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1 Introduction

A switched system belongs to an important class of hy-
brid systems. Typically, a switched system consists of a
number of subsystems and a switching signal, which defines
a specific subsystem being activated during a certain time
interval. Switched systems arised in many practical mod-
els in manufacturing, communication networks, automotive
engine control, chemical processes etc.! ™% In the last two
decades, there has been increasing interest in stability anal-
ysis and control design of switched linear systems[‘l*?]. The
main approach for stability analysis relies on the use of
Lyapunov-Krasovskii functional and linear matrix inequal-
ities (LMIs).

For nonlinear systems, there has been no systematic tool
capable of finding necessary and sufficient conditions for
stability till now. This makes the control problem of non-
linear systems a challenging task. The problem becomes
more challenging when the system is constituted by sev-
eral subsystems, and only one of them is activated at a
given time because the determination of the switching rule
between subsystems is a fundamental task in the stability
analysis.

Fuzzy control represents an important approach to han-
dle complex and ill-determined systems. Compared with
conventional modeling techniques which use a single model
to describe the global behavior of a system, fuzzy modeling
is essentially a multi-model approach in which simple sub-
models are fuzzily combined to describe the global behavior
of a system. Numerous control problems have been stud-
ied based on this T-S fuzzy model® Y. The fuzzy logic
approach is used to study the stability analysis of switched
systems[g’ 12-14]

As is well known, the introduction of time delay sys-
tems render the stability analysis more complicated. Fur-
thermore, time delay systems are of great importance since
they are frequently encountered in various engineering sys-
tems, such as chemical processes, mechanical systems, sys-
tems in economy, transmission lines, etc. Linear time de-
lay switched systems have been extensively studied in the
literatures!">=2% . For nonlinear switched time delay sys-
tems there are only few results®*~24. Benzaouia'¥ consid-
ered discrete time systems while Yong et al.[2%] investigated
continuous time systems with constant delay.

In this paper, we address the problem of stability of un-
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certain switched nonlinear systems with time delay using
T-S fuzzy model. Note here that the transient process of
a system can be better described if its decay rate is deter-
mined. Hence, the problem of exponential stability is of
great importance. To the best of our knowledge, there is no
paper dealing with exponential stability of nonlinear time
delay switched systems. This point represents our objective
in this paper. Delay dependent exponential stability condi-
tions are presented by using T-S fuzzy model. Our method
is based on Lyapunov-Krasovskii functional approach, and
the results are expressed in terms of LMIs. With our re-
sults, we can compute simultaneously the two bounds that
characterize the exponential stability. These bounds are
the stability factor and decay rate of the solution. Two
numerical examples are given for illustration.

2 Problem formulation

The switched nonlinear systems with time delay can be
described by a differential equation as

i(t) = fo(z(t),x(t —h),t), t>0 (1)
.’L’(t) = ¢(t)7 te [7h7 0]
where z € R™ is the state vector, ¢ € ([—h,0],R") is
the initial function, with norm ||¢|| = supyc(_7 o ll¢(0)]l,

where 6 € [h,0], f, are sufficiently regular functions from
R"™ to R"™ that are parameterized by the index set I :=
{1,2,--- N}, ie.,, 0 € I. o(z): R® — I is the switch-
ing rule which is a piece-wise constant function depend-
ing on the state xz(t) in each time, i.e., f,() (x(t),z(t —
h,t) switches between fi(z(t),z(t — h),t), fa(z(t),z(t —
h),t),---, and fn(x(t),z(t — h),t). h is a constant time
delay which can take its values in [—h, 0], i.e.,

0<h<h. (2)

Moreover o(x) = j implies that the j-th subsystem is acti-
vated, and we have the following subsystem:

(1) = fi(a(t),a(t —h),t), t>0 )
z(t) = ¢(t), t € [=h,0].

Furthermore, following the idea of [26], we consider a
fuzzy switched time delay system described by T-S fuzzy
model for switched nonlinear systems (1). The i-th rule of
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the T-S fuzzy model is described by the following IF-THEN
form:
Plan rule i ,
R%: Tf 21(t) is Wi and --- and z(t) is W7, then
E(t) = (Aic + AAio (1))2(t) + (Bio (1) +
h)
=1,

ABis(t) + ABio)x ( (4)

z(t) = ¢(t), te€[—h,0], Ly, £>0
where z1(t), 22(t), -+, zs(t) are the premise variables,
Wy, L= 1, ,s are the fuzzy sets, r is the num-

ber of IF-THEN rules, [Ai; Bic AAis(t) ABi,)] €
{[Aij, Bi; AAi(t) ABy(t)],j = 1,---,N}, Ay and
B;; are constant matrices, AA;;(t) and AB;;(t) are
unknown perturbation matrices. The matrix A;s
switches between matrices A;1, Ai2, -+, Ain, the ma-
trix B, switches between matrices Bii, Bis, -, Bin.
The perturbation matrices AA;-(t) and AB;(t)
switch between matrices AA;1(t) Ai2(t), -+, Ain(t) and
ABj1(t), ABi2(t), -+ ,AB;n(t), respectively. Hence, sys-
tem (4) can be represented as

Plan rule ¢ for individual subsystem VE

R%: Tf 21(t) is Wi and --- and z,(t) is W7, then

#(t) = (Aij +A8A; (1) 2 () +(Bi; (1) + ABy)z(t—h) .
w()=o(t), te[-h0), i=1--r t>0 O

The perturbation matrices are assumed to be norm bounded
and given by

Aij = EqijFaij(t) Haij
ABij = Epij Fpi;(t)Hpij (6)

where Fqij, Epij, Hai; and Hp;; are known constant ma-
trices with appropriate dimensions, Fg;;(t) and Fy,;(t) are
unknown time-varying matrices with lebesgue measurable
elements bounded by

FaTz'j(t)FaiJ( ) <
Fbij( )Fbm( ) < (7)

By using the center-average defuzzifier, product inference
and singleton fuzzifier, dynamics of T-S fuzzy system (5)
can be expressed as

- S
ABij (t))z(t — h)] (8)
wj(zi(t)),

1
1.

M(Asj + AAi; ()2(t) + (Bij+

where p;(z(t)) = %7 wi(2(t)) = M=y

W/ (z;(t)) is the membership value of z; (t) in W}, and it
is assumed that p:(z(¢)) > 0, >°7_, ni(2(t)) =1 for all ¢.
The system (8) may be written as

i(t) = Aja(t) + Bjz(t — h) 9)

where

Zul
S

Lemma 1. For any z,y € R"

i) + A4y (1))

i(t) + ABi;(1)).

, and M > 0, we have

22y <z"M 'z 4+ yT My. (10)

Definition 1. Given a >0, system (9) is robustly a-
exponentially stable, if there exists a switching rule o and a
constant 3 >1 such that every solution z(¢, ¢) of the system
satisfies

z(t, 9)|| < Be™ |||,
3 Main results

Let the matrices R, @ and Q be given by

[Ri1 Ri2
R=—
_R?z R22:|
_[@Qn Qm}
@= Q12 Qa2
- |1 AiTj I 0
Q= 10 B,TJ] Q |:Aij Bia} . =
And let
— [o EJL;
©= {0 Ega}
0 0
@= |:Eai]' Ebi;}
B Ha,ij 0
51 = Amin(R11) (12)
. 1— 2ah
B2 = (14 B nax (B) + ——Aunax (P)+
e2aﬁ + QOzE -1 —T =
T 112?<Xr (sz) + )\max(Hinij)} (13)

1<i<N
Lij = Ri1Aij + A R + oAy + ALF) + 2 (14)
(Fo + R11)Fai;  (Fo + Ri1)Eij

Y. = FlEaij FlEbij
e (F2 + R13)Eaij  (F2 + R1)Ewij
F5FEqij F3Ey;;
a”SOU aij * * X
N.:. = Hb’L]Sl’L] aij Ht’};jSQinbij * *
Y 0 0 0 =*
0 0 0 0
Soij  Stiij
Sy = J J )
! ( Sty Seij
0 * *
o — FlAij+B;Fj FlBi]-—i—B;rj *
A FzAij FgBij 0 *
F3A;; — Fy I3By; — Ff FY —F3—Fy
.
4 i * *
- 31 Wiy %
v g vih s

hQL, 0 0 hQaxa

where * denotes the symmetric part in a symmetric matrix,
and

L o0m T
Y = Ris+ Rl +20R11 + P — Z — =e 21 Qa2 + hQ11
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1 - T
5= BuRll RL 4+ =e72°"Qyy x(t+0) %
h L t+9 h)
R Az] + R22 + 2OCR12 — =€ 72&”’@12 o
i n 1 = g (2Qi; + zHgFUQ FiiFij) ( f(t 'g g)h ) dfds <
;]2 — _e—2ahP _ :e—QahQ22 CE( + 60— )

e~ 20h +2ah—1

1 = ~
= RLB;; — R22+ﬁe*2ahQ12 max  {Amax(Qij)+

1 = a? 1<i<s
35 = 2020 — ﬁe_QahQu. 1SN
_ o
The switching rule ([Sg]) is constructed as follows: Amax (@) Amax (H 3 Hij) }

Step 1. Let z(t) = ¢(t).

Step 2. o(z) = arg mini< <y {xT(t) {(22:1 ,LLiAij)T % where F;; = diag{ Faij, Fbi;}. So we have
)3 a0 O < ey < ptall

{ 2T (1) [ (S0, i Aij)T (Ru1 + FF) + (Ru1 + Fo) x where 1 and 32 are defined by (12) and (13). Computing
- - the first time derivative of V' (z:), we obtain
(Zi:l ,LLA”) —+ Z} l’(t) < 0}

Step 4. If z(¢) hits the boundary of £;, go to Step 2 to

T .
determine the next mode. i (@) =2 ( : a(t) ) R < () )
Theorem 1. System (9) is a-exponentially stable if Je—nx(s)ds z(t) — a(t = h)
there exist symmetric positive definite matrices Z, P, S, Volz:) = 2T (O Pr(t) — 2aVo(z:) — e~ 22" 2T (t — RYPx(t — h
Q22, Q11, Ri1, Ra2, Soij, S2ij, matrices Ri2, Qi2, Fo, F1, 2(2) (t)Px( )T 2((t)) ( ) Px( )
Fy, F3, S145,j=1,--- ,N and ¢ =1, .- ,r satisfying: . z(t) x(t
V- =h ; — 2aV-
1) There exists 0 < p; < 1, such that Zj\le p; =1 and 3(@) t(t) @ 0 Vs (i)
N /t o—20(s— t) (S) .(S) ) ds.
Zp]'Lij < 0. (15) i—h :E(S) z(s)
j=1
2) Let x(t) = , then
e ft 5
i i i
{ yT s, } <o. (16)
The switching rule is given by [Sk], and the solution z(t, @) Z pile” () (R Aij + A”R“ t)+

of the system satisfies
X' (O(T1 + AT)x(1)] — 2aVi(t)

lz(t, &) < Be~||dll, B= 1/%, t>0. Va(ze) = X" ()T2PTy x(t) — X" (T3 PT5 x(t) — 2aVa(t)
' Va(z:) = X" () Tux(t) — 2aV3(1)
Proof. Let z; := {x(t + s),s € [~2h,0]} and consider

the following Lyapunov-Krasovskii functional: V(xy) = where
Vi(ze) + Va(xe) + Va(zt), where T, =
$(t) * CC(t) T I Ri2 +R’1I‘2 +2aR11 * * *
= T T
vl ft p T(s)ds R ftqih z(s)ds . B;jR11—Ri» - 0 * *
ngAij + Ros+2aRis R BU —Roo  2aRoo  *
0 a6 L 0 0 0 0
Va(ze) = / * sz (t 4+ s)Px(t + s)ds T —
Y =
I —2ah
(z / / 200 [ T(t+0) Q z(t+0) d0ds hQui—Fe " Qo * * *
2 z(t + 0) Tt40) ’ hef2°‘hQ22 —% 720?@22 * *
_}ll 72ahQ12 %67204th2 —%6720‘th1 *
It is easy to verify that I hQw, 0 0 7O
Vi(z:) < (1 +E2))\max(R)th\|2 R11AA;; -%— AA;FJ-RH * x ok
1— 6—204H AT, = ATBinll - 0 * ok
Va(z:) < 7>‘m1x( )||33t|| RipAA;; Ri3AB;; 0 %
0 0 0 0

3(w) //“‘9( A )TX

T =
I A% I 0 (L + ) ,

O O O M~
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0
e~y
0
0

Ty =

Let 0;; = Ty + To PTy — T3PT5 + Ty, we get

V(Z’t) +2aV (x) Z pilz” (£)(Ri1 Aij+
Az]Rll +ZN1[X zJX )
X" (AT X (1)) (18)
o
. - F
Now let Bj = [AJ Bj 0 — ]] and F = r , we
2
F3

can easily verify that B;x = 0,Vy # 0, and
X' WFB; + B Fl]x(t) =0, j=1,---,N. (19

Adding (19) to the right hand side of (18), and adding
and subtracting the term z™ (t) Z2(t) with the positive def-
inite matrix Z, we get

V(:ct )+2aV (z¢) Z“Z (t)Lijz(t)

H‘ZMX
1=1

X" (0)[8:5 + milx(8) + x T () Amix(t)]  (20)
where Am;; is given at the top of the next page.

~ . Foi;(t) 0 o
Let F = { 0 Foij (1) and Hjj

] . Am;; can be written as

Hu; 0 0 0
0 Hy; 0 0

Aﬂ'ij = YZJFI:I” + I:IZTJFTK?
Applying Lemma 1, we have

Zuz{w

V(@) +2aV (z) Lijz(t) + X" (t)[0:5+

i + Yy S5 Yiy T + Hiy TSy Hi|x(t) (21)
where 6;; can be written as
Qll * * *
—2ah
0 == P x x
0;j = M;; +h h —

7 it 0 0 *

Qi2 0 0 Qa
Q22 * * *

—2ah

€ % —Q22 Q22 * *
h Q12 —Qi2 Qu1 *
0 0 0 0

where M;; is given at the top of the next page.

Q11 * * *
0 Ah)P  x *
Oy=Miy+h | (0) o « |1
Qs 0 0 Q2
0 -1
0o I Q12 Q12 0 0 I 0
AR I o {sz sz}[*f I o o0
0 O

where A(h) = 7— Since A(h) is an increasing function
of h we have )\( ) < A()) so that

Qll * * *
C72aﬁ
01] < ®ij = Mz] +E 0 T L * -
0 0 0 *
Qs 0 0 Q22
0 -1
“2ah g T Q1 Q2 0 01 0
h I 0 Qlz Qa2 - I 0 0
0 0

Since condition (1@ holds, by schur complement, for all
h satisfying 0 < h < h, we have

©ij + mij + Nij + Yi; S, Y] <0

where N;; = H;5S;;Hij. It follows that

Z pifz™(

V(xt) + 2aV (x+) t)Lijx(t)}. (22)

From condition (15) we have Z _, pjLij < 0, where

0<p;<l,j=1,--
we can write

ijj:rlr}_in (Z“l[w () Lija( )]) <
Z p] Z :u’l t)szx ) < 0

, N, and Z _, pj = 1. Consequently,

By choosing the switching rule

o(z) = arg mln <Z Wil t i T t)])

we have

V(xe)+2aV (z) Z,uz (t)Lijz(t)] <

ij [Z pi” () Lija( )} =
ZMJ {Z pia” (8) Ljx( )] <0.

This implies that V(z;) < (<j>2)e_2°“57 t > 0. Taking ac-
count of (17), we obtain £ ||z (t)]|* < V(z:) < V(¢)e™*** <
Boe=20 ). And then, [lz(t)]| < Be~"l¢ll,¢ > 0 which
concludes the proof. O

Remark 1. For the nominal system of (9), i.e.,
AA;;(t) = AB;j(t) = 0, from Theorem 1 we can obtain
the a-exponential stability if the condition (15) holds and
the following LMI is satisfied.

Yij + mi; <0 (23)
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(Fo + R11)AA; + AA(FY + R) * *ox
N F1AAZJ+AB£(F(;F+R11) FlABZJ-i-AB;l;FlT ko ok
E (FQ + R?Q)AA” (FQ —|— ng)ABi]‘ O *
F3AA; F3AB;; 0 0

Rio+RL +20R11+P—Z * * *

BERi1 — R 0 * *

Mij T ’ T T
Ri5A;; + Ros + 2aRj5 RisBij — Ra2  2aRz  *
0 0 0 0

Remark 2. If we set @ = 0 in the Lyapunov functional,
Theorem 1 reduces to a robust stability criterion. In [27],
the free weighting matrix method was used to deal with
the cross terms. It has been shown that the weighting ma-
trix approach is less restrictive than model transformation
method used in [28]. Peng et al.? employed Jensen's in-
tegral inequality, and it is shown by examples that it gives
improved results. The work of [30] is based on Finsler’s
lemma and leads to improved results over the previous ref-
erences. We emphasize here that the results of [27—30] can
not be applied to switched systems, because the stability
of the switched system depends on the switching rule. As
is well known, all the subsystems may be stable, but the
overall system may be unstable if the switching rule is not
adequately chosen and the converse is true. In this paper,
we are motivated by Finsler’s lemma although this lemma
is not used. In manipulating the derivative of the Lyapunov
functional, we used the state equation. As shown in exam-
ple 1, our approach gives improved results.

Remark 3. For the case N = 1, without switching, and
without perturbations, system (9) reduces to the following
T-S fuzzy time delay system:

i(t) = Z pilAix(t) + Biz(t — h)]. (24)

In this case, from (20), since there is no switching rule, we
can insert L;; in the first element of the matrix 6;;, which
leads to the result stated in the next corollary. First, let
" =" and m; = m;, where in the expressions of 9"/ and
mij, we replace A;; and B;; by A; and B;, respectively.

Corollary 1. The system (24) is a-exponentially stable
if there exist symmetric positive definite matrices P, Q22,
Qu7 Rn, RQQ, Zl, ZQ, matrices ng, Q127 F(), Fl, FQ, F3
satisfying

QO 4+ < 0. (25)
The solution x(¢, ¢) of the system satisfies

lz(t, @)l < Be™*[|¢]]

- »

where the elements Qf; = ¢i; for k,1 = 1,--- ,4,(k,1) #
(L,1), Qi1 = (¥11 — Z) + Rudi + AT Ry + FoA; + AT FY
and we omit j in the calculation of 3.

Note that in general, the results of fuzzy T-S switched
systems when applied to only fuzzy systems give large time
delay upper bounds because of the absence of the switching
modes.

4 Numerical examples

In this section, we will present two numerical examples
to illustrate the proposed results.

Example 12, Let us consider a non switched system
with the following rules

Rule 1: If z1(¢) is Wi, then

& = Arz(t) + Biz(t — h). (27)
Rule 2: If z1(t) is W2, then

& = Axx(t) + Baz(t — h). (28)
And the membership functions for Rules 1 and 2 are

1
/Ll(xl(t)) = 1 +ef2m1(t)

pa(w2(t) = 1 — (21 (1))
where A; and B; (i = 1,2) are given by
-2 0 -1 0.5
Al*{ 0 70.9]’/‘2*{ 0 71}’
-1 0 -1 0
Bl_[—l —1}’ BQ_[O.I —1]

Taking o = 0 and applying Corollary 1, we obtain the
maximum allowable delay bound A = 1.9110.

To compare with the literature results, the upper bounds
on the time delay obtained are listed in Table 1. It is clear
that the obtained upper h is significantly larger than those
in [29—35].

Table 1 The maximal allowable time delay bound

Paper Upper bound

Li et al.l3%] 1.00
Tian and Peng[gz] 1.5974
Chen et al.[33] 1.5974
Wu and Li** (Corollary 1) 1.5974
Lien et al.[3%] 1.5974
Peng et al.[29] 1.6341
Idrissi and Tissir[°] 1.8191
Corollary 1 1.9110

Example 2. Consider continuous switched time-delay
system (1) with two subsystems.

For the subsystem 1,

Rule 1: If z;(t) is Wh, then

T = (A11 + AAll(t))m(t) + (B11 =+ ABll(t))JZ(t — h)
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Rule 2: If z1(t) is W2, then
t= (A21 + AA21(t))m(t) + (321 + ABm(t))m(t — h).

For the subsystem 2,
Rule 1: If x1(¢) is W1, then

.T(t) = (A12 + AA12(t))$(t) + (B12 + AB12(t))$(t — h)
Rule 2: If z1(t) is Wa, then
:L‘(t) = ((A22 + AAzz(t))cL‘(t) + (B22 + ABzz(t))CL‘(t — h).

And the membership functions are taken the same as in
Example 1. The system matrices are given by

A = ( _1.35 Of )71412 = ( _Of (ig ),
an=( T3 oy )= om 45 )
m=( 207 ) = (1)
G e G ]
H"“( 72‘(? : 0().600000023 )’H“” - < 8.%(())21 8 )
o= (O3 5 Y = ()
o (0018 Y- (33092,

o (808 ) (329 )
Ea11:(8 _12 ),Ea21:<§ (1)>a

(3 ) (1)

By = ( (2)2 003 )’E"‘” - ( gé 8.421 )

Eviz = ( (2)2 o(.)s )’E"” ( 8:; 024 )

Fair(t) = Fan () = Fara(t) = Fana(t) = ( ot )

Letting o = 0.5 and applying Theorem 1, the upper
bound h = 0.3863 of h is computed.

5 Conclusions

This paper has proposed a switching design for the ex-
ponential stability of uncertain linear switching fuzzy time-
delay systems. Delay-dependent stability conditions are es-
tablished by using Lyapunov approach. The perturbations
considered are norm-bounded and the results are expressed
in terms of LMIs. The numerical examples have been pro-
vided to demonstrate the effectiveness and applicability of
the proposed method.
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