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Abstract We present a local convergence analysis for eighth-order variants of Newton’s method in order to
approximate a solution of a nonlinear equation. We use hypotheses up to the first derivative in contrast to
earlier studies such as Amat et al. (Appl Math Comput 206(1):164—174, 2008), Amat et al. (Aequationes Math
69:212-213, 2005), Chun et al. (Appl Math Comput. 227:567-592, 2014), Petkovic et al. (Multipoint methods
for solving nonlinear equations. Elsevier, Amsterdam, 2013), Potra and Ptak (Nondiscrete induction and
iterative processes. Pitman Publ, Boston, 1984), Rall (Computational solution of nonlinear operator equations.
Robert E. Krieger, New York, 1979), Ren et al. (Numer Algorithms 52(4):585-603, 2009), Rheinboldt (An
adaptive continuation process for solving systems of nonlinear equations. Banach Center, Warsaw, 1975),
Traub (Iterative methods for the solution of equations. Prentice Hall, Englewood Cliffs, 1964), Weerakoon and
Fernando (Appl Math Lett 13:87-93, 2000), Wang and Kou (J Differ Equ Appl 19(9):1483-1500, 2013) using
hypotheses up to the seventh derivative. This way the applicability of these methods is extended under weaker
hypotheses. Moreover, the radius of convergence and computable error bounds on the distances involved are
also given in this study. Numerical examples are also presented in this study.
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1 Introduction

In this study, we are concerned with the problem of approximating a locally unique solution x* of equation
F(x) =0, (1.1)

where F : D € S — S is a nonlinear function, D is a convex subset of S and S is R or C. Newton-like
methods are used for finding solution of (1.1), these methods are usually studied based on semi-local and local
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convergence. The semi-local convergence matter is, based on the information around an initial point, to give
conditions ensuring the convergence of the iterative procedure; while the local one is, based on the information
around a solution, to find estimates of the radii of convergence balls [3,4,20-22,24,25].

Third-order methods such as Euler’s, Halley’s, super Halley’s, Chebyshev’s [1-27] require the evaluation
of the second derivative F” at each step, which in general is very expensive. That is why many authors have
used higher order multipoint methods [1-27]. In this paper, we study the local convergence of eighth-order
method defined for eachn =0, 1,2, ... by

2
yn = X0 = S F' () UF (x)

1 _ 3 _ _ _
2w =0 = 5 F/Co) T F (o) = S+ 2F o) ™ F )17 F ) ™ F () (1.2)
Xn+1 = Zn — An_lF(Zn)’
where x is an initial point,

Yn — Zn

Yn — Xn

Ay =2(xn, 20y F1 = X0, Y3 FD + [n, zs F1+ ([xns yns F1— F/(xn))s

[x,y; F] = W, y # x with F'(x) = [x, x; F]is a divided difference of order one for function F at
the point x and y [3,4,20-22,25]. Petkovic et al. [20] developed several eighth-order methods using optimal
fourth-order methods followed by a step of interpolation. In particular they showed using Taylor expansions
that the order of convergence for method (1.2) is eight. Method (1.2) has already been shown in [8] (see also
[20]) to be performing better than other competing methods using similar information. Several authors have
also studied eight order methods [2,8—11] or methods of order higher than 2 [1,3-7,12-27].

Other single and multipoint methods can be found in [2,3,20,25] and the references therein. The local
convergence of the preceding methods has been shown under hypotheses up to the seventh derivative (or even
higher) although only the first derivative appears in method (1.2). These hypotheses restrict the applicability
of these methods. As a motivational example, let us define function f on D = [—%, %] by

253 Inx —|—x5—x4, x#0

f(x)=[0’ o

Choose x* = 1. We have that

F'(x) = 6x2Inx + 5x* —4x® +2x2, f/(1) =3,
" (x) = 12xInx + 20x> — 12x% + 10x
£"(x) = 121In x + 60x% — 24x + 22.

Then, obviously, function f” is unbounded on D. In the present paper, we use hypotheses only on the first
derivative. Moreover, we provide a radius of convergence and computable error estimates on the distances
using |x, — x™*| with Lipschitz constants not provided in the earlier studies by Taylor expansions. This way
we expand the applicability of method (1.2).

The rest of the paper is organized as follows: Sect. 2 contains the local convergence analysis of methods
(1.2). The numerical examples are presented in the concluding Sect. 3.

2 Local convergence for method (1.2)
We present the local convergence analysis of method (1.2) in this section. Let U (v, p), U (v, p) stand for the
open and closed balls in S, respectively, with center v € S and of radius p > 0.

For the local convergence analysis that follows we define some functions and parameters. Let L; > 0,i =
0,1,2,3,4, M € (0, 3) be given parameters. Define functions on the interval [0, Llo) by

t —;(u Ll
gl()_2(1—L0t) + 3),
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and parameters

2(1—4) 2 1
rN=——————————"<"Mj\=———7< —. (2])

2Ly + L 2Ly + L Lo

Notice that r{ > 0 and g (r;) = 1. Moreover, define functions on the interval [0, Lio) by
Lo
go(t) = 7(5 +3g1(1)1
and
ho(t) = go(t)r — 1.

We have that 19(0) = —1 < O and ho(t) — +o0ast — LLO_. It follows from the intermediate value theorem

that function &g has zeros in the interval (O, LLO) . Denote by r¢ the smallest such zero. Then, define functions

on the interval [0, ro) by

ort) = 1 |:L 3MLo(1 +g1(t))]

2(1 = Lot) 2(1 = go(1))

and

ha(t) = g2(0) — 1.
We have that 15(0) = —1 < 0 and hy(t) — +oo ast — r, . Hence, function s, has zeros in the interval
(0, ro). Denote the smallest such zero by r,. Furthermore, define functions p, p; and p, on the interval (0, rg)
by
12(1 + Lot) + 3 Lo(1 + g1 (1)1t
4 1 —go(r)

p(t) =

p1(@) =[(5L1 + p()(Lo+ L1)) + 2+ p(1))L2g1(1) +3L2g2(1) ]t

and

p2(t) = [(L1 + Lap(t)) + 2L3 + Lap())g1(t) + (L2 +2L3)g2()]t

set p1(¢1) = p1(t) — 1 and p, = pa(¢) — 1. We have that p;(0) = —1 < O and p|(f) - +o0ast — ry.
Hence, function p; has a smallest zero in (0, r9) denoted by 7, . Similarly function p; has a smallest zero in
(0, ro) denoted by r,. Define function

po= 1P i rm =
p2, if 15 <1

Finally, define function on the interval [0, rg) by

g3(t) = [1 + ]gz(t)

1 — po(t)

and set h3(t) = g3(¢) — 1. We have that 73(0) = —1 and h3(t) — +ocast — rp, if po = pyorast — ry,
if po = p2. Hence, function %3 has a smallest zero denoted by r3 in the interval (0, rp). Set

r=min{ry, r2, r3, 7, I'p, } 2.2)
Then, we have that
0=<g1) <1, (2.3)
0=<go@ <1, 2.4
0<g@) <1, (2.5)
0=<po®) <1, (2.6)

and
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0 <g3(t) <1 foreachr € [0,r). 2.7)

Function pq is defined in terms of Lo, L1, L2, go, g1 and g» (i.e., as function of pj) or in terms of

Lo, Ly, L4, go, g1 and g» (i.e., as function of p;). In practice, we shall choose the choice of pg leading

to the largest radius which will be 5, or rj;,, since we need to obtain the largest possible convergence ball.
Next, using the above notation we can present the local convergence analysis of method (1.2).

Theorem 2.1 Let F : D C S — S be a differentiable function. Suppose that there exist a divided difference
of orderone|.,.; F1: D x D — L(S, S), x* € D, parameters L; > 0,i =1,2,...,4, M € (0, 3) such that
foreach x, y € D the following hold

F(x*) =0, F'(x*) #0, (2.8)
|F'(x*) " (F'(x) = F'(x*))| < Lolx — x*|, (2.9)
|F'(c*) " (F'(x) — F'(y)| < Llx =y, (2.10)
|F'(x*) " ([x, y: F1 = F'(x*)| < Li|x — x*| + Laly — x¥|, (2.11)
|F' )7 e, 25 F1 =[x, y; FDI < Lalz =y, (2.12)
|F'(x*) "N ([x, y: F1 = F'(x))| < Lalx — yl, (2.13)
|F' ()7 VF ()| < M (2.14)
and
Ux*,r) <D, (2.15)

where r is defined above Theorem 2.1. Then, sequence {x,} generated for xo € U (x*, r) by method (1.2) is well
defined, remains in U (x*, r) for eachn =0, 1,2, ... and converges to x*. Moreover, the following estimates
hold for eachn =0,1,2, ...,

lyn = x| < g1(Ixn — X" Dlxy — x| < |xp — x| <1, (2.16)
e = 21 < ol = x*Dly — x| < |y — 2] 2.17)

and
[xp1 — x*| < g3(lxp — x™P]xp — x™| < [x, — x|, (2.18)

where the “g” functions are defined above Theorem 2.1. Furthermore, suppose that there exists T € [r, L%))
such that U(x*, T) C D. Then the limit point x* is the only solution of equation F(x) =0 in U*,T).

Proof By hypothesis xog € U (x*, r), the definition of r and (2.9) we get that

|F'(*) ™ (F'(x0) — F'(x*))| < Lolxo — x*| < Lor < 1. (2.19)

It follows from (2.19) and the Banach Lemma on invertible functions [3,4,19,20,22,23] that F’(xq) is invertible
and

1 1

F/ —lF/ Y| < )
o) E 0Ol < e e = S T = Lor

(2.20)
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Hence, yg is well defined by the first substep of method (1.2) for n = 0. We also have that
. Fxo) 1 F(x)
F'(x0) 3 F'(x0)

yo—x*=x0—x
|
= —[F’(xorlF/(x*)][ /0 F'an™
X[F(x* 4+ 6(xo — x*)) — F'(x0)(xo — x*)dG}
1 1
+-[F'(xo) ' F' (x™)] [ / F'(x*)~!
3 0
X[F(x* +0(xg — x™))(x0 — x*)d9i| . (2.21)
Using (2.2), (2.3), (2.10), (2.14) and (2.21) we get in turn that
lvo = x*| < |F'(xo) ™' F/(x*)]
1
XI/ F' () 7UF (0 4 0(xo — x*) — F'(x0)1d0]|x0 — x*|
0
+F(xo) " F' (x")]
1
><|/ F'(x*) " VF (x* + 0(xo — x*)dO||xo — x*|
0

L|xo — x*|? M|xg — x*|
= 2(1 = Lolxo —x*)  3(1 — Lolxo — x*|)
= g1(lxo — x*P]xo — x*| < [xo — x¥| <1,

which shows (2.16) for n = 0, where we used |x* + 0(xg — x*)| = O|xg — x™| < |xo — x*| < r, that is
x*+0(xg —x*) € U(x*, r) foreach 6 € [0, 1]. Next, we shall show that By is invertible, where

By = F'(xo) + %(F/(yo) — F'(x0)). (2.22)
Using (2.2), (2.3), (2.4), (2.16) and (2.22) we get
|F'(x*)" (Bo — F'(x*)| < |[F'(x*)"'(F'(x0) — F'(x*))|
+%|F’(x*)—1<F/<yo> — F'(x*))|
HIF' ()T (F (x0) — F'(x%)]
< Lo[lxo — x*| + %(Iyo — x*| 4+ |xo — x*|)]

< Lo[l + %(gl(lm —x*) + Dllxo — x|
= go(lxo — x™|) < go(r) < 1. (2.23)
It follows from (2.23) that By is invertible and
1
1= go(lxo — x*|)’
Hence, zg is well defined by the second substep of method (1.2) for n = 0. Then, we can write

1By ' F'(x™)] <

(2.24)

20 — x* = [xg — x* — F'(x0) "' F(x0)]
1
3 ( F'ho)—F'(x0)
1 + E ( %/(XO) : )

1 / —1
+§F(XO) F(xo) | 1—

; = @ Springer
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= [xo — x* — F'(x0) "' F(x0)]
3
+ZF’(xo>*1F(xo)Bo—%F/(yo) — F'(x0)). (2.25)
Then, we have by (2.2), (2.3), (2.4), (2.5), (2.9), (2.14), (2.16), (2.24) and (2.25) that
3
20 — x*| < |xo — x* — F'(x0) ' F(x0)| + Z|F’(xo>—‘ F(x0)||By ' F'(x*)]

X|F' (x*) "N (F' (yo) — F')| + | F' (") 7N F (x0) — F'(x*))]

Lixo — x*|? 3Lo(|xo — x*| + [yo — x*[)M|xo — x*|
= 2(1 — Lolxo — x*) ~ 4(1 — go(lxo — x*))(1 — Lolxo — x*|)
1 [L 3LoM (1 + g1 (|xo —x*l))]| -
= 2(1 — Lolxo — x*|) 2(1 — go(|xo — x*]))

= g2(Jxo — x*DIxo — x*| < g2(r)lxo — x| < |xo —x*| <,

which shows (2.17) forn = 0 and zo € U (x*, r). Next, we need an estimate on A ! First, we have that

yo—z0 _ —3F'(x0)"'F(x0) + 5 F'(x0) ' F(x0)
Yo — X0 —2F'(x0)~' F (xo)
3F(0) ™ F (x0) —pr—
i Hf(mym’l)

—2F'(x0)~" F(x0)
= —}LBO“F’(x*)F/(x*)‘%z(F/(xo) — F'(x*) + F'(x*))
3
+5((F'(y0) = F'G*) + (F'() = F(xo), (2.26)

using (2.9), (2.16), (2.24), (2.26) and the definition of function p, we get that

Yo — 20
Yo — Xo

1
| < Z|BalF’<x*)|[2(|F’<x*)—1(F’(xo> — F'(*)|+ [F ) F ()

3
+§(|F/(x*)_l(F'(yo) — F'(xX*)| + |F' (") (F (x0) — F'(x*)]

_ 1201+ Lolxo — x*) + 5 Lo(x0 — *| + yo — x*))

— 4 1 —go(lxo — x*))

_ 1201+ Lolwo — x*) + 3 Lo(1 + 1 (10 — x*))Ixo — x|

T4 1= go(lxo — x*))

= plxo —x")). (227)

Then, by definition of Ay, p1, (2.9), (2.11), (2.16), (2.17) and (2.27) we get that
|F'(x*) "' (Ag — F'(x*))]
< 2|F'(x*) N[x0. 20 : F1— F'(x"))]
+21F (x*) N([x0, z0 : F1— F' ()| + [F' () ([x0, 20 : F1 = F'(x*))]
+p(Ixo — x*DIF ()" (lxo, yo : F1 = F'(x*)| + |[F'(x*) "1 (F'(x0) — F'(x™)]
< 2(Lylxo — x*| 4+ Lalyo — x*|) + 2(L1lxo — x*| + La|yo — x*|)
+Li|xo — x*| + Lalzo — x™| + p(lxo — x™|)
x(L1lxo — x*| + La|yo — x™| + Lolxo — x*)
< (5L1 + p(lxo — x*(Lo + L1))|xo — x|
+(Q2L> + p(lxo — x*[)L2)lyo — x*| +3La|zo — x¥|
< (5Ly + p(lxo — x*)(Lo + L1))|xo — x*|

; = @ Springer
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+Q2Ly + Lap(lxo — x™)|yo — x*|
+3Ls|zp — x¥|
< (5L1 + p(lxo — x*[)(Lo + L))|x0 — x|
+Q2Ly + Lap(lxo — x*) g1 (Ixo — x™[)|xo — x™|
+3L2g2(|x0 — x™)|x0 — x|
= pi1(jxo — x™). (2.28)

However, if we use instead of (2.11) the estimate (2.12) and (2.13), we obtain from (2.22) that

|F'(x*)" (Ag — F'(x*))]
<2|F' ()" ([x0. 20 : F1— [x0, yo : F])|
+IF' )" [y, 20 : F1— F'(x*)|
+p(lxo — x*DIF' (x*) " Nlx0, yo : F1— F'(x0))]
< 2L3|zo — xol + Lilxo — x*| 4+ L2|zo — x*|) + p(lxo — x™|) L4|yo — xol
<2L3(lzo — x*| 4+ [yo — x™) + L1|xo — x™|
+Lalzo — x*| 4+ Lap(lxo — x*)(Iyo — x*| + [x0 — x™|)
< (L1 + Lap(Jxo — x*))|x0 — x™| + (2L3 + Lap(Jxo — x*))|yo — x™|
+(Ly +2L3)|zo — x*|
< (L1 + Lap(Jxo — x*]))|xo — x™|
+(Q2L3 + Lap(lxo — x*)g1(Ixo — x™*[)|xo — x|
+(L2 4+ 2L3)g2(lxo — x*)|xo — x|
= p2(lxo — x™|). (2.29)

Then, from (2.2), (2.4), (2.28), (2.29) and the definition of function pg we get that Ay is invertible and
T O p—— (2.30)
0 ~ 1= po()

Then, using the last substep of method (1.2) forn = 0, (2.2), (2.7), (2.14), (2.18), (2.20) and (2.30) we obtain
that

1 — x| < |zo — x*| + 1Ay FGH|F' (x*) 7 F(z0)]

< |:1+ M i|| g
< 20— X
1 — po(lxo — x*|)

=1+ }gz(lxo—X*l)lxo—X*l
|: 1 — po(lxo — x*|)

= g3(Jxo — x*Dlxo — x*| < g3(r)|xo — x| < |xo — x| <,

which shows (2.18) forn = Oandx; € U (x*, r). By simply replacing xo, yo, x1 by Xk, Yk, Xk-1 in the preceding
estimates we arrive at estimates (2.16)—(2.18). Using the estimate |x;+1 — x*| < |xx — x*| < r, we deduce
that x¢1 € U (x*, r) and limy_, o0 xx = x*. To show the uniqueness part, let O = fol F'(y* 4+ 0(x* — y*)do
for some y* € U(x*, T) with F(y*) = 0. Using (2.6) we get that

1
IF'(*) (0 — F'(x*))| < / Loly* +6(x* — y*) — x*|d6
0
1 Lo
< /0 (1= 0)x" = y"Id0 < Z'R < 1. 2.31)

It follows from (2.20) and the Banach Lemma on invertible functions that Q is invertible. Finally, from the
identity 0 = F(x*) — F(y*) = Q(x* — y*), we deduce that x* = y*. O

@ Springer
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Remark 2.2 1. In view of (2.9) and the estimate
|F'(*) 7 F ()| = |F/ ) (F () — F/(x) + 1
<1+ [F')7(F'(x) = F'™)) < 1+ Lolx — x*
condition (2.14) can be dropped and M can be replaced by
M(@t) =1+ Lot.

2. The results obtained here can be used for operators F satisfying autonomous differential equations [3] of
the form

F'(x) = P(F(x))

where P is a continuous operator. Then, since F'(x*) = P(F(x*)) = P(0), we can apply the results
without actually knowing x*. For example, let F'(x) = ¢* — 1. Then, we can choose: P(x) = x + 1.
3. The radius r4 given by (2.1) was shown by us to be the convergence radius of Newton’s method [2—4]

Xnal = Xn — F'(xn) "' F(xy) foreach n=0,1,2,... (2.32)

under the conditions (2.9) and (2.10). It follows from (2.2) and » < ry4 that the convergence radius r of
the method (1.2) cannot be larger than the convergence radius r4 of the second-order Newton’s method
(2.32). As already noted in [2,3] r4 is at least as large as the convergence ball given by Rheinboldt [24]

2 (2.33)
r = —. .
R=3L
In particular, for Ly < L we have that
rp <r
and
'R 1 Lo
— = - as — — 0.
raA 3 L

That is our convergence ball r4 is at most three times larger than Rheinboldt’s. The same value for rg was
given by Traub [25].

4. Tt is worth noticing that method (1.2) is not changing when we use the conditions of Theorem 2.1 instead
of the stronger conditions used in [1,2,8-23,25-27]. Moreover, we can compute the computational order
of convergence (COC) defined by

|Xn41 — 7] |xXn — x*|
£=1In ( ) /I [
lxn — x*] [xXn—1 — x*|
or the approximate computational order of convergence
Xptl — X Xp — Xn—1
$1=1n(| n+ nl)/ln( | n n | )
lxn — Xn—1l [xn—1 — Xn—2|

This way we obtain in practice the order of convergence in a way that avoids the bounds involving estimates
using estimates higher than the first Fréchet derivative of operator F.

3 Numerical example

We present a numerical example in this section.

Example 3.1 Let D = [—o0, +00]. Define function f of D by
f(x) = sin(x). 3.1

Then we have for x* =0that Lo =L =M =L3=Ls=1,L1 =L, = % The parameters are given in
Table 1.

It is well known that due to errors and since higher order derivatives do not appear in the definition of £ or &
the computations may not necessarily lead to exactly £&; = 8 as indicated by the Example 3.1.

@ Springer
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Table 1

ra = 0.6667
r1 = 0.4444

rp = 0.3361

rp = 0.9240
rp = 0.1506
r3 = 0.0082

& =7.9389

4 Conclusion

We presented a new local convergence analysis for an eighth-order method for solving equations based on
contractive techniques and Lipschitz constants under hypotheses only on the first derivative. This way we
expanded the applicability of method (1.2), since its convergence was shown using hypotheses up to the
seventh derivative [8,20]. Moreover, we provided computable radius of convergence as well as error estimates
not given in earlier studies [8,20]. The same advantages can be obtained if our technique is used on similar
eighth-order methods listed in the references (see [8,20] and the references therein).

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license,
and indicate if changes were made.
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