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Abstract This paper gives the complete proof of the Conjecture given by Hazarika and this author jointly which
deals with a necessary and sufficient condition for the hyponormality of Toeplitz operator, T, on the weighted
Bergman space with certain polynomial symbols under some assumptions about the Fourier coefficients of the

symbol ¢.
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1 Introduction

Let D be the open unit disc in the complex plane C. For —1 < a < oo, let L?(ID, dA,) denote the Hilbert
space consisting of functions on ID which are square integrable with respect to the measure dAy(z) = (o +
(1 — |z|)®dA(z), where dA denotes the normalized Lebesgue area measure on ID. The inner product on
L*(D, dA,) is defined as (f, g)o = fD f(2)g(z)dAx(2), f, g € L*(D, dAg). The weighted Bergman space

Ai (D) is then defined as the closed subspace of L*(D, dA,) consisting of analytic functions on ID. For any

nonnegative integer n, if e,(z) = ,/ %z", (z € D) with the usual Gamma function I"(s), then
the set {e,} forms an orthonormal basis for Ag[ (D) [12,13]. The reproducing kernel in Ag(]D)) is defined as

Kz(a)(w) = m, for z,w € D. For ¢ € L*(D, dA,), the multiplication operator M, on Ai(]D)) is
defined by My, (f) = ¢. f. The orthogonal projection P, of L%(D, dA) onto Ag (D) is given by (Py f)(2) =
(f, K = [ (lf&dAa(w), for f € L*(D,dAy). For ¢ € L>(D), the Toeplitz operator T, with

_Zw)2+a

symbol ¢ is defined on A2 (D) by T, f = Py (¢. f). We, thus, have T, f (z) = |, Mdfxa(w), f e AX(D)

—ZII))2+°‘

and w € D. The Hankel operator on Ag(]D)) is defined by Hy f = (I — Py)(@.f).
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A bounded linear operator 7' on a Hilbert space is said to be hyponormal if its self-commutator [T*, T'] :=
T*T — TT* is positive semi-definite. The hyponormality of Toeplitz operators T, on the Hardy space H 2(T)
where T = 0D was first characterised by Cowen [2] which was simplified by Nakazi and Takahashi [9]. For
¢ € L°(T), we write

E(@)={ke H? : |klloo =1 and ¢ —kp € H*(T)}.

Then T, is hyponormal if and only if £(¢) is nonempty. The solution was given on the basis of a dilation
theorem of Sarason [11]. As for the Bergman space, no such dilation theorem exists [3]; so, the characterization
for the hyponormality of Toeplitz operators on the Bergman space is still remained an open question. For
¢ = f+ g where f, g are bounded analytic functions, Sadraoui [10] gave a necessary and sufficient condition
for the hyponormality of Toeplitz operators on the Bergman space which is equivalently true on the weighted
Bergman space too. His theorem is stated below:

Theorem 1.1 [10] Let f, g be bounded and analytic in L*(D, d A). The following statements are equivalent:
(1) Ty is hyponormal;
5 * _ * _.
(i1) Hg Hz < Hfo,
(iii) Hg =CH 7 where C is of norm less than or equal to one.

Recently, Hwang and Lee [5], Hwang, Lee and Park [6], Lu and Liu [7], Lu and Shi [8] and Hazarika along with
this author in [4] gave some necessary and sufficient conditions for the hyponormality of Toeplitz operators
on weighted Bergman space with the class of functions ¢ = f + g where f, g € L*(D,dA,). In [4], the
authors gave a Conjecture in which it was made an attempt to give a complete criteria for the hyponormality
of T, for this class of functions in the weighted Bergman space. The Conjecture is:

Conjecture 1.2 Let(z) = g(2)+ f(z), where f(z) = anz"+anz", g(2) = a_pmz"+a_nzV (1 <m < N).
If aman = a_pa_n and o is sufficiently large, then Ty, on Aé (D) is hyponormal

— . N— 1 . .
Yom@+2+ Pllanl® = lan?) < TI723" VN = pllan? = la-yI?) if la-y| < law]
N2(la_n P = lan ) < m>(jan|> — la_nl?) if lay| < la_y|

In this paper, we give the proof of this Conjecture for all « > —1. Since, the hyponormality of operators
is translation invariant, we may assume that f(0) = g(0) = 0. We have the following properties of Toeplitz
operators: If f, g € L*(D, dAy), then

) Trrg=Tr+ T,
(ii) T;; =T
(iii) Tng = T]zg if f or g is analytic.
Also, for the projection P, of L2(ID, dA,) onto Ag (D), we have

s+ (s—t+a+2) s—t

P (Z'2) = { TGtatdrG-rane s>t
0

if s <t
where s and r are nonnegative integers. Again, for y; = [z%|lo, we have

ve = 1212 = (25, e = /D 7' dA () = (@ + 1) /D 115 (1 — 121*)*dA(z)

I'k+1DI'(ax+2)
I(a+k+2)

1
=(a+1)/ *1 =%t =@+ DBk +1,a+1) =
0

2 The proof of the Conjecture

To prove the Conjecture we need some specific lemmas.

Lemma 2.1 [1,8] Fixm > 1. Then for a« > —1,




Arab. J. Math. (2017) 6:87-94 89

| . émé—k lf 0 < k <m
() Hon(H)(6) = { fret— Hghon if <k

(ii) the functions { Hzm (zk)},‘:io are orthogonal in L*(D, d Ay);
(iii) HZ, Han (2)(€) = 02,85k =0,1,2, ..., where

2
Yim if0<k<m
2 Vi
Wy = 2 2
mn Yitm Vi : .
7 T 2 if m<k,
Vi Yi—m

(iv) | Hzm (2%) )l = omrvi-

Lemma 2.2 [5] For 0 < m < N and let K; = {ki € AZ(D) : ki(z) = Y poqcnk+izV KT} where, i =
0,1,2,...,N — 1, we have

0o (Nk+)PI(Nk+i—m+a+2)(a+2) 2o <
k=0 " [(Nk+i+at2 T (Nk+i—m+1) |CNk+il™ if m =i
00 (Nk+i)2I (Nk+i—m+a+2)I"(a+2) 2 .
k=1 " T(Nk+itatD T (Nkti—m+1) |CNk+il™ 1f m >

| P Z™)ki ()12 =

Lemma 2.3 Letk > 1and1 <m < N. Let

£(k) = (k + m)!  kKPrk—mta+2)
S Tk+m+a+2) Thk+a+22Tk—m+1)
) = (k + N)! k?I'(k — N +a+2)

F'k+N+a+2 Tk+a+22T(k—N+1)

. 2
Then, limy_, % =7

Proof By simplifying,

ikt TS k=)
gk) Ty Gtatar))  1hmGtat2z=))
¢y 1) k) T =)

N ktat2t))  T1o (k+a+2—))

Ty e ) Ty ke 2= ) —=TT72) (=) TT72) (ko424 )
1721, (k+a+2+))

D1 ) T (k2= =TT05) (k=) TV a2+ )
[Ty a2+ )

If Q,, (k) is a polynomial of degree n in k, then [T, (k + /) [T} (k + e +2 — j) = [T1=g (k— ) [T7=g (k +
o + 2+ j) is a polynomial Qo2 (k). Now, [T/, (k + j) = k" + 377, RV LR 4 [121J
where, L=124+(1+2)-34+(1+2+3)-4+--+(1+24+3+---+m—1)-m;and

m
[[k+a+2-1
j=1

m
=k+a+2)" = jlk+a+2)" "+ Lk+a+2" -
j=1

m—1
= (k’" Fmo+ 20k + > e+ 2%+ )
j=1
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m

- Zj(k’"_l + (m — D(a + 2)k™2 +> + LK™ 4

m m—1 m
— K"+ (m(a+2)—Zj>km_l + ((a+2)22j—(m— 1)(a+2)Zj+L)km_2+
j=1 j=1 j=1
Similarly,
m m—1 m—1
[Te=p=k"=> " jk" '+ Lk 2+ + ]
j=0 j=l1 Jj=1

where, Ly = 12+ (14+2)3+(1+24+3) 4+ +(1+2+3+--+m—2).(m—1)
And,

m—1 m—1

[Thtat+2+i=k"+ (m<a+2>+ Zj)k’"l
j=0 j=1

m—1 m—1

+ (Zj(a —1—2)2 +(m—-1(x+2) Zj+L1>k’"—2 +
Jj=1 j=1

If we denote the coefficients of k)’s of the polynomial Q,, (k) by C,’s, then we have Cp,, =0, Cp,,,—1 = 0.

m—1 m m m
Coma=@+2°) j—(m—D@+2)) j+2L +Zj(m(a +2) — Zj)
j=1 j=1 j=1 j=1

m—1

m—1
— (@ +2)* Z]—(m—l)(ot—i-Z)Z]—ZLl—l—Z (m(a—i—Z)-i—Zj)
j=1
— m—1 m m—1 2
=(a+2)<m+22j>+2m2j—(z ) (Z )

J=1 j=1 j=l1 J=1
= mz(a +1)

Thus there exists a polynomial Q,,,—3(k) such that £(k) = m2(a + Dk =2 + Qom_3(k). Similarly, ¢ (k) =
N2 (o + DEPN=2 + Qon_3(k).
Therefore,

R o omPa+ DK 4 Qo3 (k) vk +a+2+)) w2
m 1m .
k00 £(k)  k—o0 N2(a + DKN=2 4 Qo _3(k)’ =t L k+a+2+)) - N2

O

Lemma 2.4 Let f(z) = anz” + anz and g(z) = a_nz™ +a_nz", with1 <m < N. Leta > —1 and
amay = a_y,a—n. Then fori # j, we have (Hf-ki(z), kaj(z))o, = (Hzki(z), Hzk(2))a-

Proof

(Hki(2), Hkj(2))a = (amHznki(2) + an H:nki(2), am Hznk j(2) + ay Hzvk j(2))o
= lam|*(Hznki (2), Honkj(2))e + lan |* (Han ki (2), Henvk;(2)a
+aman (Hznki(z), Himkj(2))o + aman (Hznk;i (z), H:nkj(2))a
= aman (Hzn ki (2), Hzmkj(2))e + aman (Hzmki (z), Hznkj(2))q-

; = @ Springer
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Since,
o0 o0
(Hznki(2), Hznkj(2))a < ZCNk+iZNk+l Hzn Y cniy ZNk+’>
k=0 k=0 o
o
Z CNkti Nk (Hom 2VEHT HaonzNEHT)
=0

And, (H:vki(z), H:nkj(2))q = 0.
Similarly, (Hzk;(z), Hgkj(2))e = a—ma—nN(Hznki(z), Hmkj(2))a + a—ma—n(Hzmki(2), H:nkj(2))a-
Since, apan = a_pa—y, the proof is complete. O

Now we are ready to prove Conjecture 1.2.

Proof Let K; = {kj € AZ(D) : ki(z) = Y o cnk+izV¥+), where i = 0,1,2,..., N — 1.. By Theorem 1.1,
T, is hyponormal if and only if

N-1 N-1
<(H;Hf - HgHg) Z ki (2), Z ki(z)> > 0. )
i=0 i=0 o

That is, if and only if

N—1 N—1 N—1 N—1
<Hf- > ki), Hp Y ki(z)> — <H§ > ki), Hg k,-(z)> > 0.
i=0 i=0 o i=0 i=0 a

That is, if and only if

N-1 N-1 N-l
D (Hiki@), Hiki (D)o + Y (Hki(2), Hkj(@)a — Y (Hgki(2), Hgki(2))e
i=0 i#jii,j=0 i=0
N—-1
— Y (Hgki(2), Hgkj(2))o > 0. )
i#j3i,j=0

Thus, using Lemma 2.4 in (2), we have that 7}, is hyponormal if and only if

N-1

N—-1
Y (Hpki(2), Hiki(2)e — Y (Hgki(2), Hgki(2))a > 0. 3)
i=0

i=0

We have, Y170 (M ki (2). M ki (D))a = Y 1og! (@nz" +anzV ki (2). @mz"+an i )ki(@))a = laml® Y1
(T (2), 7K (2))a + lan 2 YN GV ki (2), VK () + dman YN0 Z ki (2), 2V ki (2))a + aman Z,-:o

(ZVki (@), 2"ki (2))a-
Similarly,

N—-1
Y (Mzki(2), Mgi(2))e
i=0

N—-1 N-1
= la—ml® Y (2" (@), 2"k (@) + la-n* D Vi (2), 2V ki (2))a
i=0 i=0
N—-1 N—-1
ta-ma-y Y (Z"ki(2), 2V ki (D)a + a-ma-n Y (ZVki(2), 2" ki (2))a-
i=0 i=0

@ Springer
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Therefore, using the assumption a,,ay = a_,,a_y, we have

N-1 Vol
2 (Mki(2). Mki(@))a = D (Mghi(2). Mghi (D)
i=0 i=0
N—-1 oo ‘
= (anl® —la—nl) Z lenksi|2(ZmNRH Zm NEF
i=0 k=

o0
2 SN Nkt zN  Nki
+ (lay > — la—n1?) E E lenkil X H OGN NE
—0

i

N—1 oo

el — ) Nk +idm!T@+2) o
- L TNk + i+ m o+ 2) N

N—-1 oo

- 5 (N(k+ 1)+ D! (a0 +2) P
+ (Jan* — la_n| )ZZ FNGF D i Taga vl

?V'

i=
Also, we have
(Tgki(z), T5ki(2))a = (a—mTzmki(2) + a-NnTsnki(2), a—p Tzmk;i(2)
+a_NTenki(2))a = la—m|*(Tonki (2), Tomki (2))a

Hlan P (Tenki(2), Tonki (2))a + @-ma—n (Tenki(2), Tenki(2))a
+a_ma_n(Tonki(2), Temki(2))q-

And,
(T7ki(2), Tki(2))o = lam|*(Temki(2), Tonki(2))a

+ lan | X (Ten ki (2), Tonki(2))a + aman (Tonk; (2), Ten ki (2))a
+ aman (Tenki (), Temki(2))e-

Therefore, using the assumption a,,ay = a—,,a—y and Lemma 2.2, we have

N-1 N-1
D (Teki(2), Teki (D) — Y (Tki(@), Tki(2))a
i=0 i=0
N-1 N-1
= (la-ml* = lan®) D 1PaG ki )5 + (a—n1* = lan ) Y 1PV ki @)
i=0 i=0
N—-1
= (la—m|* = |am| >(Z 1P ki )2 + D 1P ki ()] >
i=0 i=m
N—-1
+ (la-y? = lan?) Y 1P GV ki))1I5
i=0
(aml® = | |2)mii(Nk+i)!2F(Nk+i—m+a+2)r(a+2)| 2
= a_ — la c X
" " e T(Nk+i+a+ 22T (Nk+i—m+1) Nk+i
¥ (gl — | |2)§i(Nk+i)!2F(Nk+i—m+a+2)F(a+2)|
A—_m|” — |lam c ;
S T(Nk+i+a+2)T(Nk+i—m+1) Nk
¥ (anP—| |2)N_1§:(Nk+i)!2F(Nk+i—N+a+2)F(cx+2)| |
a— — |a c il
N M T TNk i+ e+ 2P T (NK+i =N+ 1)

; = @ Springer
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Thus by applying (4), (5) in (3) and simplifying, we have that 7}, is hyponormal if and only if

2 2 m—1 (i +m)![(a+2) 2 00 (Nk+i+m)!M(a+2)
(" = la—m| )<Zi=o (mm +Zk=l<F(Nk+i+m+a+2)

(Nk+D)P2T(Nk+i—m+a+2)(a+2) ) Nl [ (Nk+i+m!I(a+2)
- . 3 , lenkgilP+Y . Y .
I'(Nk+i4+a+2)*T'(Nk+i—-—m+1) i=m &~k=0\ '(Nk+i+m+a+2)
(Nk+ DT (Nk+i—m+a+2)(a+2) 2>>> 2 oy ((N+i)!r(a+2) 5
FNk+i+at2I(Nk+i—mi1) Vel lanl* = la-n D, IN+ita+t2)
+Zoo ((N(k+1)+i)!F(a+2) (Nk+i)!2F(N(k—1)+i+a+2)1‘(a+2)>| |2> o
_ PR
k=t \FT'(Nk+1)+i+a+2) F'(Nk+i+a+22T(Nk—1D+i+1) kil ) =
or equivalently,

m—1

) ) k+mIT(@+2) o o[ (k+m)! (e +2)
(laml™ =l )<,§F(/€+m+a+2)|ck| +k§<r(k+m+a+2)

K120 (k — D +2 Nl k+ N\ T @ +2
o mrat At )>|Ck|2)+<|aN|2—|a_N|2>(Z( Tt

F'k+oa+2)2I(k—m+1) Tk+Ntat2)©

k=0

i (k+N'(@+2) k?TI(k—N+a+2)(a+2) l2) >0 ©
— 1 .
S\TFk+N+a+2)  Thk+a+22Tk-N+1) ) )=
Letforall k > 1
ktm)! kP (k—m+a+2)
E(k) = T (k+m+a+2) T (k+oa+2)2T (k—m+1)
- k+N)! k2T (k—N-+a+2)
T (k+N+a+2) I (k+a+2)2I (k—N+1)
Mokdp T k=)
T Getet2t))  TTj= Getet2—)) o
G M) (=)
an;O{(liraJerrj) B 1'[7=|] (k0+a+2— 7
Now, if |ay| > |a_n| then,
2 _ 2
lanl" = 1a-NI" S ). for ail k> 1. (8)
|a—m|2 - |am|2
Forallk =1,2,..., N — 1, we have
m! (k+m)!
T 2 T 2
tatd o LEetD > g(). ©)
T(N+a+2) T (k+N+a+2)
Hence from (8) and (9), T, is hyponormal if and only if
N—1 .
lay > — la_y* _ [ljmn@+2+))
P = fanl? = T - j)y 1o
j=0
By Lemma 2.3, we get
2
m
li k) = —. 11
Jim & (k) N2 (11)
If la-n| = |an|, then
2 _ 2
la-nI" —lanl™ _ £(k) forall k > 1. (12)
|am|2 - |a—m|2
Hence in this case T, is hyponormal if and only if
la_n|* = lan > _ m?
—_— < —. (13)
|am|2 - |a—m|2 N?
Thus the results follow from (10) and (13). O
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3 Conclusion

This theorem may give a clue to the readers to think about the generalised form of the hyponormality of Toeplitz
operators with a class of polynomial symbols relaxing some of the restrictions to the Fourier coefficients.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.
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