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I am impressed by this interesting and thorough survey on change point analysis. It
gives the state of the art in the field and provides an extensive list of references, both of
which will be a valuable resource for researchers. The article also provides historical
comments as well as several examples and serves as an introduction and invitation
to new researchers and students in the field of change point analysis, which is an
accomplishment of considerable importance.

Since one focus of my own work has been invariance principles and strong approx-
imation of partial sum processes, I was very interested to see the authors’ exposition
on the interplay between these concepts and change point analysis. Frequently, there
have been new problems in change point analysis spurring the need for more theory
or giving new relevance to the existing theory.

Since most of the survey paper of Horváth and Rice concentrates, for ease of
presentation, on exactly one change point under the alternative, consider the case
when multiple change points are allowed. If there are exactly two changes in the mean
under the alternative then likelihood arguments give

T̂N = max
1≤i< j≤N
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S( j) − S(i) − ( j − i)S(n)/n

( j − i)1/2
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as a natural test statistic, where S(k) is the partial sum of the observations
X1, X2, . . . , X N . If we wish to investigate the limit distribution of T̂N under the null
hypothesis of E X1 = E X2 = . . . = E X N , we can assume without loss of generality
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that E Xi = 0. A little calculation gives that the limit distribution of T̂N follows from
that of

TN = max
1≤i< j≤N
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The random variable TN first appears in Erdős and Rényi (1970) and was later inves-
tigated by Révész (1990) and Shao (1995). They proved that the normalized TN con-
verges almost surely, but the limit distribution depends on the distribution of X1.
Hence, T̂N might not be suitable for hypothesis testing. Also, it is possible that the two
change points occur very close to each other, in which case T̂N will not be suitable
to detect the change. If we require that at least h = h(N ) observations have the same
mean between the changes, we may replace T̂N with

T̂ ∗
N = max

1≤i< j≤N , j−i≥h
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which leads to the study of

T ∗
N = max

1≤i< j≤N , j−i≥h
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The first step to obtain the limit distribution of T ∗
N is to replace the partial sums

S(i) with a suitably constructed Wiener process W (i) in the sense that
max1≤i≤N |S(i) − σ W (i)| = OP (r(N )), leading to

T ∗
N = max

1≤i< j≤N , j−i≥h
σ
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W ( j) − W (i)

( j − i)1/2
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+ O

(
r(N )

h(N )

)

.

This shows that the allowable values of h depend heavily on the rate of the approxi-
mation of partial sums. Due to normality, it is much easier to study

max
1≤i< j≤N , j−i≥h

( j − i)−1/2|W ( j) − W (i)|.

In addition to the optimal K–M–T approximation in the iid case, the same rates were
obtained for a large class of dependent observations by Berkes et al. (2011, 2014).

Erdős–Rényi type normalized variables also appear when one tests for epidemic
alternatives (cf. Račkauskas and Suquet 2004). Again, to obtain the limit distribution
of the self-normalized statistics, the rate of approximation plays an important role.
Another application of the Erdős–Rényi type normalized variables can be found in
Serbinowska (1996) where the number of changes is estimated in binomial samples.
Her method can be extended to more general models. Of course, if we require that the
length of all segments is above h = h(N ), then again via strong approximation, one
can consider the much simpler case of normally distributed variables.
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