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Abstract

We prove that, under a suitable rescaling of the integrable kernel defining the nonlocal diffu-
sion terms, the corresponding sequence of solutions of the Shigesada—Kawasaki—Teramoto
nonlocal cross-diffusion problem converges to a solution of the usual problem with local
diffusion. In particular, the result may be regarded as a new proof of existence of solutions
for the local diffusion problem.
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1 Introduction

Evolution nonlocal diffusion escalar problems with integrable kernels have been extensively
investigated in recent years, see the monograph by Andreu et al. [3] and the references therein.
The paradigmatic problem is the evolution nonlocal p—Laplacian, which is expressed as:
given T > 0and Q C RY (N > 1) an open set, find u : [0, T] x & — R, such that

atu(t7x) = /Q J(.X - )’) |M(f, Y)) - u(t,x)|p_2 (M(Z, y) - u(t7x))dya (1)

u(0, x) = up(x), 2)

for (t,x) € Qr = (0, T) x , and for some ug : 2 — R,. Here, Ry = [0, 00), and
the diffusion kernel, J : RV — R4, is usually assumed to be continuous, radial, radially
non-increasing, and with unitary norm in L' (RV).

Terming the equation (1) as the evolution nonlocal p—Laplacian equation has its reasons.
Firstly, because it arises as the gradient descent of the Euler-Lagrange equation of the energy
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functional E;l(v) = o Jo J(x =) [v(y)) — v(x)|” dxdy, in analogy to the usual evolution
p—Laplacian equation, for which the energy is given by E,(v) = fQ |Vu|P. Secondly,
and most importantly, because under the rescaling J, (x) = n™ 7 J (nx), the corresponding
sequence of solutions, u,, of problem (1)-(2) converges to the usual weak solution of the
local p—Laplacian problem

v = div (|Vv|P~2 Vo),

with the same initial datum v (0, -) = uo and with homogeneous Neumann boundary condi-
tions.

The main idea behind the choice of the rescaling is that, being n J (nx) an approximation
of the Dirac delta, the factor n? plays the role of the denominator of the continuous incremental
spatial ratio

’v(t, X4 x2) — v, x)|p
1/n

so that one expects that, for all w € whr(Q),
E;{n(w) = // Jo(x —y) [wy) — wx)|? dxdy

// (z)‘w(H Z)_w(x)‘ dzdx—>/|Vw(x)|”dx:Ep(w),

asn — oo.

In fact, Andreu et al. [3, Theorem 6.12] show, among other properties, that the sequence
{un} of solutions of the nonlocal rescaled problems converge to v, the solution of the local
problem, strongly in L°°(0, T'; L”(2)). There are two main ingredients in their proof. The
first is the precompactness result [3, Theorem 6.11] based on previous results by Bourgain et
al. [4, Theorem 4], which shows that if w, —w weakly in L? (Q7) and E E{n (wy,) is uniformly
bounded then w, — w strongly in L?(2) and w € WP (). The second ingredient is the
monotonocity of |s|” =2, which plays an important role both in the theory of existence of
solutions and in the identification of the limit of the solutions of the rescaled problems.

The objective of this article is to show that the same convergence property is true for a class
of evolution nonlocal cross-diffusion systems. In [16] (see also [12] for related work), we
introduced and proved the existence of solutions of the nonlocal version of the paradigmatic
Shigesada—Kawasaki—Teramoto (SKT) population model [22]. The nonlocal version of this
model is the following: fori =1, 2, find u; : [0, T] x 2 — R such that

Byui (1, x) = /Q I = (P, ) = pru )y + fiwex). G
u; (0, x) = ug; (x), )

whereu = (u1, up) and, fori, j = 1, 2,i # j, the diffusion and reaction functions are given
by

pi(w) = ui(c; +ajui +uj),  fi(w) =u;(e — (Birur + Pioua)),

for some non-negative constant coefficients ¢;, a;, o;, Bij.
The local diffusion problem, i.e., the original version of the SKT model, is to find, for
i = 1,2, functions v; : [0, T] x 2 — R, such that
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v = Api(v) + fi(v) in 07, ®)]
Vpi(v) n=0 on (0,7) x 012, 6)
v; (0, 1) = ug; in Q. )

The existence of solutions of evolution cross-diffusion problems like (5)-(7) has been
addressed for a variety of problems [2, 5, 9, 14, 15, 17], for which one can define an appro-
priate Lyapunov functional, also known as entropy functional, which in the case of the SKT
model is given by

2
INOEDY fQ (vi @, (i (1, ) = D) +1) = 0, @®)
i=1

Formally testing (5) with In(v;) yields the estimate

2
Ey(t) + Zaif IVui|* < Ey(0) + C, ©)
i=1 Y

which is the first step for a compactness argument for a sequence of solutions of regularized
problems. The second step, with the horizon of applying Aubin-Lion’s type compactness
arguments, is to deduce suitable uniform estimates for the time derivatives 9, v;. For the local
SKT problem, the fundamental tool to obtain these estimates is the Gagliardo—Niremberg
inequality, although other approaches (for other cross—diffusion problems), like global reg-
ularity in Holder spaces [2] or duality estimates [9], are also fruitful.

For the nonlocal SKT problem a nonlocal entropy estimate analogous to (9) is deduced
by similar procedures than in the local case, obtaining an estimate which is independent of
the kernel J, see (11). A fundamental difference between the local and the nonlocal models
is that, in the latter, the L°°(Qr) regularity of solutions is proven, although with a bound
depending on J. As a consequence, the time derivative bound is simpler to achieve than in
the local case, and moreover, other important properties, like the uniqueness of solutions, are
deduced based on this regularity.

Turning to the rescaled problems, the entropy estimate is again deduced as in the proof
of existence of solutions, since this estimate is independent of the kernel. However, the
estimation of the time derivative is more problematic. In the proof of our main theorem, and
in view of the lack of a suitable nonlocal Gagliardo—Nirenberg inequality, we have resorted
to the use of duality estimates, see e.g. [9, 20], which allow us to show an improved regularity
of the sequence of rescaled solutions (with respect to that implied by the entropy estimate).

Finally, to close this introduction, let us notice that an interesting by-product of the main
result of this article is to regard it as a new proof of the existence of solutions of the usual
local diffusion SKT problem. Besides, since the solutions of the approximating problems
do not need to have Sobolev regularity, our approach opens the possibility of approximating
numerically the solutions of the local SKT problem by alternative methods [7, 8, 10, 13, 19].

2 Hypothesis and main result

We always assume, at least, the following hypothesis on the data, that we shall refer to as
(H):

1. The final time, T > O, is arbitrarily fixed. The spatial domain, Q C RN (N > 1),is an
open, bounded and Lipschitz set.
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2. The kernel function J : RY — Risa non-negative, continuous, radial, radially non-
increasing function with compact support and such that

/ J(x)dx = 1.
RN

3. The initial data ug; € L°(£2) N BV (£2) are non-negative, fori = 1, 2.
4. Fori, j =1, 2, the constants ¢;, a;, «;, B;; are non-negative.

We recall here the result on existence and uniqueness of solution of problem (3)—(4) proven
in [16]. Notice that Hypothesis (H),, needed for the result on convergence of the rescaled
problems, is more restrictive than the corresponding assumption in [16] used to prove the
existence and uniqueness of solution. We merged both conditions for the sake of brevity. In
particular, this assumption implies the existence of some r > 0 such that

supp(J) = B, (0). (10)

Regarding the restriction ug; € BV (£2), unusual for the local diffusion problem, we must
include it since it is needed for the compactness argument employed in the proof of the
existence of solutions of the nonlocal diffusion model.

Theorem A (Existence and uniqueness of solution [16]) . Assume (H) and
ai+ Bii >0, fori=1,2.

Then, there exists a unique strong solution (uy, up) of problem (3)—(4) with u; > 0 a.e. in
Q7 and such that, fori = 1,2 andt € [0, T],

up € Who(0, T; L®()) N C([0, T]; L®(2) N BV (),
2
Eu(t) + Zai / / J(x — y)(ui(s, x) —u;(s, y))2dydxds < Ey(0) +C, (11
i=1 V@i IQ

with Ey(t) defined by (8), and for some constant C > 0 independent of J.

Although not mentioned in the above theorem, integrating (3) in (0, #) x 2 yields the uniform
estimate

Netill Looco, 7012y = Cliuoill (g (12)
where, here and in what follows, C denotes a generic positive constant independent of J.
For stating the main result contained in this article, we introduce the rescaled kernel

1
Ja(x) = Cin®™N J(nx), with €] = 5/ J(x)x%dx. (13)
RN

The kernel J, satisfies the conditions of Theorem A and, therefore, there exists a unique
solution, u,,, of (3)-(4), corresponding to J,,. We also introduce here, for later reference, the
approximation to the Dirac delta

Ju(x) = nN J(nx) = LJ,,(x). (14)
C1n2

Theorem 1 Assume (H) and suppose that a; > 0 fori = 1,2. Letq =3 — 5, with§ > 0 a
small number, and r = 2q /(g + 2). Let u,, be the solution of problem (3)—(4) corresponding
to the kernel J, and consider the sequence {u,}. There exists a subsequence {uy;} such that
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u,; — ustrongly in LY(Qr), where w € W-0/2(0, T; (W'6(Q))) N L*(0, T: H'(2)) N
L9(Q7) is a weak solution of problem (5)—(7) in the following weak sense:

T
/ <atui,5>+/ Vpi<u)-vs=f fi e,
0 or or

forall& € L7 (0, T; WL (Q)), where < -, - > denotes the duality product of(W]*r/(Q))’ X
Wir(Q), and

T

/ <Oui, ¥ >+ | (i —ui0)dy =0, (15)
0 or

forall ¢ € Lo, T; who() n Wl"//(O, T; Lq/(Q)). In addition, u satisfies the entropy

estimate (9).

Notice that the regularity implied by the definition of the exponents ¢ and p is independent
of the spatial dimension, N. Regarding Theorem 1 as a proof of existence of solutions of
problem (1)—(2), our result improves that of [5] for N > 3. For N = 1, 2, the regularity
proven in [5, 15] may be also recovered in our solution by using the Sobolev imbbeding
theorem (N = 1) or the Gagliardo-Niremberg inequality (N = 2).

Due to the lack of knowledge concerning the uniqueness of solution of the local diffusion
problem (1)—(2), the convergence of the full sequence of rescaled problems may not be
ensured, but only that of a subsequence to some solution of (1)—(2).

3 Proof of Theorem 1

We start recalling a fundamental result by Bourgain et al. [4, Theorem 4]. We use the variant
introduced by Andreu et al. [3, Theorem 6.11] and state a straightforward extension to deal
with time—dependent functions. First, we introduce the notation for the extension by zero of
a function ¢ : @ — R:

- )Y ifx e Q,
v = {0 ifx € Q.

Theorem B ([3,4]). Let 1 < p < 0o and assume that Q C RN satisfies (H)1. Let p : RN -
R be a non-negative, continuous, radial, radially non-increasing function with compact
support, and set p,(x) = n" p(nx). Let { f,,} and {gn} be sequences in LP(2) and L?(Q7),
respectively, such that

Co
np’

/Q /Q pn(x = ) (fu¥) — fu (1)) dydx <
C

/ / Pn(x = ¥)(gn(t, x) — gu(t, y)) dydxdt < —2. (16)
or Ja n

Let 5 = Wl(())‘xgﬁ(o),forS > (. Then, there exists a constant C = C(p, 2, p) independent
of n, and a number ns € N such that, for n > ng,

(@)
[ <c(as|[ £

"), (17)

@ Springer



93 Page6of17 G. Galiano et al.

/ | fn = fox @517 < CCos”. (18)
Q

In consequence, there exists a subsequence { f,,, } and a function f € WLP(Q) (BV(Q),
if p = 1) such that

S, = f stronglyin LP(Q). (19)

p p
gnl” =c(co+| [ al).
or or

/ lgn(t, x) — (gn(t, ) * ®5)(x)|” dxdt < CCys”. (20)
Or

(b)

In addition, if g,—g weakly in L (Q7) for 1 < p < oo, then

p()YP 7. Vg(t, x) 21

2n(t, X + £2) — gn(t, X)
,O(Z)l/pXQ(X-i-E)gn n &n IR
n 1/n

weakly in LP(Q7) x LP(0, T; L? (RN)).

Proof Estimates (17) and (18), as well as their consequence (19), are proven in [3, 4]. Their
extension to the time-dependent functions of (b) is straightforward once we notice that the
results of (a) are valid pointwise for a.e. t € (0, 7). Finally, (21) is also a direct consequence
of [3, Theorem 6.11 (1)]. O

Remark 1 The inequality (17) is a Poincaré’s type inequality, since the constant Cp may
be replaced by the nonlocal energy appearing in (16), see the proof of [4, Theorem 4] for
details. Thus, this provides an alternative (constructive) proof of the result stated in [3,
Proposition 6.19].

Step 1. Uniform bound in L3(Q7). The entropy inequality (11) and the LY(Q7) estimate
(12) together with (20) applied with p =2, p, = J,, and gn = u;, imply that the sequences
{uin}, fori = 1, 2, are uniformly bounded in L2(Q7). However, this bound is not enough to
define the weak limit in an appropriate reflexive space of test functions since the nonlinear
parts of the limit diffusive term are expected to be of the form

/ ujVu; - Vo,
or

with the regularity Vu; € L?(Q7). Thus, we start improving the uniform bounds of {u;,}
to the space L3(Q7). This bound is obtained using an estimate of the dual problem corre-
sponding to the nonlocal rescaled problem. The existence of solutions of this dual problem
is ensured by the following lemma.

Lemma 1 The problem: find ¢ : Qr — R such that

0p(t, x) —alt, x) fg p(x = y)(@(r,y) —¢(t, x))dy = b(t, x), (22)
¢ (0, x) = c(x), (23)
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where p € L°RN), a,b € L®(Q7), and ¢ € L(), has a unique solution such that
¢, "¢ e C([0,T]; L™(RQ)), and 8;¢ € L®(Q7). (24)

where AbPp(t, x) = fQ p(x —)(p(t,y) — ¢(t, x))dy. In addition, if a, b and ¢ are non-
negative then ¢ is non-negative.

The proof of this and the other lemmas used for proving Theorem 1 are given in Sect. 4. In
the following, we shall use the notation

Nt x) = /Q Jn(x — y)(@(t, y) — o(t, x))dy, forany ¢ e L'(Qr),
pi(w) := pi(a)/u; = a; — (Bi1u1 + Bizu2).

Corollary 1 Let @i, (t, x) = e M T=D¢ (T —t, x), where . > 0is a constant and ¢ is the non-
negative solution of (22)—(23) corresponding to p(x) = J,(x), a(t, x) = p;i(w, (T —t, x)),
b(t,x) = —eMy(T —t,x)/pi(u,(T —t,x)), and ¢ = 0, being ¥ € L®(Q71) a non-

positive arbitrary function. Then @iy, is a non-negative solution of

3 in + Pi() A" @iy — Apin = v/ Pi(@) ¥ in Qr, (25)
oin(T,-)=0 on 92, (26)

with the same regularity than ¢, see (24).
Proof of Corollary 1 By Theorem A, we have that p; (w,) € L>(Qr) is non-negative, so that
p,a, b, c € L are non-negative. By Lemma 1, there exists a unique non-negative solution

¢ of problem (22)—(23) corresponding to this data. A simple calculation shows that ¢;, is
then the non-negative solution of (25)—(26) inheriting the same regularity than ¢. ]

Now we proceed to obtain the L3(Q7) uniform bound of the sequences {u;, }, fori =1, 2.

We multiply the equation (3) of u;,, by the solution ¢;, of problem (25)-(26) and integrate
to get, fori =1, 2,

/ uio@in(0, ) +/ Uin <3z<ﬂin + pi(w,) A iy — )»fpin)
Q or
= _/ ()\uin + fi(un))(pin-
or

Using the equation (25), the explicit expression of f; and the non-negativity of u;, and ¢;,,
we obtain

- Uinv ﬁi (u)y < [ MiOQOin(O, )+ (e + )‘)/ Uin@in-
Or Q Oor

Noticing thaty < 0 and using Hélder’s inequality and the uniform estimate of u;,, in L2(Q7),
see Step 1, we obtain

| / win B Y] < C(19in 0. )M 2@ + Iinl20y)). @7)
or

Our objective is to estimate [@i, (0, -)||2(q) and l@inllL2c0p) in terms of ¥ ll2c0p) to
deduce, by duality, a uniform estimate of ||u;,/ p; (w,)|| L2(07)-
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Multiplying the equation (25) of ¢;,, by A"¢;, and using the nonlocal integration by parts
formula and Young’s inequality yields

~ 2
/ 8t§0inAn(pin +/ Di (un) |An(pin|
Or

or

A
+3 f / In(x = ) @in(t, y) — gin(t, 1)) 2dydxdt
Or vQ

1
=< 5/ ﬁi(un) ’An¢in|2
Or

+l V2. (28)
2 or

We have
/ 31 in N Qin :f Brwm(t,X)/ Jn(x = ) (@in(t, y) — @in(t, x))dydxdt
or or Q
1
= _*/ at/ Ju(x = y)(@in(t,y) — @in(t, x))zdydx‘h
4Jo, Ja

1
=3 / / Jn(x = Y)(@in (0, y) — 91 (0, x))*dydx,
QLJIQ

so that from (28), we obtain
1 2 1 = n 2
— Jn(x = ) (@in (0, ¥) = 9in (0, x))°dydx + = | pi(uy) | A" @in]|
4 Jala 2 Jor
A
+ E / f Jn(x — ¥)(@in(t, y) — @in(t, x))zdydxdt
Or JQ
1 2
<= [ (29
2 Jor
Therefore, using Theorem B (a) with f;, = ¢;, (0, -) and (b) with g, = ¢;,, we deduce from
(29)
2
I9in©. )22 gy = C(IW 1220, + | /Q 0in(0.9)]). (30)
loinl220) < C(IW s, + | /Q o

Integrating the equation (25) of ¢;, in (¢, T) x Q yields

T T T
/ Qin(t, ") = / / Piw )N @i — )L/ / Pin _/ / v Di(up) .
Q t Q t Q t Q

Observing that ¢;, and A are non-negative and using Holder’s inequality, we get

/Q(pin(t, ) < (/QT ﬁi(un))l/z[(/QT pi(uy) |A"¢’in|2)l/2 + (/QT ‘”2)1/2]’

and, therefore, from (29), we deduce

[onor=2(f )" ([ pwn)”
1/2 1/2
/Qrw,-nszT(/Qvaz) : (fQTﬁxun)) "

2). 31)
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Returning to (30)—(31) and taking into account the uniform L' (Q7) estimate (12), we deduce
ll%in (O, ')||L2(Q) = C||‘/f||L2(QT)7 ||‘/’in||L2(QT) =< C||1/f||L2(QT)-

Finally, (27) yields, by duality, an uniform estimate for ||u;,+/p; (w,)|l L2(07)> OF in other
words, the estimate

/ M,'Z,,(Ci +ajuip +ujy) < C.
or

In particular, if ¢; > 0, we obtain uniform estimates of u;, in L3(07).

Step 2. Strong convergence. The following lemma is a consequence of two results concern-
ing compactness: the precompactness result of Bourgain et al. [4, Theorem 4] for sequences
defined on the spatial domain €2, and the compensated compactness result of P.L. Lions [18,
Lemma 5.1] for the product of sequences defined in Q7.

Lemma2 Let p : RY — R be like in Theorem B, and let {f,} be a sequence in L3(07)
such that

@) 1fullz3opy = C, (32)
C

@) [ [ oot = plfuteon) = fute. ) Pdyarar < 5. (33)
Or JQ n

(iii) 0y f, is uniformly bounded in L' (0, T; W™ 1(Q)), (34)

for some m > 0 independent of n. Then there exists a subsequence {f,,} and a function
f € L1(Qr) N L0, T; H'(Q)) such that

S, = f strongly in LY(Qr) forany q < 3. (35)

Taking p = J and f;, = u;;, fori = 1, 2, the uniform estimate of u;, in L3( Q) obtained
in Step 1 and the entropy inequality satisfied by these functions, see (11), imply (i) and (ii) of
Lemma 2. We now check that the uniform time estimate (iii) is also satisfied. For any smooth
function £ : Q7 — R, we have

/ Bytink = / piUn(t, ) / oG = Y)(E( ) — £ x))dydxdt
or or Q

+/Q Jiuy)§ < C(||Pi(un)||L3/2(QT)||An5||L3(QT)
r

+ 1l 320 1€l L3 0r))- (36)

Lemma3 Let & € LP(0,T; Wg’p(Q)), for 1 < p < oo. Then there exist a constant C
independent of n and a constant nj € N such that if n > nj then

n
1A Lrcor) = ClEN Lo 7. w2r ()

Using this lemma with p = 3 and noting that u;,, is uniformly bounded in L3 Q1) we obtain
from (36), by duality,

10cutinll 320, 7: w2322y < C- (37)

Therefore, (iii) of Lemma 2 is satisfied and (35) follows, this is, there exist subsequences
(not relabeled) such that u;, — u; strongly in LY(Q7), fori = 1,2 and forany 1 < ¢ < 3.
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Step 3. Time derivative estimate. Once we have proven the strong convergence of {u;,}
in L4(Qr), we may improve the uniform time estimate obtained in (37). For £ smooth, we
have

1
/ 3tuin'§=_§/ /Jn(x—y)(pf(un(t,y))—pf(un(t,x)))
or Or JQ
X (E(t, y) — £(t, x))dydxdt + /Q fE=h+0h (38
T

Clearly, | 12| < ClI&ll13¢0;) since f; is quadratic and {u;, } is uniformly bounded in L3(07).
We examine the terms of p; (w) = cju; + a,~ui2 + u;u; separately. For the linear term, we
have, fori =1, 2,

[ [ = 9000 = it 0 ) — g0 xnavaar|

or JQ
5 1/2
< (/ / Jn(x_y)“"in([»y)_uin(tvx)| dded[)
Or JQ

5 12
([ [ = teom e oP avdxar) " < Clelzo rimian:
or JQ

where we used the entropy estimate (11) and an straightforward modification of [4, Theo-
rem 1] for including the time variable. For the quadratic terms, we have, fori, j =1, 2,

‘ / / Jn(x — y) (in(t, y)”jn(t’ y) — uin(t, X)Mjn(l, X))
or JQ
x (§(t,y) — &, x))dydxdt| < Ij; + Iij, (39)
where, fork, ¢ =1, 2,

o= | [ 00 = 9t ) 1) = win e, 0) €0, ) = .y
0r JQ
Since J,(z) = szj,, (z), being J, an approximation of the Dirac delta, we have

. s 13
Ire §C1</ / Jn(x = y) lugn (2, Y)I° dydxdt)
Or JQ

2
f~4 ntv - ntv 1/2
X(f /Jn(x—y)m( y) L;z( x)| dydxdt)
or JQ 1/n

= &(t, y) — &(t, x)|° 1/6
X (/QT/QJn(x—y) /b dydxdt) .

The first factor is bounded due to the uniform L3(Q7) estimate found in Step 1. The second
factor is bounded due to the entropy estimate (11). Finally, a new use of [4, Theorem 1] yields
that the third factor is bounded by [|§ |16, 7. w1.6(q))- This is, we obtain

Ike < CliE oo, 1w 6(0)-

Thus, by duality, we deduce from (38)

10 uin ||L6/5(0,T;(W1v6(§2))’) <C. (40)
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Step 4. Identification of the limit. Since u;, is a strong solution of (3)—(4), we have, for &
smooth,

T
/ Oruin(t, )&, )dt — / A'pi(u,)é = / Ji(uy)§.
0 or Or
Using the strong convergence (35), we easily justify the passing to the limit n — oo for the
reaction terms if & € L9/9@~2(Qr). In view of (40), the terms involving the time derivative

are well defined and some subsequences (not relabeled) pass to their corresponding limits
(weakly) if & € LO0, T; Who()). Regarding the diffusion term, we rewrite it as

/ A i ()
or
_ /Q /Q JnCx — ) (piUa(t, ) — pi(un(t. x)))dy E(r, x)dxds
1
=3 /Q /Q Tnr = ) (pi at, ) — piCun(t ) (1. ¥) — E(. 0))dydxdt

C
= 7]n2+N/Q /Q J(n(x — ) (pi(ua(t,y)) — pi(u,(t, x))) (5, y) — (1, x))dydxdt

:Q/ / J(Z)XQ(X+8Z)pi(ﬁn(t,x+52))_Pi(“n(t»x))
2 or RN

&

X 5, x+ ezg) i x)dzdxdt,

where ¢ = 1/n. We, again, examine the terms of p; (w) = c;ju; + cl,‘ui2 +u;u; separately. For
the linear term, we have, using (21),

%/ / J(Z)XQ(X—}—SZ)’ZWL([’X—’_EZ)_uin(t’X))é([,x—i_gZ)_E(LX)ddedt
Or JRN

& &

c
—>7‘f / J(2) 7 Vu;(t, x) z - VE@t, x)dzdxdt
2 QT ]RN

T
:/ / a(Vu;(t,x)) - VE(t, x)dxdt, 41)
0 Ja
where we defined, for v e RV,
Cy
aj(v) = J@z-vzjdz=v, (42)
2 ]RN

according to [3, Lemma 6.16]. Observe that the convergence (41) may be extended, by density,
to& e L%(0,T; HY(Q)). Similarly, for u;u; we use, in addition to the weak convergence
(21), the strong convergence deduced in Step 2. Splitting this term as in (39), we only have
to examine, by symmetry, the following expression

C

_ Uin(t, x +ez) —u;jp(t, x
Iij = 71/ / J(Z)XQ(X+8Z)Mjn(t,X+8Z) ln( ) ln( )
2 Jor JrV

&

E(t,x +¢e2) — E(1, %)
X
£

dzdxdt.
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Since ' = 2q/(q — 2), we have

C -
Iij:J/ / xo(x +e2)J (@i (2, x + £2)
2 Jor JrY
12 Win(t, X +€2) — uin(t, x)
&

E(t,x +ez) — &, x)
&

x J(z)

x J ()" dzdxdt

c
—‘f uj(r,x)/ J(2) z- Vui(t, x) z - VE(t, x)dzdxdt
2 QT RN
2/ u;Vu; - V&,
or

where we used (42) and (21). Observe that, in this case, we may extend the functional space
of test functions, by density, to & € L 0, T; Wl*”(Q)), and that, in relation to the weak
convergence of the time derivatives, see (40), we have r’ > 6.

Finally, a new and straightforward duality calculation shows that the initial data may be
interpreted in the sense of (15). This finishes the proof of Theorem 1.

4 Proofs of the lemmas

Proofof Lemma 1 The proof is similar to that of [3, Lemma 3.8]. Fix #o > 0 and consider the
Banach space X;, = C([0, fo]; L°°(2)). Consider the operator

t

T (w)(t, x) =c(x) +/O (a(s,x) /Q px —y)(w(s,y) —w(s,x))dy + b(s, x))ds.

To apply Banach’s fixed point theorem we must check: (i) 7 : X, — X, and (ii) 7 is
contractive. We start with (i). For 0 < | < t» < ¢y, we have

1T (w)(t2, -) = T (w)(t1, Loy <k(t2 — 11),
where k = |Q] llallzoe(g,) (21 | oo @y llw Lo (g, + 1Dl (0,))- Similarly,
17 (w)(t, ) —cllpo@) < kt.
These two estimates give that 7 (w) € X7,. To prove (ii), let w, z € X,. Then, fort € (0, 1),
17 (w)(z, ) =T (), L= = 2tllalizeplollewyllw —zlicqo, 7L @)-

Thus, choosing to < (2]lallL=(07) ||p||Loo(RN))’l we deduce that 7 is a strict contraction.
Banach’s fixed point theorem allows to deduce the existence of a unique solution, ¢, of (22)—
(23) for ¢ € [0, tp]. Replacing (23) by ¢ (9, x) = ¢1(t0, x) and the time interval [0, 7y] by
[#0, 2t0] we again deduce the existence of a unique solution, ¢, of (22)—(23) for ¢ € [tg, 219].
Continuing this procedure we obtain a solution of (22)—(23) defined on [0, T'].

Regarding the regularity of the solution, since ¢ € C ([0, T']; L*°(2)) and p € L®@RM),
we deduce that p ¢ (1, -) € L®(2) forallr € [0, T]. Therefore A"P¢p = pxp— ¢ fQ p(—
y)dy € C([0, T]; L°°(£2)), and then, from the equation (22), we deduce that 9,¢p € L*°(Q7).

Finally, assume that a, b, ¢ are non-negative and suppose that ¢ is negative somewhere.
Let £(t, x) = ¢(t, x) 4 €t, with € > 0 small enough so that £ is negative somewhere. Let
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(t0, x0) be a point where £ attains its negative minimum. Then, 7o > 0 and
9,& (10, x0) = 9;¢ (10, x0) + €

> alto, x0) /Q p(x0 — ¥)(@ 0, y) — B0, x0)dy + b, o)
= a(ty, xo) /Q pxo — ¥)(&(to, y) — &(t0, x0))dy + b(to, x0) = 0,

which is a contradiction. Therefore, ¢ > 0 in Q7. O

Proof of Lemma 2 From Theorem B, (33) yields
2 C
[fu(t, x) = (fu(t, ) * Ps)(x)|" dxdr < el (43)
Or
Estimate (32) implies the existence of a subsequence {f,,} C L3(Qr) and a function f €
L3(Q7) such that S — f weakly in L3(Q7). Moreover, estimates (34) and (43) ensure, see

[18, Lemma 5.1], the convergence fnzk - f 2 in the sense of distributions in Ot (we take
g" =h" = f, in[18, Lemma 5.1]). This is,

/ fic _>/ f?¢ forallz € C(Q7).
or or
Since f;,,— f weakly in L3(QT), we have

/Q P2 < Wi 1€l or < ClEllLacopy:
T

so that, passing to a new subsequence if required, we have fnzk — f2 weakly in L3/%(Q7), by
density. As a consequence, we deduce that

/Qr|fnk_f|2:/QTf”2k_Z/QTf”kf‘F/QTfZ%O,

since 1 € L3(Q7) and f € L3?(Qr). Then, the uniform bound (32) allows to obtain (35).
[m}

Proof of Lemma 3 We prove the result for a general power p, with 1 < p < co. By density,
it is enough to show that || A" || 1r (@) < C||1/f||Wz_,,(Q) for ¢ € C°(R).
0

Considering the extension of v to RY and splitting RY in terms of 2 and ¢, we obtain,
using the triangle inequality,

J.

x| as<c([ | [ ne=nao - e e
[ ae=nam—iwaa). @

Step A. We estimate the first term of the right hand side of (44). Using the changes n(y —x) =
z,n(y — x) = —z, and setting ¢ = 1/n, we get
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/ Jn(x = Y)W (y) — ¥ (x)dy
RN

_ Q J(Z)w(x+sz) —21p§x)+\b(x—ez)dz.
2 RN &

(45)

We define, for s €[0,1]and o € [—1, 1], the functions v(s) = ¥ (x + sez) + ¥ (x — s€z)
and w(o) = Vi (x + osez). We have

1
Y(x +6e7) =20 (x) + ¥ (x —ez) = / V' (s)ds
0
1
= e/ I (VY (x + se2) — VY (x — se2))ds
0
1,1 1 1
= 6‘/ / 7. w'(0)dods = 82/ s/ zTDZ\D(x +osez)zdods.
0 J-1 0 -1

Then, Jensen’s inequality yields

‘lﬁ(x +62) =20 () + Y (x —s21) P

g2

1 pl
< 21”’1/ / 12" D> (x + ose2)z|P dods,
0 —1
and on noting that o'sez is independent of x, we deduce
/RNIZTD%Z(X + ose2)z|P dods < |z|*F 19 2.0 -

Therefore, taking into account that the integration in (45) may be limited to z € B,, see (10),
and applying Holders inequality in (45), we deduce

[

[, s =00 = iy ax

SC(/ pry/P/ / ’W(X+8z)—2¢(X)+w(x—SZ) i
B, RN JB,

g2
= C”&”s‘/Z,p(RN)' (46)

Step B. We estimate the second term of the right hand side of (44). The integration is
performed in a band enclosing 9£2. We define the bounded sets

D.={xeQ:x+ezeQf forz € B},
Fo={yeQ:y=x+ez, forx € Q, z € B,}.

Observe thatif x € Q\D,and y € Q€ orif x € Q and y € Q¢\ F; then J,,(x — y) = 0, since
& = 1/n. Therefore,

LI e =nam = denas|ax= [ weor| [ s -] a
Q Qc Q Qc
=cpr [ e | [ g - vay|ax
D. F.
<P f 1P da, 7
D,
because || J[| 1 gy = 1, see (14).
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We recall here the uniform cone property, enjoyed by Lipschitz sets [6, Definition 6.3]:
For all x € 0%, there exist positive numbers /1, w and p such that for all y € B,(x) N Q,
we have that the cone of vertex y, heigth &, and aperture w, denoted by Cy(h, w), satisfies
Cy(h, w) C Q. Symmetrically, for all z € B,(x) N Q¢, we have C,(h, ) C int(Q°).

We claim that

D UF, = {x e RV : dist(x, 0Q) < re}.

Let us prove, for instance, that F, = {x € Q° : dist(x, dR) < re}. On one hand, suppose
that y € F, but dist(y, d2) > re. Then B,.(y) N 2 = ¥ but |y — x| < re, which is
a contradiction, since x € 2. On the other hand, let y € Q¢ and x9 € 92 be such that
ly —xol = dist(y, 92) < Bre, with B < 1. Notice that xo does exist because 92 is
closed. Then, due to the uniform cone property, there exists a cone Cy, (h, @) C €2, so that
ly — x| < |y —xol + |xo — x| < Bre + (1 — B)re for all x € Cyy(h, w) N By, (xp), for
po = (1 — B)re. Thus, y = x + ¢z for some z € B,. A similar proof stands for the identity
D, = {x € Q : dist(x, 0Q) < re}.

Consider the collection of open balls B = { B¢ (x)}reaq-Itisclear that D, U F; is covered
by B. Since D, U F is closed and bounded, and hence compact, we may extract a finite
collection By = {Bg,g(xk)}f=1 covering D, U F,. Moreover, applying Vitali’s covering
lemma (finite version, see [21, Theorem 8.5]), we may extract a sub-collection of disjoint
balls Bx' = {Boye (xk/)}f,/:l such that By = {Beg¢ (xk/)}f,/:l covers D, U F;.

In the following, we remove the primes from the indices and introduce the notation o« =
6r and Béjs = Bgre(x). It is easy to check that the collection By satisfies the following
properties: (i) |BX, N F.| > 0, forall k = 1,..., K, and (ii) For all g € L'(R"), there
exists a constant C > 0 independent of ¢ such that

K
Z/ lg()dx < Cligllpimny-
f=1 " Bée

Property (i) is, again, a consequence of the uniform cone property, while property (ii) follows
from the collection {Bé‘r e ,le being disjoint and from the finite number of balls of radius 2re
contained in a ball of radius 6re. In particular, notice that [UX_ Bf | <3V |uK_ BS
[21, Theorem 8.5]

Property (i) ensures that ¥ vanishes in the positive measure set Bg ¢ N Fe, so that the
Poincaré’s inequality yields

, see

K
_ N P N P
/Ds [ (x)|P dx _/DSUFS [¥ ()| dx < ];/Bg [ (x)|” dx

K
= Per/k Vi (0" dx,
k=1" Bae

where Py is the constant of Poincaré (for the p-Laplacian) corresponding to the open ball
Bgye. According to [11, Chapter 5, Theoren_l 2], Pye = Cae, where C only depends on N and
p- On noting that the function g(x) = |V1/f(x)| vanishes in Bfw N F; (because ¥ € C°(Q2)

or, alternatively, ¢ € Wg "7(2)), we may use again the Poincaré’s inequality to obtain, on
noting property (ii),
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K
[ wwirasscriry, [ p2ieol ds < o,
g =17 Bé

where we used that

|Vg|=(i\ v;| D2y )”2.

Returning to (47) and noting that ¢ = 1/n, we obtain

LI =000 = wnas|"dx < Oy (48)

Step C. We finish the proof by replacing (46) and (48) in (44) and recalling that
1Y llw2r@wyy = III/fllwg,p(Q), see [1, Lemma 3.22]. |

Remark 2 Taking the limit n — oo in (45), we obtain, for v : RY — R smooth
n Cl T N2
A (x) - — J(2)z" DY (x)zdz.
2 Jry

Since the Hessian of ¥, D? V¥, is symmetric, there exists an orthogonal (rotation) matrix, R(x),
and a diagonal matrix Q(x) such that D>y (x) = R(x)T Q(x)R(x), with det(R(x)) =
Thus

/ J(z)zTDZw(x)zdzzf J(2)(R(x)2)T Q(x)R(x)zdz
RN RN
= [ T @y 0(x)ydy = / Ty Q) ydy,
RN RN
since J is radial. Thus,

Ci

N

C

7 o J@)" D*Y(x)zdz =) Q,-,-<x>71 /R . J(y)yidy = tr(Q(x)),
i=1

where we used the normalization condition (13). Finally, since the trace is invariant under
diagonalization, we deduce A" (x) — A (x) uniformly in RV,
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