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Abstract We deal with Morrey spaces on bounded domains €2 obtained by differ-
ent approaches. In particular, we consider three settings M, ,(£2), M, ,(€2) and
My, p(R2), where 0 < p < u < oo, commonly used in the literature, and study
their connections and diversities. Moreover, we determine the growth envelopes
Eg(M,, p(2)) as well as Eg (M, ,(£2)), and obtain some applications in terms of
optimal embeddings. Surprisingly, it turns out that the interplay between p and u in
the sense of whether 7 > % or o < % plays a decisive role when it comes to the

behaviour of these spaces.
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1 Introduction

In this paper, we study Morrey spaces on bounded domains 2 C R” defined by differ-
ent approaches. Originally, these spaces were introduced by MORREY in [21], when
studying solutions of second-order quasi-linear elliptic equations in the framework
of Lebesgue spaces. They can be understood as a complement (generalization) of the
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Lebesgue spaces L, (£2). In particular, the Morrey space M, ,(£2),0 < p < u < oo,
is defined as the collection of all complex-valued Lebesgue measurable functions on
€2 such that

1_

1
1M @l = sup (@0 B, 27"
x€Q2,jeNy
x U , |f<y)|”dy}p < o0, (1.1)
QNB(x,2-))

cf. [14]. Obviously, M, ,(£2) = L ,(£2), since we may assume for bounded domains
that diam(€2) < 1. As can be seen from the definition, Morrey spaces investigate the
local behaviour of the L, norm, which makes them useful when describing the local
behaviour of solutions of non-linear partial differential equations, cf. [13,15-20,29].
Furthermore, applications in harmonic analysis and potential analysis can be found in
the papers [2-5]. Interpolation results of these and related spaces are established in
[28]. For more information we refer to the books [1] and [27].

Our aim here is to compare the spaces M, ,(£2) with two other approaches for
Morrey spaces on domains as can be found in the literature and characterize the
unboundedness of functions belonging to the Morrey spaces M, ,(£2) in some further
detail.

To be more precise, we consider Morrey spaces M, ,(£2), defined and studied in
[23,24], where in contrast to (1.1) the supremum is now taken over balls B (x, 27/) fully
contained in 2. We remark that in the original definition cubes were considered but the
change to balls is immaterial here. On the other hand, we deal with the spaces 90, , (£2)
introduced in [32], which differ from (1.1) by the fact that the supremum is now only
taken over balls B(x, 27/) having distance at least 27/ to the boundary of 2. Clearly,
by their definitions, we have embeddings M, ,(2) — M, , () — M, ,(2). Our
main result in Theorem 2.7 now clarifies the connections and diversities explicitly. In
particular, it turns out that

9

Mo p(Q) = My p(R2) = M, (), if g <

|-

and

My, p() C DMy, p(2) and My, () C My, p(82), if 2>
u

S| =

Surprisingly, we can see that the behaviour of the spaces changes with respect to the
interplay of the parameters n, u, p.

Furthermore, in Theorem 2.3 it is established that for so-called type A domains,
cf. Remark 2.2, the spaces M, ,(2) can be characterized by spaces M, ,(R") via
restriction to the domain.

Apart from these considerations, we would like to understand the ‘quality’ of
unboundedness, which is admitted in the spaces M, ,(£2) and M, ,(£2). This con-
tributes to the problem of optimal embeddings. We have

Ly(R) = My, p(2) — L,(),
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Morrey Spaces on Domains 819

which leads to the question whether the L ,(£2) spaces on the right-hand side are
indeed the best possible Lebesgue-type spaces in which the Morrey spaces can be
embedded. These kind of questions can be investigated with the help of the growth
envelope €g(X) = (éé (1), ué), where X is a space of functions on €2,

W ~sup {0 IfIXI<1}, 0<t<e

its growth envelope function, and ué € (0, oo] is some additional index providing a
finer description. Here f* denotes the non-increasing rearrangement of f. These
concepts were introduced in [31] and [8], where the latter book also contains a
recent survey of the present state-of-the-art (concerning extensions and more gen-
eral approaches) as well as applications and further references. Therefore, our second
main result can be formulated as

€ (Mup@) = (177, p).

cf. Theorem 2.13. In contrast to this we obtain for the spaces 9, ,(£2) in Theorem
2.15 that

1
fﬁ,p), if

no 1
9)?,(52) _ ) u R
% (e (D) (T 00), if 2> L

Again, from the envelope results above it can also be seen that the interplay between
the parameters in terms of 2 < % and I > % plays a decisive role in the behaviour of
the Morrey spaces.

The paper is organized as follows. First we present three different approaches for
Morrey spaces on domains and discuss these concepts in terms of their connections
and diversities. Then we turn to the concept of growth envelopes and present and
prove our main results, finally obtaining some sharp embedding results and Hardy-
type inequalities.

We are very grateful to Professor Hans Triebel who introduced us in personal
communications to some of his ideas contained in the unpublished notes [32]. He
granted us permission to use some of his arguments and, moreover, present part of his
results in the context of this paper.

2 Different Approaches: Connection and Diversity

Preliminaries We shall adopt the following general notation: N denotes the set of all
natural numbers, Ng = NU {0}, R”, n € N, denotes the n-dimensional real Euclidean
space. Furthermore, © = | - | stands for the Lebesgue measure. For a real number a,
let a4 := max(a, 0) and let |a| denote its integer part. For p € (0, oo], the number
p’ is defined by 1/p’ := (1 — 1/p)4 with the convention that 1/00 = 0. By ¢, cy,
¢, etc. we denote positive constants independent of appropriate quantities. For two
non-negative expressions (i.e. functions or functionals) A, B, the symbol A < B (or
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820 D. D. Haroske et al.

A 2> B) means that A < cB (orc A > B). If A < Band A 2 B, we write A ~ B
and say that A and B are equivalent. Given two quasi-Banach spaces X and Y, we
write X < Y if X C Y and the natural embedding is bounded.

Different Approaches In this section we discuss three different approaches for Morrey
spaces on domains. They provide intrinsic and extrinsic characterizations and we show
below that under some restrictions on the parameters involved, the introduced spaces
may coincide or differ.
We assume throughout this paper that the domain 2 C R” is bounded.
Let
Syi={xeQ: 27t < dist(x, 0Q) <27/, 2.1

J € Np, where we may assume that
o0
Q=Js, So#0.
J=0

If Q is a Lipschitz domain, then |S;| ~ 277,

Let M (2) be the collection of all equivalence classes of complex-valued Lebesgue
measurable functions on €2. There are several equivalent definitions of Morrey spaces.
One can take averages over balls or cubes, or dyadic cubes. Below we give the definition
of the spaces using balls B(x, 2-J ) centred at x € 2 and of radius 2-, Jj € Np, but
in some proofs we use also the equivalent norm that uses dyadic cubes.

Definition 2.1 Let 2 C R” be a bounded domain and 0 < p < u < oo.

(i) The Morrey space M, ,(£2) is defined to be the set of all functions f € M ()
such that

1_1

1/1Mup @1 = sup [u@n B, 2] 7
x€Q,jeNy

x [ / | If(y)l”dyr < c0. 22)
QNB(x,2-7)

(ii) The Morrey space M, ,(£2) is defined to be the set of all functions f € M(£2)
such that
1

_jn(%_L) » ?

/1M, p (D1l = sup 2 r fDIPdy | < oo.
xeQ,B(x,27/)CQ B(x,277)

2.3)
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(iii)

The Morrey space 9, ,(£2) is defined to be the set of all functions f € M ()
such that

1
—in(l_1 v
L@l = sup 27"() Um 2—/')|f(y)|pdy] <co, (24)

X€EQ,j>jx

where for x € @, by j, we denote the smallest number such that

dist (B(x, 27y, asz) >277 if j,<jeN. 2.5)

Remark 2.2 (i) The spaces M, ,(L2) are adapted from [14, Definition 4.3.3]. It is

(ii)

(iii)

clear from the definition that they can be considered as a complement to L,
spaces. Clearly, we have M, ,(2) = L,(2) with p € (0, oo). The definition
of the spaces M, ,(£2) was already considered in [23], and the last approach for
M, »(2) was considered in [32], where also growth envelopes for these spaces
were studied. Our approach differs from the above ones in the sense that we
consider parameters 0 < p < u < oo, which is more convenient for us, whereas

the above references deal with 0 < p < oo and parameters A := —np (% - %)
oro = —%, resulting in the conditions 0 < A < n or —% < o <0, respectively.

Clearly we have the embeddings
My, p () = My, p(2) — My, p(£2), (2.6)

which follows directly from the definitions of the spaces. Obviously, M,, ,(R") =
M, , (R™).

In order to be able to compare the Morrey spaces M, ,(£2) as defined in (i) with
the other two Morrey spaces on domains, we shall restrict ourselves to so-called
domains of type A meaning that there exists a constant A > 0 such that for every
x € Qandall j > jj we have

w(QNBx,277)) > A27",

This approach already appears in [33, Ch. 1] for the definition of Morrey spaces
(when p = 2). In this case (2.2) reduces to

_in(l_1 7
1f My () ~  sup 27 (=3) U | If(y)l”dy] <o0. (27)
QNB(x,277)

xeR,jeNy

For example a square in the plane is a set of type A with A = %, whereas the
domain = {(x,y) e R>: 0 <x <1, 0 <y < x?} is not of type A for any
A > 0 (since the origin is a cuspidal point of the boundary of €2). The situations

are illustrated below.
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822 D. D. Haroske et al.

Y Yy

g g

Furthermore, our definitions in (i), (ii) differ from the ones used in [14,23] in the
sense that we take balls with radii 2/, Jj = joinstead of r € (0, §). Furthermore,
we take the supremum over all j € Ny instead of j > jy only, since for functions
f € L,(82) we clearly have that the term with j = O is finite and for 0 < j < jo
we have

. 1 1 1 . 1 1 1
2in(i=5) [ / , If(y)lpdy]p < pmion(i=5) [ / If(y)lpdy] "
QNB(x,2/) QNB(x,1)

which differs from the j = 0 term only by some constant depending on jj.

We proceed by demonstrating that the spaces M, ,(£2) can be characterized by spaces
M., p,(R™) normed by

1

—7 1_1 V4
lglMy p,(R")|| = sup 2 (i p)[/ . |g(y)|”dy] ,
xeR", jeZ B(x,277)

via restriction to the domain.

Theorem 2.3 Let @ C R” be a type A domain and 0 < p < u < oo. Let f €
My, p (), then

I IMu,p ()| ~ inf [|g| My, R,

where the infimum is taken over all g € M, ,(R") such that g|Q = f.

Proof Consider

f— f, x e,
o, xeR"\ Q.

Clearly || fIMy,p ()] < ||f|/\/l,,,p(R”)|| so we are left to prove the converse. By
definition

1

~ —in(l-1 P
M, ®) = sup 275 [/ | If(y)l"dy]
B(x,2-)NQ

xeR" jeZ
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Morrey Spaces on Domains 823

First we argue why it is always sufficient to consider x € € instead of x € R". Let
x ¢ Q.

e If dist(x, d2) > 27/, then our balls lie outside of ,i.e. 2 N B(x,27/) = @ and
our integral reduces to zero.

o If dist(x, 0R2) < 277 our balls intersect with €. But in this case it is always
possible to choose y € € such that B(x,27/) ¢ B(y,2~/*1) and calculate

1

_in(l_L P

sp 277G )[/ | If(y)l”dy}l
xeR", jeZ B(x,277)NQ2

c w2
_yeQ,jeZ

x[/ | If(y)l”dy}p
B(y,2-i+1)NQ

1

(—j+Dn($-4% ’

= Cpup sup 2 (i) [/ | If(y)l”dy] :
yeQ,jez B(y,2—i+Hng

I FIMu, , RY|

It remains to show that the supremum is attained for some j € Ny. Since €2 is bounded,
w.l.o.g. we can assume that it can be covered by some ball with radius 1. Then for big
radii corresponding to j < O there is some x € 2 such that @ C B(x,27/). Thus we
see that

1 1
a1 1 P P
swp 2775 [/ | If(y)lpdy} 51-[/ If(y)l”dy] ,
xeQ,—jeN B(x,2-/)NQ Q

which corresponds to some term which can be expressed by level j = 0. Therefore,
we have shown that

1
1

N Zin(l_1 7
I fIMup@®D) = sup 277 ( ”) [f , If(y)lpdy]
B(x,2=H)NQ

xeR", jeZ

1
(11 P
< sp 277G U If(y)l”dy]]
xeQ, jeNy B(x,2=/H)NQ
1Mo p (1,

where we have finally used the assumption on 2 to be a domain of type A. This
completes the proof. O

Next we briefly report on a result of Piccinini in [23], see also [24], for spaces
M, ,(€2). We adapt the formulation to our setting and extend it to the quasi-Banach
case which causes no difficulties looking at the proof. Let O C R” be some cube, and
0< pi <u;j <oo,i =1,2. Then

My, p (Q) = My, p,(Q) if,andonlyif, p> <p; and uz <u;. (2.8)
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824 D. D. Haroske et al.

The result (2.8) was extended to R” by Rosenthal in [26, Satz 1.6],
My py(R") — My, p,(R") if,andonly if, pr < p1 <ui=u2, (2.9)

recall M, ,(R") = M, ,([R").

Remark 2.4 Note thatin [24] also Morrey spaces of type M, , (€2) for domains of type
A are studied, whereas in [23] the setting is restricted to cubes only which simplifies the
situation. Furthermore, in [24] one can find further generalizations of this approach,
as well as related interpolation results.

Some Properties of the Spaces 91, ,(£2) We collect some properties of the spaces
My, p(£2) that can be found in the unpublished notes [32, Sect. 2.3]. By standard argu-
ments it follows that (2.4) are quasi-Banach spaces. The restriction of the parameters
in terms of 0 < p < u < oo makes sense. In particular, extending the definition of
the spaces to u = oo, by a Lebesgue point argument we have that

9ﬁoo,p(Q) = Loo(Q)7
whereas for u < p the corresponding norm becomes
1 1 1
—Jn(i=1L Z
@l = s 276) [ / If(y)ldy] :
JeNg,xeS; B(x,2=7)

but there is no longer additional local information as in (2.4). The following theorem
collects some embedding assertions obtained by Triebel [32].

Theorem 2.5 Let Q2 C R” be a bounded domain.
(i) LetO < p; <u; <o0,i =1,2. Then

mul,pl(Q) — muz,pz(g)’ lf p2 =< p1, up < uj. (210)

(i) If, in addition, 2 is a bounded Lipschitz domain, then

M p(Q) = Lu oo(Q),  if Z> @.11)

| =

Proof (1) The embedding follows from the definition of the spaces and Holder’s
inequality. To be more precise, p; > p, implies that

1
(L _L 7
I f1My pp () = sup 277 (= )<f .If(y)wzdy)
B(x,2—1)

x€Q,j>jx
1

—in(L—-L P
< sup o) J"(uz pz) </ . |f(y)|”‘dy> !
XEQ, j>jx B(x,277)
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1
x(/ | |f<y>|"1dy)”'
B(x.2-/)

= 1 f 19y py (D1

A

(ii) The proof can be found in [32, Th. 2.15] and uses arguments from interpolation
theory. We sketch the main ideas. Let

d(x) = dist(x, 02), x € (2.12)
and Sy as in (2.1) with |S;| ~ 2~/. Then
d ¥ el

Q), x>0, (2.13)

o0
where L1 (£2) denotes a Lorentz space. Recall that
1 1
L1 (€2)-Lp(2) = Lyo(2), 0< ST + . (2.14)

This is well-known, a short detailed proof of this assertion can also be found
in [7, Lem. 2.12] and is based on Holder’s inequality and real interpolation of
Lebesgue and Lorentz spaces. Then it follows from (2.13) that

1 1
If1Lr oo (N < clld* FIL, (DI, 0 < T +x. (2.15)

Using again the fact that €2 is a bounded Lipschitz domain one obtains

o0
| arwiseorar <e 3o s [ o)y
Q B(x,2-)

J=0 xeSy

o
sy 2l supf [fDIPdy  (@.16)
B(x,2=")

J=0 XESJ
with
n 1
el -~
u p
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C g . . 1 .
which implies r = I in (2.14). If I > o then x = 7 — - > 0 as requested in

1
(2.12). Combining (2.15) and (2.16) we have :

00 1/p
||f|L;;,oo<sz>||sc<Zz’3P<sup 2" /B ( zj)lf(y)lpdy» . 217

J=0 xeSy

Let L, , (£2) be a space quasi-normed by the right-hand side of the last inequality.
Thus (2.17) means that
Lup(Q) = Lu 50(S) . (2.18)

We take now (2.18) as a starting point for real interpolation. The interpolation
of spaces L, ,(€2) can be described in the same way as the interpolation of
weighted sequence spaces so we recall it briefly. Let A be a quasi-Banach space,
0 < g <ooandé§ € R. Then an (A) is the quasi-Banach space consisting of all

sequences £ = {Ej};io C A such that

1/q

o
g5 )l = | D 271417 | < oo
j=0
(with obvious modifications if ¢ = 00). Let
q0, 491, q € (0, 00], —o0<dyp<d <00 and 0<O < 1.

Then in [22], cf. also [30, Sect. 1.18.2] and [6, Th. 5.6.1], it is shown that

(ehcan i) =eha),  5=(1-0)+ 0.

0.9
Adopting the proof of Theorem 5.6.1 in [6] to our situation we get

n n
(Lo p (@), Ly p (D) g = M p(@), 7= (1= 6) 46

n
up’
Using the well-known interpolation properties of Lorentz spaces

n n
=L@, L =(-0)-+0

(Lo oo Lus () s

6,00 ui

we finally obtain the desired result

1/p
_Jn(i-1
[ fIlLue (€D <c sup 2 ( ”) </ If(y)l”dy)
" B(x,2=7)

JeNy,xeSy

= cll f19M, p (D).
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Remark 2.6 In [32] some further Morrey spaces on domains were introduced,
sm;; p(SZ), as the set of all functions f € M (£2) such that

1
]

IIfIWZ,,,(Q)H:[Z swp 277(57) /B ,If(y)l”dy] < 00. (2.19)

J=0 YE€S5.j=J (x,277)

They are obviously contained in 9, ,(£2), since the £-normin (2.4) is replaced now
by its £, counterpart in (2.19). Part (i) of Theorem 2.5 is literally the same for the
spaces ‘)LTIZ p(Q), whereas part (ii), that is, (2.11), has to be replaced by

. n
M () > Lu (), if ~> (2.20)

1
p b
where 2 is a bounded Lipschitz domain, 0 < p < u < oco. In particular,

My, () = Lp(R), 0<p <oo.

Connection and Diversity Now we take a closer look at the connections and diversities
of these spaces refining the embedding result (2.6). Surprisingly, it turns out that
depending on the parameters n, u, and p the three approaches might coincide altogether
or differ completely. The precise results can be found below.

Theorem 2.7 Let 2 C R" be a bounded Lipschitz domain, and 0 < p < u < oo.
. 1
i Ife < > then
Mu,p(Q) = Mup(gz) = gjtu,p(Q)-

(i) If%5 = -, then

1
p
M, p(€2) © My, p (),
in particular, also
Mu,p(§2) © My, p ().
Proof Note that our assumption of €2 to be a bounded Lipschitz domain implies that
2 is also a type A domain, cf. [33, Ch. 1, p.32].

Step 1. We first show (i). By (2.6) it suffices to show that for any f € 9, ,(2)
we have

I/ ML, p (DS 1L 190, p (D1

Having a closer look at the norms of the two spaces we need to show that balls
B(x,277) C Q, which can be arbitrarily close to the boundary 92 and are considered
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828 D. D. Haroske et al.

in the supremum of M, ,(£2), can be ‘compensated’ somehow with the help of balls
B(x,27/) with j > j, as allowed in the supremum of 9, ,(£2).

This can be seen as follows.

Consider the sets S from (2.1). We cover balls B(x, 277) C € on their intersection
with S by balls B(X, 27Ny with¥ € Sy, J > J; > J, and control the number of
balls of radius 27/ we need. Since the domain is bounded and Lipschitz the volume
of the intersection is at most 27/27/""=D 'S¢ the intersection can be covered by
€2/ (=D2=i=1 balls of radius 277/, where the constant C is independent of j and
J.

vol(strip)
~2—Jo—i(n—1)

This leads to the estimate

N

L 00
P .
(/ _If(y)l”dy) S D2/ hami=h qyp [ |f()[Pdy
B(x,277) =i feS; JB(F,277)

o0 , 11 !
< 22”"‘”2—“"—“2’”(” DL @17
J=j
_I'M > —J(I—M !
=27/ ZZ u I F19M, p ()]
J=j

1

_ =) i (1l_n
P R ”)ufmu,p(sz)n

n(1_1L
_ o f’)ufmu,p(sz)u, (2.21)

where in the second but last step we used that the exponent of our geometric series is
negative since 7 < % Bringing the weight factor in (2.21) to the left-hand side we

obtain the desired result,

1

1f M@l = sup 2""“‘”(/3 ,|f(y>|f’dy)”

xeQ,B(x,277)CQ (x,277)

@ Springer



Morrey Spaces on Domains 829

SS9, p ()1

To show the coincidence M, ,(2) = M, ,(2) in (i) we may stress the same argu-
ments as above, the only difference being (in the picture) that now we cover a ball
centred at x € 92 with balls B(x, 27 ), where J > J,. The calculations remain the
same.

Step 2. As for (ii) it will be enough to show that we can find a function f €
My, p(2) with f ¢ M, ,(£2). Consider

f(x)=d(x)"«,  whered(x) = dist(x, 0S).

Then f € M, ,(£2), since
1

LF @l = sup 27(7) [/ _d(y)_nfdy}p
i>j QNB(x,2)

1
np

(1 1 . . 1
< sup 27]'1(75)[(2”)’7'27’"]”51,

where in the second step we used as estimate the largest value of d(y) in the ball
B(x,277) with j > ji. On the other hand we have f ¢ M, ,(€2) which can be seen
as follows. Consider the disjoint sets

S;={xeQ: 2777 < dist(x,0Q) <277/}, JeNy,
where we assume that

o
Q=Js,. So#0.
J=0

Then we calculate
1

—in(L=1\T " »
I ot
xeQ,B(x,27/)CQ L/ B(x,277)

re1bs -
sup 2 vr Z[ ~_d(y) wdy
x€Q,B(x,2=1)cQ J=j B(x,277)NS,

I1f 1ML, p (S]]

S =

v

1

*jﬂ(l*l) | s jnp 7 . 1
~ sup 2 M) |y "ol i
xeQ,B(x,2=HcQ J=j

1

-(n 1 o0 P
= sup 2_](5_;) 221(%_1) = 00,

jENO /=j
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830 D. D. Haroske et al.

since f—[ > % implies % > 1 and therefore, the sum in the last line above diverges. O

Remark 2.8 (i) The special case when p = u and M, ,(Q) = L,(2) should be
mentioned in this context. In this situation we have % > l, hence by Theorem 2.7
(ii) the three approaches differ for Lebesgue spaces (without the preceding weight
factor).

(i) Moreover, just for completeness, it would be nice to know under what conditions
the different approaches always coincide or differ, but we have not pursued this
idea further.

(iii) Let us finally mention, that embeddings within the scales of Morrey spaces
My, p(2), My, ,(2) or M, ,(£2), can never be compact. This simply follows
by the above embeddings and the well-known fact, that embeddings between
Lebesgue spaces, Ly, (2) < L,,(2) with u; > u; are continuous for any
bounded £ C R", but never compact, cf. [25, p. 95]. For the spaces M, ,(£2)
this has already been observed in [12, Cor. 4.10].

2.1 Growth Envelopes for Morrey Spaces M, ,(£2)

We now turn our attention towards the Morrey spaces M, ,(£2),0 < p < u < oo.
One can easily see that

Ly(2) = My p(2) — L,(2).

In particular, the embedding on the right-hand side follows immediately from the
definition. Our aim now is to tackle the question whether L, (2) is indeed the best
Lebesgue-type space in which the Morrey spaces can be embedded. We will study
embeddings into the scale of Lorentz spaces (which can be considered as refined
L, spaces) and try to obtain some optimal (sharp) results. This problem can be
rephrased in terms of growth envelopes as defined by HAROSKE and TRIEBEL (see
[8,31], where more details and references on the subject can be found). Therefore, we
shall briefly recall the concept before we present our results. As an application of the
computed growth envelopes we will obtain some answers regarding sharp embeddings
and Hardy-type inequalities for Morrey spaces.

Let for some measurable f € M () its decreasing rearrangement f* be defined
as usual,

ffO=inf{s>0:{xeQ:|fx)|>s} <1}, 0<r=<|Ql

Definition 2.9 Let X C M (2) be some quasi-Banach function space on 2.
(i) Let&Z :(0,]R]) — [0, oo] be defined by

= sup fr0), 0<t<|Ql (2.22)
IF1X)1<1
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The growth envelope function of X is the class [Sé ] of functions g : (0, ¢] —
[0, 00), for some ¢ > 0, such that g(-) ~ Sé(-) in (0, €]. For convenience, we
do not distinguish between representative and equivalence class. Therefore, any
representative function of the class will be called as well growth envelope function
and sometimes we also denote a particular representative by Eé .

(i1) Assume X 4> Loo(2). Let é’é (or an equivalent function) be continuously
differentiable. Then the number ué, 0 < ué < 00, is defined as the infimum of
all numbers v, 0 < v < o0, such that

(o \"

3 * Vg (1)

—/ (f(”) ¢ Za| <cufix (223)
0

0) &

(with the usual modification if v = 00) holds for some ¢ > 0 and all f € X. The
couple

Ca(X) = (€50 u)
is called (local) growth envelope for the function space X.

Remark 2.10 Obviously, (2.23) holds for v = oo in any case, but—depending upon
the underlying function space X—there might be some smaller v such that (2.23) is
still satisfied (and therefore also for all v € [vg, co] since the left-hand side of (2.23)
is monotonically ordered in v), cf. [31, Prop. 12.2].

For the fundamental function gx of some rearrangement invariant Banach function
space X = X(R"), defined by ¢x(t) = || xa,|X|l, where A, C R" with |A,| = ¢, it
was proven in [8, Sect. 3.3] that

&) ~ . 1>0.

1
ex (1)
We recall some useful properties of growth envelopes.

Proposition 2.11 (i) Let X; ¥ Lo, i = 1,2, be some function spaces on 2.

Then X1 — X, implies that there is some positive constant ¢ such that for all
t >0,

&) < &2 . (2.24)

(i) We have X — L if, and only if, Sé is bounded.
(i) Let X;, i = 1,2, be some function spaces on Q with X1 — X». Assume for
their growth envelope functions

&' ~ &), 1e,e),
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for some ¢ > 0. Then we get for the corresponding indices uéi, i =1,2, that

X1 X2
Ug =< ug -

This result coincides with [8, Props. 3.4, 4.5].

Example 2.12 It X = L, 4(2),0 < p < 00,0 < g < o0, are the usual Lorentz
spaces, then it is shown in [8, Thm. 4.7, Cor. 10.14] that

Ca(Lpq(R) = (f%, q) . (2.25)

Recall that left-hand side of (2.23) with v = ¢ is an equivalent quasi-normin L , ,(£2),

1er 1 ¢ dr\7
(fo () 7) ~ 1L pg (@D (2.26)

We now study growth envelopes of the Morrey spaces M, ,(€2). The problem is
delicate. On R” the results from [9, Th. 3.7] establish the non-existence of growth
envelopes, since it is shown there that whenever 0 < p < u < 0o, then

M, p(R™)

R

However, the situation for bounded domains is completely different. In this case we
have the embeddings L, (22) < M, ,(2) = L,(£2), which immediately give upper
and lower bounds for the growth envelope function. The ideas for the theorem to come
are taken from [32].

(t)=00, >0, (2.27)

Theorem 2.13 Let Q2 C R” be a bounded domain of type A, andlet0 < p < u < o0.
Then

€ (Mup (@) = (177, p). (228)

Proof Step 1. We assume in the proof that p < u. The case p = u is known since

M, »() = L,(2). Computing the growth envelope function £GM“'” @ (t) the upper

estimate follows immediately from the embedding M, ,(2) < L ,(£2), which gives

1
Séw“"’(m(t) <ct »

as desired. In order to compute the lower estimate we assume for simplicity that
the domain €2 contains the unit cube Qoo = [0, 1]7, otherwise one can rescale the
argument. Let Qj x, j € No and k € Z", denote the dyadic cube by 277k +[0,27/]".
We adopt the method used in the proof of Theorem 3.1 in [11], cf. also the proof of
Theorem 3.2 in [10]. For 0 < v we put

ey = (2=
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where | x| =max{/ € Z : ] < x}. Then 1 < k, < 2"" and there exists ¢, , > 0 such
that
ky < cpu 2"V, i 0<p<v. (2.29)

For convenience let us assume that ¢, , = 1 (otherwise the argument below has to be
modified in an obvious way). For any j > 0 we define a finite sequence A ;,,, where
m e {k: Qjr C Qo). The sequence takes only two values 0 and 1. Moreover the
value 1 is taken k; times. It was proved in [11], cf. also [10], that the sequence can
be chosen in such a way that for any 0 < v < j and any cube Q,r C Qo.0, the
subsequence {A;,, : Qjm C Qv ) contains at most k;_, elements that equal 1. We
consider the functions

£ =25 3 At jm ()

The function f; belongsto M, ,(£2), which canbe seen as follows. Since an equivalent
norm in M, ,(€2) can be defined by taking the supremum over dyadic cubes we see
that

1/p
1_1
I filMup () ~  sup  [Quil* P (/Q Ifj(x)l”dX)
v,k

v:0<v<j

0v.kCQ0.0

i on(L_1 o\
< 27! sup 2 Wl(u p) (kjfvz_'/n>p =< Cv (230)

v:0<v<j

and the constant C used in the last inequality is independent of j. The function f; is

a simple function defined on a set of measure 27/"k i~2 — , which takes the value

) at =)

Now, the desired estimate from below

nj .
27 on this set, so

< gDy, o< <,

follows from (2.30) and (2.31).

Step 2. For the additional index we first deal with the lower bound. We use a refined
version of the last construction. Once more we assume that the unit cube is contained
in Q. Letk, = |_2””(1_5)J . We choose v such that nv (1 — 5) > 1. First we consider the

case when nv (1 — 5) e N,ie k, = (=), Furthermore, we put %, = 2"¥ —k,, and
take the sequence A, ¢ described in the first step of the proof. The sequence takes the
value 1 for k, cubes of size 27" contained in Qg o and the value O for x,, similar cubes.
Now we define by induction sequences A j, ¢ for j > 1. First we extend the sequence
Av,¢ periodically to other cubes of size 1. More precisely, if Q, ¢ is not contained in
Qo.0, then there exists exactly one cube Q, , C Qo such that ¢; = m; mod 2",
i=1,...,n.Weputr, o = Ay Letnow j > L.If Q¢ C Q(j—1yvm C Q0,0
and A¢j—1yv,m =0,thenX;, ¢, =0.If Qjve C Q(j—yvm C Qoo and A¢j—1yvm = 1,
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then we rescale the unit cube Qg ¢ to the cube Q 1)y m. Thus A, ; has value 0 or 1
depending on whether the sequence A, ; has value O or 1 on the corresponding rescaled
subcube from Qg o.

Roughly speaking, we clone the cube Qg o on any subcube where the sequence
takes value 1 and repeat this construction in each step. The basic idea is illustrated
below for the first step, i.e. j = 2, with parameters n = 2, v =2, p = 1, u = 2.
Hence, k, = 24(1_%) =4and x, =16 —4 =12.

j—1=1: Apm €{0,1} i=21t XNjum € {0,1}

Qo0 rescale

|

A
Qv.m qu., - Q(j—l)u,m

We define the function f supported in the cube Qg ¢ via the formula
o0
FOY=) 70 D hjvmXjum () (232)

We postpone the definition of the sequence (y;) ; for a moment. The function f takes
the value 0 on x, cubes of size 27"*", the value y; on k, x, cubes of size 272nv and, by
induction, the value y; + - - - 4+ y, on kf}:u cubes of size 2~¢+tDV? We choose A > 0
such that Ap > 1 and put

)/1 :2”%
VZ =22v327)\ _ )/1 — 21)%(211%271 _ 1),

and

Jj—1 .
. n . n n _1 A
yj =2V m=2“<f—“u(j—1)—*<2“u(]—.) —1>.

J

The numbers y, are positive for sufficiently large £ so the function f is pointwise well
defined. We show that f € M, ,(Q2).If O = Qo,0, then

. 1/p

1/p / , '
(/ |f(x)|pdx) — Z (Z )/i) 2*(1+1)vnk‘{){v
0 j=1 i=1

1/p
1

00
_ }(15’271)% Z <2]vu] A) junznw(l—f)

Jj=1
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. [ 1/p
=x/2""r Zj*“’ =C < o0.
If Q = Q¢v.m and Ay, = 1, then analogously
1/p 1_1
1 1 _ 11
ot ([ 1rerar) =2
0
00 J » _ _ 1/p
x Z (Z%’) DG,
j=t—1 =l
1 1
=} 2—“ 2_"“(37)
1/p

00
% Z (ZJU%J_A.) g—jvngnv(j— o(1-£)
j={—

Jj 1
I/p

o
= Z I < C < oo. (2.33)
j=t—1

00 I/p . .
If O = Q¢vm and Ay, = 0, then the sum (ijeq ) in (2.33) is reduced to

p 1/p
(( Zf;ll y,-) 2_"3"%) . So in this case the corresponding integral is smaller.

If Q is any dyadic cube in Qg o, then one can find £ € N such that Qg ,, C Q C
Q¢—1yv.kx for some m, k € Z". So it follows from (2.33) that

1

| 1/p
0| 7 (/ |f(x)|f’dx> <C, < oo. (2.34)

For the rearrangement f* let first # = kg 2~UFDm5 = 275 2= Then by the
construction '
j
. .1
f* (2—111)‘]5%”2—\)11) — Z y/ — 2}’1]1);]-—)L7 (235)

hence,
1
fr@) ~t"r|logt|™, O0<t<e.

Let v < p and choose A such that vA = 1 < Ap. Then one has

¢ fr(@) f _
|logt|~"!
/0 gévt SN
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This proves ug Mup(€) > p for u and p < u such that nv(1 — £) € N for some

v € N. In the general case when nv(1 — 5) ¢ N we can always find v € N such that
p<u<pv.lfu; = pv,thennv(l —%) =nv(l —%):nv—n e N,

Mm ,p(Q) — Mu,p(Q)

and
g @ gy~ M @y~
Therefore Proposition 2.11 gives p < ué/lul’p @ < ué/l””’(m. The converse follows
from
Mo p(Q) = Lp(@) and &Py ~ gr@ ),

M., p(Q) LP(Q) _
Ug =

which yields u o

Remark 2.14 We would like to draw the reader’s attention again to the big change when
replacing € by R" in the definition of Morrey spaces M, ,. As recalled in (2.27) we
proved in [9] that whenever p < u, then the growth envelope function is infinite for
any ¢ > 0, whereas now, for bounded €2, we always have 5(;\4”,,;(52) (1) ~ 7P < o0,
t > 0.

We point out that the bmo-spaces show a similar change in behaviour in terms
of growth envelopes as the Morrey spaces M, ,, that are studied here. The inhomo-
geneous space bmo(R") consists of those locally integrable functions with bounded
mean oscillation for which

| fIbmo(R™)|| = Sup —/ | f(x) — foldx + sup —f | f(x)|dx < oo,
|0 1011191 Jo

where Q denotes cubes in R” and fp is the mean value of f with respect to Q.

Furthermore, bmo(£2) is defined by restriction of bmo(R") on 2. For these spaces it
is shown in [31, Sect. 13.7] that

%mo(w)(t) =o00, >0,
whereas on bounded domains 2 one has
&g (bmo(£2)) = (| logt|, 00) .

Theorem 2.15 Let Q2 C R" be a bounded Lipschitz domain, and let0 < p < u < o0.
Then

(2.36)

\
Sl= s

eC-,‘, (mu,p(sz)) = n ) if

A
S
TR
A
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Proof The first line in (2.36) is simply a consequence of Theorems 2.7 (i) and 2.13.

. . . . . My, p(Q
So it remains to deal with the case ;; > L Obviously, the upper estimate for & " @

directly follows from the embedding (fl 1) in Theorem 2.5 (ii) in view of (2.25) in
Example 2.12 and (2.24) in Proposition 2.11 (i). Now we verify that & " (¢) >
¢t ast — 0. We consider the functions

Jn
gr=2wys,, JeNp

Then

1

_in(l_1 P

Igs 1My p() = sup 2 (i) U .Igf(y>|PdY}
XEQ,j>jx B(x,277)

(11 ” 0 s
< sup 2"”(37)2%2*15 — sup2- iU~ < 1.
jzJ izl

Furthermore, since | S| ~ 277, we have

gy ~2%,  1~27 JeN,

. . M, (R _n
which gives &; » )(t) >t uwast — 0.

We deal with the index in the second case, i.e. when 7 < %. Plainly we only need

. My, p (2
to disprove that ug “” ® _ 0. Let

o0
Jn
g=§ gs, &1 =2uyxs,.
J=0

For the norm of g it follows by the above arguments and the construction that
gy, , ()] < 1. We now calculate the rearrangement g*. Let first s = 2k k e N.
Then we see that

lg(0)|>s5 & 3J:xeSy, 2% 28 = 3IJ>J:xesy,

with Ji = |k | + 1. Thus

o
g =25~ D75y~ 2 ~ 27k
J=Ji

and {x : |[g(x)| > s} ~ s~ n. From this we obtain

3=

g*(t):inf[s>0: s~ ft} = inf{s>0: szf%}Nt*%, O0<t<e.
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But then for arbitrary v < oo,

/8 g*(t) v g /8 d_[ e
0 géﬁup(ﬂ)(t) t 0 t ’

which yields ug‘ﬁ”"’(m = 00 and concludes the proof. O

Remark 2.16 (i) In the unpublished notes [32, Cor. 2.16] the case % > % is obtained.
This was in fact our starting point for the study of growth envelopes in Mor-
rey spaces on domains. For the spaces I »(§2) introduced in (2.19), recall
Remark 2.6, Triebel proved in [32] in a similar way that

Cs (fm;p(sz)) - (r%, p) if g > %. 2.37)

Comparing this result with (2.36), second line, one observes that the growth enve-
lope functions for 1, ,(€2) and zm;; » (£2) are the same, whereas the corresponding
indices differ. This well reflects the different constructions in (2.4) and (2.19) based
on the (outer) £- or £,-norm, respectively.

(ii) One of the most interesting questions now is surely the gap 4 = % in Theo-
rem 2.15. Though some of our arguments still work and provide upper and lower
bounds, a complete answer is missing yet. At the moment we do not even have
a well-founded guess in this case.

(iii) By Theorems 2.7 (i) and 2.13 we immediately get

n

@G(Mu,p(ﬁ))z(r‘%,p) if - <

1

—. (2.38)
p

Applications: Optimal embeddings and Hardy-type inequalities Observe that
(2.25) and (2.28) imply for 0 < p <u < oo,

€ (Lp() = (177, p) = € (Mup(@).

We already know that M, ,(2) <> L,(2), whereas their growth envelopes even
coincide. This can be interpreted as L ,(£2) being indeed the best possible space within
the Lorentz (Lebesgue) scale in which M, ,(2) can be embedded continuously. On
the other hand this can also be understood in the sense that L,(£2) is as good as
M., p(R2), as far as only the growth of the unbounded functions belonging to the
spaces under consideration is concerned.

As mentioned several times already, this situation is completely different on R". In
[9, Th. 3.7] it was shown that for M, ,(R") the growth envelope function does not
exist, since

g ® (=00, 10,
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Remark 2.17 Having in mind what was said above, the growth envelope resulting
from [32] show that concerning optimal embeddings, the situation is quite different
for the spaces I, ,(€2). By (2.36) it follows that

1
mu,p(Q) — LE,OO(Q), if n > —,
n u p

is the best possible embedding into the scale of Lorentz spaces.

Finally, we state what can be said about Hardy-type inequalities for Morrey spaces.
This follows immediately from our above results together with the properties of f*
and the fact that, given » non-negative on (0, ¢],

sup x(t) 0

O<t<e Eé(l)

holds for some ¢ > O and all f € X, || f|X|| < 1,if, and only if, » is bounded, cf.
[8, Prop. 3.4(v)].

Corollary 2.18 Let Q be a bounded domain of type A, 0 < p < u < oo, ¢ > 0

small, and x(t) be a positive monotonically decreasing function on (0, ], and let
0<v<oo. Then

( /0 [ o] %) < el fIMup @1, (2.39)

for some ¢ > 0 and all f € M, ,(Q), if, and only if, x is bounded and p < v < oo,
with the usual modification

sgp)x(r)t%f*a) <l fIMup (@], (2.40)
te(0,¢e

if v = oo. In particular, if x is an arbitrary non-negative function on (0, ], then (2.40)
holds if, and only if, x is bounded.

1
Proof This is an immediate consequence of &g (M, ,(Q2)) = (t_F, p). O
For the Morrey spaces 9, (2) the analogue reads as follows.
Corollary 2.19 Let Q be a bounded domain of type A, 0 < p <u < o00,¢ > 0

small, and x(t) be a positive monotonically decreasing function on (0, €], and let
0<v<oo Then

¢ v diyy
([ beorr@] )" < clrimm @i Qa1
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840 D. D. Haroske et al.

for some ¢ > 0 and all f € M, (), if, and only if, » is bounded and

a % and p <v <oo, if 7—‘<%,
a=7 and v =00, if§>%,
with the usual modification
sup x(O)t " f5 (1) < cll f19M, p ()1, (2.42)
te(0,e)

if v = o0. In particular, if x is an arbitrary non-negative function on (0, ], then (2.42)
holds if, and only if, x is bounded.

Proof This is an immediate consequence of the growth envelope results in Theorem
2.15. O

Remark 2.20 Plainly one can also formulate counterparts of the above corollaries
for spaces M (), 2 > % and M, ,(Q), 2 < % in view of (2.37) and (2.38),
respectively. This is left to the reader.
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