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                    Abstract
A symbolic geometry system such as Geometry Expressions can generate symbolic measurements in terms of indeterminate inputs from a geometric figure. It has elements of dynamic geometry system and elements of automated theorem prover. Geometry Expressions is based on the analytical geometry method. We describe the method in the style used by expositions of semi-synthetic theorem provers such as the area method. The analytical geometry method differs in that it considers geometry from a traditional Euclidean/Cartesian perspective. To the extent that theorems are proved, they are only proved for figures sufficiently close to the given figure. This clearly has theoretical disadvantages, however they are balanced by the practical advantage that the geometrical model used is familiar to students and engineers. The method decouples constructions from geometrical measurements, and thus admits a broad variety of measurement types and construction types. An algorithm is presented for automatically deriving simple forms for angle expressions and is shown to be equivalent to a class of traditional proofs. A semi-automated proof system comprises the symbolic geometry system, a CAS and the user. The user’s inclusion in the hybrid system is a key pedagogic advantage. A number of examples are presented to illustrate the breadth of applicability of such a system and the user’s role in proof.
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Appendix A
Appendix A
We present constructions for an implementation whose geometric elements are points and oriented lines. Oriented lines are represented by the triple (A, B, C), where the underlying line is defined by the equation \(A\cdot x+B\cdot y+C=0\), and the orientation is defined by the vector (A, B). Hence the triple \((-A,-B,-C)\) represents the same line as (A, B, C) but with the opposite orientation. In each case we show the elimination step for the point’s coordinates \((x_{P},y_{P})\) or the line’s coefficients \((A_{L},B_{L},C_{L})\). The equation of the line with these coefficients is \(A_{L}\cdot x+B_{L}\cdot y+C_{L}=0\).
C1 Point given coordinates P is defined to have coordinates (x,y).
$$\begin{aligned}&x_{P}\rightarrow x\\&\begin{array}{c} y_{P}\rightarrow y\end{array} \end{aligned}$$

C2 Point proportion along a segment Point P is proportion k along the segment \(P_{0}P_{1}\).
$$\begin{aligned}&x_{P}\rightarrow k\cdot x_{1}+(1-k)\cdot x_{0}\\&\begin{array}{c} y_{P}\rightarrow k\cdot y_{1}+(1-k)\cdot y_{0}\end{array} \end{aligned}$$

C3 Point distance from two points If point P is distance \(d_{0}\) from point \(P_{0}\) and distance \(d_{1}\) from point \(P_{1}\) and to the left of ordered segment \(P_{0}P_{1}\):
$$\begin{aligned}&x_{P}\rightarrow x_{1}+\dfrac{d_{3}\left( x_{0}-x_{1}\right) }{2d_{2}^{2}} +\dfrac{d_{4}\left( y_{0}-y_{1}\right) }{2d_{2}^{2}}\\&y_{P}\rightarrow y_{1} -\dfrac{d_{4}\left( x_{0}-x_{1}\right) }{2d_{2}^{2}}+\dfrac{d_{3} \left( y_{0}-y_{1}\right) }{2d_{2}^{2}} \end{aligned}$$

If point P is distance \(d_{0}\) from point \(P_{0}\) and distance \(d_{1}\) from point \(P_{1}\) and to the right of ordered segment \(P_{0}P_{1}\):
$$\begin{aligned}&x_{P}\rightarrow x_{0}-\dfrac{d_{5}\left( x_{0}-x_{1}\right) }{2d_{2}^{2}}-\dfrac{d_{4}\left( y_{0}-y_{1}\right) }{2d_{2}^{2}}\\&\begin{array}{c} y_{P}\rightarrow y_{0}+\dfrac{d_{4}\left( x_{0}-x_{1}\right) }{2d_{2}^{2}}-\dfrac{d_{5}\left( y_{0}-y_{1}\right) }{2d_{2}^{2}}\end{array} \end{aligned}$$

where:
$$\begin{aligned} d_{2}= & {} \sqrt{\left( x_{1}-x_{0}\right) ^{2}+\left( y_{1}-y_{0}\right) ^{2}}\\ d_{3}= & {} -d_{0}^{2}+d_{1}^{2}+d_{2}^{2}\\ d_{4}= & {} \sqrt{d_{0}+d_{1}+d_{2}}\sqrt{d_{0}+d_{1}-d_{2}}\sqrt{d_{0}-d_{1}+d_{2}}\sqrt{-d_{0}+d_{1}+d_{2}}\\ d_{5}= & {} d_{0}^{2}-d_{1}^{2}+d_{2}^{2} \end{aligned}$$

C4 Point distance from two lines Point P is directed distance \(d_{0}\) from line \(L_{0}\) and directed distance \(d_{1}\) from line \(L_{1}\).
$$\begin{aligned}&x_{P}\rightarrow \dfrac{-B_{1}\left( C_{0}-d_{0} \sqrt{A_{0}^{2}+B_{0}^{2}}\right) +B_{0}\left( C_{1}-d_{1}\sqrt{A_{1}^{2}+B_{1}^{2}}\right) }{A_{0}B_{1}-A_{1}B_{0}}\\&\begin{array}{c} y_{P}\rightarrow \dfrac{A_{1}\left( C_{0}-d_{0}\sqrt{A_{0}^{2}+B_{0}^{2}}\right) -A_{0}\left( C_{1}-d_{1}\sqrt{A_{1}^{2}+B_{1}^{2}}\right) }{A_{0}B_{1}-A_{1}B_{0}}\end{array} \end{aligned}$$

C5 Point distance from one line and one point We define the 2D wedge product \((x_{0},y_{0})\wedge (x_{1},y_{1})=x_{0}y_{1}-x_{1}y_{0}\)
If point P is directed distance \(d_{0}\) from line \(L_{0}\) and directed distance \(d_{1}\) from point \(P_{1}\) and s \(\overrightarrow{P_{0}P}\wedge (A_{0},B_{0})>0\)
$$\begin{aligned}&x_{P}\rightarrow x_{0}+B_{0}\cdot d_{3}-\dfrac{A_{0}\cdot \left( d_{2}-d_{0}\right) }{\sqrt{A_{0}^{2}+B_{0}^{2}}}\\&\begin{array}{c} y_{P}\rightarrow y_{0}-A_{0}\cdot d_{3}-\dfrac{B_{0}\cdot \left( d_{2}-d_{0}\right) }{\sqrt{A_{0}^{2}+B_{0}^{2}}}\end{array} \end{aligned}$$

If point P is directed distance \(d_{0}\) from line \(L_{0}\) and directed distance \(d_{1}\) from point \(P_{1}\) and \(\overrightarrow{P_{0}P}\wedge (A_{0},B_{0})>0\)
$$\begin{aligned}&x_{P}\rightarrow x_{0}-B_{0}\cdot d_{3}-\dfrac{A_{0}\cdot \left( d_{2}-d_{0}\right) }{\sqrt{A_{0}^{2}+B_{0}^{2}}}\\&\begin{array}{c} y_{P}\rightarrow y_{0}+A_{0}\cdot d_{3}-\dfrac{B_{0}\cdot \left( d_{2}-d_{0}\right) }{\sqrt{A_{0}^{2}+B_{0}^{2}}}\end{array} \end{aligned}$$

where:
$$\begin{aligned}&d_{2}=\dfrac{C_{0}+A_{0}\cdot x_{0}+B_{0}\cdot y_{0}}{\sqrt{A_{0}^{2}+B_{0}^{2}}}\\&\begin{array}{l} \begin{array}{l} d_{3}=\dfrac{\sqrt{d_{1}^{2}-\left( d_{2}-d_{0}\right) ^{2}}}{\sqrt{A_{0}^{2}+B_{0}^{2}}}\end{array}\end{array} \end{aligned}$$

C6 Line given equation If line L is defined by equation \(A\cdot x+B\cdot y+C=0\) and its orientation is aligned with (A,B)
$$\begin{aligned} \begin{array}{c} A_{L}\rightarrow A\\ B_{L}\rightarrow B\\ C_{L}\rightarrow C \end{array} \end{aligned}$$

If line L is defined by equation \(A\cdot x+B\cdot y+C=0\) and its orientation is not aligned with (A,B)
$$\begin{aligned} \begin{array}{c} A_{L}\rightarrow -A\\ B_{L}\rightarrow -B\\ C_{L}\rightarrow -C \end{array} \end{aligned}$$

C7 Line distance from two points Line L is directed distance \(d_{0}\) from point \(P_{0}\) and directed distance \(d_{1}\) from point \(P_{1}\)
$$\begin{aligned}&A_{L}\rightarrow \phi _{0}\\&B_{L}\rightarrow \phi _{1}\\&C_{L}\rightarrow \phi _{2} \end{aligned}$$

where:
$$\begin{aligned} d_{2}= & {} \left( x_{1}-x_{0}\right) ^{2}+\left( y_{1}-y_{0}\right) ^{2}\\ \phi _{0}= & {} \dfrac{\left( d_{1}-d_{0}\right) \left( x_{1}-x_{0}\right) }{d_{2}}+\dfrac{\left( y_{0}-y_{1}\right) \sqrt{d_{2}-\left( d_{0}-d_{1}\right) ^{2}}}{d_{2}}\\ \phi _{1}= & {} \dfrac{\left( d_{0}-d_{1}\right) \left( y_{0}-y_{1}\right) }{d_{2}}+\dfrac{\left( x_{1}-x_{0}\right) \sqrt{d_{2}-\left( d_{0}-d_{1}\right) ^{2}}}{d_{2}}\\ \phi _{2}= & {} d_{1}-x_{1}\cdot \phi _{0}-y_{1}\cdot \phi _{1} \end{aligned}$$

C8 Line angle to a line distance from a point Line L is angle \(\theta _{0}\) from line \(L_{0}\) and directed distance \(d_{1}\) from point \(P_{1}\)
$$\begin{aligned}&A_{L}\rightarrow A_{0}cos\theta _{0}-B_{0}sin\theta _{0}\\&B_{L}\rightarrow A_{0}sin\theta _{0}+B_{0}cos\theta _{0}\\&\begin{array}{c} C_{L}\rightarrow d_{1}\sqrt{A_{0}^{2}+B_{0}^{2}}+B_{0}\left( x_{1}sin\theta _{0}-y_{1}cos\theta _{0}\right) -A_{0}\left( x_{1}cos\theta _{0}+y_{1}\cdot sin\theta _{0}\right) \end{array} \end{aligned}$$

We note that the some of the above constructions have variants dependent on an assessment of sidedness. It is the responsibility of the agent which creates the construction sequence, the dynamic geometry UI for example, to select which variant to insert into the construction sequence. Each of the constructions above fully defines a geometrical object. In a dynamic geometry system, it is common to have geometry which is unconstrained, or partially constrained. For example a point can be located in an arbitrary location, or a point can be placed on a line, or a point can be specified to be at a certain distance from a given point. In such cases, the system can add indeterminates in the process of making the construction. These partial constructions are specified below.
C9 Point distance from one point Point P is distance \(d_{0}\) from point \(P_{0}\)
$$\begin{aligned} \begin{array}{c} x_{P}\rightarrow x_{0}+d_{0}cos\left( \theta _{0}\right) \\ y_{P}\rightarrow y_{0}+d_{0}sin\left( \theta _{0}\right) \end{array} \end{aligned}$$

where \(\theta _{0}\) is an indeterminate introduced by the construction.
C10 Point distance from one line Point P is directed distance \(d_{0}\) from line \(L_{0}\)
$$\begin{aligned} \begin{array}{c} x_{P}\rightarrow \dfrac{B_{0}d_{1}-A_{0}\left( C_{0}-d_{0}\sqrt{A_{0}^{2}+B_{0}^{2}}\right) }{A_{0}^{2}+B_{0}^{2}}\\ y_{P}\rightarrow \dfrac{-A_{0}d_{1}-B_{0}\left( C_{0}-d_{0}\sqrt{A_{0}^{2}+B_{0}^{2}}\right) }{A_{0}^{2}+B_{0}^{2}} \end{array} \end{aligned}$$

where \(d_{1}\) is an indeterminate introduced by the construction.
C11 Unconstrained point Point P is unconstrained
$$\begin{aligned} \begin{array}{l} x_{P}\rightarrow x_{0}\\ y_{P}\rightarrow y_{0} \end{array} \end{aligned}$$

where \(x_{0},y_{0}\) are indeterminates introduced by the construction.
C12 Line directed distance from one point Line L is directed distance \(d_{0}\) from point \(P_{0}\)
$$\begin{aligned} \begin{array}{l} A_{L}\rightarrow cos\left( \theta _{0}\right) \\ B_{L}\rightarrow sin\left( \theta _{0}\right) \\ C_{L}\rightarrow d_{0}-x_{0}cos\left( \theta _{0}\right) -y_{0}sin\left( \theta _{0}\right) \end{array} \end{aligned}$$

where \(\theta _{0}\) is an indeterminate introduced by the construction.
C13 Line angle to a line Line L is angle \(\theta _{0}\) from line \(L_{0}\)
$$\begin{aligned} \begin{array}{c} A_{L}\rightarrow A_{0}cos\left( \theta _{0}\right) -B_{0}sin\left( \theta _{0}\right) \\ B_{L}\rightarrow A_{0}sin\left( \theta _{0}\right) +B_{0}cos\left( \theta _{0}\right) \\ C_{L}\rightarrow d_{0} \end{array} \end{aligned}$$

where \(d_{0}\) is an indeterminate introduced by the construction.
C14 Unconstrained line Line L is unconstrained
$$\begin{aligned} \begin{array}{c} A_{L}\rightarrow A_{0}\\ B_{L}\rightarrow B_{0}\\ C_{L}\rightarrow C_{0} \end{array} \end{aligned}$$

where \(A_{0},B_{0},C_{0}\) are indeterminates introduced by the construction.
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