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This paper presents a review on Goodness-of-Fit (GoF) tests, with the focus on re-
gression models. First of all, I want to thank Wenceslao and Rosa for their enormous
effort in bringing us all this existing material on a topic of the highest relevance. As
a mathematician, I have enjoyed a lot reviewing how all the challenges involved in
this complicated area of research have found many interesting answers and proposals,
materialized in clever statistical methods and deep asymptotic results. As a teacher
of Statistics courses for graduate students in Biology and other applied sciences at
my home University, I must say that the main question underlying this review (‘does
this regression model fit my data well?’) is already present in the mind of the non-
mathematicians. Partial answers provided by the classical F-test (for nested models)
are not always enough to satisfy my students’ curiosity, and they ask for more sophis-
ticated methods as those reviewed in this work. With this in mind, I would like to ask
the authors about the level of implementation of the existing GoF tests for regression
in user friendly software. I am specially concerned with R software, but I am open to
any other package (with emphasis on free software!)

Going now to methodological issues, it is quoted by the authors (Sect. 1.2) that
selecting the smoothing parameter in smooth tests is a matter with ‘serious gaps’
(p. 7, line 47). I basically agree. Even when some theory has been developed (e.g. Gao
and Gijbels 2008), it is still unclear what to do in practice. Given a smooth test T (h)

depending on a bandwidth h, one would like to choose h such that P1(T (h) > cα,h)

is maximum while satisfying P0(T (h) > cα,h) ≤ α, where P0 and P1 stand for the
probability law under the null and the alternative, respectively, and cα,h is the critical
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point of T (h) at level α. Martínez-Camblor and de Uña-Álvarez (2013a) introduced
different algorithms to find such a bandwidth in practice. Although their ideas were
introduced in the context of k-sample smooth tests, they can be applied here in their
original form.

Just to give some details, define hmax = arg maxh P1(T (h) > cα,h), that is, the
bandwidth leading to the largest power. In practice, since P1 is unknown, it is es-
timated by bootstrapping the alternative hypothesis. Here, by ‘bootstrapping the al-
ternative hypothesis’ it is meant to draw B1 bootstrap resamples from the model
Y ∗ = mnh(X

∗)+ ε∗, where ε∗ is a random variate following the distribution function
of the nonparametric residuals Yi − mnh(Xi) (naive bootstrap) or an alternative wild
bootstrap or smoothed bootstrap resampling plan. If T b(h) denotes the statistic based
on the bth bootstrap resample, P1(T (h) > cα,h) is approximated by
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where c
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α,h is an approximation of cα,h based on an independent set of B0 resamples

under the null model (as discussed in Sect. 3.1 of the review). Consequently,
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approximates the ‘optimal’ smoothing factor hmax, where here H stands for a grid of
possible bandwidths. This algorithm is termed the ‘double bootstrap’ (DB) algorithm
in Martínez-Camblor and de Uña-Álvarez (2013a), and it is connected to the one
suggested in Cao and Van Keilegom (2006). Alternatively, Martínez-Camblor and
de Uña-Álvarez (2013a) suggest as another optimal bandwidth the one corresponding
to the minimum p-value; this is hmin = arg minh π(th), where π(th) = P0(T (h) > th)

and where th denotes the actual value of the test statistic T (h) on the given sample.
Unlike hmax, the criterion hmin is not influenced by the particular level α under which
the test is performed. This appealing alternative idea of finding the minimum p-value
has, however, one criticism; one may argue that, when the null model is true, the value
th will probably fall in an area without much interest, since ability to reject the null
is desired under the alternative. Therefore, Martínez-Camblor and de Uña-Álvarez
(2013a) introduced a slightly modified minimum p-value criterion, namely

he min = EP1

[
arg min

h
π

(
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,

which is the expectation, under the alternative, of the bandwidth minimizing the p-
value of the test. Both hmin and he min are implemented by using bootstrap approxima-
tions, leading to two selectors termed DM (‘double minimum’) and BM (‘bootstrap
minimum’), respectively. The reported simulation results (for the k-sample problem,
see also Martínez-Camblor 2010 for paired design) suggest that (a) DB algorithm
is too anticonservative (apart from being very computationally intensive); (b) DM
is too conservative; and (c) BM is a suitable modification of DM which requires a
reasonable computational effort. Finding (a) is not surprising, since no correction for
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the automatic choice of h is introduced in the computation of the final p-value of the
test, which therefore does not respect the nominal level α (see also simulation re-
sults in Cao and Van Keilegom 2006). Finding (c) indicates that the idea of averaging
hmin along the alternative distribution of the test statistic leads to a good compromise
between level and power. Thus, the application of BM algorithm in the context of
GoF for regression seems to deserve some investigation. Explicitly, BM bandwidth
is defined as

hBM = 1

B1

B1∑

b=1

hb
BM,

where
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)

is the minimum p-value bandwidth for the bth bootstrap resample drawn under the
alternative, T b(h) denotes the statistic based on that very resample, and πB0 is an
obvious bootstrap approximation of the function π obtained from B0 independent
resamples under the null, namely
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It would be interesting to see how the several existing smooth tests for regression
models work with this automatic selector. See also Martínez-Camblor and de Uña-
Álvarez (2013b) for a refinement of the BM algorithm and further discussions.

It is a bit disappointing to see that the test based on the empirical regression pro-
cess, in spite of its theoretical asymptotic superiority (detecting alternatives at the
parametric rate n−1/2 regardless the dimension p), may have smaller power than
smooth tests for finite sample sizes and p > 1; indeed, one would like to trust the
empirical regression test statistic since it avoids the issue of bandwidth selection. At
this point the authors refer to the simulation study in Miles and Mora (2003) who
consider p = 1,2 and n = 100 (‘small sample size’). I wonder if there is some fur-
ther evidence on this issue or if the authors have performed simulations on their own
to investigate this. In my view, a question of such a big interest should not be left
in the hands of a single simulation study. For example, would smooth tests be still
superior to the empirical regression test for p > 2?

Section 6 is particularly interesting to me, since I have been quite involved (I am
still) with the analysis of survival data. In this area, censored, randomly truncated,
or length-biased data often appear. The contribution of Cao and González-Manteiga
(2008) gives solution to a broad family of testing problems under censoring and
truncation, including polynomial regression, proportional hazards, additive risks, and
proportional odds model. As the authors say, the key tool here is the generalized con-
ditional Kaplan–Meier estimator of Iglesias-Pérez and González-Manteiga (1999),
investigated later in the dependent setting by Liang and de Uña-Álvarez (2011) and
Liang et al. (2012). In these papers, the asymptotic properties of the conditional distri-
bution estimator were obtained under the assumption of mutual conditional indepen-
dence among the censoring, truncating and lifetime variables, given the covariates.
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Independence between truncation and censoring times is also assumed in Sánchez-
Sellero et al. (2005). In some scenarios, however, the censoring time and the trunca-
tion time are dependent, and one rather has a (conditional) independence between the
truncation time and the residual censoring time (C − T , in authors’ notation); this
typically occurs with cross-sectional survival data, cf. e.g. de Uña-Álvarez (2004),
Luo and Tsai (2009), or Huang and Qin (2011). Probably it is worthwhile to inves-
tigate how the proposed testing procedures can be adapted to this different scenario.
On the other hand, methods for length-biased data reviewed in Sect. 6.4 could be
adapted to the situation in which the data suffer from right-censoring besides of the
length-biasing. Contributions in regression with length-bias and censoring include
Shen (2009), Shen et al. (2009), de Uña-Álvarez and Iglesias-Pérez (2010), Qin et al.
(2011), Ning et al. (2011), or Chen and Zhou (2012). So developing GoF tests for
regression in this setting seems to be a promising field of research too.

Another sampling issue in Survival Analysis is that of random double trunca-
tion. Here, the observation of the variable of interest (X,Y ) is only possible when
U ≤ Y ≤ V , where U and V are two random limits (the left and right truncation
times); U and V are also recorded in that case. If (U,V ) is independent of (X,Y ), the
sampled population is a weighted version of that of interest, with weighting function
w(x,y) = P(U ≤ y ≤ V ), which is unknown but may be estimated. In Moreira et al.
(2012) a nonparametric estimator for the regression function was introduced, follow-
ing the ideas of Sect. 6.4 but with w(. , .) replaced by its nonparametric maximum-
likelihood estimator computed from the sample (Ui,Vi,Xi, Yi), i = 1, . . . , n. There-
fore, it would be useful to investigate possible extensions of the GoF tests referred in
Sect. 6.4 to the case of a random weighting function.

Regarding Sect. 6.2 I only want to mention the recent contribution of Dikta et al.
(2013) on model checks for regression with missing binary response data. This is a
very important problem in Survival Analysis (among other fields), when some of the
censoring indicators are missing; in that case, one looks for a suitable imputation-
regression model (here the recorded lifetime plays the role of ‘covariate’) to recover
the missing censoring indicators before some Kaplan–Meier type estimation proce-
dure is performed. If the model is miss-specified, then the resulting estimator is sys-
tematically biased. Therefore, GoF tests are more than necessary in this context.

Summarizing, I am sure that this review will contribute a lot to the research activity
of people concerned with GoF testing in regression. It provides a quick and clever
insight into the main ideas, problems, and existing results in the area. I am looking
forward to the following contributions of the authors!
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