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Abstract
Let X be an irreducible, reduced complex projective hypersurface of degree d. A
uniform point for X is a point P such that the projection of X from P has maximal
monodromy. We extend and improve some results concerning the finiteness of the
locus of non-uniform points for projections of hypersurfaces obtained by the authors
and Cuzzucoli (Ann. Mat. Pura ed Appl. 1923, 1–18 (2021)) only for P not contained
in X .

1 Introduction

Let X be an irreducible, reduced complex projective hypersurface of dimension n ≥ 1
and degree d. Fixing a point P ∈ P

n+1, we can study the linear projection map
πP : P

n+1
� {P} → P

n . If we restrict πP to X , we get a finite map of degree d − 1
or d, depending on P being a smooth point of X or being outside X . It is well known
that the monodromy group M(πP |X ) of the projection (cf. Definition 2.10 below) is a
subgroup of the symmetric group Sd if P /∈ X or Sd−1 if P ∈ X sm. A consequence
of the classical uniform position principle is that, when P is general in P

n+1, then
M(πP |X ) coincides with Sd . This motivates the following definition.

Definition 1.1 A point Q ∈ P
n+1 \ X is called outer uniform point if M(πQ |X ) is

isomorphic to Sd . A point Q ∈ X sm is called inner uniform point if M(πQ |X ) is
isomorphic to Sd−1. We will denote by W(X)in (resp. W(X)out) the locus of points
Q ∈ X sm (resp. Q ∈ P

n+1 \ X ) which are not–uniform. Furthermore, W(X), also
called the locus of non–uniform points will be the union of W(X)in and W(X)out.
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The following conjecture extends [4,Conjecture 1.7] to inner non-uniform points:

Conjecture 1.2 Let X be a complex irreducible, reduced projective hypersurface of
dimension n ≥ 1. The locus W(X) is finite unless X is a cone.

The case of n = 1 has been addressed in Proposition 3.4 and Theorem 3.5 of [18].
Notice that if X is an irreducible curve, X is not a cone and so the conjecture holds.
Other evidence for the conjecture can be found in the context of Galois points. We say
Q ∈ P

n+1 is a Galois point if the field extension associated with the projection πQ |X
is a Galois extension. Galois points are a particular case of non-uniform points, and
have been extensively studied in [8, 9, 21]. In particular, Theorem 1.1 and Theorem
1.2 of [10] show that Conjecture 1.2 holds for Galois points when X is a normal
hypersurface. In a slightly different direction, it has been proven in [6] and [3] that the
conjecture holds true for X general, withW(X) empty. The case of X being a smooth
hypersurfaces has been proved in [7, Theorem 1.1] for n = 2 and in [4, Theorem 1.3]
in higher dimension, both for outer non-uniform points.

The aim of this paper is twofold: we first extend the results of [4] to inner non–
uniform points, and then we study the possible counterexamples to the conjecture,
showing that the only possible class of hypersurface which could provide a counterex-
ample to the conjecture is given by hypersurfaces X in P

n+1, which are not cones, for
which there is a P

k (0 < k < n), such that X ∩P
k+1 is reducible for every P

k+1 which
contains P

k . This is done in Corollary 3.10 and improves [4,Remark 4.11].
The key result is a generalisation of [4, Theorem 1.2]:

Theorem 1.3 Let X be a complex irreducible, reduced hypersurface of P
n+1, n ≥ 2.

Then W(X) is contained in a finite union of linear spaces of codimension 2 in P
n+1.

The proof mainly relies on the study of the focal locus of certain families of lines.
While the core results were already developed in [5] and [4], the difficulty in general-
izing the setting to inner non–uniform point relies upon carefully choosing the family.
Moreover, we were able to improve [4, Theorem 1.2] thanks to a local study of the
tangent cone to singular points of the hypersurface (Lemma 2.9).

As a consequence of the main theorem, we can show the finiteness of the locus of
non–uniform points for smooth hypersurfaces:

Theorem 1.4 Assume X is a complex smooth projective hypersurface or a general
projection of a smooth variety to a hypersurface. Then, the locus W(X) is finite.

We also get a generalisation of the result in [10], which also proves the conjecture
when X has prime degree.

Theorem 1.5 Assume X is an irreducible and reduced hypersurface in P
n+1 which is

not a cone. Then, the number of Galois points is finite. If X has also prime degree
(resp. deg(X) − 1 is prime), then W(X)out (resp.W(X)in) is finite.

In the following, we will always work on the field C of complex numbers. For a
variety X we will denote by X sing its singular locus, and by X sm the locus X \ X sing.
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2 Preliminaries

2.1 Families of lines and focal loci

A family X of lines in P
n+1 can be parametrized by an integral subscheme S of the

Grassmannian G(1, P
n+1). We can describe it by the following diagram

X
p|X

f

i
S × P

n+1

q

S P
n+1,

where the map i is the inclusion and p, q are the projections on the first and second
factors, respectively.

Definition 2.1 The focal sheaf is the sheaf over X associated with the kernel of the
map differential d f . The support of this sheaf is called the focal locus of the family
X .

Definition 2.2 A family X of lines in P
n+1 is called filling family if the dimension of

the base S is n and the map f = i ◦ q is dominant.

We need some results concerning relationships between the focal locus and the
property of being a filling family.

Lemma 2.3 ( [5], Proposition 4.1) Let X be a filling family of lines in P
n+1 and let s

be a general point of S. Then the focal locus in the fibre �s consists of n points counted
with the right multiplicity.

The following result dates back to Segre, in [19]:

Lemma 2.4 Let X be a filling family of lines in P
n+1 and assume that X ′ is a

subfamily consisting of lines all passing through a point P. If the dimension of the
base of X ′ is k, then P has multiplicity k as a focal point of X .

When the integer k used in the previous lemma is greater or equal than 1, P is also
called a fundamental point. We recall the following result on filling families of lines
given by the join of two subvarieties.

Lemma 2.5 [4,Lemma 3.8] Let F be a subvariety of P
n+1 of codimension 2, and

C � F be a curve not contained in a P
n−1. Assume that the family X of lines joining

C and F is filling. Then F is linear.

2.2 Intersection of lines with a hypersurface

Consider a degree d integral hypersurface X contained in P
n+1, and a line � � X .

Denote by P1, . . . , Pk the points in X ∩ �, and by mi the multiplicity of Pi in X ∩ �.
We have that that

∑
mi = d.
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Definition 2.6 We call the contact order of � with X at Pi the number mi − 1, and we
denote it by ordPi (� ∩ X).

The line � is transverse to X at Pi if ordPi (� ∩ X) = 0, and tangent to X at Pi if
ordPi (� ∩ X) ≥ 1. In the case of higher contact order, i.e. ordPi (� ∩ X) ≥ 2, we say
that the line � is an asymptotic tangent to X at Pi . The line � is called bitangent to X at
two points Pi �= Pj , if � is tangent to X at both points Pi , Pj . We say that � is a simply
tangent if there is a unique tangent point Pi ∈ � ∩ X with ordPi (� ∩ X) = 1 and � is
transverse to X for all the other Pj �= Pi in � ∩ X . We can classify such behaviours
by means of the following datum:

β(�) :=
∑

Pi∈X∩�

ordPi (� ∩ X).

We know that β(�) = 0 if and only if � is transverse to X at all the Pi , β(�) = 1 if
and only if � is simply tangent to X , and β(�) > 1 if and only if � is multi–tangent to
X , namely is at least bitangent or asymptotic tangent to X at some points.

Lemma 2.7 ([4], Proposition 4.1) Let X ⊂ P
n+1 be an integral hypersurface, and X

be a filling family of lines in P
n+1. Assume the general line � ∈ X is tangent to X at

a general point P. Then, the point P is a focus on �. If the contact order of � with X
at P is at least 2, then the multiplicity of P as a focus on � is at least 2.

We now prove a result using a local computation on the tangent cone that we will
use in the proof of the main Theorem. First, we recall the definition of the tangent
cone.

Definition 2.8 [14, Lecture 20] Consider a hypersurface X ⊂ P
n+1 and a point P ∈ X .

Choose an affine neighborhood of P , where P is the origin. Here X is described by the
vanishing of a certain polynomial f := fm + fm+1 + · · · , where fk is homogeneous
of degree k, and m is the smallest integer such that fm is not identically zero. The
tangent cone to X at the point P , denoted by CP (X), is the hypersurface of degree m
in P

n+1 described by { fm = 0}.
Lemma 2.9 Let P be a singular point of a reduced and irreducible hypersurface
X ⊂ P

n+1. Consider a hyperplane H containing P and a line � ⊂ H. If � ∈ CP (X),
then there is a component Y of X ∩ H such that Y red is tangent to � at P.

Proof We restrict ourselves to a general K ∼= P
2, � ⊂ K ⊂ H . We know that � is one

of the lines of CP (X) ∩ K . Since the tangent cone CP (X) describes X locally around
P , CP (X) ∩ K describes X ∩ K locally around P , so there exist a component YK of
X ∩ K such that Y red

K is tangent to � at P in K . As a consequence, we can choose as
Y any component of X ∩ H containing YK . ��

2.3 Monodromy group of projections

Let π : X → Y be a generically finite, dominant morphism of degree d, with X and
Y irreducible projective varieties. The morphism π induces a map

μ : π1(U , y) → Aut(π−1(y))  Sd
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where U is a Zariski open subset of Y over which π is étale and y ∈ U is a point.

Definition 2.10 The image M(π) = μ (π1(U )) is called monodromy group of π .

The monodromy group is isomorphic to the Galois group ( [13, Sec I]), i.e. the
Galois group of the field extension K/k(Y ), where K is the Galois closure of the field
extension k(X)/k(Y ). In particular, the monodromy group does not depend on the
choice of the open setU . The group M(πP) is a transitive subgroup of the symmetric
group since X is irreducible. We recall some standard facts on transitive permutation
groups (see for instance [15, Ch.8]).

Proposition 2.11 Let G be a transitive subgroup of Sd . Then the following hold

• if G is finitely generated and its generators are all transpositions but one, then
G = Sd;

• if G is primitive and contains a transposition then G = Sd .

Remark 2.12 A map πP is decomposable if it factors non birationally over a open
subset, see [18, Definition 2.1]. If πP is indecomposable, then the monodromy group
M(πP ) is primitive, see [18, Remark 2.2].

The following Bertini-type result will be used various times in the following. It can
be useful for instance to find a set of generators for the monodromy group.

Proposition 2.13 Let X be an irreducible variety in P
n+1 of dimension n ≥ 2. Let

H  P
2 be a general plane and XH := X ∩ H. Then, for a point P ∈ H we have

XH

πP |XH

i
X

πP

P
1 i

P
n .

As a consequence we have M(πP |XH ) ≤ M(πP ), which in term of non-uniform points
gives that

W(X) ∩ H ⊆ W(XH ).

The construction of the monodromy group associates a permutation to a generator
of the fundamental group, which, thanks to the previous proposition can be associated
with a branch point. The following proposition describes the cycle structure of the
permutation depending on the structure of the fibre of the projection.

Proposition 2.14 [18, Prop. 2.5] If
∑k

j=1m j Pj denotes the scheme theoretic fibre
of π over a branch point, then the associated permutation have a cycle structure
(m1, . . . ,mk).

In particular, simple branch points correspond to transpositions in the monodromy
group [13, Lemma, pag. 698].
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Remark 2.15 When P ∈ X sm the map πP |X is rational and not defined on P . We
compose it with the blow up ν : BlP X → X to get a morphism BlP X

π→ P
n and the

monodromyofπP |X coincideswith themonodromyofπ . In particular, a line bitangent
to X being simply tangent at P and in another point is associated to a transposition in
the monodromy group of the projection πP .

By combining Propositions 2.11 and 2.14 we get the following property of non–
uniform points in the case of planar curves, that we will use in the proof of the main
results.

Lemma 2.16 Let C ⊂ P
2 be an irreducible and reduced curve and. If P ∈ W(C)

is a non–uniform point, then there are at least two lines multi–tangent to C passing
through P.

3 The locus of non–uniform points

This section is devoted to the proof of the main results of this paper. As a quick
preamble, we recall that there are two differences with respect to the arguments of
[4]: first, [4, Theorem 1.2] is improved, removing a rather technical case. This is a
step forward in the direction of proving Conjecture 1.2, and also simplify the proofs
of Theorems 1.4 and 1.5. Second, all the results are generalized also to W(X)in: we
now state them withW(X), which is the union ofW(X)out andW(X)in, and when it
is required, we handle the two cases separately in the proofs.

We will need to work with a family of lines that are multi–tangent to X . For the
technical part of the proof, we will need to select an appropriate subfamily, which
we will call V(X). It will be related to the lines corresponding to generators of the
non-uniformmonodromy groups as in Proposition 2.14. We will denote by V(X)P the
family of multi–tangent lines to X passing through P which are still multi tangent at
X after removing the potential contribution from the point P . In the notation of Sect.
2.2, consider a line � multi–tangent to X , so β(�) > 1. If P /∈ X ∩ �, then trivially P
has no contribution in β(�), so � ∈ V(X)P . If P ∈ X ∩ �, then we have � ∈ V(X)P if

∑

Pi∈X∩�,Pi �=P

ordPi (� ∩ X) > 1.

Definition 3.1 Let V(X) ⊂ G(1, P
n+1) be the family of lines in P

n+1 obtained by the
union of V(X)P for P ∈ W(X). If C ⊂ P

n+1 is an algebraic set, we will denote by
VC the union of VP (X) for P ∈ C .

We want to apply the results about the focal loci of the family V(X)C , when C is
a curve contained in W(X). We remark that by our definition of tangency, the lines
of V(X)C are not contained in X . The fact that the family is non–empty comes from
the next two lemmas.

Lemma 3.2 Let X be an irreducible, reduced hypersurface in P
n+1 of degree greater

than 1. Let P ∈ X sm. Then the family of lines passing by P and contained in X has
dimension smaller than n − 1.
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Proof Assume by contradiction that the dimension is n − 1. Then X contains a P
n or

a cone with vertex P . This is not possible because X is irreducible of degree greater
than 1 and P ∈ X sm. ��
Lemma 3.3 Let X be an irreducible, reduced hypersurface of P

n+1, n ≥ 1. Assume
Q ∈ W(X) general. Then the family VQ has dimension n − 1.

Proof We will proceed by induction on n, starting from the case n = 1. By applying
Lemma 2.16 we know that there must be at least two multi–tangent lines to X and
passing by Q. If Q ∈ W(X)in, notice that one of the two lines must be different
from TQ(X), hence the dimension is still 0. For the general case n ≥ 2, assume
the result is true for X of dimension n − 1, and prove it for X of dimension n. Let
Q ∈ W(X) be general and assume by contradiction that dim VQ(X) < n − 1. Taking
a general hyperplane H through Q we will get dim VQ(X ∩ H) < n − 2, and this is
in contradiction with the induction hypothesis. ��

Now we need to describe when the family V(X)C is filling, where C is a curve
contained inW(X).

Proposition 3.4 Let X be an irreducible, reduced hypersurface of P
n+1, n ≥ 2.

Assume C ⊂ W(X) is an irreducible curve which is not contained in a linear space
of codimension 2. Then V(X)C is filling.

Proof Thanks to Lemma 3.3, we know that VC has dimension n. It remains to prove
that VC is dominant. Assume by contradiction that this is not the case, so that VC is
contained in a finite union of hypersurfaces Vj ⊂ P

n+1, j = 1, . . . , r . If we consider
Q ∈ C general, VQ(X) is the union of the cones over X ∩ Vj with vertex Q, each
of which correspond to Vj . As a consequence we vary the vertex Q ∈ C , VQ(X)

stays the same, so each component Vj is constant. Hence, the whole C is contained
in the vertex of each Vj , and by [1, Proposition 1.3 (i)], also the linear span 〈C 〉 must
be contained in the vertex of each Vj . Since we are assuming that the codimension
of 〈C 〉 is strictly greater than 2, the only possibility is that each Vj is a linear space.
Moreover, since C is contained in each Vj , there must be only one of them, so r = 1,
and C is a curve in a P

n .
Assume first that n > 2, take a general point Q ∈ C and a general plane K ∼= P

2

such that Q ∈ K . By the genericity of the choice of K , we know that the family
VQ(X ∩ K ) is composed by just the line V1 ∩ K . If Q ∈ W(X)out, then we just
notice that by Lemma 2.16 there must be at least two lines on VQ(X ∩ K ), and this
gives a contradiction. If Q ∈ W(X)in, we have to be more careful due to the way
we defined VQ(X). Since K is general, we know that the tangent line CQ(X ∩ K )

is simply tangent at Q, hence it cannot be one of the two lines described in 2.16, as
discussed in Remark 2.15. As a consequence, we get again that there are at least two
lines on VQ(X ∩ K ), and this gives a contradiction.

Weare leftwith the casen = 2. In this case,weknow that the tangent lineCQ(X∩K )

is simply tangent at Q because we chose Q general in C. ��
Remark 3.5 Consider a curve C ⊂ W(X) and a general line � ∈ V(X)C . Since the
lines of this family are multi tangent at X , we have one of the following behaviours
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(C1) The line � if is bitangent or asymptotic tangent to X sm;
(C2) The line � passes through a point of X sing and is also tangent at a (necessarily

different) point of X sm;
(C3) The line � intersects X sing in more than one point;
(C4) The line � is in the tangent cone to X at a point in X sing.

Moreover, from the construction of V(X) it is clear that all the tangency points are not
in C .

We now prove the generalisation of [4, Lemma 4.5]. While the proof follows the
same lines, we report it here for the reader convenience to explicitly show that it works
for the case of inner non-uniform points.

Lemma 3.6 Let X be an irreducible, reduced hypersurface of P
n+1, n ≥ 2. Consider

the family VC associated with a curveC ⊂ W(X). If VC has a maximal component of
lines of type (C1), (C2) or (C3), then C is contained in a linear space of codimension
2 in P

n+1.

Proof Assume by contradiction C is not contained in a linear space of codimension
2 in P

n+1. Then VC is filling by Proposition 3.4. Consider a general � in VC . By
construction, there is a point Q ∈ �∩C . By Lemma 3.3 the family VQ has dimension
n− 1, so by Lemma 2.4 Q is a focal point on � of multiplicity at least n− 1. We know
that � is multi–tangent at X in points outside Q. This comes from the definition of
V(X), so depending on the case in analysis, we can have the following:

(C1) Apply Lemma 2.7. If the line � is bitangent to X sm at two different points, they
are foci of multiplicity at least 1. If the line � is asymptotic tangent to X sm, it is
a focus of multiplicity at least 2;

(C2) By Lemma 2.7, the tangent point of X sm is a focus of multiplicity at least 1. By
a dimension count, there is a subfamily of VC of dimension at least 1 of lines
passing through the point of X sing. By Lemma 2.4, it is a focus of multiplicity
at least 1.

(C3) By a dimension count and by Lemma 2.4, both singular points are foci of mul-
tiplicity at least 1.

In each case, the focal locus on � contains the point Q with multiplicity at least
n − 1, and other points which contribute with multiplicity at least 2. So the degree of
the focal scheme on � is at least n + 1, but this contradicts Lemma 2.3. ��

We are now ready to prove the main result of this paper.

Proof of Theorem 1.3 The case n = 2 is an easy consequence of the results of [18]. Let
now n > 2 and assume that a component ofW(X) is not contained in a linear space of
codimension 2 in P

n+1. Consider a curve C ⊂ W(X) with the same property. Thanks
to Proposition 3.4 the family VC is filling. Let Q be a general point in C and � be
the general line in VQ . Since the dimension of VQ is n − 1, the point Q is a focus of
multiplicity n − 1 on � by Lemma 2.4. As stated in the Remark 3.5, we know that � is
multi tangent to X in points different from Q, which also are part of the focal scheme
induced by VC on �. If we are in the cases (C1), (C2), (C3) of Remark 3.5, we can
apply Lemma 3.6 and get a contradiction.
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It remains to handle the case (C4), namely � belongs to the tangent cone of a point
in X sing. The family ṼC is composed by lines joining C and X sing. By Lemma 2.5 we
get that X sing is the union of a finite number of linear components each isomorphic
to P

n−1. Moreover, we are assuming the general line belongs to the tangent cone
of a point in X sing, hence, in order to have a non-uniform monodromy, the singular
locus must split in at least two linear spaces (Proposition 2.11). Let X1 be one of the
components of X sing, and take a general hyperplane H ∼= P

n passing through X1.
Due to the fact that ṼC is filling, we can choose X1 such that C is not contained in
a hyperplane passing through X1, hence, on H there is at least one point Q ∈ C not
contained in X1. If we take x ∈ X1 general, the line 〈x, Q〉 belongs to the tangent
cone Cx (X). By Lemma 2.9, there must be a component of the intersection X ∩ H
passing through x which is different from X1, and this is a contradiction. ��

We can now prove some results that are consequences of the main Theorem. The-
orem 1.4 shows that Conjecture 1.2 holds with the additional hypothesis of X being
smooth or a general projection of a smooth variety. We report the Bertini theorem as in
[16, Theorem 3.3.1] formulated in the context we will need for the proof of Theorem
1.4.

Theorem 3.7 Let X̃ ⊂ P
2n+1 a variety of dimension n. Let � be a linear space of

dimension n+k, for every k = 1, . . . , n−1, such that X̃ ∩� is smooth at every point.
Then the section X̃ ∩ H, for a general H containing �, is irreducible.

Proof The proof of this result is in [16, Theorem 3.3.1]. For the reader convenience
we remark that there, the dimension of the ambient space is denoted by r ,� is a linear
space of dimension r − d − 1, with d < n. ��

The proof of Theorem 1.4 relies on a famous result of Mather [17], which is very
useful to study the singularities arising from projection maps. The following is an
algebraic version which is written here restricting it to the case we will need. The
complete version is [2,Theorem 1, Theorem 2].

Theorem 3.8 [2, Theorem 1] Let X̃ ⊂ P
2n+1 be a smooth variety of dimension n.

Let L be a linear subspace of dimension n − 1 such that L ∩ X = ∅. Let X be the
image of X̃ under the linear projection πL : P

2n+1 → P
n+1. For any i ≤ n, define

X̃i := {x ∈ X̃ | dim(Tx X̃ ∩ L) = i − 1}. For L general, every X̃i is smooth and,
when not empty, its codimension in X̃ is i · (i + 1).

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4 Fix n = dim X , and assume that X ⊂ P
n+1 is a general projec-

tion of a smooth variety X̃ . By [11,Section 5], we can assume X̃ ⊂ P
2n+1. Assume

by contradiction that W(X) is not finite, and denote by K ∼= P
k the smallest linear

subspace of P
n+1 containing an irreducible component of W(X). We remark that by

Theorem 1.3, we have 1 ≤ k ≤ n − 1. Consider a general H ∼= P
k+1 containing K .

Assume first X ∩ H is irreducible. By hypothesis X is reduced, and the base locus
of the linear system X ∩ H is X ∩ K . Notice that dim(X ∩ K ) = dim(X ∩ H) − 1,
unless K ⊂ X , and so X ∩ H is reducible. As a consequence, we get that X ∩ H
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is reduced, see for instance [12, Proposition 4.6.1]. Now apply Proposition 3.4 to a
curve C ⊂ W(X)out which spans K . Since C spans a subspace of codimension 1 in
H , we get that the family of lines in VC which belongs to H is filling. Since X ∩ H is
reduced and irreducible, hypothesis of Theorem 1.3 are satisfied and we immediately
get a contradiction.

Now assume X∩H is reducible. Denote by L the linear space in P
2n+1 which gives

the projection πL : X̃ → X . Let also H̃ := 〈L, H〉, and K̃ := 〈L, K 〉. Notice that
K̃ ∼= P

k+n is a suitable� for applying 3.7. Since we are assuming X ∩H is reducible,
we get that X̃ ∩ K̃ must be not reduced. This means that Tx X̃ ⊂ K̃ for x ∈ X̃ ∩ K̃ .
As a consequence, the dimension of Tx X̃ ∩ L in K̃ is n − k − 1. From the fact that
1 ≤ k ≤ n − 1, we have n − k − 1 ≥ 0. This shows that the points of X̃ ∩ K̃ are
contained in X̃n−k , defined in Theorem 3.8. Now, X̃ ∩ K̃ has dimension at least k − 1
and X̃n−k has dimension n − (n − k)(n − k + 1). We get

k − 1 ≤ n − (n − k)(n − k + 1)

0 ≤ 1 − (n − k)2

It follows that k = n − 1, and so dim(X̃ ∩ K̃ ) = dim X̃1. Since X̃1 is smooth by
Theorem 3.8, this gives a contradiction.

Theorem 1.5 is a consequence of the following result about transpositions in the
monodromy group associated with non–uniform points. The idea is to try to study the
situation arising from possible counterexamples of Conjecture 1.2.

Proposition 3.9 Let X be an irreducible, reduced hypersurface of P
n+1. Assume

W(X) is not finite, and X is not a cone, then the monodromy group associated with
all but finitely many points of W(X) contains transpositions.

Proof This result has been proved for outer non–uniform points in [4, Theorem 1.4].
For simplicity here we will restrict to the case of inner non–uniform points. Let C be
a curve inside W(X)in and let XQ be the family of lines through a point Q ∈ C that
are tangent to X at smooth points and not lying in the tangent hyperplane to X at Q.
Let X be the union of XQ for every Q ∈ C .

Let X∗ ⊂ (Pn+1)∗ be the dual variety of X and let r be the dimension of X∗. If X
is not a cone, by [20, Theorem 1.25] we have that X∗ is not contained in a hyperplane.
Consider the family of hyperplanes {H∨

Q} in (Pn+1)∗ dual to the points of Q ∈ C .
If H∨

Q is general in this family, dim(X∗ ∩ H∨
Q) = r − 1. Since every point of X∗ is

contained in one of such hyperplanes, by dualizationwe get that the tangent hyperplane
to X at a general point pass through the general point of C . As a consequence, the
general Q ∈ C is contained in a r − 1 dimensional family of tangent hyperplanes to
X . The general element of this family is tangent to X along a subvariety of dimension
n − r and every line joining Q and this subvariety belongs to X . In particular, the
dimension of the family X is n, and the general line in X is tangent at the general
point of X .

We still need to show that X → P
n+1 is dominant. If this were not the case, the

general line of X would be contained in a finite union of hypersurfaces Vi , hence it

123



ANNALI DELL’UNIVERSITA’ DI FERRARA (2022) 68:117–128 127

would not be tangent at the general point of X . Notice that Vi cannot coincide with X
itself since X is not a cone.

Consider now the focal scheme of X on �. Since Q in � is a point of multiplicity
n − 1, it gives by Lemma 2.4 a focus of multiplicity n − 1. Moreover, assume that
the general line � of X is not simply tangent to X . Then, we would have on � at least
two focal points of degree one, or at least one focal point of degree 2. This contradicts
Lemma 2.3.

As a consequence, if X is not a cone, we can find simple tangent lines to X pass-
ing through the general point of W(X)in, that correspond to transpositions in the
monodromy group. ��
We can prove Theorem 1.5:

Proof of Theorem 1.5 Proposition 3.9 implies that, ifW(X) is not finite and X is not a
cone, then for all but finitely many points there exist a transposition in the monodromy
group. As a consequence, for all but finitely many points Q ∈ W(X), the field exten-
sion given by the projection from Q is not Galois, since the action of an element in
the Galois group on a general fibre has no fixed components. Thus, the locus of Galois
points is finite.

Moreover, if the map πP is indecomposable and the monodromy group of πP

contains a transposition, then the point P is uniform, see Remark 2.12. Thus, if P /∈ X
and deg(X) is prime, then the map πP is indecomposable and so W(X)out is finite.
If P ∈ X sm and deg(X) − 1 is prime, then the map πP is indecomposable and so
W(X)in is finite.

��
We conclude this section by some considerations on Conjecture 1.2, which at the

moment is the state of the art generalisation of [4, Remark 4.11].

Corollary 3.10 The only class of hypersurface which could provide a counterexample
to conjecture 1.2 is given by irreducible and reduced hypersurfaces X in P

n+1, which
are not cones, and such that there exists a P

k , 0 < k < n, where X ∩P
k+1 is reducible

for every P
k+1 ⊃ P

k .

Proof By Theorem 1.3 the non–uniform locus W(X) is not finite and contained in a
linear subspace 〈W(X)〉 ∼= P

k with k < n. Consider a general H ∼= P
k+1 such that

H ⊃ P
k . The section X∩H is reduced since X is. Ifmoreover X∩H is irreducible, then

we get a contradiction to Theorem 1.3, sinceW(X) = W(X ∩ H) is in codimension
one in H . ��
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