdr]
R
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SR ke S TT e [T v
0 JO

B.oel; B8 pel;\(.5) yeld;
x (u(r, M) —u(r, MP)u(r, M%)) dLP ar)

ase — 0.

Proof of Lemma 3.2 We adapt and elaborate the proof of [3]. Consider for eachm € N
the time of the m-th birth t,,,. Assume for now that we may restrict ourselves to [0, 7,,,].

Now, we argue pathwise in w. Set for 8, § € {1, ..., m} after a change of variables
1 t t—r
S twsenker TT et [T vets )
070 el \(B.5) vel,

><A,oe(z—Mf),oe(z—Mf)oz(u(s,z))dzdsdr
L s s
=: 5/0 /R,OE(Z),OE(1+M, —Mf)Zf’ “(z)dzdr.

Here, we set

t—r
Zf’5’6(2)1=/ Lipser ) K@) [ uets. M) TT vels. Mo uts. 2+ MP)) ds,
0 $el\(B.5) yel
t—r
ZE’S(z):zf 1,51, ) K (1) l_[ u(s,M?) 1_[ v(s,M,y)a2(u(s,z+M;s))ds.
0 pel\(B.5) yel,

Now, by a modification of Tanaka’s occupation time formula (cf. [3]) we see that?

1 t
5/0 Aépe(z)pe(z + M} — MPYZP€ () dzdr =

1 t
L[ semcrozii@anioe.

The goal for now is toreplace L? ;? by the local time at 0 and get rid of the dependence

of Z on z and €. To do so we first use the triangle inequality to see that

! t
‘/I;A%/O Pe(Z)Pe(Z—i-x)Zf*‘s’e(z) dLrﬂ:)‘jdde _A Z;@,S(O) dLE"S

t
< / / / Pe@ ez + ) | 285 (2) — ZP5<(0)| dLPS dx dz (3.8)
RJR JO

2 Here we split the integral into the random time intervals on which both M 8 and MP are active and then
apply Tanaka’s formula. Moreover, note that the intersection local time of two on/off Brownian motions
can always be dominated by the local time of two corresponding standard Brownian motions. This will also
allow for applications of the local time inequalities by Barlow and Yor later in the proof.
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t
+ f f f Pe(2)pe(z + x) [ ZP2€(0) — ZP2(0)| dLP) dx dz 3.9)

(3.10)

Pe(Z)Pe(Z—f-x)Z’“(O)dL’“dx dz — / 2P0y LB

First, note that r +— Zf ’8’€(z) is piece-wise continuous and uniformly bounded for
each z € R and that z — Zf ’8(z) is continuous at 0 uniformly in r < ¢t and € > O.
Hence, for any n > 0 there exists some ¢ > 0 such that

|28%¢(2) — 2B5<0)| < n
whenever |z| < ¢ uniformly in r and €. Using that L, , is uniformly bounded in

r € [0, 1], x € R by Barlow and Yor’s local time inequalities from [4] we obtain for
alle >0

t
/R/R/O L{z1<¢}(2)pe (2)pe (z + x) | 255 (2) — 282 (0)| dLL- dx dz < Cp

for some constant C > 0. Moreover, noting in addition that 7ZP-3:¢ is bounded uni-
formly in r, € and z we have for the remaining part of the integral

t
/R /R /0 Ljz1>6) ()0 @) pe (@ + ) [ ZP0€(2) = 2824 (0)] dLfY dx dz
= C/R]l{|z|>c}(1)pe(z) dz— 0

as € — 0. Hence, we obtain that the entire term in Equation (3.8) vanishes as ¢ — 0.
For the term (3.9) we set for ¢ € {1,...,m}and ¢ # B, 6

—r
Z55€(0) = / Lipsery K ] uets. MP) [T vels, MDD (s, M) ds
0 pel,\{B,5) e,
t—r
=f ]1{5,8,¢>elr}K(r)/ u(s, MY — y)pe(y) dy
0 R

< [T uets. MP) [T ve(s. M)o?u(s. MP)) ds

el \{B.5.9} yeld,

=: fR pe(NZE2 ¢ (y) dy.

By the same argument as for the term (3.8) we see that as € — 0 that

t
/// Pe(2) pe(z + x)
RJRJO

t
< /ﬂ; /R /O pe(D)pe(z + ) /H; Pe() | Z059(y) — ZB59(0)| dy dLPS dx d

zB4€(0) - /R m(y)Zf’“’(O)dy‘ dLp’y dx dz

@ Springer



796 Stoch PDE: Anal Comp (2023) 11:773-818

— 0.

Iterating through the finitely many u. and v, terms we indeed obtain that the entire
term (3.9) vanishes as € — 0.

For the last term we take a Riemann sum approximation of Zf ’8, i.e. taking a
sequence of partitions of [0, f] given by 0 = 79 < --- < 1, = t with mesh size
A, — 0asn — oo we consider

n
,8 ,8 ,8
22Oy - L),

i=1

Recall that we may choose the partition in a way such that

n
>z 1) — 2P 0)

i=1

uniformly in r € [0, t] as n — oo. Thus, since on a set with probability one we have

SUP, R L’ng < oo for each s € [0, t] we may deduce that uniformly in x € R using
- . . 8.5

the piece-wise continuity of » — Z,"~ we have

n t
0 ,0 .0
Sz oyl -yt o - / zB30)dLr?
0

i=1

— 0.

Next, we see by the triangle inequality again that

t t
f / f Pe(2)pe(z +x)ZP°(0) dLE-? dx dz — f zB20)dLP?
0 JRJR 0

t t
= ‘ / / p2¢(x)Z8° (0) L2 dx — / zP%0)dLP?
0 JR 0

=<

t n
8 8 8
/0 /R p2e () ZB2 ) dLEY dx = Y /R p2e () ZL, <0)<L§,X—L;?1_x>dx‘
i=1

+

n n
.8 8 N 8 0 8
> [ ezt ol - ar = Yzl ol - 1)
. R ” .
i=1 i=1

n t
,0 0 .0
>z oL —Lffl)—/o 780y dL??

i=1

+

holds true. Now for any n > 0 choose n large enough such that

<7

n t

8 8 8
Szt oall -t o [ zttoa
i=1 0
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for all x € R. Then choose € > 0 small enough to get

<n

n n

.6, ) ) .6, ) )
> /R P2 () ZE OV LS = LY e =Y 2P O — L)
i=1 i=1

using the mollifying property of the heat kernel. This finally yields that indeed as
€ — 0 we have that the term (3.10) also vanishes. Combining the above we obtain
path-wise in w that as € — 0

t t
/ f 0e(D)pe(z + MY — MPYZPO<(2) dzdr — / ZP30)dLP.
0 JR 0

It now suffices to justify the exchange of limit and expectation. For this we invoke the
dominated convergence theorem. In order to find a dominating function we calculate
as follows:

t
/ > /Pe(z)pe(z—l—Mf—Mf)Zf"S’G(z)dzdr
0 gser,.p2s 'R

m_m t t—r s
§Ct22/0 fR/O p2e(x) dLE-? dx dr

p=15=1

m m
< CtZX:Z:supo";3

B=15=1 xeR

for some constant C > 0. Then again using the fact that sup, g Lf: f is integrable the
proof is concluded.

It remains to justify the restriction to the interval [0, t,,] in the preceding argument.
To do so we modify our dual process such that it stops branching, coalescing and dying
at time t,,, but may perform independent on/off Brownian motions up until time ¢, i.e.
we set for all particles « whenever they exist at time 7,

Mz, ift <1,
M7 + Bf otherwise

=Ty

e =

where (B{);>0 is an independent on/off Brownian motion started from the state of
M7 (which is also independent of the on/off Brownian motions needed for the other

particles). We denote by L., I, J;, K; the quantities corresponding to the modified
dual process (M;);>0. We may then repeat the proof of Theorem 1.7. Moreover, the
preceding calculations from this Lemma then show that

%UE ftft_rk(r) > [T wets.m?) [] vets. M)
0 JO

B.8€l, . B#8 pel\(B.6) yel,
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X / pe(z — MP)pe(z — M2)a?(u(s, z)) dz ds dr:|
R

(3.11)
1 t pt—r _ _ -
— ZI)E /(; /(; K (s) Z H u(r, M;”) 1_[ v(r, M)
B.oel; p#5 pel;\(B.5) yel;
x (u(r, M3y — u(r, MPyu(r, M2)) dLF* dr] (3.12)

as € — 0. Note however that since the modified dual process neither branches, dies
nor coalesces after time 7,, we must add the indicator 15<;,) to the quantities (3.3),
(3.5) and (3.7) so that the duality relation for the modified process becomes

k(t,0,0) —k(0, t,0)

zivE /Otﬂ{szfm}l?(s) )3 [T w82 [T v 820

B.8els, B8 pel \(B.5) yels
x (u(r, M2) —u(r, MPyu(r, M2))dLF* |

13
38| [ venR0 X [T weritd
0

pel; sely 5P

X H v(r, MSV)(Lﬂ(r, Mf) —u(r, Mf)) ds
yels

t
+mE /l{szfm}K(s)E ]_[ u(r, M?)
0

Bely sl 848

x ]‘[ v(r, M1 = u(r, MP))ds | . (3.13)
]/ij

The second term may be bounded for some C > 0 by

t
CE I:f |Is|]l{szrm} ds]
0

which vanishes since 1 (s>7,} — 0asm — oo almost surely and |/;| can be dominated
by a Yule process with rate s uniformly in m. A similar calculation yields the same
conclusion for the third term. For the first term we have the bound

t
Ce| [(tmey X arftlscE| ¥ altorgdy
0 B.sely, B£8 B.8el, p#s
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Now, since there is no more branching, coalescence and death after time 7, the
expected intersection local time per pair of particles after time t,, is dominated by
the expected local time of a single standard Brownian motion at 0 up until time v/2¢
which we denote by L. Hence, denoting by (G;);>0 the natural filtration of the dual
process we even have that the first term is bounded by

CE| > LpeBILY = LB31G,, 1| = CE[Il P, <nBIL »5,1].
B.8€l;, B#8

This quantity also vanishes as m — oo. Thus, we obtain that the right hand side of
Eq. (3.13) converges to 0 as m — oo. For the left hand side note that the modified
dual converges to the original dual process as m — oo and invoke the dominated
convergence theorem. O

As a corollary, the moment duality of Theorem 1.7 allows us to infer uniqueness in
law for the SPDE (1.7). Note that the underlying arguments are standard but some
care is needed due to the fact that we allow for non-continuous initial conditions.

Proof of Theorem 1.2 Recall that if (u, v) is a solution of the system (1.7) with initial
conditions vg, ug € B(R, [0, 1]), then

u(t,x) :=u(t,x) —uo(t,x) :=u(t,x) — / G(t, x, y)up(y) dy,
R

C

5(t, x) := v(t, x) — Do(t, x) 1= v(t, x) — e Tvp(x)

have paths taking values in C ([0, oo[, C(R)), see Remark 2.6 and (2.10). Now, by
Theorem 1.7 the law of the dual process uniquely determines the mixed moments of

(Qu(t, x1), 0(t, y1)), - - ., (U(t, xn), 01, yn)))

and hence, by uniqueness in the Hausdorff moment problem, also the joint distribution
of the above quantity for each fixed > 0 and arbitrarily chosen x1, y1, ..., Xy, ¥n €
R, n € N. Since the cylindrical o -algebra on C (R) coincides with the Borel-o -algebra
w.r.t. the topology of locally uniform convergence, this shows that the distribu-
tion of (ii(z, ), ¥(t, -)) on C(R)? is uniquely determined for each fixed + > 0. In
order to extend this to the finite-dimensional distributions, one can use the mar-
tingale problem corresponding to the weak formulation of the equation. Using the
well-known fact that uniqueness of the one-dimensional time marginals in a mar-
tingale problem implies uniqueness of the finite-dimensional time marginals, we
then obtain that the distribution of (&, v) on C([0, oo[, C (]R))2 is uniquely deter-
mined. Finally, this implies that also the distribution of (1, v) = (&t + g, U + 0p) on
C (J0, oo[, C(R, [0, 1])) x C ([0, oo, B(R, [0, 1])) is uniquely determined. O
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4 An application to the F-KPP Equation with seed bank

We are interested in applying the previously established results to the F-KPP Equation
with seed bank, i.e. the system:

1
dpt,x) = SAp(t,x) + 1 = plt, ) p(t. x) + clqt, x) = p(t, x)),
dq(t, x) = c'(p(t, x) — q(t, x)) 4.1

with pop = go = 1}—0,07. This means that in our original equation we setm| = my =
v = 0,5 = 1 and return to the setting p = 1 — u. We do this to make the results of
this section more easily comparable with the literature concerning the original F-KPP
Equation and avoid confusion (see e.g. [ 14, 29]). This also implies that the dual process
is now “merely” an on/off branching Brownian motion. Note that here the selection
term is always positive for p, implying that it corresponds to the beneficial type.
Recall for the case of the classical F-KPP Equation that, since we start off with a
Heaviside initial condition concentrated on the negative half axis, the wave speed v/2
also becomes the asymptotic speed at which the beneficial allele “invades” the positive
half axis.

In this section, we consider the question to what extent the introduction of the seed
bank influences the invasion speed of the beneficial allele.
We begin by proposing a formal definition of the invasion speed.

Definition 4.1 In the setting of Eq. (4.1), with Heaviside initial conditions, we call
& > 0 the asymptotic invasion speed of the beneficial allele if

& =inf {x = 0] lim p(r, 1) = 0}.

In the case of the classical F-KPP Equation, we have & = V2. Intuitively, one would
expect this speed to be reduced in the presence of a seed bank. In order to investigate
this, we aim to employ the duality technique established in the preceding section.
Recall, that in the setting of Corollary 1.8 the duality is given by

t,x)=1—P ma mP <
P, %) ©.a) (ﬁeItL))(J, ! _x)

where (M;);>0 is an on/off branching Brownian motion, /;, J; are the corresponding
index sets of active and dormant particles at time ¢t > 0, respectively, and P, 4) is
the probability measure under which the on/off BBM is started from a single active
particle at x € R. This clearly resembles the duality from the classical FKPP Equation
given by

5
t,x)=1—-P B, <
p(t. x) 0(%12},( 7 <x)

where (Bt)tz() is a simple branching Brownian motion.
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Proof of Corollary 1.8 For initial values (xy,...,x,) € R" and (y1,...,yn) € R,
we have by Theorem 1.7 that

[]‘[(1 — pt, xi)) H(l —q(, m)} [T = o) [T =087 )

i=1 Bel; yelJ;

Plugging in our specific initial conditions and using that the solution (p, ¢) is deter-
ministic, we see

. B
1—p@t,x)=P M >0
p(t, x) (x.a) </3311,181, ;= >

[UI

=Po.,a) <ﬂm1n Mﬂ +x > O)

B B
=P max —M; < =P max M; <
0@ (ﬂelt UJs x> 0@ (ﬁEI,U Ji x)

O

Next, we turn to establishing an upper bound on the invasion speed of the beneficial
allele. Writing K;:=1; U J; for t > 0 and denoting by B = (B;);>0 an on/off BM
without branching, we have

PEBeK;: Ml >in<E|Y 1
BeK;

= E[|K:|1P(B; > A1)

(MP =)

where we have used the following simple many-to-one lemma:

Lemma4.2 Foranyt > 0 and any non-negative measurable function F: R — R we
have

Ewoy | Y F(MP) | = Eg.o) [1Ki1 Ege.o) [F(B)].
BEK;

where B is an on/off Brownian motion under P, o) starting in a single particle with
initial state o € {a, d} and initial position x € R.

Proof Using that the number of particles is independent of the movement of the active
particles, we get

o0 n
Eoy | D FMf) | = > EBuoy | Y F(M )1k, 1=n)
= =1

BeK;
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n
Eqoy | D FM) | Paoy(1Kil =n)
1 B=1

WK

3
I

M

nE(x o) [F(B)IP(x,0) (1 K| = 1)
1
= Ew,o)[1Ki[NE(x,0)[F (B)].

3
I

This proves the result. O

Now, we first compute Eo 4 [ |K;|]. Note, that (][], |J;]);>0 is a continuous time

discrete state space Markov chain on Ny x Ny with the following transition rates:
birth: i — i + 1, withrate i

i—>i—1,

J—=J+1

active to dormant : { with rate ci

i—i+1,

dormant to active: : ) with rate ¢’ j

j—>j—L

For the expectations we then get the following system of ODE’s for x = x(¢f) =
E,a [I:[1and y = y(t) = Eo,q) [ [/:]] (cf. [1, V.7])

xX'=x—cx+cy,

y =cx —cy.

With the initial condition (x(0), y(0)) = (1, 0) we obtain the following closed form
solution:

- (25 5))

B % (c’—c—2ﬁ+1>exp<_ <c+c’—21+\/5)t>’
y(t) = %Cexp<<—c—c/—; ! +‘/E)t> - %Cexp <_ <w> z)

abbreviating a := (c — 1)? +2cc’ + (¢)? +2¢'. Finally, we aim to control P(g 4)(B; >
At). To this end, we recall the well known tail bound for the normal distribution given
by

1 o0 —x2/2
= 2 dy < i — (4.2)
vV X vV
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for x > 0. To employ this, note first that P(g 4)(B; > At) is equivalent to
Po.a)(Bi—x, > At)

where X; is the amount of time the on/off Brownian path (B;);>¢ is switched off

until time 7 > 0 and B = (B,),Zo is a standard Brownian motion started at 0. By
independence, we then have

Po.a)3B € Ki: M > at) < Eo.a) [IKi|1P0.0) (Bi—x, > A1)
=E@,a) [ 1K/ 1 E(0,a) [E [ﬂ{é,,x,>xz} |Xt]]

=Eoa [ Kl Eoa PGB > )| _y |
Then, using Eq. (4.2), we get for s < ¢

P(Bi—s > At) = P(J/T — sBy > At) = P(B) > At/\T —5)

2,2 /+ 2.2
< ;eiﬁtis) — ! sefz)(htis)
\/271'\/% N2 At
SRR
< —7e
V2w AN/t

Thus, we may complete our calculation in the following manner:

Po.a@B € K,: MP > ar)

(R (4 5)
(e (25525
+ %cexp<<_c_d—2i_ ! +ﬁ> t)

252 )

— 0

as t — oo for A2 > —c¢ — ¢ + /a + 1. Now, an application of the duality from
Corollary 1.8 shows that we have proved the following result:

Proposition 4.3 In the case of the F-KPP Equation with seed bank (4.1), we have for
the asymptotic invasion speed from Definition 4.1 that

ss\/—c/—c+ﬁ+1,
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where a = (¢ — 1)? + 2¢c’ + (¢/)? + 2¢.

Proof This follows directly from the above calculations together with the fact that
pt, At) =Poaoy@B € K= M > )

by the duality from Corollary 1.8. O

This shows that indeed the invasion speed for ¢ = ¢’ = 1 is slowed down from V2 to

(at least) V45 — 1 ~ 1.111.

Remark 4.4 The calculations leading to Prop. 4.3 suggest that in the case ¢ = ¢’ =
s = 1 we have, almost surely, the upper bound

. Ry -
limsup — < X
11—

where 2 = v/+/5 — 1 and R, denotes the position of the rightmost particle of the on/off
BBM at time ¢ > 0. At first glance, judging from simulations (cf. Fig. 2), this upper
bound does not seem unreasonable. However, note that the value of our bound for X
is entirely specified by the expected number of particles, as we may use the same tail
bounds for P(B; > At) and P(M; > Xt). This indicates that the bound is not tight —
in contrast to the case of the classical BBM. Indeed, using martingale methods which
are beyond the scope of this paper, it has subsequently been established in [8] that one
actually has

Iim — = A", a.s.
t—>o0 t

where A* ~ 0.99 < A.

Remark 4.5 Note that for the boundary case ¢ = ¢/ — 0 we recover the upper bound
V/2 from the classical F-KPP Equation. For ¢, ¢/ — 00, the upper bound becomes +/1
showing that instantaneous mixing with the dormant population leads to a slow down
from the classical F-KPP Equation corresponding to a doubled effective population
size. On the level of the dual process this could be interpreted as essentially halving
diffusivity and branching rate.

5 Proofs for section 2

Proof of Proposition 2.4 The proof is standard and follows along the lines of [34, Thm.
2.1] which is why we only provide a rough outline.

Suppose that for each fixed (¢, y) €]0, oo[xR, Equation (2.5) is satisfied almost
surely. Then using the linear growth bound and L>-boundedness, a simple Fubini argu-
ment shows that almost surely Eq. (2.5) is satisfied for almost all (¢, y) € ]0, oo[ xR.
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Fig. 2 Independent realizations of the trajectories of the rightmost particle of (Mt)[zo plotted against the
asymptotic speed (red) (Color figure online)

Thus given ¢ € C2°(R), we can plug (2.5) (with s in place of 7) into fot (u(s, -), A¢)ds.
Then a straightforward but tedious calculation using Fubini’s theorem for Walsh’s
stochastic integral (cf. Theorem 5.30 in [22]) shows that Eq. (2.2) holds almost surely
for each fixed r > 0. Since both sides are continuous in ¢ > 0, (2.2) holds for all t > 0,
almost surely. Thus (u, v) is also a solution to (2.1) in the sense of Definition 2.3.
Conversely, suppose that for each ¢ € C°(R), Eq. (2.2) holds for all # > 0, almost
surely.

Step 1: Defining

Crap(R) 1= {f e C(R) ‘ I £ 1= sup | f(x)] < oo forall A > o}
xeR

and
Crp@®) :={f € CpR) | ', f" € Crp(R)} ,

one can show that Eq. (2.2) also holds for each i € Crzp(R). Step 2: For T > 0,

a

define C (T] ri; as the space of all functions f : [0, T[xR — R such that r — f(z, -)

is a continuous C2_-valued function and ¢ +— 9, f(t,-) is a continuous Crap-valued

rap
function of ¢t € [0, T[. Then one can show that for each ¢ € C;l ’r? , we have that an

integration-by-parts like equation holds, i.e. for all fixed ¢ € [0, 7[ we have almost
surely

(u(r, ), ¢(t,-)) — (0, ), (0, -))
! A
=/0 (u(s,), Bsp(s, 1)) + {u(s. ), @ (s, )) + (b(s. - u(s. ), v(s. ), p(s. ) ds
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t
+f /U(S,x,u(s,x),v(s,x))¢(s,x) W(dx, ds). 5.1
0 JR

Step 3: Fix T > 0, y € R and define the time-reversed heat kernel ¢¥ (t,x) =
G(T —t,x,y)fort € [0, T[ and x € R. Then we have qﬁ; S C(Tl,}ii)’ and plugging
it into (5.1) in place of ¢ and using that the heat kernel solves the heat equation, we

obtain the required result upon taking the limitas ¢t 1 7. O

Proof of Theorem 2.5 The proof follows along the lines of [34, Thm. 2.2] and only has
to be adapted to the two component case.

Step 1: Fix p > 2. Define u; (¢, y):=(ug, G(t, -, ¥)) and v (¢, y):=vo(y) for all
(t, y) € [0, oo[ xR and inductively

t
Upy1(t, y):=(uo, G(t,-,y)) +/0 (b(s, -, up(s, ), vu(s,-), Gt —s,-,y))ds
t
+// o (s, x,uy(s,x),v,(s,x)G({ —s5,x,y) W(ds, dx),
R JO
t
Vnt1(2, y)i=vo(y) + /0 b(s,y, un(s, y), va(s, y))ds

for all n € N. Then one can use the linear growth bound (2.4) to obtain that this defines
a sequence such that foreveryn e Nand T > 0

1
/p<

Gty vi)ll7,p = sup sup B [(lun(r, )| + [va(z, ))7] 00.

0<t<T xeR

Similarly, using the Lipschitz condition (2.6) instead of the linear growth bound one
can obtain that foralln € Nand ¢ € [0, T]

1
_1
I Gnt1s Vng1) = s w7, < CT/ (t — )72 [ (un, vp) — (n—1, va—1)II% p ds.
0

Applying Holders inequality for some g > 1 with conjugate qu e]l,2[, we get

t
||(u}’l+17 Upt1) — (Up, Un)”zp,(lly =< CT,p,q / I n, vo) — (Up—1, Unfl)”x’i‘; ds
0

foralln € N, ¢t € [0, T], T > 0. By a version of Gronwall’s lemma (see e.g. [22,
Lemma 6.5]), this implies

00
Z | @na1s Va1) — (n, vn)”t,p < 00.
n=0

Thus (u,(t, ¥), vy(t, ¥))nen is a Cauchy sequence in L? for each fixed r > 0 and
y € R, and we can define a predictable random field (u(z, y), v(f, y))/>0,yeRr as the
corresponding limit in L?. Clearly we have
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G, va) — (u, V)lI7,p = O

asn — oo forall T > 0, and (u, v) satisfies Equation (2.5) and (2.3) almost surely
for each fixed r > 0 and y € R. Up to now, p > 2 was fixed, but since convergence
in LY implies convergence in L? for p’ > p, (u, v) is actually L”-bounded for all
p > 2 in the sense of Definition 2.3.

Step 2: We argue that u constructed in Step I has a modification & with paths in
C(]0, oo, C(R)), which is equivalent to the random field i being jointly continuous
in (¢, x) € ]0, oo[ xR.

Consider first the stochastic integral part

t
X(t,y)::// o(s,x,u(s,x),v(s,x)G(@ —s,x,y) W(ds, dx).
R JO

Then foreach p > 1 and ¢, r € [0, T], using the Burkholder-Davis-Gundy and Jensen
inequalities as well as the linear growth bound and L2”-boundedness of (u, v) from
Step 1, we obtain that

E[1X( ) = X2 |

tNVr
=E|: / /(G(t—s,x,y)—G(r—s,x,z))
0 R

.

tNvr
§C(p)E[(/ /(G(t—s,x,y)—G(r—s,x’z))2
0 R

x o(s,x,u(s,x),v(s,x)) W(ds, dx)

p
X lo(s, x,u(s, x), v(s,x))|2dx ds) j|
tNVr V4
<Cpr (/0 /R(G(t —5,x,y)—G(r —s, x, z))zdxds)

x <1+sup sup E[(|u(r,x>|+|v(r,x)|>21’]>
xeR0<t<T

= Cpr (=i 41y —27).

Here, for the last inequality we have also used that by the calculation in the proof of
[22, Theorem 6.7] we have

tvVr
/ /(G(t —5,x,y) = G(r—s,x,2)?dxds < C(|t —r|'? + |y — 2.
0 R

Next, consider the term
!
Y, y)::/ / Gt —s,x,y)b(s,x,u(s,x), v(s, x)) dxds
0 JR
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fort > 0,y e R.Let0 <r <t < T. To obtain similar estimates as for X we first
split the difference into two terms:

E[IY () = Yo, 91 |
t 2p
< C(p)IE|: (/ / |Gt —s,x,y)b(s, x,u(s, x),v(s, x))|dx ds) :|
r JR

r 2p
+C(p)IE|:</ / |G(t—s,x,y)—G(r—s,x,z)||b(s,x,u(s,x),v(s,x))|dxds> ]
0 JR

By Jensen’s inequality, the linear growth bound and L?”-boundedness of (u, v), we
have for the first term on the right hand side that

t 2p
IE|: (/ / G(t—s,x,y)|b(s,x,u(s,x),v(s,x))ldxds) :|
r JR

t 2p
<Cpr (/ f G(t—s,x,y)dxds) 14 sup sup E[(lu(t,x)|+|v(t,x)|)2'”]
r JR xeRO<t<T

2
<Cprlt—r| P,

For the second term we proceed analogously, using in addition [31, Lemma 5.2]
(choose 8 = % and A’ = 0 there), to obtain

r 2]7
E|:</ / |G(t—s,x,y)—G(r—s,x,z)l|b(s,x,u(s,x),v(s,x))|dxds> ]
0 JR

r 2p
<Cpr (/ /RlG(t —5,x,5)—G(r —s,x,z)|dxds>
0

x <1+sup sup E[(|u<r,x>|+|v(r,x)|>2"])

xeR0<t<T

r 2p
<Cpr (/ r=)""2r = r)\2 4 r =) VAy — 212 ds>
0

<Cpr(lt=rIP+y—2zl?)
forall0 <r <t < T.Combining the above, we have shown for Z := X + Y that
E[1Z(, ) = 26, 9P| = Cpr (1t = r1PP2 4 1y = 217) (5:2)

forallz,r € [0,T], y,z € Rand p > 1. Choosing p > 4, we see that indeed the
conditions of Kolmogorov’s continuity theorem (see e.g. [20, Thm. 3.23]) are satisfied.
Hence, Z has a modification jointly continuous in (¢, x) € [0, co[ xR.
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Now observing that

(t.y) > ult, y) — Z(t. y) =fRG(r,x,y>uo(x>dx

is continuous on ]0, oo[ xR, we are done. Note however that we cannot extend this to
t = 0 if the initial condition uq is non-continuous.

Step 3: Let us write & for the continuous modification of u from Step 2. Given this u
we consider path-wise in w for each y € R the integral equation

t
ﬁ(r,y>=vo(y>+/0 Bls, y,ii(s.y), 0s,y))ds, 120, (53)

Since (s, D) — b(s, v, u(s,y), v) is locally bounded, the Lipschitz condition (2.6)
implies that (5.3) has a unique solution v(-, y). Note that since v is defined path-wise,
almost surely it satisfies (5.3) forall # > O and y € R. In order to see that v has paths
taking values in C ([0, oo, Bjoc(R)), it suffices to show that it is locally bounded in
(t,y) € [0, oo[ xR, which follows from the linear growth bound by a simple Gronwall
argument.

Now using the Lipschitz condition again, it is easy to see that v is a modification

of v constructed in Step I and that for each fixed t > O and y € R, (i, v) satisfies Eq.
(2.5) almost surely. By Proposition 2.4 we conclude that (i1, v) is a solution of Eq.
(2.1) in the sense of Definition 2.3.
Step 4: It remains to show uniqueness: Let (u, v), (h,k) € C(JO, oo[, C(R)) x
C([0, 0o, Bioc(R)) be two L2-bounded (strong) solutions to Eq. (2.1) in the sense
of Definition 2.3 with the same initial conditions ug, vo € B(R). Then using Proposi-
tion 2.4 we notice that for each fixed # > 0 and y € R we have almost surely

t
u(t,y)—h(t,y)=//
R JO

(b(s, x,u(s,x),v(s, x)) —b(s,x,h(s, x),k(s,x)) G —s,x,y)dsdx

t

+/ / (o(s,x,u(s,x),v(s,x)) —o(s,x, h(s,x), k(s, x)))
R JO

x G(t—s,x,y) W(ds, dx),

t

v(t,x) —k(t,x) = / (15(3,)6, u(s, x), v(s, x)) — 15(s,x, h(s, x), k(s,x))) ds.

0

By the same argument as in Step I, we obtain using the Lipschitz condition (2.6) that
for each 7 > 0 and some constant Cp

t
1, v) = (h, R)II7 5 < CT/0 (t = )72, v) = (h, k)17 5 ds
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for all t € [0, T]. Thus, by Gronwall’s Lemma we get
G, v) = (B )7, =0
and hence
P ((u(t, x), v(t,x)) — (h(t,x), k(t,x)) =0) =1
for each fixed (¢, x) € [0, oo[ xR. By continuity of # and & we then obtain that
P(u(t,x) = h(t,x) forallt > 0,x e R) = 1. 54

By assumption, v and k satisfy

t
u(t, x) =v0(x)+/ b(s, x, u(s, x), v(s, x)) ds
0
and
t
k(t, x) = vo(x) +/ l;(s,x,h(s,x),k(s,x))ds
0

forall # > 0 and x € R, almost surely. Then due to Equation (5.4) we have on a set
with probability one that for every x € R the maps v(-, x) and k(-, x) solve the same
integral equation (with given # = h) and hence coincide by uniqueness of solutions
on [0, oo[. Thus, we actually obtain

P((u(t, x), v(t, x)) = (h(t, x), k(t, x)) forallt > 0,x € R) = 1.
[}

Proof of Theorem 2.7 The proof is inspired by the proof of [34, Thm. 2.3] and [12,
Thm. 1.1]. Step 1: We consider a regularized noise given by

t
Wé‘(t)=/ fpe(x—y) W (ds, dy)
0 JR

where we set pc(x) = G (€, x, 0) for all x € R. Note that W} (¢) is a local martingale
with quadratic variation %t and is hence a constant multiple of a standard Brownian

€
motion. This allows us to consider the following SDE

duc(t,x) = Acue(t,x) + b, x,uc(t, x), ve(t,x))dt + o (t, x, uc(t, x)) AW (1),
dve(t, x) = b(t, x, uc(t, x), ve(t, x)) dt (5.5)
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where we set

Acuc(t,x) = é (/R G(e,x, Yue(t, y)dy — ue(t,X)> = @ue(hn

For this equation we use the following facts which can also be proven by the usual
Picard iteration schemes:

Proposition 5.1 Equation (5.5) has a unique (not necessarily continuous in the space
variable due to the initial conditions) solution under the assumption that b, b and o
are Lipschitz in (x, u, v). Moreover, this solution also satisfies the following SIE:

ué(t7y):/uo(x)Gf(tv-xvy)dx
R
t
+// b(s, x,uc(s, x), ve(s,x))Ge(t — s, x, y)ds dx
R JO

t
+// (s, x,uc(s, x))Ge(t —s,x,y)dWr(s)dx,
R JO

t
ve(t, y) =vo(y)+/0 b(s, x, uc(s, x), ve(s, x)) ds (5.6)
where we set G¢(t,x,y) = e~ /¢ Yoo %G(ne, x,y) =e 8 + Re(t, x, y).

Then we may proceed as in the standard proof of comparison results (cf. [19]). Note
that by our assumptions and the Lipschitz condition we have that

b(t9x5u7 U) 2 —L|M|,

b(t,x,u,v) > —Llv|, (5.7)
—b(t,x,u,v) > —L|1 —ul,
—b(t,x,u,v) > —L|1 — v|. (5.8)

Thus, approximating and localizing as in the one dimensional case [19, Chapter VI
Theorem 1.1]° we see that using (5.7)

El(ue(r, x))™ + (ve(t, x)) 7]

t
= /0 E [l{ue(x,x)SO} (Acue(s, x) +b(s, x, ue(s, x), ve(s, x)))] ds
t
—/ E [l{vg(‘v,x)fo}b(s,x, ue(s, x), ve(s,x))] ds
0

t
<(L+1/e) / El(ue (s, 1))~ + (ve (s, x))"1ds
0

3 This is where we need the additional condition (2.8)ono.
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t
+1/ /G(e,x,y)E[(ue(s,y)‘]dyds
€Jo JR
t
+L/ El(ue(s, X))~ + (ve(s, x)) " 1ds
0

where (x)” = 1{y<o|x| for x € R. Hence, we have

t
sup E[(ue (2, X))~ + (ve(t,x)) "1 < 2L +2/e) A suﬁE[(us(s, x))" + (ve(s, x)) " 1ds.
xXe

xeR

An application of Gronwall’s Lemma* will now yield that for all (¢, x) € [0, co[ xR

P (e, 0, ve(t, 1)) € 10, 001) = 1.

By an application of It6’s formula to (1 —u. (¢, x), 1 — v (¢, x)) and using (5.8) instead
of (5.7) we can proceed analogously to see that indeed for all (¢, x) € [0, co[ xR

P ((e(t, %), ve(t, ) € [0, 17) = 1.
Step 2: We approximate (u, v) by (u., ve). Note first that we have
sup sup supE[|u€(t,x)|2] < 00,

0<e<10<t<T xeR

sup  sup sup]E[|v€(t,x)|2] < 00,

0<e<10<t<T xeR

sup supIE[|u(t,x)|2] < 00,

0<t<T xeR

sup supE [ |v(t,x)|2] < 00 5.9)

0<t<T xeR

where the first two statements can be shown using the boundedeness of the inital condi-
tion, Lemma 5.2 (1) below and Gronwall’s Lemma. Then using the SIE representation
of our solutions given by

t
u(t,y):/uo(x)G(t,x,y)dx—i—/ /b(s,x,u(s,x),v(s,x))G(t—s,x,y)dxds
R 0 JR
t
+/ /o(s,x,u(s,x»G(t—s,x,y) W(ds, d),
0 JR

t...
v(t, y) = vo(y)+/0 b(s,y,u(s,y),v(s,y))ds

4 Note that the bounded initial condition ensures via Picard iteration that El(ue(t, x))™ 4+ (ve(t, x)) " ]is
bounded.
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and Eq. (5.6) we get by subtracting the corresponding terms

E[I(ue (2, x), ve(t, X)) — (u(t, x), v(t, x))|*]
SC(I/]R Ge(t,x,y)uo(y)dy—fRG(wc,y)uo(y)dyl2

t
+E |/ e~ Eh(s, x, ue (s, x), ve (s, x)) ds|2]
0

r t
+]E |‘/(; ‘/]];RG(I7Sa-x7y)(b(s7y5u6(s7y)7UG(sﬁy))7b(ssy7u(s’y)sv(svy))deylz]

roopt
+E |/ /(Re(t—s,x,y)—G(t—s,x,y))b(s,y,u(s,y),v(s,y))dsdylz]
L JO JR

t
+E / e 2095 (s, x, uc (s, x))? ds]
0

r t
+E / /I/ Re(t—s,x,z)(o(s,z,ue(s,z))—o(s,z,u(s,z)))pe(y—z)dzlzdsdy]

/ / /Re(t—s x,2)(0(s, 2, uls, 2)) —o(s, y, uls, y)))ﬂe(y—z)d2|2d3d)’]
2
/ / (/ Re(t —5,x,2)pe(y —2)dz — G(t — s, x, y)) E [a(s, v, u(s, y))z] dsdy

+2c‘/ E Dl;(s, X, Ue(s, x), ve(s, x)) — b(s, x, u(s, x), v(s, x))‘z] ds)
0

9
=: thf(t,x) (5.10)

where we also used Fubini’s theorem for Walsh’s integral (cf. Theorem 5.30 in [22]).
In order to proceed we recall the following elementary bounds from [34, Lemma 6.6]
and [12, Appendix].

Lemma 5.2 For R, as in Proposition 5.1 we have the following:
(1) It holds for allt > 0 and x € R that

/R(t )y dy <,/ 5 1

7'x’ —_— P —]

R ¢ Y Y 87'[\/;

(2) There exist constants 6, D > 0 such that
/ IRe(t, x,y) — G(t, x, y)|dy < e/ + D(e/t)'/?
R

foralle > 0 suchthat) <€/t <dandt >0,x € R.
(3) Forallt > 0 and x € R we have

t
lim/ /(Re(s,x,y) — G(s,x,y)>dsdy = 0.
R

e—0 Jo
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(4) We have forall x,y € Randt € [0,T], T > O that
B[ lutt, x) = u(t, P ] = Croug™P1x =yl + Ix = y).

Proof The proof of statements (1), (2) and (3) can be found in the Appendix of [12].
For (4), we write

u(t,y) =Z(t,y)+/ G(t,y, 2Dup(z)dz
R

with Z as in Step 2 of the proof of Theorem 2.5. Then we note that by (5.2) (with
p = 1) and by [31, Lemma 5.2] (using 8 = 1/2 and A" = 0 there) we get

E [ et x) —ute, »P] <2 (E[ 1260 - 26 »P]

2
+ (/ |G, x,2) —G(t,y,2)|uo(z) dz) )
R

< Crlx =y + Cuy t 712 |x —

forall0 <t < T and x, y € R, which gives the desired result. O

Using Lemma 5.2 it is now possible to show in the spirit of [12, Theorem 1.1], by
considering each of the terms in Eq. (5.10) individually, that

lim sup supEE [l(ug(t,x), Vet x)) — (u(t, x). v(t,x))|2] 0

€>00<<T xeR

for each T > 0. Hence, we obtain that for all (¢, x) € [0, co[ xR
P (@, %), v(t,0) € [0.17) = 1.
Since u is jointly continuous on ]0, co[ xR, this of course implies
P (u(t,x) € [0,1]forallt > 0,x e R) = 1.

To obtain the same result for v note that by assumption and Eq. (5.7), almost surely it
holds for all #+ > 0 and x € R that

' '
v(t, x) = vo(x) +/ b(s,x,u(s,x),v(s,x))ds > vo(x) — L/ [v(s, x)|ds.

0 0

Since vg(-) > 0, by comparing path-wise to the solution of the ODE

O f(t,x) = —L|f( x)|,
£, =0,
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which is the constant zero function, we obtain path-wise for every x € R that v(-, x) >
0 on [0, oo[. Hence,

P(v(t,x) >0forallt >0,x € R) = 1.
Repeating the argument for 1 — v and using (5.8) gives then finally
P(v(t,x) € [0,1]forallt > 0,x e R) =1,

as desired. O

Proof of Theorem 2.9 Take a sequence of Lipschitz continuous functions (o;,),en each
satisfying (2.8) such that o, — o uniformly on compacts as n — oo and

low ()] = K(1 4 [ul) (.11

forallu € Randn € N. Then the maps b, b and o, satisfy the conditions of Theorems
2.5 and 2.7° for all n € N, thus Eq. (2.1) with coefficients (b, 15, 0,,) and initial
conditions ug, vgp € B(R, [0, 1]) has a unique strong solution (u,, v,) with paths in
C (J0, oo[, C(R, [0, 1])) x C ([0, co[, B(R, [0, 1])). Now, making use of assumption
(2.9) to replace v, in Eq. (2.2) by the corresponding quantity, we have that for each
¢ € CX(R), almost surely it holds for all 7 > 0

t
(un(t, ), ) = (uo, ) +/O (un(s, ), S¢)ds
t
+/0 (b (n(s. ). Flun)(s. ) + Hs. 10)()) . 8] ds
t
+/ /o—,f(un(s,x))qs(x)W(ds,dx).
0 JR

Note that this is now an equation of u, € C(]0, co[xR, [0, 1]) alone! In order to
proceed, we reformulate this as the corresponding martingale problem: For each ¢ €
C(R), the process

t
Mt(n)(¢) = <Mn(t1 ')7 ¢)> - <Ll(), ¢)> - /0 (un(s’ ')’ %{b) ds
t
- /0 (b (n(s. ). Flun)(s. ) + H(s. 10)()) . ) ds

is a continuous martingale with quadratic variation

t
/ (o7 (un(s, ), ¢?)ds.
0

5 Note that in this context, the assumed Lipschitz continuity implies the linear growth bound (2.4) for b, b.
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We say that u,, solves M P(anz, b).
Now recall from Step 2 of the proof of Theorem 2.5 that

Z,(t, y)i=un(t,y) — to(t, y)

—un(t, y) — /R Uo()G (1, %, y) dx

is jointly continuous on [0, co[ xR, thus Z,, takes values in C ([0, co[xR, [—1, 1]).
Moreover, by the same calculation as there we see that (5.2) holds for Z, in place
of Z (this is where we need Equation (5.11)). Hence, it follows from the Kol-
mogorov Chentsov Theorem [20, Corollary 16.9] that the sequence (Z,),en is tight
in C ([0, oo[xR, [—1, 1]) with the topology of locally uniform convergence. Extract-
ing a convergent subsequence, which we continue to denote (Z,),eN, we obtain the
existence of a weak limit point Z € C([0, oo[ xR, [—1, 1]). Note that in order to
apply the Kolmogorov Chentsov Theorem, we had to subtract the problematic quan-
tity 9 which is not continuous at ¢+ = 0. But since g is deterministic, it follows
that also u, = Z, + g — Z + to=:u weakly in B([0, co[xR) as n — o0.
Then clearly u is almost surely [0, 1]-valued and continuous on ]0, co[ xR, thus
u € C(]0, co[ xR, [0, 1]).

Now, using the continuous mapping theorem as in the proof of [20, Thm. 21.9] we
see that u actually solves the martingale problem M P (02, b),i.e. foreach ¢ € CX(R)
the process

t

Mi(¢) = (u(t, ), $) — (uo, $) _/o (u(s, ), S¢)ds
t
_/0 (b (u(s,'),F(M)(S,')+H(S,U0,)(')),¢)ds
is a continuous martingale with quadratic variation

/t (o2 (u(s, ), ¢*)ds.
0

Then [21, Thm. III-7] gives us the existence of a white noise process W on some
filtered probability space such that

t
M, (@) = /0 /R o (u(s, x)) (x) W(ds, dv),
hence u solves the SPDE
t
W, ). 9) =<uo,¢>+/0 Ab(u(s,x),F(u)(s,x>+H(s,vo)<x)>¢(x>dxds

t t
+/ (u(s,-),%¢)ds+/ /o(u(s,x))¢(x) W (ds, dx).
0 0 JR
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But again note that by (2.9)
v(t, x) := F(u)(t, x) + H(t, vo) (x)

is the unique solution to the integral equation (given u)

t
v(t, x) = vo(x) +/ l;(u(s, x), v(s, x))ds.
0

Thus, (u, v) is a weak solution to Eq. (2.1). ]
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