
On the Initial Rate of Fluid–Solid Reactions

HONG YONG SOHN and DE-QIU FAN

It is argued in this paper that the initial rate should not be used for the measurement or analysis
the kinetics of a fluid–solid reaction, especially for a reaction in which the effect of pore diffusion
starts appearing even moderately as the reaction proceeds. Even in the absence of external mass
transfer effects, it is shown in this work by rigorous mathematical analysis that the range of
conditions where the initial rate represents the intrinsic kinetics is very narrow. For an initially
non-porous solid in the absence of external mass transfer effects, the very initial rate should
mathematically be the intrinsic rate even when pore diffusion becomes important as the reaction
proceeds. However, even in this case, the range of conditions for this statement is very limited.
For the reaction of an initially porous solid, the rate at time zero is already affected by pore
diffusion unless its effect is negligible over the entire range of conversion. Furthermore, the
initial reaction rates of porous solids reacting under large values of k/De ratio (chemical
reactivity is much greater than the capacity for pore diffusion) have an apparent rate constant of
ffiffiffiffiffiffiffiffiffiffiffiffi

k �De

p
and thus pore diffusion alone does not control the initial rate no matter how large the

effect of pore diffusion is overall.
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I. INTRODUCTION

FLUID–SOLID reactions play a major role in many
important chemical and metallurgical processes. A large
amount of work has been devoted to the kinetics of
fluid–solid reactions. The reader is referred to the
literature[1] for a comprehensive discussion of this topic.
The investigation of reaction kinetics often relies on the
initial rates.[2–6] [Also see the numerous sources and sites
found by googling with the term ‘initial rate method.’]
The initial rate method is appropriate for the determi-
nation of kinetics of homogeneous reactions, often
saving time and effort. But as will be shown in this
paper, the initial rate should not be used for the
measurement or analysis of the kinetics of a fluid–solid
reaction, especially for a reaction in which the effect of
pore diffusion starts appearing even moderately as the
reaction proceeds. The following analysis of the initial
rate of a gas–solid reaction is based on an isothermal
system. The heat transfer effect, which makes the
analysis even less reliable, is not taken into considera-
tion in this analysis.

Typically, the rate of a fluid–solid reaction is mea-
sured under a fixed concentration of the fluid reactant
with mass transfer effects eliminated under a sufficiently
high fluid velocity. Let us consider the following general
fluid–solid reaction:

A fð Þ þ bBðsÞ ¼ cCðsÞ þ dDðfÞ: ½1�

II. AN INITIALLY NON-POROUS SOLID
FORMING A POROUS PRODUCT LAYER

(THE SHRINKING-CORE SYSTEM)

A schematic representation of this reaction system is
shown in Figure 1.
In this case, the exact conversion vs time relationship

is given in the following dimensionless form for the three
basis geometries (large slabs, long cylinders, and
spheres)[1,8]:

t� ¼ gFp
Xð Þ þ r2s pFp

Xð Þ þ 4X=Sh�
� �

; ½2�

where

gFp
Xð Þ ¼ 1� 1� Xð Þ1=Fp

pFp
ðXÞ ¼ 1� Fpð1� XÞ2=Fp � 2ð1� XÞ

Fp � 2

The specific form of pFp
Xð Þ for the three basic

geometries is:

pFp
Xð Þ ¼

X2 Fp ¼ 1
Xþ 1� Xð ÞLn 1� Xð Þ Fp ¼ 2

1� 3 1� Xð Þ2=3þ2 1� Xð Þ Fp ¼ 3

8

<

:

with

t� ¼ bk

qs

Ap

FpVp
CA0 �

CC0

K

� �

t

r2s ¼ k

2De

Vp

Ap
1þ 1

K

� �
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Sh� ¼ hD
De

2FpVp=Ap

� �

here, r2s is the shrinking-core reaction modulus, which
represents a ratio of chemical reactivity and capacity
for pore diffusion. A large r2s signifies that the overall
rate is diffusion-controlled, while a small r2s represent
the cases of chemical reaction control.

In Eq. [2], the gFp
ðXÞ arises from the contribution of

chemical reaction and is the conversion function under
chemical reaction control; the pFp

ðXÞ arises from the
contribution of pore diffusion in the product layer and
is the conversion function under pore diffusion
control.

The rate of conversion in terms of the extent of
reaction can be readily derived from Eq. [2], as follows:

dX

dt�
¼ g0Fp

Xð Þ þ r2s p0Fp
Xð Þ þ 4

Sh�

� �	 
�1

½3�

The initial rate is when X = 0, at which point
g0Fp

Xð Þ ¼ 1=Fp and p0Fp
Xð Þ ¼ 0, thus signifying the

absence of pore diffusion effect and the fact that the
initial rate in the shrinking-core system is controlled by
chemical reaction and external mass transfer. The initial
rate is thus given by:

dX

dt

�

�

�

�

t¼0

¼
bk CA0 � CC0

K

� �

qs 1þ k
hD

1þ 1
K

� �

� 

Ap

Vp
½4�

In the absence of external mass transfer effect
(Sh* fi ¥), Eq. [4] is simplified to:

dX

d t

�

�

�

�

t¼0

¼ bk CA0 � CC0=Kð Þ
qs

Ap

Vp

� �

½5�

Equation [5] can be further rearranged to obtain the
molar rate of solid consumption per area of the sample
as:

Rr ¼ � qsVp

Ap

d 1� Xð Þ
d t

�

�

�

�

t¼0

¼ b � k CA0 � CC0=Kð Þ ½6�

As expected, this equation indicates that the initial
rate per unit area is independent of the shape or size of
the solid.
It is shown from Eq. [6] that the rate constant

obtained from the initial rate is the intrinsic value. It is
noted that a first-order chemical reaction is assumed in
the above derivation for convenience, but the same
result applies to non-first-order fluid–solid reaction is:

Rr ¼ � qsVp

Ap

d 1� Xð Þ
d t

�

�

�

�

t¼0

¼ b � k � f Cn
A;C

cn
C

� �

½7�

In practice, the determination of the initial rate requires
measurements until the solid achieves a certain degree of
reaction, i.e., up to a certain value of X. This value of X
will depend on the value of r2s . To evaluate this, the rate in
Eq. [3] in the absence of external mass transfer effect is
plotted as a function of fraction conversionX in Figure 2.
It is seen that for r2s less than 0.1, the reaction rate is not
significantly affected by pore diffusion until conversion
reaches 5 to 10 pct, and up to this range of conversion, the
rate can still be approximated as initial rate. However, it
would be very difficult to obtain the intrinsic kinetics from
the initial rate when there is even a relatively moderate
effect of pore diffusion (r2s>0:1) in the overall rate, even
though the mathematical equation, Eq. [6], indicates that
the rate at X= 0 is the intrinsic rate in this system in the
absence of external mass transfer effect. Further, with
external mass transfer effect in place, it would be even
more difficult to obtain the intrinsic rate constant, as
shown in Eq. [4], especially for reactions with small
equilibrium constants K.

III. AN INITIALLY POROUS SOLID FORMING A
POROUS PRODUCT LAYER

For the reaction of a porous solid, the grain model[1,7]

that assumes idealized solid structure made up of
individual grains will be used for the derivation of the
initial reaction rate. The choice of this model is just for
the purpose of illustration and the general conclusion
drawn by the analysis performed in this work is valid

Fig. 1—Schematic representation of the reaction of an initially non-porous solid forming a porous product layer (the shrinking-core system).
Reprinted from Ref. [9].
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regardless of the model used to describe the reaction of
an initially porous solid with a fluid. In the grain model,
the grains react according to chemically controlled
shrinking-core system. Although this idealization is
not necessary and can be relaxed, grain model facilitates
the analysis and will not affect the conclusions made
here. A schematic representation of a porous solid with
unreacted grains is shown in Figure 3.

The equation that governs the fluid diffusion and
chemical reaction of a porous solid is given as follows,
assuming pseudo-steady state and equal effective diffu-
sivity of gaseous species A and C:

Der2CA � vA ¼ 0 ½8�

Der2CC þ vA ¼ 0 ½9�

By dividing Eq. [9] by K and subtracting from
Eq. [8]:

Der2 CA � CC=Kð Þ � vA 1þ 1=Kð Þ ¼ 0 ½10�
Although not necessary for this discussion, it is

convenient to rewrite Eq. [10] in dimensionless form
by introducing the following normalized variables:

w ¼ CA � CC=Kð Þ = CA0 � CC0=Kð Þ

t� ¼ bk

qs

Ag

FgVg

� �

CA0 �
CC0

K

� �

t

r̂2 ¼ 1

2Fp

FpVp

Ap

� �2
Ag

FgVg

� �

1� eð Þk
De

1þ 1

K

� �

n ¼ Agrc
FgVg

g ¼ ApR

FpVp

½11�

The above particular definition of r̂, which represents
a ratio of the capacities for pore diffusion and chemical
reaction, has been shown to be very convenient in that it
makes the numerical criteria for chemical or pore
diffusion control identical for all nine combinations of
Fg and Fp.

[1,8]

Equation [10] now becomes

1

gFp�1

d

dg
gFp�1 dw

dg

� �

� 2FgFp � r̂2w � nFg�1 ¼ 0 ½12�

At t = 0, all the grains are unreacted as shown in
Figure 3 and n is unity everywhere throughout the
particle. Thus, Eq. [12] becomes:

1

gFp�1

d

dg
gFp�1 dw

dg

� �

� 2FgFp � r̂2w ¼ 0 at t ¼ X ¼ 0

½13�
This equation can be solved for different values of Fp

by rearranging it into a Bessel’s equation:

g2
d2w
dg2

þ Fp � 1
� �

g
dw
dg

� 2FgFpr̂
2 � g2w ¼ 0 at t ¼ X ¼ 0 ½14�

with the following boundary conditions:

dw
dg

¼ Sh� 1� wð Þ=2 at g ¼ 1

dw
dg

¼ 0 at g ¼ 0

8

<

:

Equation [14] can be solved analytically to yield the
following general solution:

w ¼ g
2�Fp

2 c1 � I 2�Fpj j
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

r̂ � g
� �

þ c2 � I� 2�Fpj j
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

r̂ � g
� �

	 


; ½15�

where c1 and c2 are constants to be determined based
on the boundary conditions. The solutions for particles
of different shape factors are listed in Table I.

Fig. 2—(1/Fp)dX/dt* vs X for different values of r2s with Fp = 3 for
an initially non-porous solids with Sh* fi ¥.

Fig. 3—Schematic representation of a porous solid with unreacted
grains. Reprinted from Ref. [9].
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In the absence of external mass transfer effect
(Sh* fi ¥), the above analytical solutions are simplified
as follows:

Unlike the initial rate of a non-porous solid following
the shrinking-core model, the analytical solutions for X
= t = 0 in Tables I and II show general dependence on
pore diffusion. Under the pseudo-steady state approx-
imation, the overall reaction rate is equal to the rate of
diffusion of fluid reactant into the particle:

1� eð ÞqsVp

b

dX

dt
¼ DeAp

dCA

dR

�

�

�

�

R¼FpVp=Ap

½16�

The dimensionless form of which is:

dX

dt�
¼ 1

2r̂2
dw
dg

�

�

�

�

g¼1

½17�

The derivations of the above equations are given in
the literature[1] and the reader is referred to it for details.
The initial rates in Table I under the two asymptotic
cases of no pore diffusion effect (r̂ ! 0) and pore
diffusion control (r̂ ! 1) become:

lim
r!0

dX

dt�

�

�

�

�

t¼0

¼ Fg ½18�

lim
r̂!1

dX

dt�

�

�

�

�

t¼0

¼ 1

2r̂

Sh�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

Sh� þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

r̂
½19�

It is seen from Eq. [18] that the initial rates for
particles of different shapes are independent of external
mass transfer effect when pore diffusion effect is negli-
gible. The initial rates dX/dt* in Table II (Sh* fi ¥) for
particles of different shapes are plotted as a function of

r̂2 in Figure 4 with r̂2<1. It is shown that the initial
rates of particles of different overall shapes become the
same as r̂2 approaches 0 as indicated by Eq. [18]. The
initial rates for particles of different shapes when there is
a significant effect of pore diffusion and the effect of
external mass transfer is negligible are presented in
Figure 5. In this case, the initial rates described by
Eq. [19] converge to the following asymptote:

lim
r̂!1

dX

dt�

�

�

�

�

t�¼0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

2r̂
½20�

Further, the expressions of the asymptotic rates in
terms of molar rate of solid consumption per area of the
external surface in the absence of the effect of external
mass transfer are given by

Rr ¼ � qsVp 1� eð Þ
Ap

d 1� Xð Þ
dt

�

�

�

�

t¼0

¼ bk CAs � CCs=Kð Þ 1� eð ÞAg

Vg

¼ b � k � f CA;CCð Þ � Sv

½21�

Rr ¼ �qsVp 1� eð Þ
Ap

d 1� Xð Þ
dt

�

�

�

�

t¼0

¼
ffiffiffiffiffiffiffiffiffiffiffiffi

k �De

p

� b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1=K
p

1� eð ÞAg

Vg

� �1
2

CAs �
CCs

K

� �

¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k �De � Sv

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1=K
p � f CA;CCð Þ ¼ b � kapp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1=K
p � f CA;CCð Þ;

½22�

Table I. Analytical Solutions at t = 0 with External Mass Transfer Effects

Fp Analytical Solution at t = 0 dX/dt* at t = 0

1
w ¼ Sh� cosh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

Sh� cosh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þþ2

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ sinh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

dX
dt�

¼ Sh��
ffiffiffiffiffiffiffiffiffi

2FpFg

p
tanh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

2Sh��r̂þ4
ffiffiffiffiffiffiffiffiffi

2FpFg

p
tanh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

2
w ¼ Sh��I0

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

2
ffiffiffi

m
p

r̂I1
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð ÞþSh��I0

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

dX
dt�

¼ 1
2r̂

Sh�
ffiffiffiffiffiffiffiffiffi

2FpFg

p
I1

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

2
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�I1

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð ÞþSh��I0

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

3
w ¼ Sh��sinh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

2
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ cosh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þgþ Sh��2ð Þ sinh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þg

dX
dt�

¼ Sh�

2r̂2

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ coth

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ�1

2
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ coth

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð ÞþSh��2

Table II. Analytical Solutions at t = 0 in the Absence of External Mass Transfer Effects

Fp Analytical Solution at t = 0 dX/dt* t = 0

1
w ¼ cosh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

cosh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

dX
dt�

¼
ffiffiffiffiffiffiffiffiffi

2FpFg

p
2r̂

sinh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

cosh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

2
w ¼ I0

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

I0
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

dX
dt�

¼
ffiffiffiffiffiffiffiffiffi

2FpFg

p
2r̂

I1
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

I0
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

3
w ¼ sinh

ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂�gð Þ

g�sinh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

dX
dt�

¼ 1
2r̂2

cosh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

sinh
ffiffiffiffiffiffiffiffiffi

2FpFg

p
r̂ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

2FpFg

p

r̂� 1
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where Sv is the surface area per unit volume of porous
solid, a quantity readily measured, e.g., by the BET
method. These equations indicate that the initial rate
per unit area of external surface is independent of the
shape or size of the pellet.

It is noted that the initial reaction rate of porous
solids will represent the intrinsic reaction rate only when
r̂ ! 0, as shown by Eq. [21]. However, the initial rate
for a porous solid with some effects of pore diffusion
(r̂2>0:1) will be significantly affected by pore diffusion,
and thus does not represent the intrinsic reaction rate, as
shown in Figures 3 and 4 as well as by Eq. [22].
Moreover, the effect external mass transfer would make
it even more difficult to obtain the intrinsic rate constant
when the effect of pore diffusion is in place. It is of
interest to note that even in the case of r̂ ! 1 and
Sh* fi ¥, the initial rate of a porous solid is not
controlled by pore diffusion alone; rather it is controlled
equally by pore diffusivity and chemical reactivity
represented by the

ffiffiffiffiffiffiffiffiffiffiffiffi

k �De

p
term.

The relationship between the apparent activation
energy when r̂ ! 1 and the true activation energy for
an irreversible reaction (large K) or when K is a weak
function of temperature can be derived by taking the

natural logarithm of Eq. [22] (neglecting the usually
weak temperature dependence of De):

Ln Rrð Þ ¼ Ln
ffiffiffi

k
p� 

þ const ¼ Ln kapp
� �

þ const ½23�

Substituting the reaction rate constants in Eq. [23]
with their Arrhenius expressions:

� 1

2

ET

RT
þ 1

2
Ln ATð Þ þ const

¼ �Eapp

RT
þ Ln Aapp

� �

þ const ½24�

It is seen from Eq. [24] that the value of the apparent
activation energy when r̂ ! 1 is related to the true
activation energy by:

Eapp ¼ 1

2
ET ½25�

The ratio of the apparent activation energy for an
intermediate value of r̂2 and the true activation energy
should lie between one half and unity (for large or weakly
temperature dependent K). This result is also observed in
reactions in catalyst pellets[10] and also in the reactions of
porous solids that produce no solid product layer.[11]

Although not shown here, the apparent reaction order
with respect to the fluid reactant concentration is also
falsified for a non-first-order reaction.[10,11]

IV. CONCLUDING REMARKS

To summarize, the following points should be kept in
mind when considering initial rates of an isothermal
fluid–solid reactions:

1. Mathematically, the initial rate (at X= 0) of reaction
of an initially non-porous solid represents the
intrinsic reaction rate, regardless of the value of r2s .
Up to what extent of solid conversion this condition
applies depends on the value of r2s for the system, as
shown in Figure 2. The results shown in this fig-
ure indicates that it would be very difficult to obtain
the intrinsic kinetics from the initial rate when there
is even a relatively moderate effect of pore diffusion
(r2s>0:1) in the overall rate, even though the math-
ematical equation indicates that the rate at X = 0 is
the intrinsic rate in this system (in the absence of
external mass transfer effect).

2. The initial rate of a porous solid is in general affected
by pore diffusion. When r̂2<0:01, however, the initial
rate (in fact the rate over the entire conversion) will
equal the intrinsic rate. Even for r̂2 as small as 0.1, the
initial rate of an initially porous solid is significantly
affected by pore diffusion, and thus not controlled by
intrinsic chemical reaction. When r̂2>10, the appar-
ent rate constant for the initial rate will be

ffiffiffiffiffiffiffiffiffiffiffiffi

k �De

p
.

Additionally, pore diffusion alone does not control the
initial rate no matter how large the ratio of k/De be-
comes. (In this case, reactions that produce porous
product layer will eventually be rate-controlled by
pore diffusion as the product layer builds up.)

Fig. 4—Initial reaction rates for particles of different shapes with
r̂2<1 and Fg = 3.

Fig. 5—Initial reaction rates for particles of different shape with
r̂2>1 and Fg = 3.
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3. Besides fluid–solid reactions often encounter, an
induction period in the initial stage of reaction, during
which the reaction mechanism applicable to the main
reaction is not applicable. The existence of this induc-
tion period would make it much more difficult to
determine the intrinsic reaction rate constant for the
main reaction based on the initial rate. Another factor
that sometimes makes the measurement of the initial
rate difficult is the time taken for the concentration of
gas to be uniform through the reactor once the gas is
switched to the reactant gas in isothermal experiments.
Moreover, the transient period for the reactive gas to
reach the pseudo-steady state profile inside the pores of
the solid particle at the beginning of an experimentmay
affect the accuracy of determining the initial rates.
These other factors are usually negligible for reactions
with moderate rates, but can be significant for fast
reactions.

NOMENCLATURE

Ag Surface area of the grain (m2)
Ap External surface area of the particle (m2)
Aapp Apparent pre-exponential factor
AT Real pre-exponential factor
b Stoichiometric coefficient of solid reactant
De Effective diffusivity in the porous product layer

(m2 s�1)
Eapp Apparent activation energy (kJÆmol�1)
ET Real activation energy (kJÆmol�1)
Fg Grain shape factor, which takes 1 for flat slabs,

2 for long cylinders and 3 for spheres
Fp Particle shape factor for the solid particle, which

takes 1 for flat slabs, 2 for long cylinders and 3
for spheres

I Modified Bessel function of the first kind
k Intrinsic reaction rate constant (m s�1)
kapp Apparent reaction rate constant (m s�1)

K equilibrium constant for the reaction
Rr initial molar rate of consumption per unit area

of solid surface (mol s�1 m�2)
Sh* The modified Sherwood number
Sv Surface area per unit volume of porous solid

(m�1)
t* The dimensionless time
Vp Volume of the particle (m3)
Vg Volume of the grain (m3)
X Fractional conversion of the solid reactant
e Porosity of the particle
g Dimensionless particle radius
n Dimensionless grain radius
qs Molar density of the solid reactant (mol m�3)
r2s Shrinking-core reaction modulus
w Dimensionless gaseous concentration
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