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First I would like to thank the authors for providing a thorough review of Goodness-
of-Fit (GoF) tests for regression models. It is truly an achievement to cover such
a wide spectrum of methods of GoF within a paper of reasonable length. With
their expertise in GoF, Professors González-Manteiga and Crujeiras (GMC) have
succeeded in providing an up-to-date review of methods and corresponding the-
ory of tests dealing mostly with the structure of the regression function, and in
doing so manage to cover the basic parametric regression model as well as al-
ternative models which may be generally described as nonparametric or semi-
parametric. They also consider, apart from the typical scenario of independent
observations, GoF tests with dependence, and tests under more complex data struc-
tures.

In what follows I will try to discuss in more detail specific alternative aspects of
the regression model. For these aspects one may formulate corresponding hypotheses
that may also be included under the general heading ‘GoF for regression’. In addition,
I will try to provide some insight on methods of GoF which utilize the characteristic
function (CF).

S.G. Meintanis was on sabbatical leave from the University of Athens to NWU during the
preparation of this work.

This comment refers to the invited paper available at doi:10.1007/s11749-013-0327-5.
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1 Aspects of GoF for regression

Assume the general model

Y = m(X) + ε, (1.1)

where (X,Y ) ∈ R
p+1 are observed, ε denotes the unobserved error, and m(·) is the

unspecified regression function.
On the basis of n independent observations on (Y,X), one wishes to test hypothe-

ses which refer to the different ‘ingredients’ involved in Eq. (1.1). Predominantly, the
literature in general as well as the literature reviewed by GMC, is concerned with
hypotheses referring to the structure of the regression function. However, some other
aspects of the regression model are also of interest. Such an aspect, which is already
mentioned in Sect. 2.4 of GMC, is the type of the error distribution Fε in model (1.1).
The corresponding hypothesis of interest is commonly formulated as H0θ : Fε ∈ Fθ ,
where Fθ denotes a specific parametric family of distributions indexed by a parame-
ter θ .

Moving away from the completely parametric null hypothesis H0θ it is also of
interest to consider the hypothesis of symmetry around the origin

H0S : Fε(·) + Fε(−·) ≡ 1. (1.2)

Typically the identity involved in H0S , or a variation thereof, is properly estimated
and the test statistic is constructed as a distance-type measure based on the estimated
version of (1.2). For instance, Fan and Gencay (1995) and Dette et al. (2002) use
kernel density estimation to construct their test statistic. In the same spirit, classical
Kolmogorov–Smirnov and Cramér–von Mises statistics for the null hypothesis H0S

have been proposed by Neumeyer et al. (2005) and Neumeyer and Dette (2007). On
the other hand Hušková and Meintanis (2012) use the equivalent formulation of (1.2)
as H0S : �(ϕε) ≡ 0, where �(·) denotes the imaginary part in complex arithmetic
and ϕ· is a generic symbol for the CF of an arbitrary distribution. Based on this
formulation, the authors employ the empirical CF and proposed Cramér–von Mises
type statistics for testing symmetry in the nonparametric setting of Eq. (1.1) as well
as for the linear regression model. The hypothesis of symmetry (1.2) for the error (or
innovation) distribution has also been considered in the context of regression-type
models involving dependence. See for instance the papers by Bai and Ng (2001),
Delgado and Escanciano (2007), Pérez-Alonzo (2007), Klar et al. (2012), Ngatchou-
Wandji (2009), and the review article by Meintanis and Ngatchou-Wandji (2012).

Another aspect involved in model (1.1) is the potential dependence between the
regressor (or covariate) X and the error ε. Homoscedasticity is often postulated for
the errors ε in model (1.1), and several tests for violation of this hypothesis have been
considered. However, instead of looking at the conditional variance only, one could
consider the full conditional distribution of ε given X. The benchmark hypothesis
then is the hypothesis of independence. In other words, and in obvious notation, one
wishes to test the null hypothesis

H0I : FX,ε − FXFε ≡ 0. (1.3)

Alternatives of interest are those for which some feature of the error distribution
(mean, variance, kurtosis, etc.) depends on the observed regressor. Einmahl and
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van Keilegom (2008a, 2008b) consider modifications of the classical Kolmogorov–
Smirnov, Cramér–von Mises and Anderson–Darling statistics for the null hypothesis
H0I in model (1.1), both under homoscedasticity and heteroscedasticity. Neumeyer
(2009) employs as a test statistic an L2-distance between kernel estimators of the con-
ditional distribution and the unconditional distribution of the covariates. While theory
for the earlier tests is developed for univariate regressor, Neumeyer’s test is applicable
for covariates in arbitrary dimension. Yet another approach utilizes the equivalent for-
mulation of the null hypothesis H0I in terms of CFs as H0I : ϕX,ε − ϕXϕε ≡ 0. This
approach is followed by Hlávka et al. (2011) in which the authors develop weighted
L2-type statistics involving an estimated version of the identity in H0I .

2 Interpretations of the characteristic function approach

While methods based on CFs have by now been set on a firm theoretical basis and are
often found to outperform classical approaches, it is always an issue to give a clear
intuitive interpretation to these methods. In this connection notice that, as statisticians
naturally think in terms of distributions, densities, or even (low order) moments, in-
terpretations expressed in terms of these classical quantities are most appropriate for
intuitive understanding. The interpretations given below are not at any rate new (see
for instance Hušková and Meintanis 2012), but it seems fitting to mention them here
on the occasion of the synopsis provided by GMC.

I will start with the test statistic in Eq. (15) of GMC and consider a specific form
for the weight function ω. In particular, let Z be a random variable which is symmet-
ric around zero with density K(·) and CF ϕ > 0. Note that this implies that ϕ(·) is
real and even. Then by setting ω = ϕ2 in Eq. (15) of GMC we have

Tn

n
=

∫ ∣∣φ̂ε(t)ϕ(t) − φ̂ε0(t)ϕ(t)
∣∣2

dt.

Clearly φ̂εϕ (resp. φ̂ε0ϕ) is the CF of the convolution Pn � Z (resp. Pn0 � Z), where
Pn (resp. Pn0) is the empirical distribution putting mass 1/n on the residuals ε̂j (resp.
ε̂j0), j = 1, . . . , n. Then by the Parseval–Plancherel theorem

Tn

2πn
=

∫ ∣∣f (x) − f0(x)
∣∣2

dx,

with f and f0 denoting the densities of Pn � Z and Pn0 � Z, respectively. Notice,
however, that

f (x) = 1

n

n∑
j=1

K(x − ε̂j ), f0(x) = 1

n

n∑
j=1

K(x − ε̂j0),

which shows that Tn with weight function ϕ2 is equivalent to an L2-type distance
between a pair of nonparametric density estimators with kernel equal to the density
corresponding to the CF ϕ(t), and bandwidth equal to one. A standard choice for the
law of Z is the zero-mean normal distribution with variance h2, h > 0. Then ϕ(t) =
e−(1/2)h2t2

, and by simple algebra the test statistic reduces to an L2-distance between
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two kernel density estimators employing the standard normal density as kernel, with
bandwidth equal to h.

An alternative interpretation of Tn in terms of moments is also possible. To this
end assume that the weight function satisfies

∫
taω(t) dt < ∞, for each a > 0. Then

by straightforward algebra we have from Eq. (15) of GMC that

Tn

n
=

∫
g2(t)ω(t) dt, (2.1)

where g(t) = Cn(t) + Sn(t) − Cn0(t) − Sn0(t), with Cn(t) = n−1 ∑n
j=1 cos t ε̂j and

Sn(t) = n−1 ∑n
j=1 sin t ε̂j , and likewise for Cn0(t) and Sn0(t). In turn, simple Taylor

expansions of the sin(·) and cos(·) functions lead to the expansion

g(t) =
K∑

k=1

γkt
k

k!
(
ε̂(k) − ε̂

(k)
0

) + o
(
tK

)
, t → 0, K = 1,2, . . . , (2.2)

where γk = 1 or −1, and u(k) = n−1 ∑n
j=1 uk

j , k = 1, . . . ,K . Clearly then, matching
takes place in g(t) between, on the one hand the empirical moments of ε̂j and the
empirical moments of ε̂j0, on the other hand. Furthermore by substituting Eq. (2.2)
into Eq. (2.1) and by some further algebra we arrive at

Tn

n
=

K∑
k,κ=1

γkγκ

k!κ!
(
ε̂(k) − ε̂

(k)
0

)(
ε̂(κ) − ε̂

(κ)
0

)
vk,κ + remainder, (2.3)

where vk,κ = ∫
tk+κω(t) dt . Consequently the role of the weight function is to spec-

ify the weight according to which each moment equation enters the value of the test
statistic. The introduction of parametric weight functions such as ω(t) = e−h|t |b , and
b = 1,2, make things even more clear. In such cases, large values of h lead to increas-
ing rates of decay for the weight functions, which implies that higher order moments
enter the calculation of Tn with increasingly reduced weights. In fact, if we set K = 1
in Eq. (2.3), a quick calculation leads to

lim
h→∞h3/b Tn

n
= constant × (

ε̂(1) − ε̂
(1)
0

)2
, (2.4)

where the limit for b = 1 (resp. b = 2) corresponds to the weight function w(t) =
e−h|t | (resp. w(t) = e−ht2

), and the constant depends on w(t). The limits in Eq. (2.4)
show that we should be cautious when selecting the value of h, since if h is too large
we are led to a test statistic that simply matches the sample means of the residuals. On
the other hand, a value of h which is too close to zero (recall the aforementioned con-
nection between h and the bandwidth in density estimation), and since for h = 0 the
integral in Eq. (2.1) diverges, results in a procedure which is vulnerable to numerical
instability. Consequently the choice of the weight function calls for a compromise
between functions with a high rate of decay which allow for moment matching of
only lower order, and functions with a low rate of decay which also involve higher
moments but are prone to instabilities.
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