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Abstract

In this work, we describe a double bordered construction of self-dual codes from group
rings. We show that this construction is effective for groups of order 2 p where p is odd, over
the rings Fy + ulF, and F4 4 ulF4. We demonstrate the importance of this new construction
by finding many new binary self-dual codes of lengths 64, 68 and 80; the new codes and
their corresponding weight enumerators are listed in several tables.
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1 Introduction

Group rings and algebraic coding theory have been extensively studied as a result of their
numerous theoretical and practical applications in cryptography, error correction and lattices
to name a few. This strong connection between group rings and coding theory is frequently
endorsed in the successful search for extremal binary self-dual codes. This has been an area
of great research since the pure double-circulant construction was introduced in the 1960s
[3, 24].

As the theory surrounding extremal binary self-dual codes is established, one remaining
constraint is the size of the search field. A common technique in order to reduce the search
field is to use special construction methods and apply certain restrictions; this frequently
includes the use of group rings [23]. Fundamentally, Hurley [22] introduced a map from any
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group ring element, to a matrix, A, over the ring of coefficients. The matrix, A, has been
used in numerous construction methods to describe a linear code, [28]. This theory was well
established with the realization of the [48,24,12] extended QR code as a group ring code for
the dihedral group, [27]. Notably, in 1990 [1], the extended Golay codes were constructed
from ideals in group rings. A popular technique, which has resulted in countless self-dual
codes, has been to consider the generator matrix (/,|A) where A satisfies AAT = —1,,[18-
20, 29, 30]. Initially applied over the binary field, these constructions can be extended over
finite commutative rings. Recently, the theory surrounding group ring elements to construct
codes has progressed to any group [9]. This has led to stronger connections between certain
group ring elements called unitary units and self-dual codes [16].

The common double-circulant and four-circulant construction methods have been
adjusted and modified numerous times in order to reduce the search field, in the hope
of finding new extremal self-dual codes [8, 10, 17]. One particular modification of inter-
est is the bordered double-circulant construction [2]. This construction method has shown
considerable results, where the generator matrix is in the form:

A natural extension of this work is to consider the following generator matrix where the
identity matrix also has a border:

[0 ap |3 -+ o3 g --- o4|os ag|lay --- a7 ag --- og]
o3 04 a7 oY
o3 04 o7 oY
I, A
o4 o3 oy o7
| o4 o3 oy o7 ]

Here, A is a matrix generated from a group ring element. In this paper, we put restrictions
on the values of « and § in order to relax restrictions on the type of element chosen from
the group ring.

This paper is organised as follows: Section 2 discusses the preliminaries, including defi-
nitions and notation, essential to the understanding and interpretation of results in this paper.
In Section 3, we consider the new double bordered construction and look at the theory sur-
rounding its effectiveness. We specify conditions on the construction in order to maximise
its practicality and effectiveness. The following sections are allocated to the results, com-
puted using MAGMA [25], and proving the efficiency of the theory. The new extremal
binary self-dual codes are listed in numerous tables and summarised in the final section.
Notably, this research includes new self-dual codes of length 64, 68 and 80.
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2 Preliminaries

In this section, we will define extremal self-dual codes over Frobenius rings. We refer to
certain types of these rings, of characteristic 2, throughout this paper. Here, we define the
notation used in this paper in order to condense the results.

__ Frobenius rings can be characterised as follows. Denoting the character module of R by
R, for a finite ring R the following are equivalent:

® R s aFrobenius ring.
e As aleft module, I?Aé RrRR.
® Asaright module, R = Rg.

The first commutative ring that we consider is Fo+ul, := Fo[X]/(X 2), where u satisfies
u?> = 0. The elements of the ring may be written as 0, 1, u and 1 + u, where 1 and 1 + u
are the units of ', + ulF,. We also consider F4 + ulF4; the commutative binary ring of size
16. F4 + ulF4 can be viewed as an extension of I, + ulF,. Therefore, we can express any
element of F4 + uF,4 in the form wa + (1 + w)b, where a, b € F, + ulF;. These rings
are generalised in [13] and [14]. In the upcoming results, we use the hexadecimal number
system in order to represent the elements of I'4 + ulF4. This is achieved by use of the ordered
basis {uw, w, u, 1}.

0 < 0000, 1 <> 0001, 2 <> 0010, 3 < 0011,
4 < 0100, 5 < 0101, 6 < 0110, 7 <> 0111,
8 < 1000, 9 < 1001, A < 1010, B < 1011,
C < 1100, D < 1101, E < 1110, F < 1111.

For example, the element 1 + u + uw in F4 + ulF4 is expressed as 1011 from the ordered
basis, which we refer to as B from the hexadecimal system.

Now, we will look at some definitions and notation regarding coding theory; the fol-
lowing is required for full understanding of the successive results. A code over a finite
commutative ring R is defined as any subset C of R". An element of C is called a code-
word. If a code satisfies C = C= then the code C is said to be self-dual, alternatively if
C C C* then the code is said to be self-orthogonal. The Hamming weight enumerator of a
code is defined as:

Welx,y) = an—wt(c)ywt(c). (1)
ceC
For binary codes, a self-dual code where all weights are congruent to 0 (mod 4) is said
to be Type II and the code is said to be Type I otherwise. If a code satisfies W¢(x, y) =
Wei(x,y) then the code is said to be formally self-dual. The bounds on the minimum
distances, d (n) for Type I and Type II codes respectively, are

n
d(n) = 4Lﬁj +4
and . )
A < { 4L?J +4itn f 22 (mod 24)
4|57 +6ifn =22 (mod 24)
If these bounds are met for self-dual codes, they are called extremal. Extremal binary self-
dual codes are of great interest for their numerous applications.
We also define the Gray maps ¢’ from I, + ulF; to ]F% given by ¢'(a + bu) = (b, a + b)
where a, b € Fj, and ¢ from F4 + ulF4 to IF‘?1 given by ¢ (a + bu) = (b, a + b) where
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a,b € Fy. Introduced in [7], ¢ is a distance preserving linear isometry which preserves
orthogonality in the corresponding alphabets. We also consider the Gray maps v’ from Fy
to 5 given by ¥/ (aw+bw) = (a, b) where a, b € F», and ¢ from Fy4 +uF4 to (F2 +ulF)?
given by Y (aw + bw) = (a, b) where a, b € FZ. Initially introduced in [15], these maps
were generalised in [26].

Next, we define a group ring and summarise its properties and notation; group rings are
frequently used in various construction methods ([31]). Let G be a finite group or order n,
then the group ring RG consists of > ;_; a;gi, @ € R, gi € G. Addition in the group ring
is done by coordinate addition, namely

n n n
thigi +Z,3igi = Z(Oti + Bigi. ()
i=1 i=1 i=1

The product of two elements in a group ring is given by

(Zm&) D Bigi | =D wiBjgig;- )
i=1 j=1 i,j

It follows that the coefficient of g; in the product is )
e denotes the identity element of any group G.

The following construction of a matrix was first given for codes over fields by Hurley
in [22] and extended to rings in [9]. Let R be a finite commutative Frobenius ring and
let G = {g1,82,...,8n} be the elements of a group of order n in a given listing. Let
v = Y7 &, € RG. Define the matrix o (v) € M,(R) to be o (v) = (Olgflgj) where
i jef(l,2,--,n). '

Two groups that are often considered when applying the theory are cyclic and dihedral
groups. For these groups, we consider circulant n x n matrices denoted cir (o, o2, - - - , &),
where each row vector is rotated one element to the right relative to the preceding row vector
[5]. Furthermore, the notation CI R(A 1, A», - -- , A;,) denotes the nm x nm circulant matrix
constructed of m smaller n x n circulant matrices, A;. We will now look at the structure of
the matrix o (v) where v is an element of the cyclic or dihedral group of order 2p.

Firstly, let C, = (x | x?” = 1) and

gigj=gx % B Throughout this work,

2p
p—1 1
2i+j /
V= Z Zai+pj+1x i+J S RCZp
i—0 j=0
then,
Al Az
U(U) = (A/ A
2 1
where Aj = CIT (A —1)p+1, A=) p+2s -+ - » Ajp) and A/j =
Cir(®jp, A —1)p+1s--+» %jp—1)-

Alternatively, let Dy, = (x,y | x? = y2 =1,x) = y_l) and

p—1 1
v = Z Zai+pj+1x’yf € RD;),

i=0 j=0
then,
(A1 A
o= (1)
where Aj = cir(a(j,l)pﬂ,a(j,l)”z, . ,Oljp).
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We can use an effective technique in order to extend the length of a given code by 2. The
following result, introduced in [12], will be utilised frequently in this work.

Theorem 2.1 Let C be a self-dual code over Fo + ulF, of lengthn and G = (rj) bea j x n
generator matrix for C, where r; is the i—th row of G, 1 <i < k. Let ¢ be a unit in F» +ulF,
and X be a vector in (Fy + ulF)" with (X, X) = 1 and y; = (ri, X). Then the following
matrix

Y1 ceyr|ri

Yk CYk |Tk
generates a self-dual codes C' over Fy + ulF; of length n + 2.

3 Construction

Let v € RG where R is a finite Frobenius ring of characteristic 2 and G is a finite group of
order 2p where p is odd. Define the following matrix:

fa1 o |as -+ a3 as - as|as ag| o7 - a7 ag --- ag]
ay oy | o4 --- a4 a3 ... a3 |ae as|oag --- 08 07 --- 07
a3 o4 a7 og
M(o) =
a3 a4 a7 ag
12p U(D)
a4 a3 ag a7
o4 o3 ag o7

where «; € R. Let C, be a code that is generated by the matrix M (o). Then, the code C,
has length 4p + 4. Throughout this paper, we assume that G is a group of order 2p that
contains a subgroup of order p where p is odd. If we fix a listing of G where the first p
elements of G are the elements of H, then o (v) takes a certain form. The next result states
the form that o (v) takes in this case. It also provides an important property that enables us
to prove our main result.

Lemma 3.1 Let R be a commutative ring. If H = {g1, g2, ..., gp} is a subgroup of the
finite group G = {g1, 82, ..., 8p> &p+1,---, &2p} Of order 2p (p is odd), then

o(v) = M| M>
“\Mhmy )
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where My, M, are p X p matrices, M{ is permutation similar to M| and Mé is permutation
to M>. Moreover

1 1 1 1 Mk
M| =M= =7 =] k=12,

1 1 1 1 Uk

where i = Y g, U2 = Y dg.
geH geG\H
Proof Clearly, M, = (ag_lg )ij=l..p» M2 = (« & e )i j=L...p Mé =
(ag;}rigj)i’j:l ,,,,, pand M| = (a Sl +/), j=1,...p-Leta € G\H. Then forany 1 <i < p,
gp+i € aH and gy = agsa for some 1 < 8(1’) < p. Moreover § : i — 6(i) is a
permutation of degree p and
!/
M = (« Spti gpi i =l = @agsilagyy) ij=l.p =
(ag;(}) lags(j) ini=lp = (ag,;‘(},ga(_f>)i’j:1""’p

If we rearrange the rows and columns of the matrix M| = (ocg_lg.),-,,-=1 p in the order
i J ;

3(1),...8(p) we will obtain M{. So, M is permutation similar to Mi.

It is well known that group G of order 2p contains a subgroup of order 2. So there is
ae€Ga+#eg a® =es. Thus |H = p,a & H. Again, let g,1; = ags) for some
1 <48(i) < p.Moreover, 6 : i — (i) is a permutation of degree p and

M, = = ,
2 ( o g +,)1] 1,...p ( i aga(l))lj 1,...p
M,=(a - P i— o =(0 -1 _ P i =(x - i e .
2 ( nglrl_g,.)t,]_l ..... ( (agsi))™ lg])lj 1,..., V4 ( ga(?)“ lgj)l,j—l ..... p ( gs(;)”gi)l’]_l""’p
Now, if we rearrange the rows of the matrix M, = (Olg—laga( _)),-, j=1,..,p in the order
i J

8(1),...6(p) and if we rearrange the its columns in the order s, ...57! (p) we will
obtain

4
o 1 i j= = (a = = M,.
( ga(i)ags(zs*l(j)))l’] 1,..., P ( g ag])l j=1,..., P 2
This implies that SM>S = M}, for a permutation matrix S, which contains ones in positions

(i,8@)) (i =1,..., p)or, which is the same, in positions ¢ 'G, HG=1,...,p).

1
Now, the i-th element of column M is
1
P
Z(Xgi—lgj = Z(Xgi—lg = Zag =u1, & € H, g;l € H,
j=1 geH geH
1
and the i-th element of column M{ | : | is
1
p
Zagj_lgi = Zag_lgi = Zaé’gi = Zag =i, 8 € H.
Jj=1 geH geH geH
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Thus,
1 1 n1
M=M=
1 1 w1
1 1
since we have S| : | = | : | for any permutation matrix S, and M, is permutation
1 1
similar to M{. Furthermore,
1 1 M1
Ml =m0 =]
1 1 M1
1 1
Now, the i-th elements of columns M» : and M2T : respectively, are

P
Yerlgpss = Z Uele = Z g = M2,
Jj=1 geG\H geG\H
P
Zag;ijgi = D g = ) = ) @g =,
j=1 geG\H geG\H geG\H
where g; € Handgl._1 € H.
Thus,
1 1 w2
My | = MzT =1
1 1 w2
1 1
Therefore, we have SM 1S = M i for some permutation matrix S, S =11 and
1 1
1 1 w2
T .
M; = M} =\ :
1 1 w2

We can now state and prove our main result.

Theorem 3.2 Let R be a finite commutative Frobenius ring of characteristic 2, G =

{g1,82,..-,8p, &p+1,---, &p) be a finite group of order 2p and H = {g1, g2, ..., gp} be
a subgroup of group G. Then, Cy is a self-dual code of length 4p + 4 if and only if

i Z?:lai =0,
o W =147 @], + ol 8
* (a1 + Doz +aray + (a5 + pi)ag + (o + u2)ag =0,
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o (a1 + Doy + azaz + (as + pi)ag + (o + p2)a7 = 0 and

2 2
° ol +a3+oap a

a5 + a3y + asag o +o3eg + o7 a7 + a3+ oo og + piog + poas )

o o) + a§ +otf a6 +azog +oae7 o5 + o307 + ooy oy + Lo + poos o7 + a3+ [Loog

has free rank 2

whereg =" g u1= Y agandpur = Y. a,.

geH

Proof Let M(o) = (

Al Ay Az
Al b, AT o(v)

geG\H

Ay

A3z = circ(ay, az), A4 = CIRC(B3, By), B] = (a3, ..

R?, B3 = (a7, ..

M@@)M @) = <

Now,

AAT + A AT + A3 AT + A4AT = circ (

and

.,a7) € RP and By = (ag, ..

ALAT + A AT + A3AT + A4AT

2

i=1

,03) € R, By = (a4, ..
.,ag) € R?. Then

) where A| = circ(aq, az), Ao = CIRC(By, B»),

.,04) €

A1As + Ay + A3Ag + Ago ()T
ATAT + AT + ATAT +o()A] AT As+ Ly + AT A4+ o)) )°

8
S 4 padiy + s+ padee) o) — cir (Z o)

i=1

2
AT Ay + by + AT As+ oo ()T = Y (e}, + o}, ()CIRC(A, 0) + I, + o (v0¥)
i=1

where A = circ(1, ..., 1) and 0 = circ(0, ..., 0). It follows from Lemma 3.1 that
N——— ——
p—times p—times
a7 og Hioy + poag pieg + poog

a7 og

r_ (M M _
wont = () | o |-
og o7
1
where ¢ = : . Additionally,
1

pio7 + poag piog + ooy
piog + oo piag + paog

piog + poa7 piag + paog

= CIRC((p107+p208)c, (H10g+/1207)C)

AzTAlT + AQT + AZA3T + o(v)AZ = CIRC((xjae3 + apag)c, (ajag + ara3)c) + CIRC(aszce, agc)
+CIRC ((ae50t7 + agerg)c, (ars0rg 4 cgery)c)
+CIRC((107 + poag)c, (Liag + (207)C)

= CIRC( ((a1 + Da3 + azas + (a5 + p1)og + (a6 + pn2)as)e, (e + Deg + ez + (as + pi)ag + (a6 + p12)az)c)

Clearly, M(o)M @)Tisa symmetric matrix and C, is self orthogonal if Z?:] oti2 =0,
v =1+ Y7 (@2, + 02 8.

(a1 + Doz + azoq + (a5 + pwp)ag + (s + p2)ag = 0 and
(a1 + Doy + aoa3 + (as + np)ag + (e + p2)az = 0.
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Moreover,
o] oy a3 --- Q3 04 - 04 |05 Qg |lO7 - a7 Ag - O
o) o] |04 - 04 03 - 03 | Qg Q5 |ag - g A7 - A7
o3 04 o7 Oy
rank(M (o)) = rank
o3 04 o7 Oy
by o(v)
o4 O3 g o7
o4 O3 g o7
a1+a§ o) o3y | 03 - a3 Q4 - 04 | A5 o037 O ta3og | Q7 --- 07 og cc- g
) + o403 oz1+oz§ o4 - 04 a3 - o3 | 0g o407 o5 Faqog | og - oag a7 - Ay
0 c0 0 0
S B o0
1211 O'(U)
a4 o3 og a7
a4 o3 og a7
ap +tx%+af o a3 s w3 o4 v 04 | a5+ a3y Fogay Qe to3eg aqey | @7 - @7 og e O
(%3 Ot[+0(%+0(3 4 - 04 O3 - Q3 ae + azag +ose7 a5+ a3zo7 + agog ag ---oag A7 - o7
0 0 0 0
= rank : : : :
0 0 0 0
by o (v)
0 0 0 0
0 0 0 0
o) +oi +af a 0 - 0 as - a4 |os+ozer +ogoy o +oasag +aser | @7 +pies oo @7 +pies ag +poas co- oy + o3
2 artef+al [0 - 0 a3 oo o3 |op+ases +ager o5 +oser fogag | os b ey o og FLIQs 07 F 0@y e a7 + oy
0 0 0 0
= rank
0 0 0 0 My | M,
by
0 0 0 0 M | M
0 0 0 0
a1+a§+a§ %) 0 ... 0|os +aza7 +agag ap +azog o407 Y1 == Y1 V2 -0 V2
o artol+od|0 ... 0los+osastasorastazertasaglys oy vy
0 0 0 0
= rank : . : .
0 0 I 0 0 My | M,
0 0 2 0 0 M| M]
0 0 0 0
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Table 1 Self-dual code of length 64 from D¢ over Fy + ulF4

A; (ag,...,08) (ai, ..., ae) [Aut (A;)] Type
1 0,B,2,A,2,4,1,4) (A,1,3,2,B,7) 2.3 B =57 (Wesn)
2 0,1,0,0,0,2,6,7) 0,B,B,3,6,7) 24.3 B =64 (Wea2)

where y1 = a7+ w13 + poag and y» = ag + p1oq + poa3. Therefore M (o) has free rank
2p + 2 if and only if:

o) + a% + af [e%) o5 + o307 + gy e + a3ag + o407 o7 + 1o + ooq og + (o + 1o
a o) + a% + Otf a6 +ozag + sy o5 + o3y +o4og o + 1o + (oo o7 + pias + poos
has free rank 2. O

The next two results provide conditions when units/non units in RG can be used to be
used to yield self-dual codes using the above construction.

Corollary 3.3 Let R be a finite commutative Frobenius ring of characteristic 2, let G be a
finite group of order 2p where p is odd, and let Cy be a self-dual code. 1]’2,-2:1(01,-+2 +
ait6) = 0 then v € RG is a unit.

Proof 1f Zizzl(OZH_z + a;46) = 0, then o (vv*) = I, and vv* = 1. Therefore v is unitary.
O

Corollary 3.4 Let R be a finite commutative Frobenius ring of characteristic 2, let G be a
finite group of order 2p where p is odd, and let Cy be a self-dual code. 1}”2,-2:1(01,-+2 +
ait6) = 1 then v € RG is a non-unit.

Proof 1f Zizzl(a,-_,_g + aj+6) = 1, then
2
Z(oz,?+2 + a7, 6)CIRC(A, 0) + I, + 0 (vv*) = CIRC(A, 0) + o (vv*) = 0
i=1
where A = circ(0, 1,...,1 )and 0 = circ(0, ..., 0). Now det (CIRC(A, 0)) = det(A)?
S—— ———

(p—1)—times p—times
and
0O11... 111...1
101 ---1 010---0
det(Ay =det | 1101l —(p_1)get [ 001 -0 | _
111...0 000 1
Table 2 Self-dual codes of length 64 from D4 over F; + ulF,
B; (a1, a2, ...,a8) (ar,az,...,a1s) [Aut (C)| Type
1 (u, 1,u,u,0,0,u,1) (u,u,0,u,u,1,1,0,0,1,3,0,3,1) 2.7 B =46 (Wes 1)
2 (u, 1,u,u,0,0,u,1) (,u,0,0,0,1,1,u,0,1,1,u,1,1) 22.7 B =60 (Wes,1)
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Table 3 Self-dual codes of length 64 from C{, over R;

Ci (a1, 02,..., ag) (a1, az, ..., a14) [Aut (C)| Type

1 (u,1,u,u,0,0,u,l) (1,0,0,0,u,1,1,1,0,0,1,1,0, 1) 23.7 B =46 (Wea.1)

Therefore, det (o (vv*)) = 0 and vv* is a non-unit by Corollary 3 in [22]. Hence, v € RG
is a non-unit. O

4 Computational results

Now, we will construct self-dual codes of various lengths (64, 68, 80) using groups of order
6, 14, 18, 30 and 38.

4.1 Constructions coming from Dg

In this section, we implement the above construction using G = Dg. We construct self-dual
codes of length 64 by considering this construction over F4 + ulF4. Using this construction,
we were able to construct one new code of length 64.

The possible weight enumerators for a self-dual Type I [64, 32, 12]-code is given in [4,
11] as:

Wea1 = 1+ (1312 +168) y'2 4+ (22016 — 648) y'* + .- | 14 < g < 284,
Weso = 1+ (1312 + 168) y'? + (23040 — 648) y'* + ... .0 < B < 277.

With the most updated information, the existence of codes is known for g =14, 18, 22, 25,
29, 32, 35, 36, 39, 44, 46, 53, 59, 60, 64 and 74 in We4,1 and for 8 =0, 1, 2, 4,5, 6, 8, 9,
10, 12, 13, 14, 16, ..., 25, 28, 19, 30, 32, 33, 34, 36, 37, 38, 40, 41, 42, 44, 45, 48, 50, 51,
52, 56, 58, 64, 72, 80, 88, 96, 104, 108, 112, 114, 118, 120 and 184 in Wg4 2.The new code
that we have constructed is 8 = 57 in W4 2.

4.2 Constructions coming from groups of order 14

Here we present the results for the above construction using G € {D14, C14}. We construct
self-dual codes of length 64 by considering this construction over F, + ulF;.

Table 4 Self-dual codes of length 80 from D;g over F» + ulF, where (o1, ..., a3) = (u, 1,u,u,0,0,u, 1)
D; (a, ..., a9) (a0, ...,as) [Aut (C)| Type

1 (u,0,u,1,1,1,1,1, 1) (u,u,1,3,0,1,1,1,3) 22.32 o =-229,8=18 (Wso2)
2 (u,u,u,0,1,u,3,3,1) 0,0,1,u,3,u,0,3,1) 22.32 o = —256, 8 =18 (Wso,2)
3 ©0,u,0,0,u,0,0,1,1) 0,0,1,3,1,0,3,3,3) 22.32 o =-274, 8 =18 (Wso2)
4 0,u,0,0,0,0,0,1, 3) (u,0,1,1,1,0,3,3,3) 22.32 a=-310,8 =18 (Wsp2)
5 (0,0,0,1,1,3,3,3,3) (u,u,1,1,0,1,3,1,3) 22.32 a = —355, 8 =18 (Wgo2)
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4.3 Constructions coming from a groups of order 18

Now, we implement the above construction using G € {Dig, C1g}. We construct self-dual
codes of length 80 by considering this construction over F, + ulF,. In [32], the possible
weight enumerators for a self-dual Type I [80, 40, 14]-code is given in as:

Wso2 = 1+ (3200 + 4ar) y'* + (47645 — 8ar +2568) y'* + - - -,

where o and 8 are integers. A [80, 40, 14] was constructed in [6], however its weight enu-
merator was not stated. A [80, 40, 14] code was constructed in [21] with @ = —280, 8 = 10
and [80, 40, 14] codes were constructed for 8 = 0and o« = —17k where k € {2, ..., 25, 27}
in [32]. None of the codes presented here have been previously constructed.

4.4 Constructions coming from Dsg

In this section, we implement the construction on G = D3g. We construct self-dual codes
of length 80 by considering this construction over I;.

5 New codes of length 68

In this section, we implement Theorem 2.1 to construct new extremal self-dual codes. We
extend the codes previously constructed in Tables 1, 2 and 3.
The known weight enumerators of a self-dual [68, 34, 12];-code are as follows:

Wes.1 = 1+ (442 4+ 48)y'% + (10864 — 88)y!* + ...
Weso = 1+ (442 +4B)y'? + (14960 — 88 — 256y)y'* + ...
where 0 < y < 9. Codes have been obtained for Weg » when
y =2, Be{2mm=29,...,100,103,104} or B € {2m + 1 |m =32,34,...,79};
y =3, Be{2m|m=40,...,98,101, 102} or
(2m + lm = 41,43, ...,77,79, 80, 83, 96} ;
4,8 € {2m|m =43,44,48,...,92,97,98} or
(2m+1|m =48,...,55,58,60,...,78,80,83,84,85};
5with g € {mlm = 113, 116, ..., 181};

m

m

R ™R ™
|

Recall that the codes constructed in Tables 1, 2 and 3 are codes over F4 + ulF4. Conse-
quently, we converted these codes to codes over IF> + ulF, (using the Gray map Vg, +uF,)

Table 6 Self-dual codes of length 68 from extending [64, 32, 12];

Ces,i Code ¢ X v B

Ce1 B u+1@G,u,0,u,0,3u,u,1,0,u,3,0,1,u, 1,1, L, u,u,u,u,u,l,uu001,u03)2 161
Ceg2B1 u+1(u,3,u,3,u,100,1,3,u,0,u,u,1,01,3,1,0,1,3,u4,0,3,3,0,0,0,u,1,3) 2 163
Ces3 A1 1 o, 1, u,u,1,1,3,u,3,1,3,0,0,0,3,1,3,0,1,0, 1, I, u,u, 1,u,3,3,0,0,3,u) 2 169
Cesa Bo u+1(0,u,0,1,0,0,3,00,0,0,3,0,0,0,1,0,1,u,3,1,0,u,u,3,1,1,1,1,1,0,u) 2 171
CessCt u+1(,3,u,01,31,3,1,0,1,u,0,0,u4,3,3,0,u,0,3,u,1,0,3,1,1,0,u,1,1,u) 2 173
Ceg6 A2 1 (3,0,0,0,3,0,u,3,3,3,u,3,0,1,1,0,3,u, 1,u,0,3,0,u,u,3,0,0, u, u,u, 1) 4 200

@ Springer



782 Cryptography and Communications (2020) 12:769-784

Table 7 New codes of length 68 as neighbors of Ceg 6

Nes.i (X35, X36 -+ X68) Y B

Nes.1 (1111000110001110000010111110001011) 3 163
Nes.2 (1011100000000001011100000010011001) 3 175
N(,gg (0011100010001111001100000010110111) 3 177
N68,4 (1000010001101010111011001111101111) 4 159
Nﬁg,s (1001000101100010111111100110010011) 4 175
Nes.6 (1110001100110111010000111000010100) 4 186
Nes.7 (1100101101100111010011101110111110) 4 191
Nes.s (1101001101011110100110001000110101) 5 182
Nes.o (1001001001011101011111011100001001) 5 187
Nes. 10 (0000000110000101101101001100100001) 5 189
N(,g,ll (0111100111011000110000111011010111) 5 191
N63,|2 (0000101110001110101111010100111111) 5 193

before applying Theorem 2.1. The following table displays the newly constructed extremal
codes of length 68. We replace u + 1 with 3 to save space (Tables 4 and 5).

Two self-dual binary codes of dimension k are said to be neighbors if their intersection
has dimension k — 1. We consider the standard form of the generator matrix of C to reduce
down the search field. Let x € F; — C then D = <(x)J‘ nc, x) is a neighbor of C (Table 6).
Without loss of generality, the first 34 entries of x are set to be 0, the rest of the vectors
are listed in Table 7. As neighbors of codes in Table 5 we obtain 12 new codes with weight
enumerators in Weg 2. All the codes have an automorphism group of order 2.

6 Conclusion

In this work, we have introduced a new construction for constructing self-dual codes using
group rings. We provided certain conditions when this construction produces self-dual codes
and we established a link between units/non-units and self-dual codes. We demonstrated the
relevance of this new construction by constructing many binary self-dual codes, including
new self-dual codes of length 64, 68 and 80.

e Code of length 64: We were to able to construct the following [64, 32, 12] codes with
new weight enumerator in Wey4 2:

p = {57}
e Codes of length 68: We were able to construct the following extremal binary self-dual
codes with new weight enumerators in Weg 2:

(y =2, B =1{161,163,169, 171, 173}),
(y =3, B={163,175,177}),

(y =4, B =1{159,175, 186, 191, 200}),
(y =5, p=1{182,187,189,191,193}),

e Codes of length 80: We were to able to construct the following [80, 40, 14] codes with
new weight enumerators in Wgg :

B=18, «a={-211,-229,-249, —-256, —274, —287, —306, —310, —325, —355, =363, —401}).
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