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Abstract Recall that Tamarkin’s construction (Hinich, Forum Math 15(4):591-614,
2003, arXiv:math.QA/0003052; Tamarkin, 1998, arXiv:math/9803025) gives us a
map from the set of Drinfeld associators to the set of homotopy classes of L
quasi-isomorphisms for Hochschild cochains of a polynomial algebra. Due to results
of Drinfeld (Algebra i Analiz 2(4):149-181, 1990) and Willwacher Invent Math
200(3):671-760, 2015 both the source and the target of this map are equipped with
natural actions of the Grothendieck-Teichmueller group GRT . In this paper, we use
the result from Paljug (JHRS, 2015, arXiv:1305.4699) to prove that this map from the
set of Drinfeld associators to the set of homotopy classes of L., quasi-isomorphisms
for Hochschild cochains is GRT-equivariant.
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1 Introduction

Let K be a field of characteristic zero, A = K[xl,xz, el xd] be the algebra of
functions on the affine space K¢, and V4 be the algebra of polyvector fields on K¢.
Let us recall that Tamarkin’s construction [15,24] gives us a map from the set of
Drinfeld associators to the set of homotopy classes of L, quasi-isomorphisms from
V4 to the Hochschild cochain complex C®(A) := C*(A, A) of A.

In paper [27], among proving many other things, Thomas Willwacher constructed a
natural action of the Grothendieck-Teichmueller group GRT/ from [11] on the set of
homotopy classes of L, quasi-isomorphisms from V4 to C®*(A). On the other hand,
it is known [11] that the group GRT acts simply transitively on the set of Drinfeld
associators.

The goal of this paper is to prove GRT;-equivariance of the map resulting from
Tamarkin’s construction using Theorem 4.3 from [22]. We should remark that the
statement about GRT-equivariance of Tamarkin’s construction was made in [27]
(see the last sentence of Sect. 10.2 in [27, Version 3]) in which the author stated that
“it is easy to see”. The modest goal of this paper is to convince the reader that this
statement can indeed be proved easily. However, the proof requires an additional tool
developed in [22].

In this paper, we also prove various statements related to Tamarkin’s construction
[15,24] which are “known to specialists” but not proved in the literature in the desired
generality. In fact, even the formulation of the problem of GRT-equivariance of
Tamarkin’s construction requires some additional work.

In this paper, Tamarkin’s construction is presented in the slightly more general
setting of graded affine space versus the particular case of the usual affine space. Thus,
A isalways the free (graded) commutative algebra over K in variables x Lx2 ... x90f
(not necessarily zero) degrees t1, to, . . ., t4, respectively. Furthermore, V4 denotes the
Gerstenhaber algebra of polyvector fields on the corresponding graded affine space, i.e.

V4 := Sa (sDerg(A)),

where Dery (A) denotes the A-module of derivations of A, s is the operator which
shifts the degree up by 1, and S4 (M) denotes the free (graded) commutative algebra
on the A-module M.
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Tamarkin’s construction is equivariant with. . . 505

The paper is organized as follows. In Sect. 2, we briefly review the main part of
Tamarkin’s construction and prove that it gives us a map ¥ [see Eq. (2.20)] from the
set of homotopy classes of certain quasi-isomorphisms of dg operads to the set of
homotopy classes of L, quasi-isomorphisms for Hochschild cochains of A.

In Sect. 3, we introduce a (prounipotent) group which is isomorphic (due to
Willwacher’s theorem [27, Theorem 1.2]) to the prounipotent part GRT; of the
Grothendieck-Teichmueller group GRT introduced in [11] by Drinfeld. We recall
from [27] the actions of the group (isomorphic to GRT) both on the source and the
target of the map ¥ (2.20). Finally, we prove the main result of this paper (see Theorem
3.3) which says that Tamarkin’s map ¥ [see Eq. (2.20)] is GRT-equivariant.

In Sect. 4, we recall how to use the map T [see Eq. (2.20) from Sect. 2], a specific
solution of Deligne’s conjecture on the Hochschild complex, and the formality of the
operad of little discs [25] to construct a map from the set of Drinfeld associators to
the set of homotopy classes of L, quasi-isomorphisms for Hochschild cochains of A.
Finally, we deduce, from Theorem 3.3, GRT-equivariance of the resulting map from
the set of Drinfeld associators. The latter statement (see Corollary 4.1 in Sect. 4) can
be deduced from what is written in [27] and Theorem 3.3 given in Sect. 3. However,
we decided to add Sect. 4 just to make the story more complete.

Appendices, at the end of the paper, are devoted to proofs of various technical
statements used in the body of the paper.

Remark 1.1 While this paper was in preparation, the 4-th version of preprint [27]
appeared on arXiv.org. In Remark 10.1 of [27, Version 4], Willwacher gave a sketch
of admittedly more economic proof of equivariance of Tamarkin’s construction with
respect to the action of GRT].

1.1 Notation and conventions

The ground field K has characteristic zero. For most of algebraic structures considered
here, the underlying symmetric monoidal category is the category Chy of unbounded
cochain complexes of K-vector spaces. We will frequently use the ubiquitous combi-
nation “dg” (differential graded) to refer to algebraic objects in Chy. For a cochain
complex V we denote by sV (resp. by s~ V) the suspension (resp. the desuspension)
of V. In other words,

(sV)* = v, (s—lv)° =yt

Any Z-graded vector space V is tacitly considered as the cochain complex with the
zero differential. For a homogeneous vector v in a cochain complex or a graded vector
space the notation |v| is reserved for its degree.

The notation S, is reserved for the symmetric group on 7 letters and Sh, . p,
denotes the subset of (p1, ..., pr)-shuffles in S, i.e. Shy, ., consists of elements
o€ S,,n=p;+ pr+---+ pr such that

o) <o) <---<a(pr),
opr+1) <o(p1+2) <---<o(p1+ p2),

a(n—pk—}—l)<0(n.—”pk+2)<-~-<a(n).
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506 V. Dolgushev, B. Paljug

We tacitly assume the Koszul sign rule. In particular,

(_1)5(0;1)1 yyyyy Um)

will always denote the sign factor corresponding to the permutation ¢ € S, of homo-
geneous vectors vy, v2, .. ., Up. Namely,

(_1)8(U§Ulw~~vvm) = H (_])|UiHUj" (1.1
@i<Jj)

where the product is taken over all inversions (i < j) of o € ;.
For a pair V, W of Z-graded vector spaces we denote by

Hom(V, W)
the corresponding inner-hom object in the category of Z-graded vector spaces, i.e.

Hom(V, W) := @Hom%(v, W), (1.2)

where Homp (V, W) consists of K-linear maps f : V — W such that
fvey cwem,

For acommutative algebra B and a B-module M, the notation Sg (M) (resp. S 5 (M))
is reserved for the symmetric B-algebra (resp. the truncated symmetric B-algebra) on
M,ie.

Sp(M) =B &M & Sy(M) & Sz(M) & -+,
and
Sp(M) =M & SE(M) D S3(M) D --- .

For an Ao-algebra A, the notation C*®(A) is reserved for the Hochschild cochain
complex of A with coefficients in .A.

We denote by Com (resp. Lie, Ger) the operad governing commutative (and asso-
ciative) algebras without unit (resp. the operad governing Lie algebras, Gerstenhaber
algebras' without unit). Furthermore, we denote by coCom the cooperad which is
obtained from Com by taking the linear dual. The coalgebras over coCom are cocom-
mutative (and coassociative) coalgebras without counit.

The notation Cobar is reserved for the cobar construction [5, Section 3.7].

For an operad (resp. a cooperad) P and a cochain complex V we denote by P (V)
the free P-algebra (resp. the cofree’ P-coalgebra) generated by V:

I See, for example, Appendix A in [9].
2 We tacitly assume that all coalgebras are nilpotent.
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PV):=P (P Ve . (1.3)

n>0
For example,

Com(V) = coCom(V) = S(V).

We denote by A the underlying collection of the endomorphism operad

Endsk

of the one-dimensional space s K placed in degree 1. The n-the space of A is
A(n) =sgn, @s' 7",

where sgn,, denotes the sign representation of the symmetric group S,,. Recall that A
is naturally an operad and a cooperad.

For a (co)operad P, we denote by A P the (co)operad which is obtained from P by
tensoring with A:

AP :=AQP.

It is clear that tensoring with
A= Ends—l K

gives us the inverse of the operation P — AP.
For example, the dg operad Cobar(AcoCom) governs Lo-algebras and the dg
operad

Cobar(A*coCom) (1.4)
governs ALieyo-algebras.
1.1.1 Geroo-algebras and a basis in Ger” (n)

Let us recall that Gers,-algebras (or homotopy Gerstenhaber algebras) are governed
by the dg operad

Cobar(Ger"), (1.5)

where Ger" is the cooperad which is obtained by taking the linear dual of A ~>Ger.

For our purposes, it is convenient to introduce the free A~>Ger-algebra
A*zGer(bl, by, ..., by) in n auxiliary variables by, by, ..., b, of degree 0 and iden-
tify the n-th space A~2Ger(n) of A~>Ger with the subspace of A~2Ger(by, by, . . .,
b,) spanned by A~2>Ger-monomials in which each variable b j appears exactly once.
For example, A‘ZGer(Z) is spanned by the monomials b1b, and {b;, b} of degrees
2 and 1, respectively.
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Let us consider the ordered partitions of the set {1, 2, ..., n}
{ives i1z, o dip YU i1, 022, ooy iopp b U U {igt, ig2s - ooy Dep, ) (1.6)

satisfying the following properties:
e foreach 1 < B <t the index iﬁpﬁ is the biggest among igy, . . ., iﬁpﬂ
® iy <lizp, <---<iy, (inparticular, i;,, = n).
It is clear that the monomials

{Biyys oo Dy 1y bigy - Abiyy s - {Diy 15 Digy, 1 (1.7)

corresponding to all ordered partitions (1.6) satisfying the above properties form a
basis of the space A~2Ger(n).
In this paper, we use the notation

3
(b1 By bing B By i1y iy 1) (1.8)
for the elements of the dual basis in Ger" (n) = (A‘zGer(n))*.
1.1.2 The dg operad Braces

In this brief subsection, we recall the dg operad Braces from [9, Section 9] and [17].3
Following [9], we introduce, for every n > 1, the auxiliary set 7 (n). An element
of T (n) is a planted* planar tree T’ with the following data

e a partition of the set V(T') of vertices
V(T) = Viao(T) U Vo (T) U Vioor (T)

into the singleton V;.,,; (T) consisting of the root vertex, the set Via, (7') consisting
of n vertices which we call labeled, and the set V,, (T') consisting of vertices which
we call neutral,

e a bijection between the set Viap(T) and the set {1, 2, ..., n}.

We require that each element T of 7 (n) satisfies this condition.
Condition 1.2 Every neutral vertex of T has at least 2 incoming edges.

Elements of 7 (n) are called brace trees.

For n > 1, the vector space Braces(n) consists of all finite linear combinations of
brace trees in 7 (n). To define a structure of a graded vector space on Braces(n), we
declare that each brace tree T € 7 (n) carries degree

IT| =2|V\(T)| — |E(T)| + 1, (1.9)

where |V, (T)| denotes the total number of neutral vertices of 7 and |E(T)| denotes
the total number of edges of T'.

3 In paper [17], the dg operad Braces is called the “minimal operad”.

4 Recall that a planted tree is a rooted tree whose root vertex has valency 1.
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Fig. 1 Abracetree T € 7 (2)

Fig.2 Abracetree 71 € 7(2)

Fig.3 A bracetree Ty € 7 (2)

Fig. 4 A brace tree

Tuopp S 7(2)

Fig. 5 The brace tree
Tge T

0 ™% G oo ot

Examples of brace trees in 7 (2) (and hence vectors in Braces(2)) are shown on
Figs. 1, 2, 3 and 4.

According to (1.9), the brace trees 7' and 71 on Figs. 1 and 2, respectively, carry
degree —1 and the brace trees 7y, Tuerr on Figs. 3 and 4, respectively, carry degree 0.

Condition 1.2 implies that 7 (1) consists of exactly one brace tree Tig shown on
Fig. 5.

Hence we have Braces(1) = K.

Finally, we set Braces(0) = 0.

For the definition of the operadic multiplications on Braces, we refer the reader
to® [9, Section 8] and, in particular, Example 8.2. For the definition of the differential
on Braces, we refer the reader to [9, Section 8.1] and, in particular, Example 8.4.

Letus also recall that the dg operad Braces acts naturally on the Hochschild cochain
complex C*(A) of any Ao-algebra A. For example, if T (resp. T»1) is the brace tree
shown on Fig. 1 (resp. Fig. 2), then the expression

T(P1, P2) + Tr1(P1, P), P1,P,eC*(A)

coincides (up to a sign factor) with the Gerstenhaber bracket of P; and P,. Similarly,
if Ty, is the brace tree shown on Fig. 3, then the expression

3 Strictly speaking Braces is a suboperad of the dg operad defined in [9, Section 8].
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510 V. Dolgushev, B. Paljug

Tu(Pi, P»), P1,P,eC*(A)

coincides (up to a sign factor) with the cup product of P; and P».
For the precise construction of the action of Braces on C*®(A), we refer the reader
to [9, Appendix B].

2 Tamarkin’s construction in a nutshell

Various solutions of Deligne’s conjecture on the Hochschild cochain complex [3,4,8,
17,21,23,26] imply that the dg operad Braces is quasi-isomorphic to the dg operad

C_o(E2, K)

of singular chains for the little disc operad E».

Combining this statement with the formality [18,25] for the dg operad C_, (E2, K),
we conclude that the dg operad Braces is quasi-isomorphic to the operad Ger. Hence
there exists a quasi-isomorphism of dg operads

v : Ger,, — Braces 2.1

for which the vector® W (s(b;b2)*) is cohomologous to the sum 7 + 7> and the vector
W (s{b1, by}*) is cohomologous to

1
E(TU + Tyorr),

where T (resp. 121, Tu, Tuorr) is the brace tree depicted on Fig. 1 (resp. Figs. 2, 3, 4).
Replacing ¥ by a homotopy equivalent map we may assume, without loss of gen-
erality, that

1
W(s(b1b2)*) =T + To1, V(s{b1, bo}") = E(TU + Tuorr). (2.2)

So from now on we will assume that the map W (2.1) satisfies conditions (2.2).
Since the dg operad Braces acts on the Hochschild cochain complex C*(A) of

an Ao-algebra A, the map W equips the Hochschild cochain complex C*(.A) with a

structure of a Ger-algebra. We will call it Tamarkin’s Ger o -structure and denote by

CQ(A)\I’

the Hochschild cochain complex of A with the Gero-structure coming from W.

The choice of the homotopy class of W (2.1) (and hence the choice of Tamarkin’s
Gergo-structure) is far from unique. In fact, it follows from [27, Theorem 1.2] that,
the set of homotopy classes of maps (2.1) satistying conditions (2.2) form a torsor for
an infinite dimensional pro-algebraic group.

6 Here, we use basis (1.8) in GerY (n).
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A simple degree bookkeeping in Braces shows that for every n > 3
W(s(b1by---by)*) =0. 2.3)

Combining this observation with (2.2) we see that any Tamarkin’s Ger-structure on
C*(A) satisfies the following remarkable property:

Property 2.1 The ALiey part of Tamarkin’s Geryo-structure on C®(A) coincides
with the ALie-structure given by the Gerstenhaber bracket on C*®(.A).

From now on, we only consider the case when A = A, i.e. the free (graded)
commutative algebra over K in variables x', x%, ..., x¢ of (not necessarily zero)

degrees t1, 12, . . ., t4, respectively. Furthermore, V4 denotes the Gerstenhaber algebra
of polyvector fields on the corresponding graded affine space, i.e.

Va = Sa (sDerg(A)).
It is known’ [16] that the canonical embedding
Va4 — C*(A) 2.4
is a quasi-isomorphism of cochain complexes, where V4 is considered with the zero
differential. In this paper, we refer to (2.4) as the Hochschild—Kostant—Rosenberg
embedding.
Let us now consider the Gery,-algebra C*(A)Y for a chosen map ¥ (2.1). By the
first claim of Corollary 6.4 from Appendix B, there exists a Ger o -quasi-isomorphism

Uger : Va ~ C*(A)Y (2.5)

whose linear term coincides with the Hochschild—Kostant—Rosenberg embedding.
Restricting Uger to the A2coCom-coalgebra

A*coCom(Vy)
and taking into account Property 2.1 we get a ALien,-quasi-isomorphism
Ulie : Va ~ C*(A) (2.6)
of (dg) AlLie-algebras.

Thus we deduced the main statement of Tamarkin’s construction [24] which can
be summarized as

7 Paper [16] treats only the case of usual (not graded) affine algebras. However, the proof of [16] can be
generalized to the graded setting in a straightforward manner.
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512 V. Dolgushev, B. Paljug

Theorem 2.2 (Tamarkin [24]) Let A (resp. V4) be the algebra of functions (resp. the
algebra of polyvector fields) on a graded affine space. Let us consider the Hochschild
cochain complex C®(A) with the standard ALie-algebra structure. Then, for every
map of dg operads V (2.1), there exists a ALiey, quasi-isomorphism

Ulie : Vo ~ C*(A) 2.7
which can be extended to a Ger oo quasi-isomorphism
Uger : Va ~ C*(4)"
where V4 carries the standard Gerstenhaber algebra structure. O
Remark 2.3 In this paper we tacitly assume that the linear part of every Alies
(resp. Gery) quasi-isomorphism from V4 to C*(A) (resp. C*(A)Y) coincides with
the Hochschild—Kostant—-Rosenberg embedding of polyvector fields into Hochschild

cochains.

Since the above construction involves several choices it leaves the following two
obvious questions:

Question A Is it possible to construct two homotopy inequivalent ALieso-quasi-
isomorphisms (2.6) corresponding to the same map W (2.1)? And if no then

Question B Are Aliey,-quasi-isomorphisms U jo and ﬁLig (2.6) homotopy equiva-
lent if so are the corresponding maps of dg operads W and ¥ (2.1)?

The (expected) answer (NO) to Question A is given in the following proposition:
Proposition 2.4 Let V a map of dg operads (2.1) satisfying (2.2) and
Utie. Utie : Va ~ C*(4) 2.8)
be ALieso quasi-morphisms which extend to Gero quasi-isomorphisms
Uger. Uger : Va ~ C*(A)* (2.9)

respectively. Then Uyje is homotopy equivalent to lN]Lie'

Proof This statement is essentially a consequence of general Corollary 6.4 from
Appendix B.2.
Indeed, the second claim of Corollary 6.4 implies that Gero,-morphisms (2.9) are
homotopy equivalent. Hence so are their restrictions to the A?’coCom-coalgebra
A?coCom(Vy)

which coincide with Ul je and U Lie, respectively. m|
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The expected answer (YES) to Question B is given in the following addition to
Theorem 2.2:

Theorem 2.5 The homotopy type of Ul ie (2.6) depends only on the homotopy type of
the map ¥ (2.1).

Proof Let ¥ and U be maps of dg operads (2.1) satisfying (2.2) and let

Ulie : Va ~ C*(A) (2.10)
Ulie : Va4 ~ C*(A) 2.11)

be ALies quasi-morphisms which extend to Gern, quasi-isomorphisms
Uger : Va ~ C*(A)Y, and Uger : Va ~ C'(A)‘T’ (2.12)

respectively. Our goal is to show that if W is homotopy equivalent to U then Uyjg is
homotopy equivalent to Ul je.

Let us denote by Q°(K) the dg commutative algebra of polynomial forms on the
affine line with the canonical coordinate 7.

Since quasi-isomorphisms W, W : Ger,, — Braces are homotopy equivalent, we
have® a map of dg operads

9 : Gers — Braces ® Q°(K) (2.13)
such that
W=pyoH and U=p o,
where pg and p; are the canonical maps (of dg operads)
po, p1 : Braces ® Q°(K) — Braces,
o) = |ar=0, =0, P1(V) ==V |ar=0, =1 -

The map $) induces a Gero-structure on C*(A) ® Q°(K) such that the evaluation
maps (which we denote by the same letters)

po: C*(A)® Q*(K) = C*(A)”, pow) :=v|,_q o

2.14
p1:C*(A) ® Q*(K) — C*(A)Y, pi(v): 219

= U|dz=0, t=1"

are strict quasi-isomorphisms of the corresponding Ger,-algebras.

So, in this proof, we consider the cochain complex C*(A) ® Q° (K) with the Gerqo-
structure coming from ) (2.13). The same degree bookkeeping argument in Braces
shows that”

8 For justification of this step see, for example, [5, Section 5.1].

9 Here, we use basis (1.8) in GerY (n).
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514 V. Dolgushev, B. Paljug

(sbiby---by)*) =0. (2.15)

Hence, the ALiey, part of the Gerso-structure on C°*(A) ® Q2°(K) coincides with the
AlLie-structure given by the Gerstenhaber bracket extended from C®(A) to C*(A) ®
Q°(K) to by 2°(K)-linearity.

Since the canonical embedding

Pis P®1:C%A) — C*(A) ® Q°(K)

is a quasi-isomorphism of cochain complexes, Corollary 6.4 from Appendix B.2
implies that there exists a Gers quasi-isomorphism

UL, : Vi~ C*(A) ® Q*(K), (2.16)

where V4 is considered with the standard Gerstenhaber structure.

Since the ALiey, part of the Gerso-structure on C*(A) ® Q°(K) coincides with
the standard ALie-structure, the restriction of Uc?er to the AzcoCom-coalgebra
A*coCom(V,) gives us a homotopy connecting the ALies, quasi-isomorphism

0 © U . [/ A C A 2.1 ;
p Ger 42:[:001”(‘/ ) ( ) ( )
to the ALleoo quasi—isomorphism
P1 o U, V4~ C°(A s 2.18
1 Ger ‘ZDCCC'IH(" ) A ( ) ( )

where pg and p; are evaluation maps (2.14).
Let us now observe that ALies, quasi-isomorphisms (2.17) and (2.18) extend to
Gery, quasi-isomorphisms

Poo UL+ Va~ C(AY, and pjoUL :Va~ CU(AY (219

respectively. Hence, by Proposition 2.4, ALies, quasi-isomorphism (2.17) is homo-
topy equivalent to (2.10) and A Liey, quasi-isomorphism (2.18) is homotopy equivalent
to (2.11).

Thus ALiey quasi-isomorphisms (2.10) and (2.11) are indeed homotopy equiva-
lent. O

The general conclusion of this section is that Tamarkin’s construction [15,24] gives
us a map

T : 1o (Gero, — Braces) — 7o (Va ~ C*(A4)) (2.20)

from the set g (Gery, — Braces) of homotopy classes of operad morphisms (2.1)
satisfying conditions (2.2) to the set mp (V4 ~» C®(A)) of homotopy classes of
ALies-morphisms from V4 to C®(A) whose linear term is the Hochschild—Kostant—
Rosenberg embedding.
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3 Actions of GRT;

Let C be a coaugmented cooperad in the category of graded vector spaces and C, be
the cokernel of the coaugmentation. We assume that C(0) = 0 and C(1) = K.
Let us denote by

Der’ (Cobar(C)) (3.1)
the dg Lie algebra of derivation D of Cobar(C) satisfying the condition
psc, oD =0, (3.2)

where pg ¢, is the canonical projection Cobar(C) — s C,. Conditions C(0) = 0,C(1) =
K and (3.2) imply that Der’ (Cobar(C))° and H® (Der’ (Cobar(C))) are pronilpotent
Lie algebras.

In this paper, we are mostly interested in the case when C = A?coCom and
C = Ger". The corresponding dg operads ALie,, = Cobar(A%coCom) and Gery, =
Cobar(Ger") govern ALie, and Ger, algebras, respectively.

A simple degree bookkeeping shows that

Der’(ALiesx)=? = 0, (3.3)
i.e. the dg Lie algebra Der’(ALie,) does not have non-zero elements in degrees < 0.

In particular, the Lie algebra H° (Der’ (ALieoo)) is zero.
On the other hand, the Lie algebra

g=H" (Der’ (Gerwo)) (3.4)
is much more interesting. According to Willwacher’s theorem [27, Theorem 1.2],
this Lie algebra is isomorphic to the pro-nilpotent part grt; of the Grothendieck—
Teichmueller Lie algebra grt [1, Section 4.2]. Hence, the group exp(g) is isomorphic
to the group GRT| = exp(grt;).

Let us now describe how the group exp(g) = GRT| acts both on the source and
the target of Tamarkin’s map ¥ (2.20).

3.1 The action of GRT; on 7y (Ger,, — Braces)

Let v be a vector of g represented by a (degree zero) cocycle D € Der’ (Gero). Since
the Lie algebra Der’ (Gery)? is pro-nilpotent, D gives us an automorphism

exp(D) (3.5)
of the operad Ger.
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Let W be a quasi-isomorphism of dg operads (2.1). Due to Proposition B.2 in [22],
the homotopy type of the composition

W o exp(D)

does not depend on the choice of the cocycle D in the cohomology class v. Furthermore,
for every pair of (degree zero) cocycles D, D € Der’(Gers) we have

W o exp(D) o exp(D) = ¥ o exp (CH(D, D)),

where CH(x, y) denotes the Campbell-Hausdorff series in symbols x, y.
Thus the assignment

v — Woexp(D)

induces a right action of the group exp(g) on the set 7o (Gers, — Braces) of homo-
topy classes of operad morphisms (2.1).

3.2 The action of GRT; on y (V4 ~ C®(A))

Let us now show that exp(g) = GRT| also acts on the set g (V4 ~ C*(A)) of
homotopy classes of ALies,-morphisms from V4 to C®(A).
For this purpose, we denote by

Actgiqn : Geroe — Endy, (3.6)

the operad map corresponding to the standard Gerstenhaber structure on Vy.

Then, given a cocycle D € Der’(Gery) representing v € g, we may precompose
map (3.6) with automorphism (3.5). This way, we equip the graded vector space
V4 with a new Geryo-structure Q°*P(P) whose binary operations are the standard
ones. Therefore, by Corollary 6.3 from Appendix B.1, there exists a Gery, quasi-
isomorphism

exp(D)
Ucorr : Va — V2 3.7

from V4 with the standard Gerstenhaber structure to V4 with the Gerso-structure
oexp(D)

Due to observation (3.3), the restriction of D onto the suboperad Cobar (A2coCom)
C Cobar(Ger") is zero. Hence, for every degree zero cocycle D € Der’ (Gery,), we
have

exp(D) = 1d : Cobar(A%>coCom) — Cobar(A>coCom). (3.8)
Cobar(AZcoCom)

Therefore the ALiey-part of the Ger o -structure 0*P(D) coincides with the standard
AlLie-structure on V4 given by the Schouten bracket. Hence the restriction of the
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Gery, quasi-isomorphism Upor onto the A2coCom-coalgebra A2coCom (V) gives
us a ALiey-automorphism

UP vy~ Vy. (3.9)

Note that, for a fixed Geroo-structure QD) Gery, quasi-isomorphism (3.7) is
far from unique. However, the second statement of Corollary 6.4 implies that the
homotopy class of (3.7) is unique. Therefore, the assignment

D [UP]

is a well defined map from the set of degree zero cocycles of Der’ (Ger,) to homotopy
classes of ALieys-automorphisms of V4.
This statement can be strengthened further:

Proposition 3.1 The homotopy type of UP does not depend on the choice of the
representative D of the cohomology class v. Furthermore, for any pair of degree zero
cocycles Dy, D, € Der’(Gerw), the composition UP1 oUD2 s homotopy equivalent
to USH®1D2) ywhere CH(x, y) denotes the Campbell-Hausdorf{f series in symbols

X, y.

Let us postpone the technical Proof of Proposition 3.1 to Sect. 3.4 and observe that
this proposition implies the following statement:

Corollary 3.2 Let D be a degree zero cocycle in Der’ (Ger,) representing a coho-
mology class v € g and let ULje be a ALiey, quasi-isomorphism from V4 to C®(A).
The assignment

Ulie > ULig o UP (3.10)

induces a right action of the group exp(g) on the set wo (V4 ~» C*(A)) of homotopy
classes of ALieo-morphisms from V4 to C*(A). O

From now on, by abuse of notation, we denote by U D any representative in the
homotopy class of ALies-automorphism (3.9).

3.3 The theorem on GRT;-equivariance

The following theorem is the main result of this paper:

Theorem 3.3 Ler my (Gero, — Braces) be the set of homotopy classes of operad
maps (2.1) from the dg operad Gerso governing homotopy Gerstenhaber algebras to
the dg operad Braces of brace trees. Let wy (V4 ~ C®(A)) be the set of homotopy
classes of ALiew quasi-isomorphisms'® from the algebra V4 of polyvector fields to

10 we tacitly assume that operad maps (2.1) satisfies conditions (2.2) and ALies quasi-isomorphisms
V4 ~» C®(A) extend the Hochschild—Kostant—-Rosenberg embedding.
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the algebra C*(A) of Hochschild cochains of a graded affine space. Then Tamarkin’s
map T (2.20) commutes with the action of the group exp(g) which corresponds to Lie
algebra (3.4).

Proof Following [22, Section 3], [13], we will denote by Cyl(GerV) the 2-colored dg
operad whose algebras are pairs (V, W) with the data

1. a Gergo-structure on V,

2. a Geryo-structure on W, and

3. a Gery-morphism F from V to W, i.e. a homomorphism of corresponding dg
Ger"-coalgebras Ger (V) — Ger” (W).

In fact, if we forget about the differential, then the operad Cyl(Ger") is a free
operad on a certain 2-colored collection M (Ger") naturally associated to Ger" .
Let us denote by
Der’(Cyl(Ger")) (3.11)
the dg Lie algebra of derivations D of Cyl(Ger") subject to the condition'
poD=0, (3.12)
where p is the canonical projection from Cyl(Ger") onto M(Ger").
The restrictions to the first color part and the second color part of Cyl(Ger"),
respectively, give us natural maps of dg Lie algebras

res, resy : Der/(Cyl(Ger")) — Der’ (Gery), (3.13)

and, due to [22, Theorem 4.3], res] and res; are chain homotopic quasi-isomorphisms.
Therefore, for every v € g there exists a degree zero cocycle

D e Der’(Cyl(Ger")) (3.14)

such that both res; (D) and res; (D) represent the cohomology class v.
Let

Uger : Va ~ C*(A)Y (3.15)
be a Geryo-morphism from V4 to C*(A) which restricts to a ALies,-morphism
Ulie : Va — C*(A). (3.16)

The triple consisting of

e the standard Gerstenhaber structure on Vg,

1t is condition (3.12) which guarantees that any degree zero cocycle in Der’(Cyl(Ger")) can be expo-
nentiated to an automorphism of Cyl(Ger").
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e the Gerqo-structure on C*(A) coming from a map ¥, and
e Geryo-morphism (3.15)

gives us a map of dg operads
UCy] : Cyl(GerV) — EndvA,C-(A) (3.17)

from Cyl(Ger") to the 2-colored endomorphism operad Endy, cea) of the pair
(Va, C*(A)).
Precomposing Ucy1 with the endomorphism

exp(D) : Cyl(GerY) — Cyl(Ger")
we get another operad map
Ucy1 o exp(D) : Cyl(GerV) — Endy, ce) (3.18)

which corresponds to the triple consisting of

o the new Gery,-structure Q<XPes1P) op vy
o the Gerqo-structure on C*®(A) corresponding to W o exp(resy (D)), and
e a Gery, quasi-isomorphism

Qexp(resl (D))

Uger : V;; ~s C*(A) YV oexplres2(P)) (3.19)

Due to technical Proposition 7.1 proved in Appendix C below, the restriction of the
Gery quasi-isomorphism Uger (3.19) to A2coCom (V) gives us the same ALieqo-
morphism (3.16).

On the other hand, by Corollary 6.3 from Appendix B.1, there exists a Gers
quasi-isomorphism

Qexp(resl (D))
A

Ueorr : Va4 — (3.20)

from V4 with the standard Gerstenhaber structure to V4 with the new Ger o -structure
QexP(reSl Dy

Thus, composing Ugerr With ﬁGer (3.19), we get a Ger, quasi-isomorphism

UéXeF:-(D) . VA — CO(A)\DOCXP(ICSQ(D)) (321)

from V4 with the standard Gerstenhaber structure to C®(A) with the Ger-structure
coming from W o exp(resz(D)).

The restriction of this Gery,-morphism Ug;pr(p) to A2coCom(V,) gives us the
ALies-morphism

Ulie o U™1(P) (3.22)

@ Springer



520 V. Dolgushev, B. Paljug

where U™1(D) ig the ALies-automorphism of V4 obtained by restricting (3.20) to
A2coCom(Vy).

Since both cocycles res| (D) and res; (D) of Der’ (Ger ) represent the same coho-
mology class v € g, Theorem 3.3 follows. O

3.4 The proof of Proposition 3.1

Let D and D be two cohomologous cocycles in Der’ (Ger,) and let Qexp(D) Qe"p(ﬁ)
be Gerqo-structures on Vy corresponding to the operad maps

Actgiqn o exp(D) : Geros — Endy,, (3.23)
Actgyan o exp(D) : Gers, — Endy,, (3.24)

respectively. Here Acty;qp is the map Gero, — Endy, corresponding to the standard
Gerstenhaber structure on Vy.

Due to Proposition B.2 in [22], operad maps (3.23) and (3.24) are homotopy equiv-
alent. Hence there exists a Geryo-structure Q; on V4 ® °(K) such that the evaluation
maps

. QeP(D)
po:Va®Q2(K) — Vy . po(v) = U|dt:0, 1=0°

Qexp(ﬁ) (325)
PriVa®Q K —» Vo o, pi(v) =1

dt=0, t=1"

are strict quasi-isomorphisms of the corresponding Ger,-algebras.

Furthermore, observation (3.3) implies that the restriction of a homotopy connecting
the automorphisms exp(D) and exp(D) of Gery, to the suboperad ALiey, coincides
with the identity map on ALies, for every 7. Therefore, the ALieso-part of the Ger -
structure Q; on V4 ® Q°(K) coincides with the standard A Lie-structure given by the
Schouten bracket.

Since tensoring with ©2°(K) does not change cohomology, Corollary 6.4 from
Appendix B.2 implies that the canonical embedding V4 — V4 ® Q°(K) can be
extended to a Gery, quasi-isomorphism

U9

corr

2 Va4~ Vi @ QK) (3.26)

from V4 with the standard Gerstenhaber structure to V4 ® Q°(K) with the Gerso-
structure Q;.

Since the ALieyo-part of the Gerqo-structure Q; on V4 ® Q°(KK) coincides with the
standard ALie-structure given by the Schouten bracket, the restriction of Ug?m onto

A%coCom(V,) gives us a homotopy connecting the ALie,-automorphisms

P0© U | n2c0comvyy * Va ~ Va (3.27)

and

P10 U | p2cocomvy  Va ~ Va (3.28)
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Due to the second part of Corollary 6.4, ALi€s-automorphism (3.27) is homotopy

equivalent to UL and ALies-automorphism (3.28) is homotopy equivalent to UP.

Thus the homotopy type of UP is indeed independent of the representative D of
the cohomology class.

To prove the second claim of Proposition 3.1, we will need to use the 2-colored dg
operad Cyl(Gerv) recalled in the Proof of Theorem 3.3 above. Moreover, we need [22,
Theorem 4.3] which implies that restrictions (3.13) are homotopic quasi-isomorphisms
of cochain complexes.

Let Dy and D, be degree zero cocycles in Der’(Gery,) and let Qe"p(D‘) be the
Gergo-structure on V4 which comes from the composition

Actsian 0 exp(Dy) : Geroe — Endy,, (3.29)

where Act;q, denotes the map Gero, — Endy, corresponding to the standard Ger-
stenhaber structure on Vy.
Let Uger,1 be a Gerg-quasi-isomorphism

oexp(P)
VA

Uger,1 : Va ~ ) (3.30)

where the source is considered with the standard Gerstenhaber structure.
By construction, the ALie.-automorphism

UL vy~ vy

is the restriction of Uger,1 onto A2coCom(Vy).
Let us denote by Ug;‘] the operad map

U& : Cyl(Ger") — Endy, v,

which corresponds to the triple:

o the standard Gerstenhaber structure on the first copy of V4,
o the Geryo-structure Q*PPV) on the second copy of V4, and
e the chosen Gery, quasi-isomorphism in (3.30).

Due to [22, Theorem 4.3], there exists a degree zero cocycle Dcyl in Der’
(Cyl(GerV)) for which the cocycles

D :=res1(Dcy), D = resz (Deyl) (3.31)

are both cohomologous to the given cocycle D;.
Precomposing the map Ug;‘l with the automorphism exp(Dcy1) we get a new
Cyl(Ger")-algebra structure on the pair (V4, V1) which corresponds to the triple

o the Ger,-structure Q%P on the first copy of V4,
o the Ger,-structure Q¢*P(CHP1.DY) on the second copy of V4, and
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e a Gery, quasi-isomorphism

~ exp(D) exp(CH(D,D’))
Uger : VE T~ v (3.32)

Let us observe that, due to Proposition 7.1 from Appendix C, the restriction of Uger
onto A2coCom(Vy) coincides with the restriction of (3.30) onto AZcoCom(V,).
Hence,

U =uPr, 3.33
Ger A2coCom(Vy) ( )

where UP! is a ALies-automorphism of V, corresponding'? to D.
Recall that there exists a Gery, quasi-isomorphism

QCXP(D)

UGer : VA ~ VA . (3.34)

where the source is considered with the standard Gerstenhaber structure. Furthermore,
since D is cohomologous to D», the first claim of Proposition 3.1 implies that the
restriction of Uger Onto A2coCom(Vy) gives us a ALies-automorphism U D of Va
which is homotopy equivalent to U2,

Let us also observe that the composition ﬁGer o Uger gives us a Gery, quasi-
isomorphism

QP(CH(D| D))

Uger o Uger : Va ~ V (3.35)

Hence, the restriction of ﬁGer o Uger gives us a Alies-automorphism of V4
corresponding to CH(Dj, D’). Due to (3.33), this ALies-automorphism coincides
with

uP o UP,

Since D and D’ are both cohomologous to D5, the second claim of Proposition 3.1
follows. O

Remark 3.4 The second claim of Proposition 3.1 can probably be deduced from [27,
Proposition 5.4] and some other statements in [27]. However, this would require a
digression to “stable setting” which we avoid in this paper. For this reason, we decided
to present a complete proof of Proposition 3.1 which is independent of any intermediate
steps in [27].

12 Strictly speaking, only the homotopy class of the ALieso-automorphism uPr s uniquely determined
by Dy.
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4 Final remarks: connecting Drinfeld associators to the set of homotopy
classes o (V4 ~~ C®(A))

In this section we recall how to construct a GRT-equivariant map B from the set
DrAssoc; of Drinfeld associators to the set

o (Gero, — Braces)

of homotopy classes of operad morphisms (2.1) satisfying conditions (2.2).
Composing ‘B with the map T (2.20), we get the desired map

T 0B : DrAssoc; — 7o (V4 ~ C*(A)) (4.1)

from the set DrAssoc; to the set of homotopy classes of ALiey,-morphisms from V4
to C*(A) whose linear term is the Hochschild—Kostant—Rosenberg embedding.
Theorem 3.3 will then imply that map (4.1) is GRT-equivariant.

4.1 The sets DrAssoc, of Drinfeld associators

In this short subsection, we briefly recall Drinfeld’s associators and the Grothendieck—
Teichmueller group GRT . For more details we refer the reader to [1,2], or [11].

Let m be an integer > 2. We denote by t,, the Lie algebra generated by symbols
{ti/ = 1J1}1<; 2 j<m subject to the following relations:

[tij, ik 4 tjk] = 0 for any triple of distinct indices i, j, k,
[t "1 =0 for any quadruple of distinct indices i, j, k, /. 4.2)

The notation Afnb is reserved for the associative algebra (over K) of formal power
series in noncommutative symbols {t"/ = #/'};<;+ <, subject to the same relations

(4.2). Let us recall [25, Section 4] that the collection APP := {Af’nb}mz | with AFI’b =K
forms an operad in the category of associative K-algebras.

Let lie(x, y) be the degree completion of the free Lie algebra in two symbols x and
y and let ¥ be any element of K.

The set DrAssoc, consists of elements ® € exp (lie(x, y)) which satisfy the equa-
tions

D>y, x)P(x,y) =1, “4.3)
2 B 4o+, 5% = (B, Y e (2 + 113, 2 + Y o (112, 1),
“4.4)
eK(Z‘13+123)/2 _ <I>(t13, tlz)e;(r13/2q)(t137 t23)_1e’”23/2d>(t12, t23),
4.5)
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and
eK(l]2+Il3)/2 _ qb(t23’ t13)_1e"’13/2<1>(t12, t13)e""2/2<D(t12, t23)—1_ (4.6)

For k # 0, elements ® of DrAssoc, are called Drinfeld associators. However, for
our purposes, we only need the set DrAssoc; and the set DrAssocy.
According to [11, Section 5], the set

DrAssocy 4.7

forms a prounipotent group and, by [11, Proposition 5.5], this group acts simply
transitively on the set of associators in DrAssoci. Following [11], we denote the
group DrAssocy by GRT;.

4.2 A map B from DrAssoc; to ry (Ger,, — Braces)

Let us recall [2,25] that collections of all braid groups can be assembled into the
operad PaB in the category of K-linear categories. Similarly, the collection of algebras

{Af,,b}mzl can be “upgraded” to the operad PaCD also in the category of K-linear
categories. Every associator ® € DrAssoc; gives us an isomorphism of these operads

~

Ie : PaB — PaCD. 4.8)

The group GRT| acts on the operad PaCD in such a way that, for every pair g €
GRT, ® € DrAssocy, the diagram

PaB — " PaCD

L

9(®)

PaB —— PaCD 4.9)

commutes.
Applying to PaB and PaCD the functor C_,( , K), where C,o( , K) denotes the
Hochschild chain complex with coefficients in K, we get dg operads

C_,(PaB, K) (4.10)
and
C_.(PaCD, K). 4.11)
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By naturality of C_4( , K), diagram (4.9) gives us the commutative diagram

I

C_.(PaB,K) C_.(PaCD, K)
id 9
C_.(PaB,K) S C_.(PaCD,K), 4.12)

where, for simplicity, the maps corresponding to /¢, /4(9) and g are denoted by the
same letters, respectively.

Recall that Eq. (5) from [25] gives us the canonical quasi-isomorphism from the
operad Ger to C,.(Apb, K). The latter operad, in turn, receives the natural map

C_.(PaCD, K) — C_.(AP’ K)

from C_,(PaCD, K) which is also known to be a quasi-isomorphism.
Thus, using the lifting property (see [5, Corollary 5.8]) for maps from the operad
Gery, = Cobar(Ger"), we get the quasi-isomorphism!3

Geroe —> C_o(PaCD, K). (4.13)

Using this quasi-isomorphism and [5, Corollary 5.8], one can construct (see [27,
Section 6.3.1]) a group homomorphism

GRT;| — exp(g). (4.14)

where the Lie algebra g is defined in (3.4). By [27, Theorem 1.2], homomorphism
(4.14) is an isomorphism.

Any specific solution of Deligne’s conjecture on the Hochschild complex (see,
for example, [4,8], or [21]) combined with Fiedorowicz’s recognition principle [12]
provides us with a sequence of quasi-isomorphisms

Braces < e —> o < o --- o > C_.(PaB, K) (4.15)

which connects the dg operad Braces to C_,(PaB, K).
Hence, every associator ® € DrAssoc; gives us a sequence of quasi-isomorphisms

~

Braces <~ e > o <o --- 0 5 C_,(PaB, K) =% C_.(PaCD, K) < Gers,
(4.16)

connecting the dg operads Braces to Ger .

13 By the same lifting property (see [5, Corollary 5.8]), we know that the homotopy type of the quasi-
isomorphism (4.13) is uniquely determined by the operad map Ger — C_o(APP K) from [25, Eq. 5)].
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Using [5, Corollary 5.8] once again, we conclude that the sequence of quasi-
isomorphisms (4.16) determines a unique homotopy class of quasi-isomorphisms (of
dg operads)

¥ : Ger,, — Braces. 4.17)
Thus we get a well defined map
% : DrAssoc; — m (Gers, — Braces) . (4.18)

In view of isomorphism (4.14), the set of homotopy classes 7 (Gero, — Braces)
is equipped with a natural action of GRT . Moreover, the commutativity of diagram
(4.12) implies that the map 9 is GRT-equivariant.

Thus, combining this observation with Theorem 3.3 we deduce the following corol-
lary:

Corollary 4.1 Let g (V4 ~» C®(A)) be the set of homotopy classes of ALieq
quasi-isomorphisms which extend the Hochschild—Kostant—Rosenberg embedding of
polyvector fields into Hochschild cochains. If we consider my (V4 ~» C*(A)) as a set
with the GRT 1-action induced by isomorphism (4.14) then the composition

T 0B : DrAssoc; — m (VA > C’(A)) (4.19)

is GRT-equivariant. O

Remark 4.2 Any sequence of quasi-isomorphisms of dg operads (4.15) gives us an
isomorphism between the objects corresponding to C_,(PaB, K) and Braces in the
homotopy category of dg operads. However, there is no reason to expect that different
solutions of the Deligne conjecture give the same isomorphisms from C_,(PaB, K)
to Braces in the homotopy category. Hence the resulting composition in (4.19) may
depend on the choice of a specific solution of Deligne’s conjecture on the Hochschild
complex.
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Appendix A: Filtered A ~'Lie-algebras

Let L be a cochain complex with the differential 8. Recall that a A ™! Lie,-structure
on L is a sequence of degree 1 multi-brackets

(eI S"™(L) > L, m>2 5.1)
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satisfying the relations

m
v, va, ..., U} + Z(—l)‘vlw"'ﬂv"’”{vl, ey Vil OV, Vigls - vy Up )
i=1

m—1
+ z Z (= DEE VL) () Ve ) Vo (ki 1)s - - - » Vo m)} = O,
k=2 oeShy ;,—k

5.2)

where (—1)(@:V1---n) is the Koszul sign factor [see Eq. (1.1)].
We say that a A~'Liey-algebra L is filtered if it is equipped with a complete
descending filtration

L=FL>FHLDFRLD.... (5.3)

For such filtered A ~'Liey,-algebras we may define a Maurer—Cartan element as a
degree zero element « satisfying the equation

1
da + Z%{a,a,...,a}m =0. (5.4)

m>2

Note that this equation makes sense for any degree 0 element o because L = F|L
and L is complete with respect to filtration (5.3). Let us denote by MC(L) the set of
Maurer—Cartan elements of a filtered A ~'Liey,-algebra L.

According to'# [14], the set MC(L) can be upgraded to an co-groupoid MME(L) (i.e.
asimplicial set satisfying the Kan condition). To introduce the co-groupoid ME(L), we
denote by Q2°(A,,) the dg commutative K-algebra of polynomial forms [14, Section 3]
on the n-th geometric simplex A, . Next, we declare that set of n-simplices of & (L) is

MC (L ® Q°(An)), (5.5)

where L is considered with the topology coming from filtration (5.3) and Q°(A,,) is
considered with the discrete topology. The structure of the simplicial set is induced
from the structure of a simplicial set on the sequence {Q2°(A,)}n>o0.

For example, O-cells of 9ME(L) are precisely Maurer—Cartan elements of L and
1-cells are sums

o +dta’, o e L°®K[t], o € L'&®K][t] (5.6)

14° A version of the Deligne-Getzler—Hinich oo-groupoid for pro-nilpotent A Liexo-algebras is intro-
duced in [6, Section 4].
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satisfying the pair of equations

1
/ o noo_
o’ + E %{a,a,...,a}m—O, 5.7
m>2
fLﬂ:awh%E L . (5.8)
dt m>1m!

Thus, two 0-cells «, a1 of ME(L) (i.e. Maurer—Cartan elements of L) are isomor-
phic if there exists an element (5.6) satisfying (5.7) and (5.8) and such that

oy = a’|t:0 and o = O‘/|z:1' (5.9

We say that a 1-cell (5.6) connects og and o .

A.1: A lemma on adjusting Maurer-Cartan elements
Let o be a Maurer—Cartan element of a filtered A ~'Lie.o-algebra and & be a degree

—1 element in F, L for some integer n > 1.
Let us consider the following sequence {« ,’( }k>0 of degree zero elements in L QK[1]

t
1
- / R / /
Q) =, Olk+1(l) ~—a+/0 dn | 9§ + E _m!{ak(tl)s~'-7ak(ll)9é}m+l

m>1

(5.10)

Since L is complete with respect to filtration (5.3), the sequence {o; };>0 conver-
gences to a (degree 0) element o’ € L &® K[¢] which satisfies the integral equation

t
1
) =a+ [dn (0843 @@ ) B | D
0 m!
m>1
We claim that

Lemma 5.1 If;, as above, & is a degree —1 element in F,L and o' is an element of
L ® K[1] obtained by recursive procedure (5.10) then the sum

o +drk (5.12)

is a 1-cell of ME(L) which connects a to another Maurer—Cartan element & of L
such that

o —a e FLOK[r], (5.13)
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and
a—oa—090& € Fypl. (5.14)

If the element & satisfies the additional condition

3& € FuL (5.15)

then
o —a e Fp L QK[t], (5.16)

and
a—oa— & —{a, £} € FpaL. (5.17)

Proof Equation (5.11) implies that o’ satisfies the differential equation

d I l U /
e :ag+z%{a,...,a,s}m+l (5.18)
m>1
with the initial condition
o =q. (5.19)
t=0

Let us denote by E the following degree 1 element of L ® K|[¢]

1
E =0 + ) %{o/, o, d Y (5.20)

m>2

A direct computation shows that 2 satisfies the following differential equation

d 1
EE =_ Z %{a’, s B Edpan. (5.21)

m=>0

Furthermore, since « is a Maurer—Cartan element of L, the element E satisfies the
condition

and hence E satisfies the integral equation

! 1
20 == [ dan [ X a0 @), B0 Ein | 522)

m=>0 "
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Equation (5.22) implies that

Ee ﬂ FoL KJ1].

n>1
Therefore £ = 0 and hence the limiting element &’ of sequence (5.10) is a Maurer—
Cartan element of L & K[¢].
Combining this observation with differential equation (5.18), we conclude that the

element o’ + dré € L Q*(A1) is indeed a 1-cell in 9¢(L) which connects the
Maurer—Cartan element « to the Maurer—Cartan element

1
~ 1
@ =a +/ dr | 98 + Z — e (0), o (1), Em | - (5.23)
0 m=1 m:
Since & € F, L and L = F|L, equation (5.11) implies that
o —a e FLOK[r]
and equation (5.23) implies that
a—a—0§eFyL.
Thus, the first part of Lemma 5.1 is proved.
If & € F,L and 0& € F, 1L then, again, it is clear from (5.11) that inclusion
(5.16) holds.
Finally, using inclusion (5.16) and equation (5.23), it is easy to see that

a—oa—0&—{a, &) e Fial.

Lemma 5.1 is proved. O

A.2: Convolution A~!Liey-algebra, co-morphisms and their homotopies

Let C be a coaugmented cooperad (in the category of graded vector spaces) satisfying
the additional condition

C0)=0 (5.24)

and V be a cochain complex. (In this paper, C is usually the cooperad Ger").
Following [7], we say that V is a homotopy algebra of type C if V carries Cobar(C)-
algebra structure or equivalently the C-coalgebra

cv)
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has a degree 1 coderivation Q satisfying

and the Maurer—Cartan equation

1

where dy is the differential on C(V) induced from the one on V.
For two homotopy algebras (V, Qy) and (W, Qw) of type C, we consider the
graded vector space
Hom(C(V), W) (5.25)
with the differential o
0(f):=dwo f—(=DYIfowdyv+0v) (5.26)

and the multi-brackets (of degree 1)

()0t S™ (Hom(C(V), W)) — Hom(C(V), W), m >2

i i} X) =pwo Qw1 ® f1® - ® fu(An(X))), (5.27)
where A, is the m-th component of the comultiplication
Ap 1 C(V) = (Cm) @ C(V)E™)™"
and pw is the canonical projection
pw :C(W) —> W.

According to [7] or [10, Section 1.3], Eq. (5.27) define a A~ !Lieg-structure on the
cochain complex Hom(C(V), W) with the differential d (5.26). The A ~!Lie.-algebra

Hom(C(V), W) (5.28)
is called the convolution A~'Liess-algebra of the pair V, W.

The convolution A ! Lieso-algebra Hom(C(V), W) carries the obvious descending
filtration “by arity”

F,Hom(C(V), W) = {f € Hom(C(V), W) | o as ven =0 Vm < n} .
(5.29)
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Hom(C(V), W) is obviously complete with respect to this filtration and
Hom(C(V), W) = FiHom(C(V), W) (5.30)
due to condition (5.24). In other words, under our assumption on the cooperad C, the
convolution A~ !Liey-algebra Hom(C(V), W) is pronilpotent.

According to [10, Proposition 3], co-morphisms from V to W are in bijection with
Maurer—Cartan elements of Hom(C(V), W) i.e. O-cells of the Deligne—Getzler—Hinich
oo-groupoid corresponding to Hom(C(V'), W). Furthermore, due to [10, Corollary 2],
two oo-morphisms from V to W are homotopic if and only if the corresponding

Maurer—Cartan elements are isomorphic O-cells in the Deligne—Getzler—Hinich oco-
groupoid of Hom(C(V), W).

Appendix B: Tamarkin’s rigidity

Let V4 denote the Gerstenhaber algebra of polyvector fields on the graded affine space
corresponding to A = ]K[xl, x2, ..., xd] with

Ix'| = 1.
As the graded commutative algebra over K, V4 is freely generated by variables
xl,xz,...,xd,el,eg,...,Od,
where 6; carries degree 1 — ¢;.
Va=Kx', x%, ..., x4, 00,65, ...,04] 6.1)

Let us denote by un and juq | the vectors in Endy, (2) corresponding to the multipli-
cation and the Schouten bracket {, } on Vy, respectively.
The composition of the canonical quasi-isomorphism

Cobar(Ger”) — Ger
and the map Ger — Endy, corresponds to the following Maurer—Cartan element
o= pur Q@ {b1, b2} + i, ) ®b1by (6.2)
in the graded Lie algebra

Conv®(Ger", Endy,) := @D Homs, (Ger” (n), Endy, (n)) 6.3)

n>1
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for which we frequently use the obvious identification'>

Srl
Conv®(Ger”, Endy,) = (D) (EndvA ") ® A‘zGer(n)) . (6.4)

n>1

In this section, we consider Conv® (Ger", Endy ) as the cochain complex with the
following differential

3= [c, ]. (6.5)

We observe that Conv®(Ger", Endy, ) carries the natural descending filtration “by
arity™:

Conv®(Ger", Endy,) = FoConv®(Ger”, Endy,) D> F;Conv®(Ger", Endy,)D- -
FuComv®(Ger’,Endy,) := D (Endy,(n) ® A >Ger(n))™. (6.6)

n>m+1

More precisely,

Sn Sn
9 (Endy,(m ® A2Ger(m) " < (Endy,(1+1) @ AGer(n+ 1)) "
6.7)
In particular, every cocycle X € Conv®(Ger", Endy, ) is a finite sum
S’l
X=X, Xue (EndVA ) ® A—2Ger(n)) (6.8)

n>1

where each individual term X, is a cocycle.
In this paper, we need the following version of Tamarkin’s rigidity

Theorem 6.1 If n is an integer > 2 then for every cocycle
Sn
X € (EndvA n) ® A‘ZGer(n)) C Conv®(Ger", Endy,)

there exists a cochain Y € (EndvA n—1)® A Ger(n — 1))5"_1 such that
X =0Y.

Remark 6.2 Note that the above statement is different from Tamarkin’s rigidity in the
“stable setting” [5, Section 12]. According to [5, Corollary 12.2], one may think that

15 Recall that the cooperad Ger" is the linear dual of the operad A 2Ger.
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the vector
wi, ) ®biby
is a non-trivial cocycle in (6.3). In fact,

mi, 1 ®b1by =[a, P ® by],

where P is the following version of the “Euler derivation” of V4.

4y
P(v):= > 6i—.
o 9

Proof of Theorem 6.1 Theorem 6.1 is only a slight generalization of the statement
proved in Section 5.4 of [15] and, in the proof given here, we pretty much follow the

same line of arguments as in [15, Section 5.4].
First, we introduce an additional set of auxiliary variables

X1, %2, ..., %q, 601,0%,...,64
of degrees
Xl=2—1, |0=t+1.
Second, we consider the de Rham complex of V4:

QuVa = ValXy, X2, ..., X4, 01,02, ..., 04]

with the differential

and equip it with the following descending filtration:

meﬁ(VA = {P € VA[xvl,)\fz,...,)\fd,él,éz,...,éd]

(6.9)

(6.10)

6.11)

| the total degree of P in 1. ..., %4, 01, 6sis =m+1}. (6.12)

Next, we observe that every homogeneous vector!®
i1ig..0ig ~ v X7 X i v v v X X ~
P = lejzqu Xiy ... X 070 .. 071 € Vo[X1, X2, ..., X4, 61,02, ...,64]

16 Summation over repeated indices is assumed.
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defines an element PE" € Endy, (k + ¢):

PEnd(vl, V2, .ony vk+q) = z :I:P]lllgl]]; axi] Vg (1) 3xi2 Vg (2) - - - 3xik Vo (k)

(TESk+q
X0, Vo (k+1) 99}, Vo (k+2) - - - 00, Vo (k+q)>  (6.13)

where the sign factors + are determined by the usual Koszul rule.
Finally, we claim that the formula

VH(P) := PEY @ b1y ... by (6.14)
defines a degree zero injective map
VH :s2 FoQp Vs — Conv®(Ger”, Endy,) (6.15)
which is compatible with filtrations (6.6) and (6.12).
A direct computation shows that VH intertwines differentials (6.5) and (6.11).
Let m be an integer and

G"Conv®(Ger”, Endy,) (6.16)

be the subspace of Conv®(Ger", Endy,) of sums

> M;@g e @ (Endy,m ®A—ZGer(n))S” 6.17)

n>1
satisfying the condition
the number of Lie bracketsing; — |M; @ gi | < m. (6.18)
It is easy to see that the sequence of subspaces (6.16)

... C G~ 'Conv®(Ger", Endy,) c G°Conv®(Ger”, Endy,)
C G'Conv®(Ger”,Endy,) C ...

form an ascending filtration on the cochain complex Conv®(Ger", Endy,) and the
associated graded cochain complex

GrgConv®(Ger", Endy,) (6.19)

is isomorphic to

D (EndVA ) ® A’zGer(n)) >

n>1
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with the differential

30T = [up ® (b1, b2}, 1, (6.20)

where 1, is the vector in Endy, (2) which corresponds to the multiplication on V4.
Let us observe that (6.19) is naturally a V4-module (where V4 is viewed as the
graded commutative algebra), differential (6.20) is V4-linear, and since

GerY(V4) = A’coCom(AcoLie(Vy)),

cochain complex (6.19) is isomorphic to
Homy, (sZQVA (s~ V4 @x colie(s™! V4)), vA) 6.21)

with the differential coming from the one on the Harrison homological'!” complex [19,
Section 4.2.10]

V4 Qg coLie(s™! Vy) (6.22)

of the graded commutative algebra V4 with coefficients in Vy.
Since Vg4 is freely generated by elements xt x4, 01,...,64, Theorem 3.5.6
and Proposition 4.2.11 from [19] imply that the embedding

d d
Tyar - @ VAei S @ Vafi = Va® COLi9(571 Va)

i=1 i=1

Iarr (€)== 1@ s ' x', I (fi) :=1®5s7 16 (6.23)

from the free V4-module

d d
Pvae © PVafi. lefl=t—1, |fil==—1 (6.24)
i=1 i=1

is a quasi-isomorphism of cochain complexes of V4-modules from (6.24) with the
zero differential to (6.22) with the Harrison differential.

Since (6.23) is a quasi-isomorphism of cochain complexes of free V4-modules, it
induces a quasi-isomorphism of cochain complexes of (free) V4-modules:

s?Vals~tel, . s7ted s, 87 fal = $2Sy, (57! V4 @k coLie(s™! Vy)),
(6.25)

where the source carries the zero differential.

17 The cochain complex in (6.22) is obtained from the conventional Harrison homological complex from
[19, Section 4.2.10] by reversing the grading.
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Therefore, map (6.15) induces a quasi-isomorphism of cochain complexes
s2 FoQyVa — GrgConv®(Ger", Endy,),
where the source is considered with the zero differential.
Thus, by Lemma A.3 from [5], map (6.15) is a quasi-isomorphism of cochain

complexes.
Letn > 2 and

5
X € (EndvA(n)®A‘2Ger(n)) c Conv®(Ger”,Endy,)  (6.26)

be a cocycle.
Since (6.15) is a quasi-isomorphism of cochain complexes, there exists a cocycle

X e s 2 FoQp Va (6.27)

such that X is cohomologous to VH()? ).
Let us observe that de Rham differential D (6.11) satisfies the property

D (FoQxVa) C FiQ Va.
Hence, since VH is injective, we conclude that
X es 2 FQyVa. (6.28)
It is obvious that every cocycle in F Q]k V4 is exact in FOQk V4. Therefore X is

exact and so is cocycle (6.26).
Combining this statement with property (6.7) we easily deduce Theorem 6.1. O

B.1: The standard Gerstenhaber structure on V, is “rigid”

The first consequence of Theorem 6.1 is the following corollary:

Corollary 6.3 Let V4 be, as above, the algebra of polyvector fields on a graded affine
space and Q be a Geryo-structure on V4 whose binary operations are the Schouten
bracket and the usual multiplication. Then the identity map id : V4 — V4 can be
extended to a Gero, morphism

Ucorr : Va ~» V2 (6.29)

from V4 with the standard Gerstenhaber structure to V4 with the Geroo-structure Q.

Proof To prove this statement, we consider the graded space

Hom(Ger" (Vy4), Va) (6.30)
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with two different algebraic structures. First, (6.30) is identified with the convolution
Lie algebra!®

Conv(Ger"”, Endy,) (6.31)

with the Lie bracket [ , ] defined in terms of the binary (degree zero) operation e from
[5, Section 4, Eq. (4.2)].

To introduce the second algebraic structure on (6.30), we recall that a Gerqo-
structure on V4 is precisely a degree 1 element

Q=01+ 0, QncHomg,(Ger'(n) @ V", Vy) (6.32)

n>3

in (6.31) satisfying the Maurer—Cartan equation
[0.0]1=0 (6.33)
and the above condition on the binary operations is equivalent to the requirement
02 =, (6.34)

where « is Maurer—Cartan element (6.2) of (6.31).
Given such a Gerso-structure Q on V4, we get the convolution AL Lieso-algebra

Hom(Ger" (V4), V2) (6.35)

corresponding to the pair (V4, VAQ), where the first entry V4 is considered with the
standard Gerstenhaber structure and the second entry is considered with the above
Geryo-structure Q.

As a graded vector space, AL Lieo-algebra (6.35) coincides with (6.30). However,
it carries a non-zero differential d,, given by the formula

dy(P) = —(=D)"1P e a, (6.36)
and the corresponding (degree 1) brackets

(o voes Jeo S (Hom(Ger" (Va), V) — Hom(Ger" (V). V)

are defined by general formula (5.27) in terms of the Ger"-coalgebra structure on
GerY(V,) and the Gery-structure Q on Vy.

18 In our case, Lie algebra (6.31) carries the zero differential.
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Let us recall [7,10] that Gerso-morphisms from Vy4 to VAQ are in bijection with
Maurer—Cartan elements!®

B= B Bu<Homs, (Ger'(n) @ V", Va) (6.37)

n>1
of A~!Lieso-algebra (6.35) such that B corresponds to the linear term of the corre-
sponding Gers,-morphism.

Thus our goal is to prove that, for every Maurer—Cartan element Q (6.32) of Lie
algebra (6.31) satisfying condition (6.34), there exists a Maurer—Cartan element g
(see (6.37)) of A~ !Liey-algebra (6.35) such that

B =id: V4 — Vy. (6.38)

Condition (6.34) implies that the element

B :=id € Hom(Ger" (Va), V2)
satisfies the equation (in the A ~!Liey,-algebra Hom(Ger" (V,), VAQ))
1
(1 —gM M —
do(BD) + 2 1BV, BN | (0 =0 (6.39)

k>2

for every X € (Ger”(m) ® V™), withm < 2.
Let us assume that we constructed (by induction) a degree zero element

BV =id+ B+ B3+ -+ Buet, BjE Homg, (Ger” (j) ® ij, Va)

(6.40)
such that
1
dp (B )+ D BV, BTV () =0 (6.41)
k!
k>2
for every X € (Ger”(m) ® V@™)s, withm < n.
We will try to find an element
B € Homg, (Ger(n) @ V", Va) (6.42)
such that the sum
BW :=id+Br+ B3+ + Buot1 + Pn (6.43)

19 Recall that Maurer—Cartan elements of a A~ Liexc-algebra have degree 0.
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satisfies the equation

1
da(B™) + 3 B BN | (X) =0 (6.44)

k>2

for every X € (Ger” (m) ® Vf’m)sm withm <n + 1.

Since B, € Homg, (GerY(n) ® Vf’", V4) and (6.41) is satisfied for every X €
(Ger¥(m) @ V™) s, With m < n, equation (6.44) is also satisfied for every X e
(Ger¥(m) ® V™), withm < n.

For X € (Ger"(n+ 1) ® Vf ("H))SHJrl , Eq. (6.44) can be rewritten as

1
—BreaX) +aef(X) == BV, BUTIR). (645)

k>2

Let us denote by y the element in Homyg, ,, (Ger"(n+1) ® Vf @D vy defined
as

1
i —ypn=1) (n—1)
e MDY L I O
k=2 A
Evaluating the Bianchi type identity [14, Lemma 4.5]
1 (n—1) (n—1) 1 (n—1) (n—1)
2 ed BT BT N DS BTY B,
k>2 k=1
_ 1 _ _ _ _
Ao Dhicsr + 2 B0 BT BT BT e =0
i k!
t>1
(6.47)

on an arbitrary element

Y € (Ger'(n+2)@ VEUt

02
and using the fact that

B V(X)) =0, ¥ X e (Ger'(m)® VY™, with m=>n
we deduce that element y (6.46) is a cocycle in cochain complex (6.3) with differential
(6.5).

Thus Theorem 6.1 implies that Eq. (6.45) can always be solved for g,,.
This inductive argument concludes the proof of Corollary 6.3. O
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B.2 The Gerstenhaber algebra V4 is intrinsically formal
Let (C*®, ?) be an arbitrary cochain complex whose cohomology is isomorphic to V4

H*(C®) = V,. (6.48)

Let us consider V4 as the cochain complex with the zero differential and choose®”

a quasi-isomorphism of cochain complexes
I1:Vy— C°. (6.49)

Let us assume that C*® carries a Geryo-structure such that the map I induces an
isomorphism of Gerstenhaber algebras V4 = H*(C*®).
Then Theorem 6.1 gives us the following remarkable corollary:

Corollary 6.4 There exists a Geroo-morphism
U:Vp~C® (6.50)
whose linear term coincides with I (6.49). Moreover, any two such Ger . -morphisms
U, U : Vy~C® 6.51)

are homotopy equivalent.

Remark 6.5 The above statement is a slight refinement of one provedin [15, Section 5].
Following Hinich, we say that the Gerstenhaber algebra V, is intrinsically formal.

Proof of Corollary 6.4 By the Homotopy Transfer Theorem [7, Section 5], [20, Sec-
tion 10.3], there exists a Geryo-structure Q on V4 and a Gerq,-quasi-isomorphism

U ve e, (6.52)

such that

e the binary operations of the Gery-structure Q on Vy4 are the Schouten bracket
and the usual multiplication of polyvector fields,
e the linear term of U’ coincides with 1.

Corollary 6.3 implies that there exists a Gero-morphism
Ucorr : Va ~ V£, (6.53)

whose linear term is the identity map id : V4 — Vj.

20 Such a quasi-isomorphism exists since we are dealing with cochain complexes of vector spaces over a
field.
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Hence the composition
U=U"oUcgqy: Vs~ C* (6.54)

is a desired Geroo-morphism.
To prove the second claim, we need the A~ !Lieq-algebra

Hom(Ger" (Vy4), C*) (6.55)

corresponding to the Gerstenhaber algebra V4 and the Gery,-algebra C*°. The differ-
ential D on (6.55) is given by the formula

DW) :=0o0W — (—D)YWo Q.. ), ¥eHom(Ger'(Vs),C*), (6.56)

where 0 is the differential on C® and Q| ) is the differential on the Ger"-coalgebra
GerY (Vy) corresponding to the standard Gerstenhaber structure on V.

The multi-brackets { , , ..., },, are defined by the general formula [see Eq. (5.27)]
in terms of the Ger"-coalgebra structure on Ger” (V4) and the Gerqo-structure on
cCe.

Let us recall (see Appendix A.2 for more details) that Gers,-morphisms from V4
to C* are in bijection with Maurer—Cartan elements of A ~!Liey,-algebra (6.55) and
Geroo-morphisms (6.51) are homotopy equivalent if and only if the corresponding
Maurer—Cartan elements P and P in (6.55) are isomorphic O-cells in the Deligne—
Getzler—-Hinich oco-groupoid [14] of (6.55). _

So our goal is to prove that any two Maurer—Cartan elements P and P in (6.55)
satisfying

Pl =P

=1:V4 - C* (6.57)

Va Va

are isomorphic.
Condition (6.57) implies that

P — P € FHom(Ger" (Vy), C*),

where F,Hom(Ger" (V,), C*®) is the arity filtration (5.29) on Hom(Ger" (V,), C*).
Let us assume that we constructed a sequence of Maurer—Cartan elements

P=P, P, Py,..., Py (6.58)
such that forevery2 <m <n + 1
P — P, € FyHom(Ger" (Vy), C*) (6.59)
and for every 2 < m < n there exists 1-cell

P (t) +dt &y,—1 € Hom(Ger” (V4), C*) ® Q*(A})

@ Springer



Tamarkin’s construction is equivariant with. . . 543

which connects P,, to P,,+1 and such that
Em—1 € Fm—1Hom(Ger"(Vy), C*), (6.60)
and
P! (t) — Py € FHom(Ger"(Vy), C*) & K]r]. (6.61)
Let us now prove that one can construct a 1-cell
P, (1) +dt &, € Hom(Ger" (Vy), C*) R®Q*(AY) (6.62)
such that

Pr;+1(t)|t:0 = In+ls
£, € FuHom(Ger" (Vy4), C*), (6.63)
PL1(t) — Put1 € FpiHom(Ger" (Va), C*) @ K[1], (6.64)

and the Maurer—Cartan element

Pasa = Poy ()] _ (6.65)

satisfies the condition
P — P,y € FrnioHom(Ger"(Vy), C*). (6.66)

Let us denote the difference P — P,+1 by K. Since P — P,+1 € Fu+1Hom
(Ger”(Va), C*),

K= > Kn Ky eHomg, (Ger'(m)® V", C*). (6.67)

m>n+1

Subtracting the left hand side of the Maurer—Cartan equation

1
D) + D —APust, Pasts s Pagiln =0 (6.68)

m=>2

from the left hand side of the Maurer—Cartan equation

D(P)+ > %{ﬁ, P,....,P}y=0 (6.69)

m>2
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we see that element (6.67) satisfies the equation

1 1 P,
DK) + 27 —Patts oo Pt Kyt + 27 — (K Koo K™ =0,

m>1 m=>2
(6.70)
where the multi-bracket {K, K, ..., K }Z"“ is defined by the formula
Py 1
{X]5 Xzy ) Xm}m+l = Z_’{Pn+17 ceey P}’l+la Xl’ X25 ---’Xm}q+m
q=0 "’
(6.71)
Evaluating (6.70) on Ger¥(n + 1) ® Vf @1 and using the fact that
K € F,.1Hom(Ger"(V,), C*), (6.72)
we conclude that
00K,y =0, (6.73)
where 0 is the differential on C°.
Hence there exist elements
KY4, € Homg,, (Ger'(n+ 1)@ V2" vy
and
K,., € Homg,, (Ger'(n+ 1) @ V2" c*)
such that
Va /
Knt1=10K,{ +00K, ;. (6.74)

Next, evaluating (6.70)on Y € Ger” (n+2) ® Vf "*2) and using inclusion (6.72)
again, we get the following identity

00 Kyi2(Y) = Kyt10 Qa3 (Y) + {Put1, Knt1}2(Y) = 0. (6.75)
Unfolding {Py+1, Kn+1}2(Y) we get
n+2
{PVH-I’ K71+1}2(Y) = Z QC’ ((idGerV(z) ® Kn+1 & I) o (Ati ® |d® (n+2)) (Y)) N

i=1
(6.76)
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Fig. 6 The (n 4 2)-labeled 1 2 i—1 1+1 n+2
planar tree t; ce Ce.

where Qs is the Gerqo-structure on C*, t; is the (n + 2)-labeled planar tree shown
on Fig. 6, and Ay, is the corresponding component of the comultiplication

Ay, : Ger'(n+2) — Ger”(2) @ GerY(n + 1). (6.77)
Now using (6.74) and (6.76), we rewrite (6.75) as follows

Vo Kyya(Y) — 1o (Kt ea)(¥)

n+2
+> 0c ((idGerv(z) ® oK, )®I)o (At[ ® id®<”+2)) (Y))
=1
2
+> 0c ((idGerv(z) QUK )®I) o (At,. ®id® <"+2>) (Y)) -0,
i=1

(6.78)

where « is defined in (6.2).

Since the last two sums in (6.78) involve only binary Ger,-operations on C® and
these binary operations induce the usual multiplication and the Schouten bracket on
V4, we conclude that each term in the first sum in (6.78) is 0-exact and the second
sum in (6.78) is cohomologous to

Io(xeK)!)(Y)

Therefore, identity (6.78) implies that for every Y € Ger(n +2) ® Vf’ #+2) the
expression

Va Va
lo(xe Kn+l - Kn+l

e)(Y)
is 0-exact. Thus

Va Va _
aoK,l+l—Kn+loa_O
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or, in other words, the element Kn ‘1 18 a cocycle in complex (6.3) with differential
(6.5).
Hence, by Theorem 6.1, there exists a degree —1 element

K)* € Homg, (Ger¥(n) @ VE ™, vy) (6.79)
such that
KVt = [a, KV (6.80)
Let us now consider the degree —1 element
&n=1o0 K Va 1 K, | € FuHom(Ger"(Vy), C*), (6.81)

where E,, is element (6.79) entering Eq. (6.80) and K ntl is an element in

HomSnJrl

(Gerv(n +1H @V, c‘)
which will be determined later.

Using &,, we define P’Jrl (t) € Hom(GerY (V,), C*) ® K[r] as the limiting element
of the recursive procedure

(PYO = Poya,

(PHYED @) = Py + / di (D@HZ APHO @, .. (P’)“‘)(n),sn}mH).

m=1
(6.82)
Since
2(10R¥") =0
the element &, satisfies the condition
D(&y) € Fpy1Hom(GerY (Vy4), C*).

Hence, by Lemma 5.1, the sum

P, (t) + dt&, € Hom(Ger" (V4), C*) ® Q*(A}) (6.83)

is a I-cell in the co-groupoid corresponding to Hom(Ger" (V4), C*) satisfying (6.64)
and such that the Maurer—Cartan element P, (6.65) satisfies the condition

Puy2 — Pot1 — D(En) — {Pat1, En)2 € FrpaHom(Ger” (Va), C*).  (6.84)

@ Springer



Tamarkin’s construction is equivariant with. . . 547

Fig.7 The (n + 1)-labeled 1 2 1—1 741 n+1
planar tree t; .

Let us now show that, by choosing the element K/ 41 1n (6.81) appropriately, we
can get desired inclusion (6.66).
For this purpose we unfold {P, 1, &,}2(Y) for an arbitrary ¥ € Ger'(n + 1) ®
9% @1 and get
n+1
(Past &2 ()= Ocr ((idger oy ® (1 0 K @ 1) 0 (A @1d® D) (1)),
i=1

(6.85)

where Qc- is the Gers-structure on C*, t. is the (n + 1)-labeled planar tree shown
on Fig. 7, and Ay is the corresponding component of the comultiplication

Ay : Ger'(n+ 1) — Ger”(2) ® Ger” (n). (6.86)

Since the right hand side of (6.85) involves only binary Gers.-operations on C*

and these binary operations induce the usual multiplication and the Schouten bracket
on Vy4, we conclude that { P, 11, §,}2(Y) is cohomologous (in C*®) to

Io(axeKYH)Y),

where « is defined in (6.2).
In other words, there exists an element

¢ € Homg, ,, (Gerv(n + 1)@ vEND, c‘) (6.87)
such that
{Pas1, En2(Y) = T o (@ e K/N)(Y) +0 0 g(Y).
Hence the expression (D(&,) + {Pu+1, &n}2) (Y) can be rewritten as

(D(En) + {Pus1, E}2) (V) =00 K | (Y) +00¢(Y) + 1 oo, KyA1(Y).
(6.88)
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Thus if
1" /
n+l1 = Bop41 — ¢

then Egs. (6.74), (6.80), and inclusion (6.84) imply that (6.66) holds, as desired.
Thus we showed that one can construct an infinite sequence of Maurer—Cartan
elements

P =P, P3, Py,...
and an infinite sequence of 1-cells (m > 2)
P/ (t) +dt&y,—1 € Hom(Ger”(Va), C*) ® Q*(A}) (6.89)
such that for every m > 2
P — P, € F,Hom(Ger"(Va), C*),
the 1-cell P;, (t) + dt &,,—1 connects Py, t0 P41
En—1 € Fn_1Hom(Ger"(Vy), C*), (6.90)
and
P (t) — P, € Fy,Hom(Ger"(V,), C*) ® K[t]. (6.91)

Since the A~ !Lies-algebra Hom(Ger" (Vy), C*®) is complete with respect to
“arity” filtration (5.29), inclusions (6.90) and (6.91) imply that we can form the infinite
composition®! of all 1-cells (6.89) and get a 1-cell which connects the Maurer—Cartan
element P = P, to the Maurer—Cartan element P.

Corollary 6.4 is proved. O

Appendix C: On derivations of Cyl(AZCOCOm)

Let C be a coaugmented cooperad in the category of graded vector spaces and C, be the
cokernel of the coaugmentation. As above, we assume that C(0) = 0 and C(1) = K.

Following [22, Section 3], [13], we will denote by Cyl(C) the 2-colored dg operad
whose algebras are pairs (V, W) with the data

1. a Cobar(C)-algebra structure on V,

2. a Cobar(C)-algebra structure on W, and

3. an co-morphism F from V to W, i.e. a homomorphism of corresponding dg C-
coalgebras C(V) — C(W).

21 Note that the composition of 1-cells in an infinity groupoid is not unique but this does not create a
problem.
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In fact, if we forget about the differential, then Cyl(C) is a free operad on a certain
2-colored collection M (C) naturally associated to C.
Following the conventions of Sect. 3, we denote by

Der’ (Cyl(C)) (7.1)
the dg Lie algebra of derivations D of Cyl(C) subject to the condition
poD =0, (7.2)

where p is the canonical projection from Cyl(C) onto M(C).
We have the following generalization of (3.3):

Proposition 7.1 The dg Lie algebra Der’ (Cyl(A2COCOm)) does not have non-zero
elements in degrees < 0, i.e.

<0

Der’ (Cyl(AzcoCom)) =0.

Proof Let us denote by o and B, respectively, the first and the second color for the
collection M (A%coCom) and the operad Cyl(A%>coCom).
Recall from [22] that Cyl(A%2coCom) is generated by the collection M =
M (A%coCom) with
M, 0; ) = s A>’coCom, (n) = s>~ 2K,
M0, n; B) = s A*’coCom,(n) = s>~ 2"K,
M(n, 0; B) = A’coCom(n) = s>~ 2K,
and with all the remaining spaces being zero. Let D be a derivation of Cyl(A?coCom)
of degree < 0.
Since
Cyl (AzcoCom) (n,0,a) = ALies(n) and Cyl (AzcoCom) 0,1, B)
= ALiex(n),

observation (3.3) implies that

e = P
M(n,0;a) M(0,n;B)

Hence, it suffices to show that

D‘ = 0. (1.3)
M(n,0;8)

Let us denote by 7o (Treey (n)) the set of isomorphism classes of labeled 2-colored
planar trees corresponding to corolla (r, 0; 8) with k internal vertices. Figure 8 show
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3 1 4 4 3 1 5 2
2 5
o
| |
| |
. .

Fig. 8 Solid edges carry the color « and dashed edges carry the color §; internal vertices are denoted by
small white circles; leaves and the root vertex are denoted by small black circles

two examples of such trees with n = 5 leaves. The left tree has k = 2 internal vertices
and the right tree has k = 3 internal vertices.

For a generator X € M(n, 0; B) = s>~ 2" K, the element D(X) € Cyl(AZCOCom)
takes the form

DX) = > D> (tiXi....Xp) (7.4)

k>2 zemy(Treei(n))

where t, is a representative of an isomorphism class z € mo(Tree,(n)) and X; are the
corresponding elements of M.

For every term in sum (7.4), we have k; X;’sin s A2coCom, (call them X; ), and
ky X;’s in A2coCom (call them Xj,).

We obviously have that k = k; + kp and

ki ko
DI =" 1Xi, |+ D 1X5] — 1X] (7.5)
a=1 b=1

or equivalently

ki kp
Dl =2 —1)+ > (3—2n,)+ D (2—2n}),
a=1 b=1
where n;, (resp. nj,) is the number of incoming edges of the vertex corresponding to

Xia (resp. X]b)
On the other hand, a simple combinatorics of trees shows that

k1 k
n—1=>"(n, -1+ (-1
a=1 b=1
and hence

ID| = ki.
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Since |D| < 0 the latter is possible only if k; = 0 = |D|, i.e. every tree in the sum

D(X) is assembled exclusively from mixed colored corollas. That would force every
tree t to have only one internal vertex which contradicts to the fact that the summation
in (7.4) starts at k = 2.

Therefore (7.3) holds and the proposition follows. O
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