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Abstract For an integral domain R with quotient field K , an upper-type ideal of R[X] is an ideal of the form
I f = f (X)K [X]∩ R[X] for some polynomial f (X) ∈ K [X]\K . Clearly, I f = Ir f for each nonzero r ∈ R.
Hence one can always choose f (X) from R[X]. Such an ideal I f is said to be almost principal if there is
a nonzero element s ∈ R such that s I f ⊆ f (X)R[X]. If each upper-type ideal of R[X] is almost principal,
then R[X] is said to be an almost principal ideal domain. The primary objective of this paper is to provide a
unifying technique for verifying that certain types of domains always have corresponding polynomial rings
that are almost principal ideal domains. These same techniques also will be used to show that certain types of
upper-type ideals are always almost principal.

Mathematics Subject Classification 13A15 · 13F05 · 13G05

1 Introduction

Let R be an integral domain with quotient field K and integral closure R′. For a polynomial f (X) ∈ K [X],
we let C( f ) denote the R-fractional ideal generated by the coefficients of f (X). If f (X) is not a constant, then
the ideal I f := f (X)K [X]∩ R[X] has the property that I f ∩ R = (0). Note that Ir f = I f for each nonzero
element r ∈ R. Hence, with regard to the ideal I f one may always assume f (X) ∈ R[X]. We refer to these
ideals as upper-type ideals (of R[X]). If f (X) is irreducible over K , then I f is a prime ideal of R[X] and is said
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to be an upper to zero. To reflect the fact that such an ideal is prime, the standard notation for an upper to zero
is Pf . Throughout the paper, we will assume that f (X) ∈ R[X].

A nonzero ideal J of R[X] is said to be almost principal if there is a nonzero element r ∈ R and a poly-
nomial f (X) ∈ J of positive degree such that r J ⊆ f (X)R[X] (see, for example, [10]). Necessarily, if J is
almost principal, then J ∩ R = (0) and J K [X] �= K [X]. In fact, if r J ⊆ f (X)R[X], then J K [X] = f (X)K [X]
and therefore J ⊆ I f . Note that if J is a nonzero ideal of R[X] with J ∩ R = (0), then there is a polynomial
g(X) ∈ J of positive degree such that J K [X] = g(X)K [X]. If the corresponding ideal Ig is almost principal,
then certainly J is almost principal.

The polynomial ring R[X] is said to be an almost principal ideal domain if each nonzero ideal of R[X] with
proper extension to K [X] is almost principal [10, p. 65]. Using [10, Lemmas 1.5 and 1.6] (and the fact that
K [X] is a UFD), one can easily show that R[X] is an almost principal ideal domain if and only if each upper to
zero is almost principal. In [16, Proposition 3.3], Johnson showed that if R is either an integrally closed domain
or a Noetherian domain, then R[X] is an almost principal ideal domain. Also if (R : R′) is not the zero ideal,
then R is an almost principal ideal domain [10, Theorem 1.2]. In Theorem 3.1, we extend Johnson’s result
about integrally closed domains to those that are seminormal. Specifically, if R is seminormal, then R[X] is an
almost principal ideal domain. Also we show that if R has the radical trace property (for each noninvertible
ideal I, I (R : I ) is a radical ideal), then R[X] is an almost principal ideal domain (see Theorem 3.7).

A primary objective of this paper is to establish a general sufficient condition for an upper-type ideal to be
almost principal and then connect this condition to the known types of almost principal ideal domains and to
the known types of almost principal uppers. In this regard, we provide two “mega theorems”, one based on a
certain type of ideal related to a particular upper-type ideal, and the other based on a certain type of overring
related to a particular upper-type ideal. The first of these results is Theorem 2.6 which states that a given
upper-type ideal I f is almost principal if there is a nonzero ideal B of R such that C( f )C(h) ⊆ (B : B) for all
f (X)h(X) ∈ I f . Theorem 2.12 (the second mega theorem) has a similar proof. Specifically, we show that for
a given upper-type ideal I f , if there is an overring T of R such that (R : T ) is nonzero and f (X)K [X]∩ T [X]
is an almost principal ideal of T [X], then I f is almost principal. Moreover, it is enough to have that I f T [X]
is almost principal as an ideal of T [X]. The converse holds as well (when (R : T ) �= (0))—if I f is almost
principal, then both f (X)K [X]∩ T [X] and I f T [X] are almost principal. In contrast, the rings in Example 3.12
show that when (R : T ) = (0), having I f T [X] almost principal does not imply that I f will be almost principal.
Also in Sect. 2 (= the “tools” section), we derive several other sufficient conditions for an upper-type ideal to be
almost principal. Each of these is based on the first of the two mega theorems. In Sect. 3 we show how the two
mega theorems and other results in Sect. 2 are connected to the known types of almost principal ideal domains
and known types of almost principal upper-type ideals. In particular, Corollary 2.7 is used several times in
Sect. 3 (and once in Sect. 2). With regard to examples of almost principal ideals, we know of none where
this status cannot be established using the basic tools we present in Sect. 2 together with the “applications”
in Sect. 3. In several cases, it is possible to show that if I f is almost principal and g(X) ∈ R[X] is such that
C(g) = C( f ), then Ig is almost principal.

A key tool in our approach to employing Theorem 2.6 is the Dedekind–Mertens content formula [8,
Theorem 28.1]: for a pair of polynomials f (X), g(X) ∈ K [X], C( f )mC( f g) = C( f )mC( f )C(g) for all
m ≥ deg(g). Generally, we apply the formula to the case where f (X) ∈ R[X] and f (X)g(X) ∈ I f . In
this case, C( f )C(g) is contained in (C( f )m : C( f )m) as C( f g) ⊆ R. Based on Theorem 2.6, if we can
find a nonzero ideal B such that (B : B) contains (C( f )m : C( f )m) for each positive integer m, then the
upper-type ideal I f is almost principal (see Corollary 2.7). By switching the roles of f (X) and g(X), we have
C(g)nC( f g) = C(g)nC(g)C( f ) for all f (X)g(X) ∈ I f where n = deg( f ). Using this we are able to establish
Corollary 2.10 (and the converse of Theorem 2.6): I f is almost principal if and only if there is a nonzero ideal
B of R such that C( f )C(g) ⊆ (B : B) for all f (X)g(X) ∈ I f .

Recall that for a nonzero fractional ideal J of R, Jv := (R : (R : J )) and Jt := ⋃{Iv | (0) �= I ⊆ J,
with I finitely generated}. It is always the case that J ⊆ Jt ⊆ Jv, with J divisorial if J = Jv, and J a
(fractional) t-ideal if J = Jt . The domain R can be realized as the intersection

⋂{RM | M ∈ t Max(R)}
where t Max(R) denotes the set of (necessarily prime) integral proper ideals that are maximal with respect
to being t-ideals. A property we will find useful with regard to the v-operation is that for a nonzero ideal
I, I ⊆ ⋂{I RM | M ∈ t Max(R)} ⊆ Iv; to verify the second containment, simply note that if q ∈ (R : I ),
then q I RM ⊆ RM for all M ∈ t Max(R) which implies q multiplies

⋂{I RM | M ∈ t Max(R)} into R. We
will make use of this containment in the proofs of Theorems 3.10 and 3.17. Also the v-operation satisfies the
following distributive closure property: for nonzero (fractional) ideals I and J, (I J )v = (I Jv)v = (Iv Jv)v .
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2 Technical tools

Recall that if a nonzero ideal J of R[X] is almost principal, then there is a nonzero element s ∈ R and a poly-
nomial f (X) ∈ J of positive degree such that s J ⊆ f (X)R[X]. Necessarily, f (X) has smallest positive degree
for a nonzero element of J . Hence each element of J has the form f (X)h(X) for some h(X) ∈ K [X]. It follows
that sh(X) ∈ R[X]. Conversely, if g(X) ∈ J has smallest positive degree among the nonzero elements of J,
then J K [X] = g(X)K [X] and so each element of J has the form g(X)k(X) for some polynomial k(X) ∈ K [X].
If we have a nonzero element t ∈ R such that tk(X) ∈ R[X] for all such k(X), then t J ⊆ g(X)R[X].

In addition to the standard notation of I f for the contraction of f (X)K [X] to R[X], we let G f := {h(X) ∈
K [X] | f (X)h(X) ∈ I f } and let H f := ⋃{C(h) | h(X) ∈ G f }. Note that G f = (R[X] : f (X)), so it is a
fractional ideal of R[X]. Also, from the proof of Lemma 2.4, it is easy to see that H f = C(G f ). Thus, one
could restate Lemma 2.4 as I f is almost principal if and only if C(G f ) is a fractional ideal of R.

A “best case” for I f to be almost principal is for it to actually be principal. While this is rather rare, it
always occurs if C( f ) is a principal ideal of R.

Lemma 2.1 Let I f be an upper-type ideal of R[X]. If C( f ) is a principal ideal of R, then I f is principal.

Proof If C( f ) = bR for some (nonzero) b ∈ R, then g(X) := b−1 f (X) ∈ I f has unit content in R and
Ig = I f . Using the content formula we have C(h) = C(g)C(h) = C(gh) ⊆ R for each h(X) ∈ Gg . It follows
that I f = Ig = g(X)R[X] is principal. �	

The converse of Lemma 2.1 does not hold. For example, if C( f ) � C( f )v = R, then I f = f (X)R[X]
(see, for example, [22, Lemma 1]).

For ease of reference we recall the following results from [10]. We provide proofs as they suggest ways to
verify that a particular upper-type ideal is almost principal.

Lemma 2.2 Let I f be an upper-type ideal of R[X].
(1) If f (X) = g(X)h(X) with both g(X), h(X) ∈ R[X] of positive degree, then I f is almost principal if and

only if both Ig and Ih are almost principal (cf. [10, Lemma 1.5]).
(2) If f (X) ∈ J and J ⊆ I f with I f almost principal, then J is almost principal (cf. [10, p. 65]).
(3) If I f is almost principal and I f ⊆ B where B ∩ R = (0), then B is almost principal (cf. [10, Lemma

1.6]).

Proof For (1), let h(X)k(X) ∈ Ih . Then f (X)k(X) = g(X)h(X)k(X) ∈ I f . If I f is almost principal, then there
is a nonzero element r ∈ R such that rk(X) ∈ R[X]. Clearly, the same r works for Ih . Hence Ih is almost
principal. A similar proof shows that Ig is almost principal.

For the reverse implication, one has nonzero elements s, t ∈ R such that s Ig ⊆ g(X)R[X] and t Ih ⊆
h(X)R[X]. If f (X)k(X) ∈ I f � Ig, then sg(X)h(X)k(X) is in g(X)R[X] and this implies sh(X)k(X) is in Ih .
Hence tsk(X) ∈ R[X] and therefore I f is almost principal when both Ig and Ih are almost principal.

For (2), suppose f (X) ∈ J ⊆ I f with I f almost principal. Then obviously s J ⊆ s I f for each nonzero
s ∈ R. So I f almost principal implies J is almost principal.

For (3), suppose B is an nonzero ideal of R[X] such that B ∩ R = (0) and let k(X) be a nonzero polynomial
of minimal degree that is contained in B. If I f ⊆ B, then we also have I f ⊆ Ik . In K [X], k(X) divides f (X)
and since nonzero constant multiples produce the same upper-type ideal, we may assume f (X) = k(X)s(X)
for some polynomial s(X) ∈ R[X]. Applying (1), if I f is almost principal, then so is Ik and therefore so is B
by (2). �	

With regard to the statement in (1), the same conclusion holds if all we have is f (X) = g(X)h(X) for some
polynomials g(X) and h(X) in K [X]. Simply choose nonzero elements r, s ∈ R such that rg(X), sh(X) ∈ R[X].
Then I f = Irs f , Ig = Irg and Ih = Ish with rs f (X) = (rg(X))(sh(X)).

The following theorem can be easily proved by combining the results in Lemma 2.2 with the fact that K [X]
is a UFD (see [10, p. 68]).

Theorem 2.3 The following are equivalent for a domain R.

(1) R[X] is an almost principal ideal domain.
(2) Each upper-type ideal of R[X] is almost principal.
(3) Each upper to zero of R[X] is almost principal.
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The first new result suggests at least some connection with ideals of R and almost principal upper-type
ideals of R[X].
Lemma 2.4 Let I f be an upper-type ideal of R[X]. Then the corresponding set H f is an R-submodule of K .
Moreover, I f is almost principal if and only if H f is a fractional ideal of R.

Proof A useful trick when dealing with contents of polynomials is that for a pair of (nonzero) polynomi-
als r(X), s(X) ∈ K [X] the polynomial tk(X) := r(X) + Xks(X) has content equal to C(r) + C(s) whenever
k > deg(r). Certainly, if both f (X)r(X) and f (X)s(X) are in I f , then so is f (X)tk(X) (for each k). It follows
that H f is an R-submodule of K .

As H f is a fractional ideal if and only if there is a nonzero element b ∈ R such that bH f ⊆ R, it is clear
that I f is almost principal if and only if H f is a fractional ideal of R. �	

For an ideal J of R[X], the proof of Lemma 2.4 shows that we can define the content of J as (the ideal)
C(J ) = ⋃{C(g) | g(X) ∈ J }.
Lemma 2.5 If I f is an upper-type ideal of R[X], then (R : C(I f )) = (C(I f ) : C(I f )).

Proof Let q ∈ (R : C(I f )) and let f (X)g(X) be a nonzero polynomial in I f . Then qC( f g) ⊆ R. It follows that
q f (X)g(X) ∈ R[X] and thus q f (X)g(X) ∈ I f . Therefore qC( f g) ⊆ C(I f ). As this occurs for each polynomial
in I f we have qC(I f ) ⊆ C(I f ) and thus (R : C(I f )) = (C(I f ) : C(I f )). �	

A nonzero ideal I of R is said to be a trace ideal if (R : I ) = (I : I ). Thus the preceding lemma shows
that the content of an upper-type ideal is always a trace ideal of R. A simple way to create a trace ideal is to
take the product of a nonzero ideal and its dual (see [2, Proposition 7.2]). In [15, Proposition 2.2], Huckaba
and Papick showed that if I is a nonzero ideal such that (R : I ) is a ring, then (R : I ) = (Iv : Iv) which means
that Iv is a trace ideal. We make use of their result in the proof of Theorem 2.17 below.

The proofs for the two mega theorems are quite short, but we will show both theorems are quite useful. In
particular, the first can be applied in many different situations.

Theorem 2.6 Let I f be an upper-type ideal of R[X]. If there is a nonzero ideal B of R such that C( f )C(h) ⊆
(B : B) for all h(X) ∈ G f , then I f is almost principal.

Proof Suppose such an ideal B exists and let r ∈ C( f ) and b ∈ B be nonzero elements. Then rh(X) ∈ (B :
B)[X] for all h(X) ∈ G f and b(B : B)[X] ⊆ R[X]. It follows that brh(X) ∈ R[X] and therefore I f is almost
principal. �	
Corollary 2.7 Let I f be an upper-type ideal of R[X]. If there is a nonzero ideal B of R such that (B : B) ⊇
(C( f )m : C( f )m) for each m, then I f is almost principal.

Proof Let f (X)h(X) ∈ I f . Then by the content formula, there is a nonnegative integer m such that
C( f )mC( f h) = C( f )mC( f )C(h). Thus C( f )C(h) ⊆ (C( f )m : C( f )m) ⊆ (B : B). That I f is almost
principal now follows from Theorem 2.6. �	

The converse of Theorem 2.6 holds as well. The following lemma will be useful.

Lemma 2.8 Let f (X) ∈ R[X] be a polynomial with positive degree. Then for each positive integer m and each
element s ∈ Hm

f , there is a polynomial g(X) ∈ G f such that s ∈ C(g)m.

Proof For s ∈ Hm
f , we have s = a1 + a2 + · · · + an where each ai is a product of m elements of H f ,

specifically we can write ai as a product ai = ai,1ai,2 · · · ai,m with each ai, j ∈ H f . By the proof of Lemma
2.4, there is a polynomial g(X) ∈ G f such that each ai, j is in C(g). Hence s ∈ C(g)m . �	

No matter whether H f is a fractional ideal of R or simply an R-module, (Hm
f : Hm

f ) is a ring that contains
R for each m ≥ 1. Moreover, (Hm

f : Hm
f ) = (t Hm

f : t Hm
f ) for each nonzero t ∈ R. In the next theorem, we

show that if k = deg( f ), then (Hk
f : Hk

f ) contains C( f )C(h) for each h(X) ∈ G f .

Theorem 2.9 Let f (X) ∈ R[X] be a polynomial with positive degree k. Then C( f )C(h) ⊆ (Hk : Hk) for all
h(X) ∈ G f .
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Proof Let s ∈ Hk
f and let h(X) ∈ G f . By Lemma 2.8, there is a polynomial g(X) ∈ G f such that s ∈ C(g)k .

Next, let t (X) := h(X) + Xng(X) where n = 1 + deg(h). Then t (X) ∈ G f with C(t) = C(h) + C(g) and
thus s ∈ C(t)k . By the content formula C(t)kC( f t) = C(t)kC(t)C( f ) = C(t)k(C(h) + C(g))C( f ) ⊇
C(t)kC(h)C( f ). As C( f t) ⊆ R and s ∈ C(t)k ⊆ Hk

f , we have sC( f )C(h) ⊆ Hk
f . Therefore C( f )C(h) ⊆

(Hk
f : Hk

f ). �	
Corollary 2.10 For an upper-type ideal I f of R[X], I f is almost principal if and only if there is a nonzero
ideal B of R such that C( f )C(h) ⊆ (B : B) for each h(X) ∈ G f .

Proof If such an ideal B exists, then I f is almost principal by Theorem 2.6. For the converse, if I f is almost
principal, then there is a nonzero element r ∈ R such that r H f ⊆ R. Hence B := rk Hk

f is a nonzero ideal of

R. By Theorem 2.9, C( f )C(h) ⊆ (Hk
f : Hk

f ) = (B : B) for all h(X) ∈ G f . �	
For a pair of nonzero ideals A and B of R, (A + B : A + B) contains (A : A)∩ (B : B). Hence if

both A and B are such that C( f )C(h) ⊆ (A : A) and C( f )C(h) ⊆ (B : B) for all h(X) ∈ G f , then
C( f )C(h) ⊆ (A + B : A + B).

Theorem 2.11 If I f is almost principal, then there is a unique largest ideal B of R (that might be R) such
that C( f )C(h) ⊆ (B : B) for all h(X) ∈ G f , moreover, B is both divisorial and a trace ideal.

Proof Assume I f is almost principal and let S := {A | C( f )C(h) ⊆ (A : A) for all h(X) ∈ G f }. Let {Aα} be
a chain of ideals in S (under set containment) and let A := ⋃

Aα . For d ∈ A, there is an α such that d ∈ Aα .
Thus dC( f )C(h) ⊆ Aα ⊆ A. It follows that C( f )C(h) ⊆ (A : A) which puts A in S. Therefore, Zorn’s
Lemma applies to the set S. Since S is closed with respect to finite sums, there is a unique largest ideal B in
S. Since (B B−1 : B B−1) = (R : B B−1) contains (B : B), B is trace ideal of R. By [15, Proposition 2.2], we
also have that B = Bv since (R : B) a ring implies it is equal to (Bv : Bv). �	
Theorem 2.12 Let I f be an upper-type ideal of R[X]. If T is an overring of R such that (R : T ) �= (0), then
the following are equivalent:

(1) I f is almost principal as an ideal of R[X],
(2) f (X)K [X]∩ T [X] is almost principal as an ideal of T [X], and
(3) I f T [X] is almost principal as an ideal of T [X].
Proof Assume R ⊆ T with (R : T ) �= (0). To avoid the trivial case, we assume the containment is proper.
Since f (X) ∈ I f , (2) implies (3) is from Lemma 2.2(2).

For (3) implies (1), assume I f T [X] is almost principal. Then there is a nonzero element t ∈ T such that
th(X) ∈ T [X] for each h(X) ∈ G f . For a nonzero r ∈ (R : T ), we have r th(X) ∈ R[X]. Hence I f is almost
principal.

Finally assume I f is almost principal and let J f := f (X)K [X]∩ T [X]. As above, let r be a nonzero element
in (R : T ). Then r J f ⊆ R[X] which puts r J f in I f . Since I f is almost principal, there is a nonzero element
s ∈ R such that s I f ⊆ f (X)R[X]. It follows that rs J f ⊆ f (X)T [X] and therefore J f is an almost principal
upper-type ideal of T [X]. �	

Without the assumption that (R : T ) is nonzero, the equivalences in Theorem 2.12 do not hold. However,
both (1) and (2) imply (3) no matter whether (R : T ) is nonzero or not. Lemma 2.2(2) takes care of (2) implies
(3), and if s ∈ R\{0} is such that s I f ⊆ f (X)R[x], then certainly we also have s I f T [X] ⊆ f (X)T [X]. See
Example 3.12 below for the failure of the other implications.

There are at least some general cases where knowing that I f is almost principal as an ideal of R[X] implies
f (X)K [X]∩ T [X] is almost principal as an ideal of T [X]. For example, this holds in the case T = RS for some
multiplicative set S. Hence if I f is almost principal, then f (X)K [X]∩ RM [X] is almost principal in RM [X]
for each maximal ideal M . It is not clear whether the converse holds or not. However, it does hold under the
additional assumption that R has finite character (each nonzero nonunit is contained in only finitely many
maximal ideals).

Theorem 2.13 Let I f be an upper-type ideal of R[X] and let S be a multiplicative subset of R. If I f is almost
principal as an ideal of R[X], then the upper-type ideal f (X)K [X]∩ RS[X] of RS[X] is almost principal.
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Proof Clearly, I f RS[X] ⊆ f (X)K [X]∩ RS[X]. For the reverse containment, note that if f (X)h(X) ∈ RS[X],
then there is an element s ∈ S such that s f (X)h(X) ∈ R[X]. Hence s f (X)h(X) ∈ I f . As s is unit of RS[X],
we have f (X)h(X) ∈ I f RS[X]. Therefore I f RS[X] is the upper-type ideal of RS[X] corresponding to f (X). By
the argument given above, if I f is almost principal as an ideal of R[X], then I f RS[X] = f (X)K [X]∩ RS[X] is
almost principal as an ideal of RS[X]. �	
Corollary 2.14 If I f is almost principal as an ideal of R[X], then f (X)K [X]∩ RM [X] is almost principal as
an ideal of RM [X] for each maximal ideal M of R.1

Theorem 2.15 Let I f be an upper-type ideal of R[X]. If R has finite character, then I f is almost principal as
an ideal of R[X] if and only if f (X)K [X]∩ RM [X] is almost principal as an ideal of RM [X] for each maximal
ideal M of R.1

Proof Suppose f (X)K [X]∩ RM [X] is almost principal for each maximal ideal M of R. If C( f ) = R, then
I f = f (X)R[X] by the proof of Lemma 2.1. Thus we may assume C( f ) is a proper ideal of R. Since R has
finite character, at most finitely many maximal ideals contain C( f ), say M1, M2, . . . , Mn . Then for each Mi ,
there is a nonzero ideal Bi of R such that C( f )C(h) ⊆ (Bi RMi : Bi RMi ) for each h(X) ∈ G f (Theorem
2.10). Let B := B1 B2 · · · Bn . Then we have C( f )C(h)B RMi ⊆ B RMi for each i . For those maximal ideals
N of R that do not contain C( f ) (if any), we have C( f )RN = RN and from the content formula, must then
have C(h) ⊆ RN for each h(X) ∈ G f . Thus C( f )C(h)B RM ⊆ B RM for each maximal ideal M and each
polynomial h(X) ∈ G f . It follows that C( f )C(h)B ⊆ B and therefore I f is almost principal as an ideal of
R[X] by Theorem 2.6. �	

For an alternate proof of the previous theorem, one could instead pick nonzero elements r1, r2, . . . , rn ∈ R
such that ri I f ⊆ f (X)RMi [X] for each Mi . Then by checking locally, we would find that r I f ⊆ f (X)R[X] for
r := r1r2 · · · rn(∈ R\{0}).

The next lemma is derived from [14, Proposition 2.5].

Lemma 2.16 Let {Iα} be a descending chain of divisorial trace ideals of a domain R. If I := ⋂
Iα �= (0),

then I is a divisorial trace ideal of R.

Proof Since each Iα is divisorial, I ⊆ Iv ⊆ (Iα)v = Iα . Thus I = Iv . Also (R : I ) ⊇ (R : Iα) = (Iα : Iα)
for each Iα . Since the family {Iα} forms a descending chain,

⋃
(R : Iα) is a ring. Therefore (R : I ) = (I : I )

by [14, Proposition 2.5]. �	
For nonzero ideals I and J of R, the fact that I · J (R : I J ) is contained in R puts J (R : I J ) in

(R : I ) and thus we have I J (R : I J ) ⊆ I (R : I ). With regard to powers of I, we have (I (R : I ))m+1 ⊆
I m+1(R : I m+1) ⊆ I m(R : I m) for all positive integers m. It follows that

√
I m(R : I m) = √

I (R : I ) and√
(I m(R : I m))v = √

(I (R : I ))v for all m, the latter equality from the fact that (AB)v = (ABv)v = (Av Bv)v
for all fractional ideals A and B of R.

Theorem 2.17 Let I f be an upper-type ideal of R[X] and for each m ≥ 1, let Jm := C( f )m(R : C( f )m). If⋂
(Jm)v �= (0), then I f is almost principal.

Proof Let B := ⋂
(Jm)v and assume B �= (0). From the discussion above, we have (Jm+1)v ⊆ (Jm)v for each

m ≥ 1. Also as each Jm is a trace ideal, so is each (Jm)v [15, Proposition 2.2]. Moreover (R : Jm) = (Jm :
Jm) ⊇ (C( f )m : C( f )m) for each m ≥ 1. Hence by Lemma 2.16, B is a divisorial trace ideal, necessarily
with (B : B) = (R : B) ⊇ (R : Jm) for each m. That I f is almost principal now follows from Corollary 2.7.

�	
It is not clear whether the converse of Theorem 2.17 holds or not. If is does, then for any pair of polynomials

f (X), g(X) ∈ R[X] with C( f ) = C(g), I f is almost principal if and only if Ig is almost principal—the proof
follows easily from the fact that C( f ) = C(g) implies (C( f )m(R : C( f )m))v = (C(g)m(R : C(g)m))v for
each m ≥ 1.

Corollary 2.18 Let I f be an upper-type ideal of R[X]. If C( f )(R : C( f )) = C( f )n(R : C( f )n) for infinitely
many positive integers n, then I f is almost principal.

1 Corollary 2.14 and Theorem 2.15 provide a partial answer to a question posed by Marco Fontana at AUS-ICMS’10: The
First International Conference on Mathematics and Statistics, held March 18–21, 2010 at the American University of Sharjah,
Sharjah, UAE.
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Proof Since C( f )m+1(R : C( f )m+1) ⊆ C( f )m(R : C( f )m) for all positive integers m, if C( f )(R : C( f )) =
C( f )n(R : C( f )n) for infinitely many positive integers n, then we have equality for all positive integers and
therefore I f is almost principal. �	

We will make use of the following result from [6] when dealing with integrally closed domains and
seminormal domains.

Theorem 2.19 (cf. [6, Corollary 3.4]) If I is a nonzero ideal of a seminormal domain R such that (R : I ) is a
ring, then (R : I ) = (R : √

I ) = (
√

I : √
I ).

A simple corollary is the following.

Corollary 2.20 If I is a nonzero ideal of a seminormal domain R and J is the radical of I (R : I ), then
(J : J ) ⊇ (I m : I m) for each positive integer m.

Proof For each m ≥ 1, the ideal Jm := I m(R : I m) is a trace ideal with
√

Jm = J (where J = √
I (R : I )).

In general, all we can say is that (R : J ) = (J : J ) and (R : Jm) = (Jm : Jm) ⊇ (I m : I m) for each m ≥ 1.
But when R is seminormal, we have (J : J ) = (Jm : Jm) ⊇ (I m : I m) for each m. �	

3 Applications

We start by showing that if R is seminormal, then R[X] is an almost principal ideal domain.

Theorem 3.1 If R is seminormal, then each upper-type ideal of R[X] is almost principal and R[X] is an almost
principal ideal domain.

Proof Assume R is seminormal and let I f be an upper-type ideal of R[X]. Also let J := C( f )(R : C( f )) and
B := √

J . By Corollary 2.20, (B : B) ⊇ (C( f )m : C( f )m) for each m ≥ 1. That I f is almost principal now
follows from Corollary 2.7. Apply Theorem 2.3 to see that R[X] is an almost principal ideal domain. �	

Recall that a domain R is said to be n-root closed for some positive integer n ≥ 2 if xn ∈ R for x ∈ K ,
implies x ∈ R. It is easy to check that an n-root closed domain is seminormal as each positive integer n ≥ 2
can be written in the form n = 2i +3 j for some nonnegative integers i and j . With regard to the next corollary,
the integrally closed case was originally established by Johnson [16, Proposition 3.3].

Corollary 3.2 If R is either n-root closed for some n ≥ 2 or integrally closed, then R[X] is an almost principal
ideal domain.

According to [10, Theorem 1.2], if (R : R′) is nonzero, then R[X] is an almost principal ideal domain.
Since an intersection of seminormal domains is seminormal and an intersection of n-root closed domains is
n-root closed, each domain R is contained in a unique smallest seminormal overring and a unique n-root
closed overring. The seminormalization is the smallest seminormal domain between R and K and the total
n-root closure is likewise the smallest n-root closed domain between R and K (see [21] and [1], respectively,
for constructions of the seminormalization and total n-root closure as unions of overrings). Since an n-root
closed domain is seminormal, the n-root closure contains the seminormalization. Thus using Theorem 2.12,
it suffices to have a nonzero conductor for R and its seminormalization. We provide an alternate proof of this
using Theorem 2.6.

Corollary 3.3 Let S be the seminormalization of R. If (R : S) is nonzero, then R[X] is an almost principal
ideal domain.

With regard to this corollary (and the proof we will present), please note that for a given upper-type ideal
I f , we can describe at least one of the nonzero ideals B of R that has the property that C( f )C(h) ⊆ (B : B)
for each h(X) ∈ G f . An interesting phenomenon here is that B is defined in terms of the trace of C( f ) and the
conductor of S into R, so the same ideal B will work for quite a large number of upper-type ideals, including
all of the form Ib for b(X) ∈ R[X] such that C(b) = C( f ). As we will be dealing with contents in both R and
S, we use CR to denote the content with respect to R and CS for the content with respect to S.
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Proof Assume S has a nonzero conductor into R and let A := (R : S). Also let I f be an upper-type ideal
of R[X] and let J f be the corresponding upper-type ideal of S[X]. From the proof of Theorem 3.1, the ideal
B ′ := √

CS( f )(S : CS( f )) has the property that CS( f )CS(h) ⊆ (B ′ : B ′) for all polynomials h(X) ∈ K [X]
such that f (X)h(X) ∈ J f , so certainly for all h(X) ∈ G f . The product B := B ′ A is an ideal of both R and
S with (B ′ : B ′) ⊆ (AB ′ : AB ′). Thus CR( f )CR(h) ⊆ (B : B), and we have that I f is almost principal by
Theorem 2.6. It follows that R[X] is an almost principal ideal domain. �	

Suppose the domain D is seminormal but not integrally closed and (D : D′) = (0). Then the polyno-
mial ring D[X] is seminormal with integral closure D′[X] such that (D[X] : D′[X]) = (0). Also D[X] is
the seminormalization of D[X2, X3], obviously with X2 a nonzero conductor of D[X] into D[X2, X3]. Thus
Corollary 3.3 provides a nontrivial extension of [10, Theorem 1.2]. For a specific example, start with a field
F and two countably infinite sets of algebraically independent indeterminates {Yn} and {Zn} (indexed over
the positive integers). Then let D := F[{Yn, YnZk

n, Z
k(n+1)
n | 1 ≤ k, 1 ≤ n}]. The integral closure of D is

D′ = F[{Yn, Zn | 1 ≤ n}] and D is seminormal, but there is no positive integer n ≥ 2 such that D is n-root
closed. Also (D : D′) = (0).

Proposition 1.4 of [10] states that if J is a nonzero ideal of R[X] such that J K [X] �= K [X] and J can be
generated by a set of polynomials of bounded degree, then J is almost principal. We provide an alternate proof
of this using Theorem 2.6. Later we derive a somewhat improved version in terms of a bound on the number
of generators for the contents.

Theorem 3.4 (cf. [10, Proposition 1.4]) Let J be a nonzero ideal of R[X] such that J K [X] �= K [X]. If J can
be generated by a set of polynomials of bounded degree, then J is almost principal.

Proof Let f (X) ∈ J have the smallest positive degree of all nonzero elements of J . Then J ⊆ I f . Thus if J
can be generated by a set of polynomials of bounded degree, there is nonnegative integer n and a nonempty
set of polynomials G := {gα(X)}α∈A ⊆ G f such that { f (X)gα(X)}α∈A generates J and deg(gα) ≤ n for each
α ∈ A.

From the content formula, we have C( f )nC( f gα) = C( f )nC( f )C(gα) for each gα(X) ∈ G. Therefore
C( f )C(gα) ⊆ (C( f )n : C( f )n).

Let h(X) ∈ K [X] be such that f (X)h(X) ∈ J . Then there are polynomials gα1(X), gα2(X), . . . , gαk (X) in G
and corresponding polynomials r1(X), r2(X), . . . , rk(X) in R[X] such that h(X) = ∑

ri (X)gαi (X). Since each
ri (X) is in R[X], C(h) ⊆ C(gα1) + C(gα2) + · · · + C(gαk ). Hence C( f )C(h) ⊆ (C( f )n : C( f )n). That J is
almost principal now follows from Theorem 2.6. �	
Corollary 3.5 (cf. [16, Proposition 3.3]) If R is a Noetherian domain, then R[X] is an almost principal ideal
domain.

A domain that satisfies the ascending chain condition on divisorial ideals is said to be a Mori domain. A use-
ful property of Mori domains is that they have finite t-character; i.e., each nonzero nonunit is contained in only
finitely many maximal t-ideals. With regard to polynomial rings, if a Mori domain R contains an uncountable
field, then the corresponding polynomial ring R[X] is a Mori domain (see both [3] and [19, Theorem 3.15]).
Also, if R is an integrally closed Mori domain, then R[X] is a Mori domain [18, §3, Théorème 5]. In contrast,
Roitman provides a general scheme for taking an arbitrary countable field F and finding a Mori domain R
that contains F such that the corresponding polynomial ring R[X] is not a Mori domain [20, Theorem 8.4].
Another type of Mori domain where the corresponding polynomial ring is a Mori domain is a strong Mori
domain. For our purposes all we need to know about strong Mori domains is that a domain R is a strong Mori
domain if and only if it has finite t-character and RM is Noetherian for each maximal t-ideal M of R (see, [23,
Theorem 1.9]). If R is a strong Mori domain, then not only is R[X] a Mori domain, but a strong Mori domain
as well [23, Theorem 1.13]. Moreover, each upper-type ideal of R[X] is almost principal when R is a strong
Mori domain. This conclusion can be derived from a result due to Gabelli in combination with several from
[10]. Specifically, Gabelli proved that if R[X] is a Mori domain, then (R[X] : Pf ) properly contains (Pf : Pf )
for each upper to zero Pf (see, [7, Proposition 1.2 and Remark 1.4]); that Pf is almost principal then follows
from [10, Proposition 1.15]. Thus from Theorem 2.3, if R[X] is a Mori domain, then it is an almost principal
ideal domain. In particular, if R is a strong Mori domain, then R[X] is an almost principal ideal domain. We
provide an alternate proof of the latter statement using the tools developed in Sect. 2. At the end of the paper
we give a direct proof that if R[X] is a Mori domain, then each nonzero ideal of R[X] with proper extension to
K [X] is almost principal.
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Theorem 3.6 If R is a strong Mori domain, then R[X] is an almost principal ideal domain.

Proof Assume R is a strong Mori domain. It suffices to show that each upper-type ideal I f is almost principal.
By finite t-character, at most finitely many maximal t-ideals contain C( f ) and each of these will contain
C( f )v . Let M1, M2, . . . , Mn be the maximal t-ideals that contain C( f ) (if any). For any other maximal t-ideal
M, C( f )RM = RM . Thus by the content formula, we have h(X) ∈ RM [X] for all polynomials h(X) ∈ G f
(and all M /∈ {M1, M2, . . . , Mn}). Hence I f RM [X] = f (X)RM [X].

Since RN is Noetherian for each maximal t-ideal N , I f RMi [X] is finitely generated for each Mi . Since
there are only finitely many Mi ’s, there is a finite set of polynomials {g1(X), g2(X), . . . , gk(X)} ⊆ G f such
that the set { f (X), f (X)g1(X), f (X)g2(X), . . . , f (X)gk(X)} generates I f RN [X] for each maximal t-ideal N .
Let m := max{deg(g j (X)) | 1 ≤ j ≤ k}. Since C( f ) is finitely generated, (C( f )r RN : C( f )r RN ) =
(C( f )r : C( f )r )RN for each maximal t-ideal N and each positive integer r .

Let h(X) ∈ G f . As noted above, if M is a maximal t-ideal that does not contain C( f ), then h(X) ∈ RM [X]
and C( f )C(h) ⊆ (C( f )m : C( f )m)RM = RM .

For the Mi ’s, we have C( f )C(h) ⊆ (C( f )m RMi : C( f )m RMi ) by the proof of Theorem 3.4. Hence
C( f )C(h)C( f )m ⊆ ⋂{C( f )m RN | N ∈ t Max(R)}. As noted earlier, while the intersection

⋂{C( f )m RN |
N ∈ t Max(R)} may be larger than C( f )m, it will be contained in (C( f )m)v . Thus the distributive closure
property of the v-operation yields C( f )C(h) ⊆ ((C( f )m)v : (C( f )m)v). Hence I f is almost principal by
Theorem 2.6. �	

Recall that a domain R is said to have the radical trace property if I (R : I ) is a radical ideal for each
nonzero noninvertible ideal I of R [12]. The following result also appears in [17].

Theorem 3.7 If R has the radical trace property, then R[X] is an almost principal ideal domain.

Proof Assume R has the radical trace property and let I f be an upper-type ideal of R[X]. Then for each
integer m ≥ 1, C( f )m(R : C( f )m) is a radical ideal of R (possibly equal to R). As noted earlier, for any
nonzero ideal J, J (R : J ) has the same radical as J m(R : J m) for each positive integer m. In our situation,
C( f )(R : C( f )) = C( f )m(R : C( f )m) for all m ≥ 1 (see, [12, Remark 2.13(b)]). Thus I f is almost principal
by your choice of Corollary 2.7 (using B = C( f )(R : C( f ))), Theorem 2.17 or Corollary 2.18. Therefore
R[X] is an almost principal ideal domain. �	

In [11], Heinzer and Huneke established an improved bound on the power needed to ensure equality in
the content formula. For a finitely generated nonzero fractional ideal B of a domain R, let μR(B) be the
smallest integer k such that B RM can be generated by k elements (or fewer) for each maximal ideal M . The
Heinzer–Huneke bound is given in terms of μR(C(g)).

Theorem 3.8 (cf. [11, Theorem 2.1]) Let R be an integral domain and let g(X) ∈ K [X] be a nonzero polyno-
mial. If μR(C(g)) = m, then C( f )m−1C( f g) = C( f )mC(g) for all polynomials f (X) ∈ K [X].

Our next seven applications of the tools provided in Sect. 2 deal with upper-type ideals that contain indi-
vidual polynomials of a special type with regard to content. As with several of the applications so far, some of
the results are not new, others generalize known types of almost principal ideals. The next two theorems are
of the latter type.

The following theorem provides a way to relax the degree bound condition provided in Theorem 3.4. We
do not know of a specific example that satisfies the sufficient condition given below that does not also satisfy
one of the (seemingly) simpler sufficient conditions already discussed. However, it can be used to provide an
alternate proof of Theorem 3.17 below.

For f (X) ∈ R[X]\R, we let Fn( f ) := {C(g) | g(X) ∈ G f with C(g) n-generated}. We say that H f is
n-quasigenerated if for each h(X) ∈ G f , there are polynomials g1(X), g2(X), . . . , gm(X) ∈ G f such that each
C(gi ) is in Fn( f ) and C(h) ⊆ C(g1)+C(g2)+· · ·+C(gm). The following theorem makes use of a “t-local”
version of n-quasigeneration. For each maximal t-ideal Mβ, we let Fβ,n( f ) := {C(g)RMβ | g(X) ∈ G f
with C(g)RMβ n-generated}. Note that if f (X)h(X) ∈ RMβ [X], then there is an element s ∈ R\Mβ such that
sh(X) ∈ G f . Thus the set Fβ,n( f ) can also be defined in terms of polynomials that multiply f (X) into RMβ [X].
With all of this in mind we say that H f is t-locally n-quasigenerated if H f RMβ is n-quasigenerated for each
maximal t-ideal Mβ .

Theorem 3.9 Let I f be an upper-type ideal of R[X]. If there is a positive integer n such that H f is t-locally
n-quasigenerated, then I f is almost principal.
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The key steps for this proof make use of the Heinzer–Huneke bound for the content formula discussed
above and the fact that I ⊆ ⋂{I RM | M ∈ t Max(R)} ⊆ Iv for all nonzero ideals I of R.

Proof Suppose H f is t-locally n-quasigenerated for some positive integer n and let h(X) be a polynomial in G f .
Then for each maximal t-ideal Mβ, there are polynomials g1(X), g2(X), . . . , gm(X) ∈ Fβ,n such that C(h) ⊆
C(g1)RMβ + C(g2)RMβ + · · · + C(gm)RMβ . Using the Heinzer–Huneke bound for the content formula, we
have C( f )n−1C( f gi )RMβ = C( f )n−1C( f )C(gi )RMβ for each i . Thus C( f )C(gi )RMβ ⊆ (C( f )n−1 RMβ :
C( f )n−1 RMβ ). Hence C( f )n−1C( f )C(h)RMβ ⊆ C( f )n−1 RMβ . As this containment holds for each max-
imal t-ideal, we have C( f )C(h) · (C( f )n−1)v ⊆ (C( f )n−1)v, equivalently C( f )C(h) ⊆ ((C( f )n−1)v :
(C( f )n−1)v). That I f is almost principal follows from Theorem 2.6. �	
Corollary 3.10 Let I f be an upper-type ideal of R[X]. If there is an integer n such that for each M ∈
t Max(R), I f RM [X] can be generated by a set of elements { f (X)gα(X)} ⊆ RM [X] (possibly dependent on M)
where each C(gα)RM is n-generated, then I f is almost principal.

Proof If h(X) := b1(X)g1(X)+b2(X)g2(X)+· · ·+bm(X)gm(X) for polynomials bi (X) ∈ RMβ and gi (X) ∈ G f
with C(gi )RMβ ∈ Fβ,n, then certainly we have C(h) ⊆ C(g1)RMβ + C(g2)RMβ + · · · + C(gm)RMβ . Thus
if each h(X) ∈ G f can be generated in this way for each maximal t-ideal Mβ, then I f is almost principal by
Theorem 3.9. �	

An alternate (seemingly more restrictive) sufficient condition to invoke Theorem 3.9 would be that for
each polynomial h(X) ∈ G f and each maximal t-ideal Mβ, there is a polynomial gβ(X) ∈ G f such that
C(h) ⊆ C(gβ)RMβ with C(gβ)RMβ ∈ Fβ,n .

Recall that an upper to zero Pf is said to be rational if f (X) = aX + b for some nonzero a ∈ K . Using the
notion of a “spotty” element, Hamann, Houston and Johnson were able to demonstrate a type of rational upper
to zero that is never almost principal—specifically, see the example labeled Arnold’s Example and Theorem
2.1 both on page 73 of [10]. In contrast, they showed that if a/b is almost integral over R (and thus not spotty),
then Pf is almost principal [10, Theorem 2.4]. We provide a proof of this same result using Theorem 2.17.
Our result is more general as we actually consider the case of an upper-type ideal I f where f (X) is simply
a nonconstant polynomial whose content is two-generated (with no bound on degree or number of nonzero
coefficients, but with an “almost integral” relation for some pair of generators).

Theorem 3.11 Let I f be an upper-type ideal of R[X] where C( f ) = a R + bR for some nonzero elements
a, b ∈ R. If t = a/b is almost integral over R, then I f is almost principal.

Proof Assume t = a/b is almost integral over R and let p ∈ R be a nonzero element such that ptn ∈ R
for all n ≥ 1. Then pai b j/bn = p(ai/bi ) = pti ∈ R for all pairs of nonnegative integers i and j such that
i + j = n. Hence p/bn ∈ (R : C( f )n) for all n. It follows that p ∈ Jn := C( f )n(R : C( f )n) for all n. Thus
B = ⋂

(Jn)v is not the zero ideal. That I f is almost principal now follows from Theorem 2.17. �	
As an application of Theorem 3.11, we recall [10, Example 2.8] and contrast this with a slight variation in

the aforementioned “Arnold’s Example” from [10].

Example 3.12 Let R := F[W, Y, {YZ2n | 0 ≤ n}], S := F[W, Y, YZ] and T := F[W, Y, {WZn, YZ2n |
0 ≤ n}] where F is a field and W, Y and Z are indeterminates. Also let f (X) := YZX − Y with I f :=
f (X)F(W, Y, Z)[X]∩ R[X], J f := f (X)K [X]∩ S[X] and B f := f (X)F(W, Y, Z)[X]∩ T [X]. Then I f is not
almost principal but both J f and B f are almost principal. Moreover I f T [X] and J f R[X] are almost principal.

As in the proof of Corollary 3.3, we use CR for contents with respect to R and CT for contents with respect
to T .

Proof The domain S is integrally closed (it is isomorphic to F[W, Y, Z]). Hence each upper-type ideal of S[X]
is almost principal. In particular, J f is almost principal. Clearly, if s ∈ S\{0} is such that s J f ⊆ f (X)S[X],
then s J f R[X] ⊆ f (X)R[X]. Thus J f R[X] is almost principal (as an ideal of R[X]). On the other hand, the
indeterminate Z is spotty over R: Y multiplies infinitely many different powers of Z into R, but no nonzero
element of R multiplies every positive power of Z into R. In contrast, WZk ∈ T for all k ≥ 1. In some sense,
there is no significant difference between the rings (CR( f )m : CR( f )m) and (CT ( f )m : CT ( f )m) for a given
m ≥ 1 (other than the latter will contain polynomial expressions that include terms from WZF[W, Y, Z]). But
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when one considers the ideals CR( f )m(R : CR( f )m) and CT ( f )m(T : CT ( f )m), one finds that the intersec-
tion

⋂
CR( f )m(R : CR( f )m) is the zero ideal while

⋂
CT ( f )m(T : CT ( f )m) contains W. With regard to the

latter conclusion, simply check that W/Ym is in (T : CT ( f )m) for each m (as in the proof of Theorem 3.11).
A simple way to see that

⋂
CR( f )m(R : CR( f )m) is the zero ideal is to make use of Theorem 2.17 and the

fact that I f is not almost principal (as we show below).
To see that I f is not almost principal, we make use of Houston’s proof of [13, Proposition 1.2]. For a

given positive integer n, the polynomial hn(X) = Z2n−1X2n−1 + Z2n−2X2n−2 + · · · + ZX + 1 is such that
f (X)hn(X) = YZ2n

X2n − Y ∈ I f . Since Z is spotty over R, no nonzero element of R multiplies each hn(X)
into R[X]. Hence I f is not almost principal. On the other hand Whn(X) ∈ T [X] for each n. Of course, since
W ∈ ⋂

CT ( f )m(T : CT ( f )m), B f is almost principal by Theorem 2.17. As I f K [X] = B f K [X], I f T [X] is
almost principal as well. �	

A finitely generated ideal I is said to be prestable, if for each prime ideal P (equivalently, each maximal
ideal P) there is a positive integer n such that I 2n RP = d I n RP for some d ∈ I n (see [5]). There are several
ways to characterize finitely generated prestable ideals. Relevant to the study here is their connection with a
certain type of upper-type ideals.

Theorem 3.13 The following are equivalent for a finitely generated nonzero ideal J of a domain R.

(1) If f (X) ∈ R[X] is a polynomial with C( f ) = J, then the upper-type ideal I f contains a polynomial with
unit content.

(2) There is a polynomial f (X) ∈ R[X] with C( f ) = J such that the upper-type ideal I f contains a polyno-
mial with unit content.

(3) J R′ is an invertible ideal of R′, the integral closure of R.
(4) There is a positive integer m such that J m is an invertible ideal of (J m : J m).
(5) There is a positive integer m such that for each maximal ideal M of R, there is an element t ∈ J m such

that J 2m = t J m RM .
(6) J is prestable.

Proof Let J := a0 R + a1 R + · · · + an R and let a(x) := ∑
i ai xi . Then certainly C(a) = J . We also have

J k = C(a)k for each positive integer k. For convenience we let Tk := (J k : J k).
It is clear that (1) implies (2). Suppose f (X) ∈ R[X] is such that C( f ) = J and I f contains a poly-

nomial with unit content. Let g(X) ∈ K [X] be such that f (X)g(X) ∈ I f with C( f g) = R. By the con-
tent formula, there is an integer m such that C( f )mC( f )C(g) = C( f )mC( f g) = C( f )m . It follows that
C( f )C(g) ⊆ (C( f )m : C( f )m) ⊆ R′. Thus C(g) ⊆ (R′ : C( f )) and we have that C( f )R′ = J R′ is an
invertible ideal of R′. Hence (2) implies (3).

Since Tk ⊆ R′ for each k, it is clear that (4) implies (3). To see that (3) implies both (1) and (4), let
f (X) := fk Xk + fk−1Xk−1 + · f0 ∈ R[X] be such that C( f ) = J . Then J m = C( f )m for each positive
integer m. If J R′ is invertible as an ideal of R′, then there are elements t0, t1, . . . , tk ∈ (R′ : C( f )R′) such
that

∑
ti fi = 1. Since U (R′) is the saturation of U (R) in R′[X] ([9, Theorem 3]), there is a polynomial

v(X) ∈ U (R′) such that f (X)t (X)v(X) ∈ U (R). Obviously, f (X)t (X)v(X) ∈ I f , so (3) implies (1). Also by
the content formula, there is a positive integer m such that C( f )mC( f )C(tv) = C( f )mC( f tv) = C( f )m .
It follows that C(tv) ⊆ (Tm : J ) with JC(tv) = Tm since R = C( f tv) ⊆ JC(tv) ⊆ Tm . Hence J Tm is an
invertible ideal of Tm, and therefore J m = J m Tm is invertible as an ideal of Tm = (J m : J m).

Next we show that (4) implies (5). Assume J m is invertible as an ideal of Tm = (J m : J m). Let J m =
b1 R + b2 R + · · · + bn R. Then there are elements t1, t2, . . . , tn ∈ (Tm : J m) such that

∑
ti bi = 1. It

follows that J m is an invertible ideal of R[{ti b j }], a ring that is contained in Tm . But if this is the case,
R[{ti b j }] = (J m : J m) = Tm, and therefore Tm is a finite R-module. As such, each maximal ideal of R
is contained in only finitely many maximal ideals of Tm . It follows that (J m RM : J m RM ) = (Tm)M is a
semilocal domain with J m RM invertible in (Tm)M for each maximal ideal M of R. Hence J m RM is a principal
ideal of (J m RM : J m RM ). We have J m RM = t (J m RM : J m RM ) for some t ∈ J m and from this we obtain
J 2m RM = t J m RM (J m RM : J m RM ) = t J m RM .

It is clear that (5) implies (6). To complete the proof we show that (6) implies (3). Let M ′ be a maximal
ideal of R′ and let M := M ′ ∩ R. Then there is a positive integer k such that J 2k RM = t J k RM for some
element t ∈ J k . Thus t−1 J k(J k RM ) = J k RM and from this we have that t−1 is in the dual of J k RM with
respect to the ring (J k RM : J k RM ). Since t ∈ J k, J k RM = t (J k RM : J k RM ). The domain R′

M is the integral
closure of RM , so J k R′

M is a principal ideal of R′
M . Hence J R′

M ′ is a principal ideal of R′
M ′ . Since J is finitely

generated, J R′ is an invertible ideal of R′. �	
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Theorem 3.14 If I f is an upper-type ideal that contains a polynomial with unit content, then I f is almost
principal.

Proof For positive integers n ≤ m, (C( f )n : C( f )n) ⊆ (C( f )m : C( f )m). Also by Theorem 3.13, if I f
contains a polynomial with unit content, then there is an integer m such that C( f )m is invertible as an ideal of
Tm := (C( f )m : C( f )m). For all positive integers 1 ≤ j ≤ m ≤ k, we have that C( f )k is an invertible ideal
of Tm and therefore (C( f ) j : C( f ) j ) ⊆ Tm = (C( f )k : C( f )k). That I f is almost principal follows from
Corollary 2.7. �	

We can easily establish the following corollary using the proof of Theorem 3.14.

Corollary 3.15 If f (X), b(X) ∈ R[X] are such that C( f ) = C(b) and I f contains a polynomial with unit
content, then Ib is almost principal.

Proof From the proof of Theorem 3.14, if I f contains a polynomial with unit content, then there is an inte-
ger n such that (C( f )n : C( f )n) = (C( f )k : C( f )k) for all k ≥ n. As C( f ) = C(b), we also have
(C(b)k : C(b)k) = (C( f )n : C( f )n) for all k ≥ n. Thus Ib is almost principal by Corollary 2.7. �	

For an alternate proof of this corollary, one can also show directly that Ib will contain a polynomial with
unit content. Using the notation of the proof of Theorem 3.14, C( f )T = C(b)T is an invertible ideal of
T := (C( f )n : C( f )n). Thus one can find a polynomial t (X) ∈ (T : C(b)T ) such that b(X)t (X) has unit
content in T . Next note that T is contained in the integral closure of R. Thus from the proof of [9, Theorem 3],
there is a polynomial v(X) ∈ T [X] such that b(X)t (X)v(X) ∈ Ib has unit content in R. Yet another proof can be
obtained by noting that the polynomial b(X)t (X) is contained in the upper-type ideal Jb = b(X)K [X]∩ T [X]
of T [X]. Hence by Theorem 3.14, Jb is almost principal in T [X]. Since (R : T ) ⊇ C( f )n �= (0), Ib is almost
principal in R[X] by Theorem 2.12.

Corollary 3.16 If R is a domain whose integral closure is a Prüfer domain, then R[X] is an almost principal
ideal domain.

Proof By [4, Lemma 2.2], the integral closure of R is a Prüfer domain if and only if each upper to zero of
R[X] contains a polynomial with unit content. Thus if the integral closure of R is a Prüfer domain, then R[X]
is an almost principal ideal domain [10, p. 68]. �	

For the next result we provide three proofs. The first has at least some of the flavor of the proof given for
[10, Proposition 1.8], but also differs substantially. This proof makes direct use of the definition of almost
principal ideals. The second makes use of [10, Lemma 1.5] and relies (at least somewhat) on Corollary 2.7.
The third makes direct use of Theorem 2.6 and provides a great deal more information about the polynomials
in I f . In particular, the third proof enables us to extend the conclusion of being almost principal to Ib for any
b(X) ∈ R[X] where C(b) = C( f ). Note that [10, Proposition 1.8] is stated only for an upper to zero, but the
proof provided is valid for any upper-type ideal.

Theorem 3.17 (cf. [10, Proposition 1.8]) If I f is an upper-type ideal that contains a polynomial f (X)g(X)
such that (R : C( f g)) = R, then I f is almost principal.

Proof Suppose g(X) ∈ G f is such that (R : C( f g)) = R. Then (equivalently) C( f g)v = R. For the first
proof we let r be a nonzero element of R such that rg(X) ∈ R[X]. We will show that rh(X) ∈ R[X] for all
h(X) ∈ G f .

First proof: Apply the content formula to the product r f (X)g(X)h(X) (factored as ( f (X)g(X)) · (rh(X)))
to obtain C( f g)mC(r f gh) = C( f g)mC( f g)C(rh) for some m. It follows that C( f g)C(rh) ⊆ (C( f g)m :
C( f g)m). Note that we have (C( f g)m : C( f g)m) = R since (R : C( f g)) = R implies (R : C( f g)k) = R
for all k ≥ 1. Thus C(rh) ⊆ (R : C( f g)) = R, and therefore rh(X) ∈ R[X]. Hence I f is almost principal.

Second proof: For this version, we first show that I f g (= I f (rg)) is almost principal, then apply [10,
Lemma 1.5] to get that I f is almost principal. As noted in the first proof, (R : C( f g)) = R implies (C( f g)k :
C( f g)k) = R for all k. Thus I f g is almost principal by Corollary 2.7. Hence I f is almost principal.

Third proof: Our final version makes direct use of Theorem 2.6 and the proof of Theorem 3.14. Since
C( f g)v = R, no maximal t-ideal contains C( f g). From the content formula we have C( f )mC( f g) =
C( f )mC( f )C(g) for m = deg(g). For the remainder of the proof, we let T := (C( f )m : C( f )m). Let M
be a maximal t-ideal of R. Then C( f g)RM = RM . As in the proof of Theorem 3.14, C( f ) extends to an
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invertible ideal in (C( f )m RM : C( f )m RM ) = TR\M and therefore TR\M = (C( f )k RM : C( f )k RM ) =
(C( f )k : C( f )k)RM for all k ≥ m. Let h(X) ∈ G f . Then there is an integer k ≥ m such that C( f )kC( f h) =
C( f )kC( f )C(h). Thus C( f )C(h) ∈ TR\M = (C( f )m : C( f )m)RM . Hence C( f )C(h)C( f )m ⊆ C( f )m RM .
It follows that C( f )C(h)C( f )m ⊆ (C( f )m)v which implies C( f )C(h) ⊆ ((C( f )m)v : (C( f )m)v). Therefore
I f is almost principal by Theorem 2.6. �	
Corollary 3.18 If f (X), b(X) ∈ R[X] are such that C( f ) = C(b) and I f contains a polynomial f (X)g(X)
such that (R : C( f g)) = R, then Ib is almost principal.

Proof As in the proof of Theorem 3.17, we let T := (C( f )m : C( f )m) where m = deg(g). Then TR\M =
(C( f )k RM : C( f )k RM ) = (C(b)k : C(b)k)RM for all k ≥ m. Continuing as above, we have C(b)C(d)
C(b)m ⊆ (C(b)m)v for all d(X) ∈ Gb. Hence C(b)C(d) ⊆ ((C(b)m)v : (C(b)m)v) and therefore Ib is almost
principal by Theorem 2.6. �	

As in the case that f (X)g(X) ∈ I f has unit content, if instead all we know is that (R : C( f g)) = R and
b(X) is such that C(b) = C( f ), then Ib will contain a polynomial b(X)h(X) for which (R : C(bh)) = R
(which provides an alternate proof of Corollary 3.18 directly from the statement of Theorem 3.17 rather than
its proof).

Theorem 3.19 For polynomials f (X), b(X) ∈ R[X] with C( f ) = C(b), if I f contains a polynomial f (X)g(X)
such that (R : C( f g)) = R, then there is a polynomial b(X)h(X) ∈ Ib such that (R : C(bh)) = R.

Proof For each maximal t-ideal Mα, let Tα := (C( f )m : C( f )m)RMα where m = deg(g). As Mα does not
contain C( f g), C( f )Tα = C(b)Tα is an invertible ideal of Tα (from the proof of Theorem 3.14). Hence for
a given Mα, there is a polynomial tα(X) such that b(X)tα(X) has unit content in Tα . Since C( f )m is finitely
generated, Tα is contained in the integral closure of RMα . Thus from the proof of [9, Theorem 3], there is a
polynomial vα(X) ∈ Tα[X] such that b(X)tα(X)vα(X) ∈ RMα [X] has unit content in RMα . It follows that there
is an element sα ∈ R\Mα such that sαb(X)tα(X)vα(X) ∈ R[X], necessarily with content not contained in Mα .
Hence no maximal t-ideal (of R) contains C(Ib). Therefore C(Ib)t = R which implies there is a polynomial
b(X)h(X) ∈ Ib such that (R : C(bh)) = R. �	

We can extend Theorem 3.17 to an upper-type ideal I f that contains a polynomial f (X)g(X) such that the
ideal C( f g)(R : C( f g)) has a trivial dual. Unlike Theorems 3.14 and 3.17 and the corresponding corollaries,
we have not been able to extend the conclusion to Ib when C(b) = C( f ).

Theorem 3.20 If I f is an upper-type ideal that contains a polynomial f (X)g(X) such that (C( f g)(R :
C( f g))v = R, then I f is almost principal.

Proof Suppose g(X) ∈ G f is such that (C( f g)(R : C( f g))v = R. As in the second proof of Theorem
3.17, it suffices to show that I f g is almost principal. As noted earlier, we have (C( f g)(R : C( f g))m ⊆
C( f g)m(R : C( f g)m) for all m ≥ 1. Hence the distributive closure property of the v-operation implies
(C( f g)m(R : C( f g)m))v = R for all m. That I f g is almost principal follows from Theorem 2.17, and so I f
is almost principal by [10, Lemma 1.5]. �	

For our last two (complete) results, we have had to make direct use of the definition of almost principal
ideals in order to provide proofs.

For an alternate proof that R[X] is an almost principal ideal domain when R is a strong Mori domain, one
may use the next theorem and Corollary 3.5.

Theorem 3.21 Let R be a domain with finite t-character and let I f be an upper-type ideal of R[X]. Then I f
is almost principal as an ideal of R[X] if and only if I f RM [X] is almost principal as an ideal of RM [X] for
each maximal t-ideal M of R.

Proof If I f is almost principal as an ideal of R[X], then there is a nonzero element r ∈ R such that r I f ⊆
f (X)R[X]. It follows that r I f RM [X] ⊆ f (X)RM [X] for each maximal t-ideal M of R. Hence I f RM [X] is
almost principal as an ideal of RM [X].

For the converse, assume I f RM [X] is almost principal for each maximal t-ideal M . Since R has finite
t-character, at most finitely many maximal t-ideals contain C( f ). As in the proof of Theorem 3.6, if M
is maximal t-ideal that does not contain C( f ), then h(X) ∈ RM [X] and C(h) ⊆ RM for each polynomial
h(X) ∈ G f .
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Let M1, M2, . . . , Mn be the maximal t-ideals that contain C( f ) (if any). Since I f RMi [X] is almost princi-
pal for each Mi , there is a nonzero element ri ∈ R such that ri h(X) ∈ RMi [X] for each h(X) ∈ G f . Certainly,
r := r1r2 · · · rn is such that rh(X) ∈ RMi [X] for each Mi . It follows that rC(h) ⊆ RN for each maximal t-ideal
N . As R = ⋂{RN | N ∈ t Max(R)}, rC(h) ⊆ R. Therefore I f is almost principal. �	

As noted above, one proof for the following theorem can be obtained by first applying [7, Proposition 1.2
and Remark 1.4] followed by [10, Proposition 1.15] to show that each upper to zero is almost principal (when
R[X] is a Mori domain), and then use Theorem 2.3 to see that each nonzero ideal of R[X] with proper extension
to K [X] is almost principal. We give a direct proof that if R[X] is a Mori domain, then each nonzero ideal of
R[X] with proper extension to K [X] is almost principal.

Theorem 3.22 Let R be a Mori domain. If R[X] is a Mori domain, then it is an almost principal ideal domain.

Proof Assume R[X] is a Mori domain and let J be a nonzero ideal of R[X] such that J K [X] �= K [X]. Thus
J K [X] = f (X)K [X] for some polynomial f (X) with positive degree, and we may further assume that f (X) is in
J . Since R[X] is a Mori domain, there is finitely generated ideal B := f1(X)R[X]+ f2(X)R[X]+· · ·+ fn(X)R[X]
contained in J with Bv = Jv . Since J K [X] = f (X)K [X], there are polynomials g1(X), g2(X), . . . , gn(X) ∈
K [X] such that fi (X) = f (X)gi (X) for each i . Certainly, there is a nonzero element s ∈ R such that sgi (X) ∈
R[X] for each gi . It follows that s/ f (X) ∈ (R[X] : B) = (R[X] : J ) and therefore s J ⊆ f (X)R[X]. �	

We close with a rather odd observation concerning the upper-type ideals of R[X] when R is a Mori domain
(but perhaps with R[X] not Mori).

Remark 3.23 Let I f be an upper-type ideal of R[X] for a Mori domain R. Then C(I f ) is a trace ideal (Lemma
2.5) and since R is a Mori domain, there is a finitely generated ideal J ⊆ C(I f ) such that Jv = C(I f )v .
Moreover, there is a polynomial g(X) ∈ G f with J ⊆ C( f g) ⊆ C(I f ). Hence C( f g)v = C(I f g)v = C(I f )v
and C( f g)v is a trace ideal [15, Proposition 2.2]. By [10, Lemma 1.5], I f g almost principal implies I f almost
principal. Thus, to simplify notation we assume we are in the case that C( f )v = C(I f )v . If C( f )v = R, I f
is almost principal by Theorem 3.17.

Let h(X) ∈ G f with deg(h) = m. Then C( f )mC( f h) = C( f )mC( f )C(h) by the content formula. Note
that since C( f )v = C(I f )v, C( f h) ⊆ C( f h)v ⊆ C( f )v . Thus C(h)(C( f )m+1)v ⊆ (C( f )mC( f h))v ⊆
(C( f )m+1)v and therefore C(h)k ⊆ ((C(I f )

m+1)v : (C(I f )
m+1)v) for all positive integers k. It follows that

hk(X)I m+1
f ⊆ I m+1

f . An unfortunate thing here is that the m is dependent on h(X).
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