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Abstract In this paper we continue the investigation of further properties of
secantoptics introduced and considered by Skrzypiec (Beiträge Algebra Geom.
49(1):205–215, 2008) and by Mozgawa and Skrzypiec (Bull. Belg. Math. Soc. Simon
Stevin 16(3):435–445, 2009). We describe properties of secantoptics of ovals of con-
stant width, prove a theorem on tangents to secantoptic and give the converse of the
sine theorem for secantoptics.
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1 Introduction

Let us first recall the notion of a secantoptic of an oval as it is defined in Skrzypiec
(2008) and studied in Mozgawa and Skrzypiec (2009). Throughout this paper, by an
oval we mean a plane, closed curve given by the equation

z(t) = p(t)eit + ṗ(t)ieit for t ∈ [0, 2π), (1.1)

where p(t), called the support function of an oval, is of class C3 and the function
R(t) = p(t) + p̈(t) is positive for all t ∈ [0, 2π). Note that the function R(t) =
p(t)+ p̈(t) is the curvature radius of the curve z(t) at the point t , and that the support
function p(t) can be extended to a periodic function on R with the period 2π .
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Fig. 1 Construction of a secantoptic Cα,β,γ of an oval C

Let C be an oval and let β ∈ [0, π), γ ∈ [0, π − β) and α ∈ (β + γ, π) be fixed
angles. The set of intersection points zα,β,γ (t) of s1(t) and s2(t) for every t ∈ [0, 2π)
forms a curve which we call a secantoptic Cα,β,γ of the oval C ; see Fig. 1. With the
notations

q(t) = z(t)− z(t + α − β − γ ),

b(t) = [q(t), eit ],
B(t) = [q(t), ieit ],
q(t) = (B(t)− ib(t))eit ,

λ(t) = b(t) sin(α − β)− B(t) cos(α − β)

sin α
,

μ(t) = −b(t) sin β + B(t) cosβ

sin α
,

where [v,w] = ad − bc for v = a + bi and w = c + di , we give the following
parametrization of the secantoptic Cα,β,γ of the oval C :

zα,β,γ (t) = (p(t)+ λ(t) sin β + i( ṗ(t)+ λ(t) cosβ))eit for t ∈ [0, 2π).

Secantoptics may be considered as isoptics of a pair of evolutoids of a given oval. Let
us recall that an α-isoptic Cα of a given curve C is the locus of apices of a fixed angle
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π − α, where α ∈ (0, π) formed by two supporting lines of C . More informations on
isoptic curves can be found, for example, in Benko et al. (1990), Cieślak et al. (1991),
Green (1950), Góźdź (1996), Góźdź et al. (1998), Matsuura (1993), Michalska (2003),
Miernowski and Mozgawa (2001) and Szałkowski (2005, 2007). Isoptics of pair of
curves were defined in Miernowski and Mozgawa (2001) and studied in Mozgawa and
Skrzypiec (2009). Consider two evolutoids of an oval C

�−β : ψ−β(t) = p(t + β) cosβ − ṗ(t + β) sin β,

�γ : ψγ (t) = p(t − γ ) cos γ + ṗ(t − γ ) sin γ.

The equation of an isoptic C
�−β�γ
α , where β ∈ [0, π), γ ∈ [0, π − β) and α ∈

(β + γ, π), is given by

z
�−β�γ
α (t) = ψ−β(t)eit +

(
ψγ (t + α)

1

sin α
− ψ−β(t) cot α

)
ieit .

In Mozgawa and Skrzypiec (2009) we proved the following theorem.

Theorem 1.1 The isoptic C
�−β�γ
α and the secantoptic Cα,β,γ of a given oval C coin-

cide if β ∈ [0, π), γ ∈ [0, π − β), and α ∈ (β + γ, π).

It is very convenient to introduce the notations

L(t) = R(t) sin β + λ(t),

M(t) = μ(t)− R(t + α − β − γ ) sin γ,

Q(t) = M(t)iei(t+α−β) − L(t)iei(t−β).

2 Secantoptics of ovals of constant width

The width in the direction eit of an oval C is defined as the distance between lines
normal to this direction. If the width does not depend on t , the oval is called a curve of
constant width. Curves of constant width and isoptics of such curves were studied in
Cieślak et al. (1996), Miernowski and Mozgawa (1995), Robertson (1984) and Wegner
(1989); see also the surveys (Chakerian and Groemer 1983; Heil and Martini 1993).

Theorem 2.1 If an oval C is a curve of constant width 	, then the distance between
points zα,β,γ (t) and zα,β,γ (t + π) on its secantoptic Cα,β,γ is constant and equal to
	

sin α

√
cos2 β + cos2 γ − 2 cosα cosβ cos γ .

Proof Let C : z(t) = (p(t)+ i ṗ(t))eit be an oval of constant width 	. Then for any
t ∈ [0, 2π) we have

	 = p(t)+ p(t + π). (2.1)
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If t �→ zα,β,γ (t) is a parametrization of a secantoptic Cα,β,γ of an oval C , then

zα,β,γ (t)− zα,β,γ (t + π) = [(p(t)+ p(t + π))+ sin β(λ(t)+ λ(t + π))

+i(( ṗ(t)+ ṗ(t + π))+ cosβ(λ(t)+ λ(t + π)))]eit .

To simplify this expression note that

λ(t)+ λ(t + π) = 1

sin α
[(p(t + α − β − γ )+ p(t + α − β − γ + π)) cos γ

+ ( ṗ(t + α − β − γ )+ ṗ(t + α − β − γ + π)) sin γ

− (p(t)+ p(t + π)) sin(α − β)−( ṗ(t)+ ṗ(t + π)) cos(α−β)],

and from (2.1) we have

p(t + α − β − γ )+ p(t + α − β − γ + π) = 	

and

ṗ(t)+ ṗ(t + π) = d	

dt
= 0.

Hence we can replace the dependence on the support function of the oval C in the
expression zα,β,γ (t) − zα,β,γ (t + π) by the dependence on the length of C in the
following way:

zα,β,γ (t)− zα,β,γ (t + π) =
(
	+ sin β

sin α
(	 cos γ −	 cos(α − β))

+ i
cosβ

sin α
(	 cos γ −	 cos(α − β))

)
eit . (2.2)

From this it follows that

|zα,β,γ (t)− zα,β,γ (t + π)| = 	

sin α

√
cos2 β + cos2 γ − 2 cosα cosβ cos γ . (2.3)

��
Corollary 2.2 If β = γ , then

|zα,β,β(t)− zα,β,β(t + π)| = 	 cosβ

cos α2
. (2.4)

Theorem 2.3 Let C : z(t) = (p(t) + i ṗ(t))eit be an oval and let α − 2β be a
number linearly independent on π over Q. If the distance between points zα,β,β(t)
and zα,β,β(t + π) on its secantoptic Cα,β,β is constant, then the expression |z(t) −
z(t + π)| is constant.
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Proof First we assume that β ∈ [0, π) and γ ∈ [0, π − β). Note that

zα,β,γ (t)−zα,β,γ (t+π)=(	(t)+ sin β

sin α
(	(t+α−β−γ ) cos γ−	(t) cos(α−β))

+i
cosβ

sin α
(	(t + α − β − γ ) cos γ −	(t) cos(α − β)))eit ,

where 	(t) = p(t)+ p(t + π). Let

D = |zα,β,γ (t)− zα,β,γ (t + π)|

denote the constant length between points on the secantoptic Cα,β,γ of the oval C .
Then there exists a function t �→ ξ(t), 0 < ξ(t) < π , such that

	(t)+ sin β

sin α
(	(t + α − β − γ ) cos γ −	(t) cos(α − β)) = D sin ξ(t), (2.5)

cosβ

sin α
(	(t + α − β − γ ) cos γ −	(t) cos(α − β)) = D cos ξ(t). (2.6)

Using (2.6) and (2.5) we get

	(t+α−β−γ )= cos(α−β)
cos γ

(
D cos ξ(t)

(
sin α

cosβ cos(β−α)−tan β

)
+D sin ξ(t)

)
.

(2.7)

If we insert (2.7) to the Eq. (2.6), we obtain

	(t) = D(sin ξ(t)− cos ξ(t) tan β), (2.8)

and by using the substitution t := t + α − β − γ we get

	(t + α − β − γ ) = D

cosβ
sin(ξ(t + α − β − γ )− β). (2.9)

From (2.7) we have

	(t + α − β − γ ) = D

cos γ
sin(ξ(t)+ α − β). (2.10)

Using equations (2.9) and (2.10) we obtain the condition

sin(ξ(t + α − β − γ )− β)

cosβ
= sin(ξ(t)+ α − β)

cos γ
. (2.11)

Suppose that the distance between points zα,β,γ (t) and zα,β,γ (t +π) on the secant-
optic Cα,β,γ of an oval C is constant. We would like to answer the question whether
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then |z(t)− z(t +π)| is constant. For β �= γ it is still an open problem, but for β = γ

we get

sin(ξ(t + α − 2β)− β)

cosβ
= sin(ξ(t)+ α − β)

cosβ
.

Since β ∈ [0, π2 ), then cosβ �= 0. Therefore we obtain

sin(ξ(t + α − 2β)− β) = sin(ξ(t)+ α − β). (2.12)

This condition is known from Cieślak et al. (1996). It is easy to see that

ξ(t + α − 2β) = ξ(t)+ α + 2π j

or

ξ(t + α − 2β) = π − (ξ(t)+ α − 2β)+ 2πk

for certain j, k ∈ Z. Since 0 < ξ(t) < π , then

ξ(t + α − 2β) = ξ(t)+ α (2.13)

or

ξ(t + α − 2β)+ ξ(t)+ α − 2β = π. (2.14)

The function 	(t) = p(t) + p(t + π) is periodic, and its period is equal to 2π.
Hence

ξ(t + 2π) = ξ(t)+ 2πm, (2.15)

but since 0 < ξ(t) < π , then

ξ(t + 2π) = ξ(t). (2.16)

Conditions (2.13) and 0 < ξ(t) < π are in contradiction, because from (2.13) we
get

ξ(t + nδ) = ξ(t)+ nδ + 2β

for n ∈ N and δ ∈ [0, 2π ]. If n is sufficiently large, then the function ξ(t) cannot be
bounded. Therefore the conditions (2.14) and (2.16) must hold. Using the substitution
t := t + α − 2β in the formula (2.14) we obtain

ξ(t + 2(α − 2β))+ ξ(t + α − 2β)+ α − 2β = π. (2.17)
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If we subtract the formula (2.14) from (2.17), then

ξ(t + 2(α − 2β)) = ξ(t),

what means that the function ξ has two periods 2π and 2(α− 2β). Since we assumed
in this theorem that the number α − 2β is linearly independent on π over Q, then ξ
has to be a constant. ��

3 Theorem on tangents to secantoptic of an oval

Let us fix a secantoptic Cα,β,γ of an oval C and recall that we may consider it as an
isoptic of pair of evolutoids of an oval C whose support functions are

ψ−β(t) = p(t + β) cosβ − ṗ(t + β) sin β

and

ψγ (t) = p(t − γ ) cos γ + ṗ(t − γ ) sin γ.

Then

zα,β,γ (t) = z
�−β�γ
α (t) = ψ−β(t)eit +

(
ψγ (t + α)

1

sin α
− ψ−β(t) cot α

)
ieit ,

and the first derivative of the parametrization of the secantoptic Cα,β,γ of the oval C
can be written as

żα,β,γ (t) = ż�1�2
α (t) = −L(t)eit + ρ1(t)ie

it ,

where

L(t) = −ψ̇1(t)− ψ1(t) cot α + ψ2(t + α)
1

sin α
= b1(t)− B1(t) cot α,

M(t) = −ψ1(t)
1

sin α
− ψ̇2(t + α)+ ψ2(t + α) cot α = − B1(t)

sin α
,

ρ1(t) = ψ1(t)+ ψ̇2(t + α)
1

sin α
− ψ̇1(t) cot α = B1(t)+ b1(t) cot α

and

B1(t) = ψ1(t)− ψ2(t + α) cosα + ψ̇2(t + α) sin α,

b1(t) = ψ2(t + α) sin α + ψ̇2(t + α) cosα − ψ̇1(t).

Recall that

Q(t) = M(t)iei(t+α−β) − L(t)iei(t−β) = (B1(t)− ib1(t))e
it . (3.1)
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Let us fix τ ∈ (0, 2π) and denote by hτ (t) the function h(t +τ). Let � (v,w) denote
the angle between v and w, while 〈v,w〉 is their scalar product.

Theorem 3.1 Let Cα,β,γ be a secantoptic of an oval C. Then we have the relation

� (żα,β,γ , żτα,β,γ )+ � (Q, Qτ ) = 2τ. (3.2)

Proof Since

żτα,β,γ (t) = eit ((−Lτ (t) cos τ − ρτ1 (t) sin τ)+ i(ρτ1 (t) cos τ − Lτ (t) sin τ)),

then

〈żα,β,γ , żτα,β,γ 〉 = cos τ(L Lτ + ρ1ρ
τ
1 )+ sin τ(Lρτ1 − ρ1Lτ ).

We may use the functions b1(t) and B1(t) to rewrite the above expression to the
form

〈żα,β,γ , żτα,β,γ 〉 = b1bτ1 + B1 Bτ1
sin2 α

cos τ + b1 Bτ1 − B1bτ1
sin2 α

sin τ

and then use (3.1). The further calculations in this proof are the same as in Cieślak
et al. (1996). We will recall them there. A vector Qτ (t) can be written as

Qτ (t) = eit (Bτ1 (t) cos τ + bτ1(t) sin τ + i(Bτ1 (t) sin τ − bτ1(t) cos τ)),

hence we can compute

〈Q, Qτ 〉 = (B1 Bτ1 + b1bτ1) cos τ − (b1 Bτ1 − B1bτ1) sin τ

and

[Q, Qτ ] = (b1 Bτ1 − B1bτ1) cos τ + (B1 Bτ1 + b1bτ1) sin τ.

Notice that

[Q, Qτ ] sin 2τ + 〈Q, Qτ 〉 cos 2τ = (B1 Bτ1 + b1bτ1) cos τ + (b1 Bτ1 − B1bτ1) sin τ,

and we get the dependence

〈żα,β,γ , żτα,β,γ 〉 sin2 α = [Q, Qτ ] sin 2τ + 〈Q, Qτ 〉 cos 2τ.

Using

〈v,w〉 = |v||w| cos � (v,w),
[v,w] = |v||w| sin � (v,w)
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and |żα,β,γ | sin α = |Q|, we have

cos � (żα,β,γ , żτα,β,γ ) = cos(2τ − � (Q, Qτ )).

Therefore either

� (żα,β,γ , żτα,β,γ )+ � (Q, Qτ ) = 2τ, (3.3)

or

� (żα,β,γ , żτα,β,γ )+ 2τ = � (Q, Qτ ), (3.4)

or

� (żα,β,γ , żτα,β,γ ) = 2π − 2τ + � (Q, Qτ ). (3.5)

If τ → 0, then � (żα,β,γ , żτα,β,γ ) → 0 and � (Q, Qτ ) → 0. On the other hand,
if τ → 2π , then � (żα,β,γ , żτα,β,γ ) → 2π and � (Q, Qτ ) → 2π . Hence we obtain
(3.3). ��

If τ = π , then, as it was shown for isoptics in Cieślak et al. (1996), we get the
following corollaries.

Corollary 3.2 Let Cα,β,γ be a secantoptic of an oval C. Then

� (żα,β,γ (t), żα,β,γ (t + π))+ � (Q(t), Q(t + π)) = 2π. (3.6)

Corollary 3.3 Let Cα,β,γ be a secantoptic of an oval C. Then the vector żα,β,γ is
parallel to the vector żτα,β,γ if and only if the vector Q is parallel to Qτ .

4 The converse to the sine theorem for secantoptics

In Skrzypiec (2008) we have proved the sine theorem for secantoptics. Now we want
to give the converse theorem.

Theorem 4.1 Let C : z(t) = p(t)eit + ṗ(t)ieit be a given oval such that p is of class
C3 and let � be a regular Jordan curve. Suppose that there exists a differentiable
function ϕ : R �→ R such that

(1) through a point z(t) of an oval C we draw a tangent line and rotate it around a
tangency point about the angle −β, where β ∈ [0, π) (the obtained secant we
denote by s1(t)),

(2) through a point z(ϕ(t)) of a curve C we draw a tangent line and rotate it around
a tangency point about the angle γ , where γ ∈ [0, π − β) (the obtained secant
we denote by s2(t)),

(3) secants s1(t) and s2(t) intersect by forming an angle α(t) ∈ (β + γ, π) for each
t ∈ [0, 2π) in a certain point on the curve �,
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Fig. 2 Notations used for Theorem 4.1

(4) for each t ∈ [0, 2π) the sine formula

|z(t)− z�(t)| + R(t) sin β

sin α1(t)
= |z(ϕ(t))− z�(t)| + R(ϕ(t)) sin γ

sin α2(t)

= |(z(t)− R(t) sin β iet−β)− (z(ϕ(t))− R(ϕ(t)) sin γ ieϕ(t)+γ )|
sin α(t)

(4.1)

holds, where α1(t) and α2(t) are the angles which the tangent line to the curve
� form with the secants s1(t) and s2(t), respectively (Fig. 2).

Then � is a secantoptic Cα,β,γ of an oval C.

Proof Note that the function ϕ(t) defines the function α(t) which satisfy a condition
0 < α(t) < π and determine the angle between considered secants by the formula

ϕ(t) = t + α(t)− β − γ.

Therefore we can express the equation of the curve � by using the support function
of the given oval C . Namely,

z�(t) = (p(t)+ λ�(t) sin β + i( ṗ(t)+ λ�(t) cosβ))eit , (4.2)
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where

λ�(t) = 1

sin α(t)
(p(t + α(t)− β − γ ) cos γ + ṗ(t + α(t)− β − γ ) sin γ

− ṗ(t) sin(α(t)− β)− p(t) cos(α(t)− β)).

Note that the value of the function λ� for each t ∈ [0, 2π) is a length of a line
segment connecting the points z(t) and z�(t). Similarly, the value of the function

μ�(t) = −1

sin α(t)
(−p(t + α(t)− β − γ ) cos(α(t)− γ )

+ ṗ(t + α(t)− β − γ ) sin(α(t)− γ )− ṗ(t) sin β + p(t) cosβ)

describes the length of a line segment |z(t + α(t) − β − γ )z�(t)|. Since we assume
that the curve � satisfies the sine formula (4.1), then

sin α1(t) = −[ż�(t), iei(t−β)]
|ż�(t)| ,

sin α2(t) = [ż�(t), iei(t+α(t)−β)]
|ż�(t)| ,

where

ż�(t) = (λ̇�(t) sin β − λ�(t) cosβ + i(R(t)+ λ�(t) sin β + λ̇�(t) cosβ))eit .

Hence

[ż�(t), iei(t−β)] = −(λ�(t)+ R(t) sin β), (4.3)

[ż�(t), iei(t+α(t)−β)] = (R(t + α(t)− β − γ ) sin γ − μ�(t))(1 + α̇(t)). (4.4)

With the notations

L�(t) = λ�(t)+ R(t) sin β,

M�(t) = μ�(t)− R(t + α(t)− β − γ ) sin γ

we can rewrite the sine formula in the form

L�(t)

[iei(t−β), ż�(t)] = −M�(t)

[ż�(t), iei(t+α(t)−β)] .

Hence we have the formula

L�(t)

L�(t)
= −M�(t)

−M�(t)(1 + α̇(t))
,
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which can be simplified to

−L�(t)M�(t)(1 + α̇(t)) = −L�(t)M�(t),

L�(t)M�(t)α̇(t) = 0.

The functions L�(t) and M�(t) have positive values for all t , hence α(t) = const .
��

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
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provided the original author(s) and source are credited.
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