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Abstract We say that a simply connected space X is pre-c-symplectic if it is the
fibre of a rational fibration X — ¥ — C P> where Y is cohomologically symplectic
in the sense that there is a degree 2 cohomology class which cups to a top class. Itis a
rational homotopical property but not a cohomological one. By using Sullivan’s mini-
mal models (Félix et al. in Rational homotopy theory. Graduate Texts in Mathematics,
vol. 205. Springer, Berlin, 2001), we give the necessary and sufficient condition that
the product of odd-spheres X = S¥1 x ... x §% is pre-c-symplectic and see some
related topics. Also we give a charactarization of the Hasse diagram of rational toral
ranks for a space X (Yamaguchi in Bull Belg Math Soc Simon Stevin 18:493-508,
2011) as a necessary condition to be pre-c-symplectic and see some examples in the
cases of finite-oddly generated rational homotopy groups.
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14 J. Sato, T. Yamaguchi

1 Introduction

Recall the question:“If a symplectic manifold is a nilpotent space, what special homo-
topical properties are apparent? Conversely, what nilpotent spaces have symplectic
or c-symplectic structures?” [9, (4.99)]. Here a rationally Poincaré dual space Y (the
graded algebra H*(Y; Q) is a Poincaré duality algebra [9, Def. 3.1]) with formal
dimension

fd(Y) == max{i|H'(Y; Q) # 0}

= 2nissaid to be c-symplectic (cohomologically symplectic) if there is a rational coho-
mology class w € HZ(Y; Q) such that " is a top class for Y [9, Def. 4.87] [22,29],
many of which are known to be realized by 2n-dimensional smooth manifolds [9]. A
lot of results on the above problem and related topics are given in rational homotopy
theory (cf. [5,6,9,15,16,18-21,29]). For example, Lupton and Oprea [20] study the
formalising tendency of certain symplectic manifolds using techniques of D.Sullivan’s
rational model [28]. Notice that it is known that the connected sum (CP2tICP2 is
c-symplectic but not symplectic [4] [21, p. 263], for the n-dimensional complex pro-
jective space CP". In [15,18] [22, Theorem 6.3] [30], we can see conditions that a
total space with a degree 2 cohomology class admits a symplectic structure in a certain
fibration. But we don’t mention anything about symplectic geometry in this paper.

For a simply connected c-symplectic space Y, we have w € Hom(m2(Y), Q) for
the class w of H2(Y; Q) from Hurewicz isomorphism. In particular, 7> (Y) ® Q # 0.
So there is a simply connected space X that is the fibre of a fibration

X —>Y—> CP*® (1

where CP* = U2 |CP" (= K(Z,2)), m:(X) @ Q@ Q - t* = m(Y) ® Q for
a cohomology element ¢ with deg(f) = 2 (necessarily we don’t need t = w) and

H*(CP>; Q) = Qlr].

Definition 1.1 We say a simply connected space X to be pre-c-symplectic (pre-
cohomologically symplectic) if X is the fibre of a fibration (1) where Y is c-symplectic.

For example, CP" is a symplectic manifold, whose pre-c-symplectic space must
be the 21 + 1-dimensional sphere S>"*!. It is induced by the Hopf fibration S' —
s+l 5 cprl, p- 95]. We know that fd(Y) = 2n if and only if fd(X) =2n + 1
in (1) from the Gysin exact sequence of of the induced fibration S' — X — Y. When
dim 7> (Y)®Q > 1, (1) may not be rational homotopically unique for Y. For example,
when Y is §% x CP?, two spaces S x CP? and §? x S§° are both its pre-c-symplectic
spaces (there are three pre-c-symplectic spaces in the case of [20, Example 2.12]).
The being c-symplectic and the being pre-c-symplectic are complementary. If a space
is c-symplectic, it is not pre-c-symplectic and moreover if a space is pre-c-symplectic,
it is not c-symplectic. The being c-symplectic is preserved by product; i.e., Y1 x Y3
is pre-c-symplectic by the class w; + w» when Y] and Y, are both c-symplectic by
classes w1 and wy, respectively. But the being pre-c-symplectic can not since then the
formal dimension is even.

@ Springer



Pre-c-symplectic condition for the product of odd-spheres 15

Of course, the being pre-c-symplectic depends on the rational homotopy type of
X. Recall the Sullivan’s rational model theory [28]. Let the Sullivan minimal model
of X be M(X) = (AV,d). It is a free Q-commutative differential graded algebra
(dga) with a Q-graded vector space V = @;-, Vi where dim V! < oo and a decom-
posable differential; i.e., d(VI) C (ATV - ATV)*l andd od = 0. Here ATV is
the ideal of AV generated by elements of positive degree. Denote the degree of a
homogeneous element f of a graded algebra as | f|. Then xy = (=1)FI¥lyx and
d(xy) = d(x)y + (=D¥xd(y). Note that M (X) determines the rational homotopy
type of X. In particular, it is known that

H*(AV,d) = H*(X;Q) and V'Z Hom(mi(X), Q).

Refer [8, Sections 12—15] for detail. Especially, (1) is replaced with the relative model
(KS-model) [8]

(QI7],0) — Q7] ® AV, D) — (AV,d) @)

where [t| = 2 and D = d. We often say that M (Y) = (Q[t]® AV, D) is c-symplectic
when Y is so. When 7, (X) ® Q < oo and dim H*(X; Q) < oo, a simply connected
space X is said to be elliptic. It is known that

fd(X) = fd(AV.d) =D |yl = D (x| — 1)

for Vo944 = Q(y;); and V""" = Q(x;); when X is elliptic [8, Section 32]. When is
a simply connected space X pre-c-symplectic? Notice that if a pure model M (Y) =
(AU, dy), which satisfies dyU¢"®" = 0 and dyU%? c AU, is c-symplectic,
then dim U¢"" = dim U°? [20]. For example, any simply connected symplectic
homogeneous space is a maximal rank homogeneous space [20, Corollary 2.5]. So,
from (2), it may be natural to expect that dim V" = dim V°¢¢ — 1 if a pure model
M(X) = (AV,d) is pre-c-symplectic. But it is false (cf. Theorem 1.2 below). If
anything, “it is relatively easy to construct c-symplectic Sullivan minimal models”
(cf. [20, Example 2.9] [21, p. 263]) and furthermore pre-c-symplectic spaces exist
everywhere. The latter is nearly true if we can suitably change the ratio of degrees of
basis elements of V for M(X) = (AV, d). For example, for any even dimensional
simply connected compact manifold B, the product space X = B x SV for the
N-dimensional sphere SV is pre-c-symplectic for any odd integer N with N > dim B.
Indeed, we can put the model of (2) as M(Y) = (Q[t] ® AV ® Av, D) by

D) = o - (NFI=dm B2 _ (N+D/2 and D(b) = dp(b)

forb € M(B) = (AV,dp), the fundamental class [«] of H*(B; Q) and M(SN) =
(Av, 0) with |v| = N. Then
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16 J. Sato, T. Yamaguchi

and [7]@im B+N-D/2 _ [ . ;(N=1)/2] # 0. Since fd(Y) =dimB+ N — 1, wesee Y
is c-symplectic, that is, X is pre-c-symplectic. In general, it seems difficult to find the
smallest N such that X is pre-c-symplectic. This is a symbolic example in this paper.
We will study the conditions of spaces to be pre-c-symplectic, especially in the most
rational homotopically simple case, that is, we suppose that a finite simply connected
complex X has the rational cohomology structure of the exterior algebra over Q:

H*(X; Q) E A(v17v27 --~»vn)

with 1 < |v| = k1 < |va] = kp < --- < |v,| = k, all odd. Then X has the rational
homotopy type of the n-product of simply connected odd-spheres:

X g SM x §R x o x Sf kg odd

(~q means “is rational homotopy equivalent to”) and the Sullivan minimal model is
given by

M(X) = (A(vy, v, ...,0,),0).

For example, simply connected compact Lie groups of rank n satisfy the condition
(H.Hopf). In this case, (2) is written as

(QI[£],0) —» Q] ® A(vy, va, ..., v,), D) — (A(v1,v2,...,0,),0).

In this paper, we show

Theorem 1.2 When H*(X; Q) = A(vy, v, ..., vy) withall |v;| odd and 1 < |vj| <
[va| < -+ <|uyl, then X is pre-c-symplectic if and only if n is odd and |vi |+ |v,—1| <
[vnl, lv2] + [vn—2| < lval, .. o5 [V@—1) 2] + V@1 2] < |Vl

Remark 1.3 The “if” part of Theorem 1.2 does not follow when H*(X; Q) is not
free; i.e., d # 0 for M(X) = (A(vy,...,v,),d). For example, when M(X) =
(A(v1, v2, v3, v4, v5), d) with |v1| = 3, [va| = [v3] =5, Jvg] =9, |vs| = 13,dv; =
dvy = dvy = dvs = 0 and dvg = vov3, any model (Q[#] ® A(vy, v, v3, v4, Vs), D)
of (2) is not pre-c-symplectic. Indeed, the element viv4 can not be a D-cocycle and
Dus can not contain the cocycle vjvsf for i = 2,3 from degree reasons. So we can
not construct the form Dvs = v upt™ + vevgt* +t7 with {a, b, ¢, d} = {1, 2, 3, 4}.
Also the “only if” part of Theorem 1.2 does not follow when H*(X; Q) is not free. For
example, when n = 3, |vi| = |v2] = 3, |[v3] = 5,dv; = dvy = 0,dv3 = vjvy, the
model (Q[7] ® A(vy, v2, v13), D) of (2) with Dv; = Dvy = 0 and Dvs = vjvy + 13
is c-symplectic by [£°] # O but |v1| + |v2| > |v3] (see Theorem 2.6).

Corollary 1.4 Let X be a compact connected simple Lie group G of rank G > 1.
Then X is pre-c-symplectic if and only if G is By, or C, with n odd, or E7.

For example, for the 5-th symplectic group Sp(5), the rational cohomology is given
as H*(5p(5): Q) = A(v1, v2, v3, v4, vs) with the degrees [vi| =3, [v2| =7, [v3| =11,
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Pre-c-symplectic condition for the product of odd-spheres 17

|v4] = 15 and |vs| = 19. From Corollary 1.4, it is pre-c-symplectic. There are at least
the four rational homotopy types of c-symplectic models:

(i) Dvs = vivat + vov3t + 19 Dv; = Dvy = Dvy =Dvys =0
(i) Dwvs = vivat + vovust + 110’ Dvs = vivyt, Dvg =0
(iii) Dwvs = vivat + vovst + tlo, Dvs =0, Dvg = vjvst
(iv) Dvs = vivgt + vov3t + 10 Dvy = vivat, Dvg = vyvst.

Although the cohomology algebra structures of them are very different, they are all
c-symplectic with formal dimension 54. For example, the cohomology algebras of (i),
(ii) and (iv) are given as

(i) QU1 ® A(vi, v2, v3, v4)/(Vivat + vov3t +110)
(i) QIt, u1, u2l®A(vi, v2, va)/(Vivat +ust +1'9, vouy +viuz, vivat, viuy, vouz)
(V) QIt, ur, uz, u3l ® A(vr, v2)/(uat +ust + 110, vouy + viuz, vivat, viuy, Vous,
viuz, Uiy, uiu3, uit), where u; = [vivs], up = [vpvz] and uz = [viv4].

Let ro(X) be the rational toral rank of X, which is the largest integer r such that
an r-torus T = §' x .- x S!(r-factors) can act continuously on a space X’ in the
rational homotopy type of X with all its isotropy subgroups finite (almost free action)
[9,10]. For example, ro(S¥1 x --- x S%) = n when k; are all odd and ro(CP") = 0.
Pre-c-symplectic spaces are related to almost free toral actions. Indeed, for (1), there is
a free S'-action on a finite complex X’ with X/, ~ X @, from Halperin’s Proposition
3.1 of Sect. 3. Here X means the rationalization of X [11]. Thus we have the Borel
fibration

X' — ES' xg X' — BS! A3)
with dim H*(ES' x 51 X5 Q) < oo. Itis rationally equivalent to (1). Namely,

Theorem 1.5 A simply connected space X is pre-c-symplectic if and only if there is
rationally an almost free circle action on X such that the orbit space is c-symplectic.

In particular, we see that ro(X) > 0 for a pre-c-symplectic space X. The being
c-symplectic is surely a cohomological property. But the being pre-c-symplec depends
on the dga and not simply on its cohomology. For example, when two spaces X and
X, are given by X1 = (53 x $%)#(5% x $8) and M(X») = (A(v1, v2, v3), d) with
lv1] = |va| =3, |v3] =5, dv; = dvy = 0 and dvs = viv,, we have a graded algebra
isomorphism

H*(X;: Q) = Adx, y) ® Qw, ul/(xy, xu, xw + yu, yw, w?, wu, u®)
with |x| = |y| =3 and |w| = |u] = 8 fori = 1,2. Wheni = 2, u = [vjv3] and
w = [vpv3]. Recall that ro(X1) = 0 [17, Theorem 1.1(2)], so X can not be pre-

c-symplectic from Theorem 1.5, but X5 is pre-c-symplectic (see Remark 1.3). The
following proposition seems a special case of [21, Corollary 3.7, Theorem 5.2].

Proposition 1.6 For a simply connected c-symplectic space Y, ro(Y) = 0.
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18 J. Sato, T. Yamaguchi

If ET¢ x#a X is c-symplectic for some T%-action 1, then (ET¢~! xTT(,_l X is
pre-c-symplectic for any restriction T on 7%~ ! of i and) ET? xfTb X (a # b) can not
be c-symplectic for any restriction or extension ¢ on T'” of 11 from Proposition 1.6.
But notice that when X or ET“ x’;a X is pre-c-symplectic, ET? x;b X (a < b) may
be pre-c-symplectic for an extension 7. It may complicate the being pre-c-symplectic
than the being c-symplectic. For example, when X ~q $3 % 83 x §7 with M(X) =
(A(vy, v2, v3), 0), X is pre-c-symplectic since the model (Q[f]® A (vy, v2, v3), D) of
(3)isgivenby Dv; = Dvy, = 0and Dvz = v vot+1*. Indeed, then fd(ES1 xg1X) =
12 and [£9] # 0 (see Example 3.6). On the other hand, for any almost free TZ-action
on X, the Borel space ET? x 72 X is also pre-c-symplectic since the model of (3) is
given by Proposition 3.1 as

(QI131,0) — (QIt1, 12, 131 ® A(vy, v2, v3), D) — (Qlt1, 2] ® A(vy, v2, v3), D)

where (Q[t1, 2] ® A(vi, v2, 13), D) = M(ET? xr2 X) and Dv; = f1, Dvy =
f2, Dvs = f3 with fi, f2, f3 a regular sequence in Q[t1, 12, 73] (see Corollary 3.3).
Indeed, then fd(ET3 x73 X) = fd(QIlt1,12,13] ® A(vy, v2,v3), D) = 10 and
@’ # 0 for w = [A1t] + A2t + Aztz] for some A; € Q. Especially, Proposition 1.6
does not always deduce ro(X) = 1 when X is pre-c-symplectic (cf. Theorem 1.2).

Recall the Hasse diagram H(X) of rational toral ranks for a simply connected
space X [31], which is the Hasse diagram of a poset induced by ordering of the Borel
fibrations of rationally almost free toral actions on X. When there exists a free ¢-toral
action on a finite complex X’ of same rational homotopy with X (Proposition 3.1),
we can describe a point P = [ET' x7: X'] rationally presented by the Borel space
Y = ET' x7+ X’ in the lattice points of the quadrant I. The coordinate is

P:=(s,1); 0=<s,1, s+1=ro(X)

when ro(ET! x7¢ X') = ro(X) — s — t. In particular, the root (0, 0) is presented by
X itself. There is an order P; < P; given by the existence of a rational fibration

Y, — Y, - BT” ™"

for P; = [Y1] = (s1,11) and P; = [Y2] = (s2,12) withs1 < sp and 11 < . Itis also
realized by a T27"1-Borel fibration (Proposition 3.1). Then { P;, <} makes a poset and
we denote its Hasse diagram as H(X). It may be useful to organize knowledge about
almost free toral actions (often looks like the framework of a broken Japanese fan).
Now, from Proposition 1.6, we immediately obtain a necessary condition for X to be
pre-c-symplectic as

Theorem 1.7 If X is pre-c-symplectic, then there exists the point P = (ro(X) — 1, 1)
in H(X).

It schematically gives a necessary condition for the existence of a c-symplectic space
Y = ES'x g X' with X >~ X Q. in all classes (associated with rational toral ranks) of
orbit spaces of rational almost free toral actions on X. When X is pre-c-symplectic, the
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Pre-c-symplectic condition for the product of odd-spheres 19

points (ro(X) — i, i) of H(X), i.e., the leaves of the Hasse diagram, may be presented
by c-symplectic models. For example, the point (0, 3) is surely presented by them
when X ~q §3 x 83 x S7 as we see in above. Also see Examples 3.7 and 3.8. When a
pre-c-symplectic space X is a product of n odd-spheres, we can easily check that there
are at least the points (2, 1), (2,2),...,(2,n — 2) in H(X). When a c-symplectic
space is a homogeneous space as in [20], it presents the point (0, ro(X)) of H(X)
for some pure space X with 12 (X) ® Q = 0 (see Remark 3.9). On the other hand,
any c-symplectic space Y presents (ro(X) — 1, 1) of H(X) for some pre-c-symplectic
space X with dim (X)) ® Q = dimm(Y) @ Q — 1.

Remark 1.8 The converse of Theorem 1.7 is not true. For example, put X = §3 x
53 x 82 x S x §13 x §15 x §'9 which is not pre-c-symplectic from Theorem 1.2
since k3 +k4s =9+11 > 19 = k7 (n = 7). But thereis a point P = (ro(X) — 1, 1) =
(6, 1) in H(X) presented by a model (Q[¢] ® A(vy, ..., v7), D) with the differential

Dvy =--- = Dvg =0, Dvs = vovst, Dvg = viv4t, Dvy = vjvet + v2v5t2 +11%4n
4) for H*(X; Q) = A(vy, ..., v7) with |vy| = |va| = 3, [v3] =9, |va| = 11, |vs| =
13, |vg| = 15 and |v7| = 19. We can directly check ro(Q[f] ® A(vy, ..., v7), D) =0

from Proposition 3.1.

This paper is purely a Sullivan model approach to the opening question restricted
on c-symplectic structures in the simply connected case. Then we see that the ratio
of degrees in elliptic model structure (homotopy rank type [25]) play an important
role to be pre-c-symplectic. It consists of three sections. In Sect. 2, we give the proof
of Theorem 1.2 and see some related topics. In particular, we see in Theorem 2.6
that a space is pre-c-symplectic imposes a restrict on the degrees when its rational
homotopy group is finite oddly generated. In Sect. 3, we prove Proposition 1.6 under
a Halperin’s criterion (Proposition 3.1) and see some examples of H(X) when X is
pre-c-symplectic in the cases of ro(X) < 5.

2 Proof and related topics

In the following Lemmas 2.1 and 2.2, we assume that M (X) = (A(vy, v2, ..., V), d)

where |v;| = k; are odd for all i and 1 < k; < --- < k, for an odd integer n.
The symbol (f1, ..., fr) means the ideal of Q[t] ® A(vy, vy, ..., v,) generated by
elements f1, ..., fr and ‘' f ~ g’ means the D-cocycles f and g are cohomologuous

in Q] ® A(vy, va,...,v,), D) of 2);ie., [f]=I[glin H*(Y; Q).

Lemma 2.1 If (Q[f] ® A(vy, v2, ..., v,), D) is c-symplectic, then we can put D up
to dga-isomorphisms so that

i) Dv;e€ (vi,...,vi—1)foralli <n,
() Dv, = f —ra®tD/2 for some f € (vi,va, ..., vp—1) and L #0 € Q,
(i)  viva...ve_y -t D/2 3 (FAO=D/2 for some A #£ 0 € Q.

Proof (1) Suppose that there is an element v; with i < n such that Dv; = g —
A% +D/2 for some g € (vy,...,vi_1) and A # 0 € Q. Then dim H*(Q[t] ®
A, v2,...,0i), D) < oo and fd(QIt] ® A(vi,v2,...,vi), D) = ki +
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-+ + k; — 1 [8]. Therefore we deduce t4/2t! ~ 0; ie., [t%/?T1] = 0 for
somea < fd(X)—1=ky;+---+k, — 1. It contradicts the definition of a
c-symplectic space.

(i) Itis required from (i) and dim H*(Q[¢t] ® A(vy, v2, ..., vy), D) < o0.

(iii) The element vivs ... v,—_1 is a D-cocycle from Dv; = Dv, = 0 and (i). It is
not D-exact from (ii). Then we have [vjva . .. vy—1]- [9] = A[r4E=D/2] iy

H*Qt] ® A(vy,...,vy), D) fora = (fd(X)—1—k; — - —k,—1)/2 =

(kn — 1)/2 from the Poincaré duality property. O
Lemma 2.2 Suppose that (Q[t]Q A (v, va, ..., v,), D) satisfies Dv,, = f—l‘(‘v”‘"'l)/2
for some f = gt“ + - - - 4 gxt% with monomials g; € A(vy, ..., v,—1) and a; > 0.
If it is c-symplectic, then g;, ...gi, # 0 € (viv2...v,—1) for some g, ..., &,
(m < k).

Proof From the assumption, for M := (|v,| + 1)/2, we have
gt o 4 gt ~ M,
Suppose g;, ... &gi,, 7 0. By the multiplication of tM=4i1 on the both sides, we have

gilgiztaiz + e — gil(gltal + +gktak) + ) giltM + e A~ tZMfail.

Again by the multiplication of M=%, on the both sides, we have

gilgizgigt“’? e~ t3Mfa,-1 —diy

Iterate the multiplication of M4 o j =m — 1. Then we have

mM—aj —-—aj,

8ir8iy - - 8iyt "M A+~

Finally we have

Voo~ pmt DM —aiy —=aipy =1 _ (180 [+ 8i [+on | =1)/2

8i18ir - - - gith_
Ifgi...g8i, =Avivy...v,—1 forsome A # 0 € Q, then

()\' + .- )vl vy ... UnfltM_l ~ t(kl+k2+”'+kn_l)/2 — t(fd(X)_l)/z

and it makes a non-zero class of H/4X)=1(Q[r] ® A(vy, va, ..., vy), D) when A +
-+ % 0. If there are no such elements g;,, gi,, ..., &i,, then (Q[t] ® A(v1, v, ...,
v,), D) is not c-symplectic from Lemma 2.1(iii). O

Proof of Theorem 1.2. The “if” part: We can define the model (Q[#] ® A(vy, vy, ..
v,), D) of (2) by putting Dv; = --- = Dv,—1 = 0 and

°
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Pre-c-symplectic condition for the product of odd-spheres 21

Duy = 010111 + 020,21 + - V1) 20 1) 28— 1

for suitable a;. Then viv,—1t% + vov,_2t*? + --- + U(n_l)/zv(,1+1)/2[a”*1 ~ tn
deduces, by iterated multiplications of ¢,

V1 ~~vn,1t(k"‘1)/2 ~ t(dimX—l)/z’

where the left side is not D-exact. Thus (Q[¢]® A (v1, v2, ..., vy), D) is c-symplectic
The “only if” part: From Lemma 2.1(ii), we can put

r
Dvn — Zgl.t”i _ t(knfl)/z
i=1

with g1, ..., g- some monomials in A(vy, ..., v,—1) and n; = (Jv,| — |gi| + 1)/2.
From Lemma 2.2, there is the set

S={ Vi, Vjis s Vi Ve )

such that § = {vy, ..., v,—1} and that there are indexes [ fork = 1,...,(n — 1)/2
such that g;, contains the term v; v, ; i.e., g € (v;,v;). Then

|vik| + |Ujk| = |vikvjk| < |glk| < |Un|
fork = 1,...,(m — 1)/2. From Proposition 2.4 below, we have |v{| + |v,—1| <
[nl, lv2] + [va—2| < |vgl, -+ and [v—1y2| + V@41 2] < |Val. m]
Lemma 2.3 Let S = {ay, as, ..., ax,} be a set of real numbers withay < ap < --- <
azy,. For any partition
T = {{a,‘l, ajl}, {aiz, ajz}, ey {ain, ajn}}

of S into 2-subsets, where iy, jr € {1,2,...,2n} and iy # jx fork =1,2,...,n,
there exists an element {a;,, aj } of T such that

ai + ax
a + azp—1

= a taj
=aiy taj
ap +ap+1 = ai; +ajk-

Proof We show the result by induction on the positive integer n. For n = 1, the
statement is true since a; + ap < a| + ap. Assume the statement is true for n — 1. We
must prove the assertion is also true for n. Let

T = {ai, aj,}, {ai,, ap}, ... {ai,, a;,}}
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be any partition of S into 2-subsets and let {a;, az,}(1 <i < 2n — 1) be an element
of 7 containing ay,.
Case of a;, < a;. Then we have

ai + axp
a; + ax

an + azy
an + azy

ay + ax
az + azp—1

IAIA
IAIA

IA

an + az

IA

an + anp+1 a; + azp,

hence we may take {a;,, aj,} as {a;, az,}.
Case of a; < a,_1. Then we have

ay+axy, =aj+a
a +ay—1 =<a;+axy

()
ai + apy1-i < a;i + ax.
We consider 7/ = T \{a;, az,}. Since #7’ = n — 1 (1 denotes the cardinality of a set),

we can apply the induction hypothesis to 7’. Since a; <ap < -+ < aj—] < aj+] <
--+ < azy—1, there exsits an element {a;,, a; } of T’ such that

ay + axy <a; +aj
ay +aym-1 =aj+aj

ai—1 +aym—i+1 < a;, +aj, (k%)
ai+1 +ay—i =a; +aj

ap +ap+1 =< aj taj,.

From (x) and (xx), we conclude that

ai + ax <a; +ay

a +ay—-1 =aj+amn
ai—1 +axy—i+1 < a; +ax
ai+1 +am—i = a +aj
ap + an41 = a;, +ajk-

If we put Max{a;, +az,, a;, + aj} = a5 + a;, then {ay, a;} satisfies the desired
inequality. O

From this lemma, we have immediately

Proposition 2.4 (cf. [26, Proposition 1.1]) Let S = {aj,az,...,ax,} be a set of
positive integers withay < ay < --- < ay,. Assume that there exsits a positive integer
N such that

@ Springer



Pre-c-symplectic condition for the product of odd-spheres 23

ai, +aj <N
ai, +aj, < N

ai, +aj, =N
for a partition

T = {{aila ajl}, {aiza ajz}a cees {aina ajn}}

of S into 2-subsets, where iy, jr € {1,2,...,2n} and iy # jr fork = 1,2,...,n.
Then we have the following inequality:

a+ay, <N
a+ay—1 <N

ap +an+1 < N.

In [26], we can see various versions of Proposition 2.4.
From the proof of Lemma 2.2, we have

Proposition 2.5 Suppose that M (X) = (A(vy, va, ..., vy), d) with all |v;| odd and
that (Q[t] ® A(vy, v2, ..., v,), D) satisfies Dv, = f — ¢(vnl+1)/2 for some f =

g1t + -+ + gt with monomials g; = Ajvj, U, € Ay, .. o), A #

0eQanda; > 0. Ifﬂl;:l Vjr U, # 0 € (vivy -+ - v,—1), then it is c-symplectic.
From the proof of the “only if” part of Theorem 1.2, we have

Theorem 2.6 Suppose that M(X) = (A(vi, va, ..., v,),d) with all |vi| odd and
I < Jvp| < Jva| < -+ < vyl If X is pre-c-symplectic, thenn is odd and |vi|+|v,—1| <
[val + L, Jua] + |vp—2] < val + 1, ... [v@—1)2] + V@1 2] < Jva + 1.

Question 2.7 What is the necessary and sufficient condition for a model (A (v,
V2, ..., Uy), d) with all |v;| odd to be pre-c-symplectic?

Proof of Corollary 1.4 The rational types of compact connected simple Lie groups
are given as

A, (3,5,....2n+1),

B, (3,7,...,4n—1),

C, (3,7,....4n—1),

D, (3,7,...,4n—5,2n — 1),
Gy (3,11,

Fy (3,11, 15,23),

E¢ (3,9,11,15,17,23),

E; (3,11, 15,19,23,27,35),
Eg (3, 15,23,27, 35, 39,47, 59)
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(see [23]). For A,,, even if n is odd, we have 3 + (2n — 1) = 2n + 1, which does
not satisfy the condition of Theorem 1.2. It is obvious that B, (C,) and E7 satisfy the
condition of Theorem 1.2 as

34+d4n—1D)—1<dn—1,7+4m—2)—1<4n—1,...,2n—3)
+@n+1) <4n—1 and 3427 <35, 11+23 <35, 15+ 19 < 35,

respectively. Since the ranks of Gj, Fi4, E¢ and Eg are even, they are not pre-c-
symplectic. Finally we check D,. Put an odd integer n = 2k 4+ 1(k > 1). Assume
there is an integer N as in Proposition 2.4 for the set S = {3, 7, ..., 8k — 5,4k + 1}.
Then N =4n — 5 =42k + 1) — 5 = 8k — 1. Sorting elements of S into increasing
order, we have

a=3<a=7<-<ag=4%k-1<an =4%k+1=<a=4%+3
<---<axy_1=8k—9<ay =8k —S5-.

Then ay + ax+1 = (4k — 1) + (4k + 1) = 8k > N. It contradicts Proposition 2.4.
Therefore, Theorem 1.2 does not hold for D,,. O

Example 2.8 Even when a space X is a product of odd-spheres, the c-symplectic
spaces whose pre-c-symplectic space is X are various. For example, when X = §3 x
§% x 8% x S15 x §33, there are at least the following twenty rational homotopy types
of c-symplectic models with the differential Dv; = Dvy = 0 and

U5 = V104 V2V3 , D3 = Dvg =
) D B +vu3t!® 417, D D 0
vs = v1var® + Va3 , Dv3 =0, Dvg = v,
2) D B8 +vu3t!® 417, D 0, D 4
V5 = VU4 VU3 , Dz =V, Dvg = v103
3) D B+ unt®4+17 D 0, D 1?
U5 = V104 V203 s V3 = V1021, V4 =
4 D S+ t104++7 D t, D 0
vs = vivat® + vov3 , Dv3 = vivat, Dvg = vjv3
5) D S+ 10447 D t, D t
Vs = V12 V304 , Dv3 = Dvg =
6) D B 4 vzuq’ +1¢V7, D D 0
s = v1v) V304 , Dv3 =0, Dvs = vjv3
7 D B +v3vt +1V7, Dv; =0, D 1?
s = v1v2 U304 , Dv3 =0, Dvs = vpv3
8) D tB 4 vzuer’ +1V7, D 0, D !
Us = vy v3 V204 , Dv3 = Dvy =
© D M+ vut’ +1V, D D 0
(10) Dvs = 1)11)3t11 + v2v4t7 + t17, Dvy =0, Dvy = v1v2t4
(11) Dvs = v1v3tll + v2v4t7 + 117, Dv3; =0, Dvy = voust
(12) Dvs = v1v3t“ + v2v4t7 + 17, Dv3y = vjvat, Dvy =0
(13) Dvs = vivst!! + vovat? + 117, Dvy = vjvar, Dvs = voust
(14) Dvs = vivpvzvgt + 7, Dvy =Dvs =0
(15) Dvs = vjvpvzvat + t17, Dvy; =0, Dvy = v1v2t4
(16) Duvs = vivavzvat + l‘”, Dv3; =0, Dvy = v1v3t2
(17)  Duvs = vivavzvat + t”, Dvs =0, Dvg = vpvst
(18) Duvs = vivpvzvgat + "7, Dvy = vjvar, Dva =0
(19) Dwvs = vivvzvgt + 17, Dvy = vjvar, Dvg = vjv3i?
(20) Dvs = vivpvzvat + 17, Dv3 = vivot, Dvgy = vpvst

for |[vi] = 3, |va| =5, |[v3| =9, |va| = 15, |vs| = 33. Note that only (1), (6), (9) and
(14) are two stage models and formal; i.e., the minimal model is formally constructed
from its cohomology [8,20]. Note that (1)—(20) make a poset structure as in [32].
For example, we have “(5) < (3) < (1) < (14) < (0)” where the maximal
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element (0) is given by Dv; = --- = Dvs = 0 (the model of X). For a product
SK1 s Sk2 % §K3 % K4 x §ks of odd spheres with k1 < --- < ks, the inequations that

ki+ky <kz, ko+kz <ks, ki+ky+kz+ks <ks
make the most c-symplectic models. Conversely, when
ki +ky > ks, ko + ks > ks

the c-symplectic model is uniquely determined up to dga-isomorphism. For example,
when (ki, ..., ks) = (3,5,5,7,11),

Dvy =---=Dvg =0, Dvs = vjv4t + vyvst +15.

Remark 2.9 Put the set C-Symp(X) := {rational homotopy types of c-symplectic
spaces in (1) with the fibre X}. Then C-Symp(X) = ¢ if X is not pre-c-symplectic.
For example, ij-Symp(Skl x Sk2 x §k3) < 1 when k; are odd, gC-Symp(Sp(5)) > 4
(see §1) and ]tIC-Symp(S3 x 8% x 87 x §13 x §33) > 20 (see Example 2.8). When Y
is c-symplectic and X is pre-c-symplectic, ¥ x X is pre-c-symplectic and there is an
inclusion C-Symp(X) C C-Symp(Y x X) as sets. For example, C-Symp(S?) = {S(z@}
(one point) and C-Symp(S2 x §3) is

{(QI1] ® A(vi, v2,v3), Dg) ; Dav1 =0, Dyva=tvy, Dyv3=v} +ar*, a € Q*}/ ~

=~ Q*/(@”‘2 for Q* := Q — 0, |v1| = 2 and |va| = |v3| = 3 as a set [24], which is
infinite. Also we can give an equivalence relation in the rational homotopy types of
simply connected c-symplectic spaces, that is, put ¥ ~ Y’ for two c-symplectic spaces
Y and Y’ when there are certain finite maps

Y<X oYV <«<Xo> - ->Y_1<X,—>Y

which are fibre inclusions of (1) (¥; are c-symplectic). It satisfies the laws of
reflectance, symmetry and transitivity. For example, the models (1),...,(20) in
Example 2.8 are all equivalent.

Remark 2.10 Recall the rational LS category caty(Y) of a simply connected space Y
[8,27]. It is equal to the Toomer’s invariant of Y (the biggest s for which there is a non
trivial class in H*(Y; Q) = H*(AW) represented by a cycle in A=*W) when Y is
a rationally Poincaré duality space(r.P.d.s.) [7]. For a simply connected space X with
dim H*(X; Q) < oo, put

2catg(Y)

w0 = e | 705

| fibrations X — Y — K (Z, 2) where Y are r.P.d.s.] ,

where c(X) := 0if no such space Y exists for X. Then c¢(X) is a rational number with
0 < ¢(X) < 1. In particular, (i) ¢(X) = 0 if X is c-symplectic, (ii) ¢(X) = 1 if and
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only if X is pre-c-symplectic and (iii) c¢(X) < ¢(X x Y) for any c-symplectic space
Y. For example, when X, = ST x ST x §21*1 o(X,) is given as

n

1
Xy || 3

=Y

—|
—|

When X, = S3 x §?",¢(X,) = 2/(n + 1) and lim, ¢(X,) = 0. When X, =
83 x §2*1 ¢(X,) = (2n +2)/(2n + 3). Though X,, is not pre-c-symplectic for any
n, we have lim,, c¢(X,) = 1.

Example 2.11 For any product of odd-spheres X = S x ... x S% with n odd
and ky < --- < k;,, the product X X CPV is pre-c-symplectic if k; + k,—1 <
2N,ky +ky_p <2N,---, k(n—l)/Z + k(n+l)/2 < 2N and k, < 2N + 1. Indeed, we
canput Dx = Dvy =--- = Dv,—1 =0, Dy, = x&=D/2f and

Dy = B Y Vn—1)/2V(n41)/28 " + N

for M(CPN) = (A(x, y),d) with |x| = 2,dx = 0and dy = xV*!. Then [¢%] # 0
fora = (ky+---+k,—1)/2+ N.

Remark 2.12 What additional properties of a c-symplectic space Y (or model M (Y))
can be deduced from the pre-c-symplectic space X in (1)? A c-symplectic space Y of
fd(Y) = 2m is said that it satisfies the hard Lefschetz condition with respect to the
c-symplectic class ¢ when the maps

urk H™ Ky Q) — H™k(y, Q 1<k<m

are isomorphisms [29]. For example, a compact Kéhler manifold satisfies the hard
Lefschetz condition [29] [9, Theorem 4.35]. As well as when (Q[¢f] ® AV, D) of (2)
is c-symplectic, whether or not it satisfies the hard Lefschetz condition depends on D.
For example, when H*(X; Q) = A(vy, v2, v3, v4, v5) with |vj| = |v| = 3, |v3| =
|v4] =5 and |vs| = 11, put Dv; = --- = Dvgs = 0and

(@) Duvs = vjvpt + v3vgt + 1©
(b) Dvs = v1v4t2+v2v3t2+t6,

which are both c-symplectic with m = 13. Then (a) satisfies the hard Lefschetz con-
dition but (b) does not. Indeed,

Case of (a) Whenk = 10, Ker(Ur'% : H3(Y; Q) — H?(Y; Q)) = Osince [v1710] =
—[vl(v1v2t3 +v3v4t)t4] = —[vjv3va’] # 0. Whenk = 8, Ker(Ut8 : H5(Y; Q) —
H?!'(Y; Q)) = 0since [13t%] = —[v3(vivar® + v3va0)1?] = —[vivov3t°] # 0. When
k # 8, 10, we can easily check Ker(Ut%) = 0.

Case of (b) When k = 10, Ker(Ut'® : H3(Y; Q) — H?(Y;Q)) # 0. Indeed,
[vi] € Ker(Uth) since
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10 2 24,4 6
[vit ] = —[vi(vivar” + V23117 ] = —[viV2031 "]
= [v1v203 (v vat? + v2031%)] = 0.

Remark 2.13 When a map g : (Y, w;) — (Y2, wp) between simply connected c-
symplectic spaces induces H*(g)(w;) = wy; i.e., a c-symplectic map, there is a map
between fibrations:

X —=Y ——=K(Z,2)

o

X, ——=Y, ——= K(Z,2)

where f : X; — X» is the induced map between pre-c-symplectic spaces. Con-
versely, when is amap f : X| — X between pre-c-symplectic spaces extended to a
c-symplectic map; i.e., a pre-c-symplectic map? Refer [27] in the case of self
homotopy equivalences.

3 Rational toral ranks

If an r-torus T" acts on a simply connected space X by u : 7" x X — X, there is the
Borel fibration

X - ET" x7r X - BT,

where ET" x7r X is the orbit space of the action g(e, x) = (e - g ' g x) on the
product ET" x X for g € T". Note that ET" x - X is rational homotopy equivalent
to the 7" -orbit space of X when w is an almost free toral action [9]. The above Borel
fibration is rationally given by the KS model

QIlt, ..., 41,00 — @Q[t1,.... ] @ AV, D) — (AV,d) 4)
where with |t;] = 2 fori = 1,...,r,Dt; = 0 and Dv = dv modulo the ideal
(t1,...,t) forv € V. Itis a generalization of (2). Recall Halperin’s

Proposition 3.1 [10, Proposition 4.2] Suppose that X is a simply connected CW-
complex with dim H*(X; Q) < oco. Put M(X) = (AV,d). Then ro(X) > r if and
only if there is a KS model (4) satisfying dim H*(Q[t,...,t] ® AV, D) < oo.
Moreover, if ro(X) > r, then T" acts freely on a finite complex X' that has the same
rational homotopy type as X and M(ET" xr X') = (Q[t1,...,,] ® AV, D).

Proof of Proposition 1.6 Putthe formal dimension of Y as 2n. Then there is an element
[w] € H*(Y; Q) with [w]* # 0. Suppose ro(Y) > 0. From Proposition 3.1, there
is a finite complex Y’ with Y@ >~ Yg and there is a free § I_action on Y’. Thus we

have the Borel fibration Y’ - ES! x¢1 Y — BS!, where [w] is a restriction of an
element [u] of HZ(ES! xg1 Y';Q); ie., i*([u]) = [w]. Since the formal dimension
of ES! x g1 Y"is 2n — 1, we have [u]" = 0. This is a contradiction. O

Recall the following proposition induced by [13, Lemma 2.12].

@ Springer



28 J. Sato, T. Yamaguchi

Proposition 3.2 [33, Lemma 2.1] When X is the product of n odd-spheres, the
second row of H(X) is empty, that is, there is no point P = (1, %) in H(X) for
x=1,2,...,n— 1.

Corollary 3.3 For a fibration S x --- x S — X — CP® x ... x CP™®
(n — 1-factors) with ky, . . ., k, odd, X is pre-c-symplectic if dim H*(X; Q) < oo.

Proof Put M(SK1 x-..x k) = (A(vy, ..., vs), 0). We show that the model M (X) =
@QIlt1, ..., th—1] ® A(vy,...,vy), D) is pre-c-symplectic. From Proposition 3.2
[13, Lemma 2.12], there is a KS model (2)

QI121,0) = Q115 ... tn] @ AV, ..., vn), D) = @QIr1, ... ty—11® Avy, ..., vp), D)

such that the formal dimension of B := (Q[t1, ..., 1 Q@ A(vy, ..., v,), D) is N :=
|[vi] + - -+ + |v,| — n. It is formal and the cohomology algebra is

Qlry, ..., tn]/(D/vl, AU D/v,,)

where D'vy, ..., D'v, is a regular sequence in Q[zq, ..., t,]. Then (At + --- +
)Lnt,,)N/2 is the fundamental class of H*(B) for an element A1f{ +- - -+ A,t, € HQ(B)
with A; € Q. O

Thus, when X is a product of n odd-spheres, the point (0, n — 1) in H(X) is surely
presented by pre-c-symplectic models and the point (0, n) is by c-symplectic models.
In the following examples, Py = (0, 0) = [X].

Example 3.4 For a pre-c-symplectic space X with ro(X) = 1, the Hasse diagram
H(X) is (uniquely) given as

Py

Po
where the point P is presented by a c-symplectic model. For example, when X =
s+ P =(0,1) = [CP"].
When M (X) = (A(vy, ..., vapt1), d) with
dvi =00 <2n+1), dvyuyr=v1...025 +-+v25_41...v25 Qjr=2n),
we can put Dv; = 0 fori # 2n + 1 and
Dv2n+1 =v... v2j1 4+ 4+ vzjk—l+1 . vzjk + t|”2n+1‘+1/2.
Then it is formal and c-symplectic from Proposition 2.5.

When M(X) = (A(vy, ..., v,),d) with |v1| = |va| = 3, |vz| = 5,..., v, =
2n — 1 and
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dvy =dvy =0, dvy = vivp, dvg = viv3,...,dv, = V1Vv,_1
for an odd integer n > 2, we can put Dv; = dv; fori # n and
Dv, = vivp—1 + v2vp—2t — V30,31 + - - + (=D vt + 1"

fora = (n —1)/2. Then D o D = 0 and it is c-symplectic from Proposition 2.5.

Example 3.5 For a pre-c-symplectic space X with ro(X) = 2, the Hasse diagram
‘H(X) is uniquely given as

which has the point P3 = (1, 1) from Theorem 1.7. For example, it is given when
M(X) = (A(vy, v2, v3, V4, V5),d) where dvy = dvy = dvy = 0, dvg = viv2 and
dvs = vivz with |vi| = |va| = 3, |v3] =7, |vg] = 5, |[vs| = 9. Then P, = (0,2) =
[(Q[t1, 2] ® A(vy, v2, v3, V4, V5), D)] where Dv; = Dvy = Dvs = 0, Dvg =
v1v2+t13 and Dvs = vjv3 +t25. Also P3 = [(Q[t] ® A(vy, va, v3, V4, v5), D)] where
Dvy = Dvy = Dvs = 0, Dvgy = vivp and Dvs = vjv3 + vpvat + 3, which is
c-symplectic from Proposition 2.5. Indeed, [113] = [vivav3v4rt] = 0.

Example 3.6 (see [31, Examples 3.5, 3.6]) Suppose that X with ro(X) = 3 is pre-c-
symplectic. When X = §%1 x §%2 x §% from Theorem 1.7 and Proposition 3.2, the
Hasse diagram H(X) is uniquely given as

P

s

which has the point P4 = (2, 1). For example, when (ki, k2, k3) = (3,3,7), P| =
[52xS3x 87, P, = [$2xS%?xS7]and P3 = [$?x S?xCP3].Here Py = (2, 1) = [Y]
is given by the model M (Y) = (Q[7] ® A(vy, vz, v3), D) with Dv; = Dvy, = 0 and
Duvy = vyvpt + 1*, which is c-symplectic.

Py
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Nextput M(X) = (AV,d) = (A(vy, v2, v3, V4, V5), d) with dv] = dvy = dvg =
dvs = 0 and dvy = vivy. If |v1| = |va| = 3, |v3]| = 5, |v4] = 9 and |vs| = 13, then
H(X) is given as

P

P Ps
| } "

where Py = [(Q[t1, 2, 131 ® AV, D)] with Dv3 = vjvy + 13, Dvs = ], Dvs =
t37, Py = [(Q[t1] ® AV, D)] with Dvs = viva, Dvg = viv3t] + tls, Dvs =0, P5s =
[(Q[t1, 1] ® AV, D)] with Dvy = wvjvy, Dvg = vjvst; + t15, Dvs = t27 and
Ps = [(Q[t] ® AV, D)] with Dvy = 0, Dvy = vyva, Dvs = vpvat + vivstd + 17,
Here Dvy = Dwvy = 0 for all. This model presenting P = (2, 1) makes X to
be pre-c-symplectic from Proposition 2.5. Indeed, [710] = [vjvav3v420] # 0 for
fd@Q[t]® AV, D) = 32.

If |vi| = |va] = 3, |v3] = 5, |val = 9 and |vs| = 11, it satisfies the necessary
condition of Theorem 2.6 that 34+ 9 < 11 +1and 3+ 5 < 11 + 1. But we can
easily check that there is no point Py = (2, 1) since Dvs € (¢, v1, v2, v3) in any dga
(Q[t]1 ® AV, D) from degree reason. Indeed, then ro(Q[t] ® AV, D) > 0 since we
can put Dy (vq) = t25 and D> (v;) = D(v;) fori # 4 as a relative model of (4)

P

Py

(QI[12],0) = (Ql72,t1® AV, D7) — (Qlt]® AV, D)
with dim H*(Q[#2, 1] ® AV, D) < oo. Thus H(X) is given as

P

P P

|
/

and X is not pre-c-symplectic from Theorem 1.7.

P

Py
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Example 3.7 Put M(X) = (A(vy, v2, v3, V4, Vs, V6, V7),d) With dvy = dvy =
dvs = dvgy = dv7 = 0,dvs = viv2,dve = vivz and |vi| = [v2| = |v3] = 3, |v4] =
lvs| = |vg| =5, |[v7] = 9. Then ro(X) = 4 and H(X) is given as

Py

P

A

| /T/ i
P Ps Pg Pio

==

where the edge PsPy (Ps < Pg) is given by Dv; = dv; fori # 4,7,

Py

Dv7 = vivgt] + vavstr + tls, Dvy = l‘;
and Pjp = (3, 1) is presented by Dv; = dv; fori # 7,
Dvy = vivgt + vavst + vyvat + t5,

which is c-symplectic from Proposition 2.5. Also P; is presented by a c-symplectic
model with Dv; = dv; fori =1, 2, 3,

Dvy = vyvgt; —i—tl-s, Dvs = viv2 —i—t;, Dvy = t,?,

which gives the sequence of orders Py < Ps < Pg < P; when (i, j, k) = (1,2, 3)
or (1, 3,2). Also Pp < P} < Ps < P7 when (i, j,k) = (2,1,3) or (3, 1, 2) and
Py< Py < P, < P;when (i, j,k)=(2,3,1)or(3,2,1).

Example 3.8 When the product of five odd-spheres X = S¥1 x §k2 x §K3 x §k4 x §ks
is pre-c-symplectic, there are (at least) the following two Hasse diagrams (a) and (b)
that have the point Py = (4, 1).
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Ps (@) Ps (b)

Py Py

P3 Py P3 Py
/ /

P P; Py Py 0
— =t

Py Pg Py P Pe R Py
- =

Py Py

For example, (a) is given when X = $3 x 83 x 8% x 83 x § and (b) is given
when X = 53 x 8% x §7 x S x §'3. They satisfy the condition of Theorem 1.2.
The point R of (b) is presented by the model, for example, with Dv; = Dvy, =
Dvs =0, Dvy = vjvaty and Dvg = vjvst) + tf. The point Q of (b) is presented by
the model, for example, with Dv; = Dvy = 0, Dv3 = vivaty, Dvs = viv3t) + t16
and Dvs = tg. The points Pg of (a), (b) are presented by the model, for example,
with Dv; = Dvy = Dvz = Dvg = 0 and Dvs = 1)1l)4t(](5_k'_"(4"'1)/2 + tks=D/2,
Finally, the points Py of (a), (b) are presented by the model, for example, Dv; =
Dvy = Dvy = Dvg = 0,(a) : Dvs = v1v4t2 + v2U3t2 + > and (b) : Dvs =
vivat + vov3rd + 18, which are c-symplectic models. In these examples of X, three
points Ps, Pg and P9 are presented by c-symplectic models, in (a) and (). In particular,
for M(S? x 8% x 83 x §3 x §%) = (AV,0) giving (a), the c-symplectic model
QI[t1, 1, 3] ® AV, D) with (x):

Dvy = Dvy =0, Dvy = tiz, Dvy = tjz, Dvs = Ulvztkz + tlg’
where {i, j, k} = {1, 2, 3}, presents Pg and its process of fibrations gives the sequence
of orders Pp < P| < P, < P3,Pp < P < P; < Pgor Py < Ps < P; < Ps.
On the other hands, the c-symplectic model (Q[#1, #2, 3] ® AV, D) of Lupton—Oprea
[20, Example 2.12] with (x:):
Dv, =tl-2, Dv, = t;tj, Dvy = t%, Duy = 11, DU5=[I§ + (v1tj — tivp)(V3ty — tjvg)
presents Pg but can not give Py < Ps < P; < Pg, especially since vltlzv4 =

D(—vjv3v4) in Q[H]1® AV, D) when Jj = 1. Notice that the model of (x) is formal
but () is not.
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Remark 3.9 Simply connected c-symplectic spaces Y are schematically classified by
the following diagrams P (Y) with respect to rational toral ranks. When dim 77> (Y) ®
Q =nwith M(Y) = (AU, dy), there is the relative model

@It1. ... 12].0) > (AU.dy) — (AV.d); V> =0
with |t;] =2and U = V& Q(ty, ..., t,). Then Y presents a point (leaf) in H(AV, d)
with certain sequences [(AV,d)] < --- < [Y] of orders which are given by com-
positions of fibrations. Glue all such paths [(AV,d)] — --- — [Y] from [(AV,d)] to

[Y]in H(AV,d) and denote it as P(Y). For example, in the case of n = 3, we can
concretely find the following four types of P(Y) in this paper:

e
LT L
Ve

which are in Examples 3.6, 3.7, 3.8(a)(x) and 3.8(a)(xx), respectively. If a
c-symplectic space is a homogeneous space, it is the first type from ro(X) <
—xx (X) = dim ,54(X) ® Q — dim 7epen (X) ® Q for an elliptic space X [2] and
[20, Corollary 2.3].

Acknowledgments The authors would like to express their gratitude to the referee for his many valuable
comments to improve the paper. In particular, he suggested that they should rewrite the introduction to
empbhasize the toral actions.
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