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Abstract
Tuberculosis (TB) and human immunodeficiency virus (HIV) are the twomajor public
health emergencies in the Philippines. The country is ranked fourth worldwide in
TB incidence cases despite national efforts and initiatives to mitigate the disease.
Concurrently, the Philippines has the fastest-growing HIV epidemic in Asia and the
Pacific region. The TB-HIV dual epidemic forms a lethal combination enhancing
each other’s progress, driving the deterioration of immune responses. In order to
understand anddescribe the transmission dynamics and epidemiological patterns of the
co-infection, a compartmentalmodel for TB-HIV is developed.A class of people living
with HIV (PLHIV) who did not know their HIV status is incorporated into the model.
These unaware PLHIVwho do not seekmedical treatment are potential sources of new
HIV infections that could significantly influence the disease transmission dynamics.
Sensitivity analysis using the partial rank correlation coefficient is performed to assess
model parameters that are influential to the output of interests. The model is calibrated
using available Philippine data on TB,HIV, and TB-HIV. Parameters that are identified
include TB and HIV transmission rates, progression rates from exposed to active TB,
and from TB-latent with HIV to active infectious TB with HIV in the AIDS stage.
Uncertainty analysis is performed to identify the degree of accuracy of the estimates.
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Simulations predict an alarming increase of 180% and 194% in new HIV and TB-HIV
infections in 2025, respectively, relative to 2019 data. These projections underscore an
ongoing health crisis in the Philippines that calls for a combined and collective effort
by the government and the public to take action against the lethal combination of TB
and HIV.

Keywords Tuberculosis · HIV/AIDS · TB-HIV/AIDS co-infection · Compartmental
model

1 Introduction

Tuberculosis (TB) is an infectious disease causedby the bacillusMycobacterium tuber-
culosis (M. tb) which typically affects the lungs (pulmonary TB) but can also affect
other organs (extrapulmonary TB) including kidneys, bones, and liver. The disease is
spread from person to person through airborne transmission route, in particular, when
an individual sick with TB expel the M. tb in the air by coughing. Approximately, a
quarter of the world’s population (equivalent to 2 billion people) is infected with M.
tb, of which, 5–10% will develop TB disease during their lifetime. However, a higher
risk of developing TB disease has been observed to those with compromised immune
systems and those affected by risk factors including malnutrition, diabetes, smoking,
and alcohol consumption. In 2020, it has been estimated that 10 million people fell
ill with TB and about 1.5 million died worldwide. TB is considered the second lead-
ing infectious killer after COVID-19, albeit curable and preventable (World Health
Organization 2021, 2022a).

The human immunodeficiency virus (HIV), on the other hand, is a virus which
targets the individual’s immune system and weakens people’s defense systems against
many infections and some types of cancers. HIV infection can be transmitted through
the exchange of body fluids such as blood, semen, vaginal fluid, and breast milk. The
virus destroys CD4+ cells, commonly called T-cells, which help the immune system
fight off infections. Acquired immunodeficiency syndrome (AIDS), the most severe
phase of HIV infection, may take several years to develop. In 2020, an estimate of 1.5
million people acquired HIV and about 680,000 people died from HIV-related causes
(CDC 2018; World Health Organization 2022b).

TB and HIV are interconnected in various unknown pathways compromising the
host’s immune system. These two diseases form a lethal combination, aggravating
each other’s progress, leading to deterioration of immunological functions (Bruchfeld
et al. 2015; Diedrich and Flynn 2011; Getahun et al. 2010; Abdool Karim et al. 2010;
Kwan and Ernst 2011; Modjarrad and Vermund 2010; Pawlowski et al. 2012). People
living with HIV (PLHIV), i.e., individuals infected with HIV, are 18 times more likely
to develop TB than those without HIV (World Health Organization 2021, 2022a). HIV
increases the risk of activation of latent TB because of the decrease in immunity (WHO
Europe 2006). Additionally, HIV fuels the progression rate of recurrent TB which is
one of the reasons of multi-drug resistant TB infections (Chaisson and Churchyard
2010; Mesfin et al. 2014). Infection withM. tb negatively affects the immune response
to HIV, intensifying the progression from HIV infection to AIDS (Bruchfeld et al.
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2015; Pawlowski et al. 2012). Approximately 215,000 people died of HIV-associated
TB in 2020. The synergistic interactions between TB andHIV pose a staggering health
concern worldwide, particularly in resource-limited regions such as African and Asian
countries (World Health Organization 2022a).

Worldwide, the Philippines is ranked fourth in terms of the 2020 number of TB
incident cases (World Health Organization 2021). It has been reported that about a
million Filipinos have active TB, the third highest prevalence rate after South Africa
and Lesotho. Though TB is highly curable, about 70 Filipinos die every day from this
disease (Department of Health 2019;WHO 2019). For the past 15 years, TB incidence
in the Philippines is almost stagnant, despite national efforts and several initiatives
launched to end this disease (Department of Health 2019; Department of Health 2020).
Evidently, TB remains to be a major public health threat in the country. Along with
TB, HIV crisis in the Philippines is a health emergency (Gangcuangco 2019). With a
237% increase in annual HIV infections from 2010 to 2020, the Philippines has the
fastest growing HIV epidemic in Asia and the Pacific region. During the same period,
the reported AIDS-related deaths have increased by 315%. In 2020, the total estimated
number of PLHIV hit 115,100 (Department of Health - Epidemiology Bureau 2020;
UNAIDS 2022). Furthermore, the number of TB-HIV co-infection in 2019 is 11,000.
This is approximately 1.9% of the number of TB cases on the same year (WHO 2022).
Indeed, the negative impact of synergy between TB and HIV is an alarming public
health concern in the Philippines.

The staggering health burden inflicted by TB and HIV co-infection necessitates the
use of mathematical modeling to gain insights into its population transmission dynam-
ics, epidemiological patterns, and explore its consequences, among others. Several
TB-HIV co-infection models have been developed to obtain understanding on how
to prevent new infections, assess the effects of treatment and TB-drug resistance, and
explore potential programs that can curb the disease spread in the population (Webster
West and Thompson 1997; Schinazi 2003; Naresh and Tripathi 2005; Roeger et al.
2009; Long et al. 2008; Kumar and Jain 2018; Sharomi et al. 2008; Bhunu et al.
2009; Silva and Torres 2015; Mallela et al. 2016; Tasman 2016; Awoke and Semu
2018; Tanvi and Aggarwal 2021; Magombedze et al. 2010; Sergeev et al. 2012). In
the current work, a compartmental model of TB and HIV describing its co-infection
dynamics is developed, incorporating an unaware PLHIV class. PLHIV who did not
know their HIV status contribute significantly to a number of PLHIVwho are not seek-
ing medical care and treatment, and who are potential source of new HIV infections
(Okosun et al. 2013; Dokubo et al. 2014; Estadilla and de los Reyes 2020). In 2020,
about 16% of PLHIV were reported to be incognizant of their HIV status worldwide.
In the same year, approximately 32% (twice the global trend) of unaware infectives
were reported in the Philippines (UNAIDS 2022). In order to capture the epidemio-
logical dynamics of the dual epidemic in the Philippines, the model is calibrated using
available data on TB, HIV, and TB-HIV incidence cases. The parameters estimated
include TB and HIV transmission rates, progression rates from exposed to active TB,
and from TB-latent with HIV to active infectious TB with HIV in AIDS stage. These
parameters substantially affect the increase in the number of co-infected individu-
als indicated in the sensitivity analysis. In the parameter identification, exponential
smoothing is used to give higher weights to the most recent data which are assumed to
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be collected more reliably. Using bootstrap method, uncertainty analysis is performed
to identify the degree of accuracy of parameter estimates. Further, simulation results
predict an alarming increase of 180% and 194% in new HIV and TB-HIV infections,
respectively, relative to 2019 data, if no efficient control measures will be effectively
implemented. These projections accentuate that the Philippines is under health cri-
sis calling for concerted and consolidated efforts to scale-up programs to combat the
deadly duo of TB-HIV co-infection.

2 TB-HIV Co-infectionModel

The proposed TB-HIV co-infection model was adapted from the TB dynamical model
of Kim et al. (2018), HIV/AIDS model of Estadilla and de los Reyes (2020), and
the co-infection model of Bhunu et al. (2009), incorporating classes of individuals
unaware of their HIV infection. The model subdivides the human population into
susceptible (S), TB-infected, HIV-infected, and TB-HIV co-infected compartments.
The TB-infected group is further subdivided into high-risk latent TB individuals (ET),
symptomatic infectious individuals (IT), and low-risk latent individuals who recov-
ered from the disease (L). The HIV-infected class include individuals with no clinical
symptoms of AIDS who are unaware/aware of their HIV infection (IH1/IH2), those
with AIDS symptoms (A), and those who are under medical treatment for HIV infec-
tion (MH). The co-infected compartment considers TB-latent individuals with HIV
but are unaware/aware of their HIV infection (ETH1/ETH2), TB infectious individuals
with HIV but are unaware/aware of their HIV infection (ITH1/ITH2), TB infectious
individuals with HIV infection having AIDS symptoms (ITA), and individuals with
TB and HIV under medical treatment for both disease (MTH). The fourteen mutually
exclusive epidemiological classes are depicted in Fig. 1.

Fig. 1 Venn diagram of epidemiological classes. The TB-infected group includes ET, IT, and L . Those
infected with HIV only are classified into IH1 , IH2 , A, and MH. The co-infected compartments are ETH1 ,
ETH2 , ITH1 , ITH2 , ITA, and MTH
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Fig. 2 Flow diagram of TB
dynamics. Four classes were
considered namely: the
Susceptible class (S); the
high-risk latent TB class (ET);
the TB-infected individuals with
symptoms (IT); and the low-risk
latent class (L). The arrows
show the flow of individuals
from one compartment to
another

The population has a recruitment rate of �, and all individuals die at a natural rate
of μ. The TB-only compartments are discussed first. Susceptible individuals acquire
TB infection after contact with an infectious individual at the rate of λT. Let βT be the
transmission rate of TB infection. The force of infection associated with TB infection
as in Kim et al. (2018) is

λ∗
T = βT IT

N
. (1)

A susceptible individual in S who acquires M. tb is moved to the high-risk latent
class ET. Individuals in ET who do not become infectious are transferred to the low-
risk latent class L . Since treatment cannot remove tubercle bacilli (i.e., TB-causing
bacteria), TB-recovered individuals go from class IT to class L . In this case, the
bacilli remain in the body with a lower risk of progression to active TB (Kim et al.
2020). Note that individuals from IT may remain infectious after a failed treatment.
But for simplicity, we will assume that the treatment is effective so that IT may
only transition to ET for failed treatment and to L if the treatment is successful.
This assumption is based on clinical evidence that effective TB chemotherapy rapidly
diminishes the infectiousness of TB patients (Schwartzman and Menzies 2000). In
addition, behavioral changes by the TB patients and the people close to them may
also contribute to lessening the possibility of TB transmission. TB patients are usually
isolated or take necessary precautions when diagnosed with TB, while regular close
contact persons also put up safeguards when living with a TB patient undergoing
treatment. The complete TB dynamics can be seen in the schematic diagram presented
in Fig. 2. This is the TB model in the paper of Kim et al. (2018).

Beforewe proceedwith the discussion of co-infected compartments, theHIV/AIDS
model must first be discussed. HIV is transmitted by an infectious individual to a
susceptible person at the rate of λH. If βH is the transmission rate of HIV infections,
then the force of infection associated with HIV as in Estadilla and de los Reyes (2020)
is defined by

λ∗
H = βH

N

(
ηI H1 IH1 + IH2 + ηHMH + ηA A

)
. (2)
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Fig. 3 Flow diagram of HIV/AIDS dynamics. The population was divided to five compartments namely:
susceptible (S); HIV-infected individuals with no clinical symptoms of AIDS but unaware of their infection
(IH1 ), and those who are aware of their HIV infection (IH2 ); HIV-infected individuals with AIDS symptoms
(A); and HIV-infected individuals under medical treatment (MH). The arrows show the flow of individuals
from one compartment to another

Parameters ηI H1, ηH, and ηA account for differences in infectiousness of the compart-
ments as infectiousness has a positive relationshipwith viral loads (Wilson et al. 2008).
Themodification parameter ηH <1 considers the fact that individuals undergoing HIV
treatment are less infectious. Individuals in the AIDS stage are more infectious com-
pared to those who are in non-AIDS stage, which makes ηA >1. Similar to Estadilla
and de los Reyes (2020), we will assume that individuals unaware of their HIV infec-
tion are more infectious as they are more likely to engage in high-risk behaviors than
those who are aware of their infection.

Upon infection, HIV-infected individuals are initially unaware of their disease. A
fraction ε1 of these individuals is screened for HIV. Without treatment, the infection
of PLHIV (aware and unaware) in non-AIDS stage will progress to AIDS and these
individuals are moved to A at a rate ρ1. It is assumed here that people who are in the
last stage of their HIV infection are already conscious of their disease and are treated
at the rate of r5. Now, the main difference between IH1 and IH2 is that the latter group
is treated at the rate of r4 since people in this class are already aware of their infection.
There are two treatment failure rates: σ1ρ1 is the rate of progression to AIDS, where
0< σ1 <1, and ω1 is the relapse/withdrawal rate from treatment for PLHIV without
AIDS symptoms. PLHIV in AIDS stage die at the rate dA. The flow diagram of HIV
dynamics is presented in Fig. 3.

The co-infected compartments will now be tackled. Individuals in compartments
ETH1 and ETH2 who are exposed to TB are moved to ITH1 and ITH2 , respectively, due
to the progression of latent TB to active TB. Their HIV infection may also worsen
to AIDS, and in this case, they are transferred to ITA. Screening rates are ε2 and ε3
for ETH1 and ITH1 , respectively. HIV infection of those who are in ITH1 and ITH2

may progress to AIDS and they are transferred to ITA at the rate γ2ρ1, where γ2 > 1
because TB intensifies the progression ofHIV toAIDS. The co-infected compartments
are presented in Fig. 4.

We will now complete the discussion on TB-HIV/AIDS co-infection model. Let βT
be the transmission rate of TB infection. Incorporating the co-infected compartments,
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Fig. 4 The co-infected compartments. There are six classes, namely: the TB-latent individuals co-infected
with HIV but are unaware of their HIV infection (ETH1 ), and those who are aware of their HIV infection
(ETH2 ); TB infectious individuals co-infected with HIV but are unaware of their HIV infection (ITH1 ), and
those who are aware of their HIV infection (ITH2 ); TB infectious individuals co-infected with HIV infection
having AIDS symptoms (ITA); and individuals co-infected with TB and HIV under medical treatment for
both disease (MTH). The arrows show the flow of individuals from one compartment to another

the force of infection associated with TB as in Bhunu et al. (2009), and Awoke and
Semu (2018) is

λT = βT

N

(
IT + ITH1 + ITH2 + ITA

)
. (3)

If βH is the transmission rate of HIV infections, then the force of infection associated
with HIV as in Bhunu et al. (2009) and Awoke and Semu (2018) is defined by

λH = βH

N

(
ηI H1H1 + H2 + ηH(MH + MTH) + ηA(A + ηT H ITA)

)
(4)

where H1 = IH1+ETH1+ ITH1 and H2 = IH2+ETH2+ ITH2 . Amodification parame-
ter for PLHIV inAIDSstage co-infectedwith activeTB is denotedbyηT H >1. Starting
with the TB infected compartments, high-risk latent individuals (ET) and individuals
with active TB (IT) may be infected with HIV upon a successful transmission with
an infected individual, and thus, they are transferred to ETH1 and ITH1 , respectively.
Individuals in the low-risk latent class (L) who also became infected with HIV are
moved to IH1. On the HIV-related compartments, HIV-infected individuals in classes
IH1 and IH2 may be exposed to TB at a rate λT and are transferred to ETH1 and ETH2 ,
respectively. HIV-infected individuals in AIDS stage (A) may be infected with TB and
be moved to ITA.

Individuals who are exposed to TB and aware of their HIV infection (ETH2) may
get both treatments or TB treatment only, because the cost of maintaining ART is
higher than TB treatment. The first case means that these individuals are transferred
to MTH and the latter means that they are transferred to IH2 . Although the Philippine’s
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Fig. 5 Model diagram depicting the TB-HIV/AIDS dynamics. There are four groups considered namely:
the susceptible individuals, the TB-infected individuals, the HIV-infected individuals, and the individuals
co-infected with HIV and TB. The solid lines show the flow of individuals within each group, while the
dashed lines show the flow of individuals from one group to another

Department of Health offers free HIV treatment for indigent HIV-infected individuals,
only 33% are availing it (Philstar 2017). Those who are in ETH1 progressed to IH1

upon availing TB treatment. Individuals with active TB and HIV (ITH1 , ITH2) may be
transferred to IH1 or IH2 after a successful TB treatment. On the other hand, a failure
in TB treatment means that they are moved to either ETH1 or ETH2 . Co-infected
individuals in AIDS and non-AIDS stage (ITH2 , ITA) and ETH2 are transferred to MTH
upon getting both TB and HIV treatments. People under both medications may be
transferred to ETH2 or ITA which are considered as TB treatment failure for PLHIV
co-infected with TB or they may be shifted to MH upon a successful TB treatment.
Figure5 shows the diagram of the model, and Table 1 lists the values gathered from
previous studies on TB, HIV/AIDS, and TB-HIV/AIDS. The recruitment rate � and
the natural death rate μ were estimated using Philippine data.

The TB-HIV/AIDS transmission dynamics is now governed by the following set
of ordinary differential equations:
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dS

dt
= � − λTS − λHS − μS,

dET

dt
= λTS + (1 − p1)r1 IT − (λH + α + k + μ)ET,

dIT
dt

= kET − (r1 + λH + dT + μ)IT,

dL

dt
= αET + p1r1 IT − (λH + μ)L,

dIH1

dt
= λHS + p2r2 ITH1 + λHL + τ1ETH1 − (λT + ε1 + ρ1 + μ)IH1 ,

dIH2

dt
= ε1 IH1 + p2r3 ITH2 + τ2ETH2 + ω1MH − (λT + ρ1 + r4 + μ)IH2 ,

dA

dt
= σ1ρ1MH + ρ1(IH1 + IH2) − (r5 + λT + dA + μ)A,

dMH

dt
= p3MTH + r4 IH2 + r5A − (ω1 + σ1ρ1 + μ)MH,

dETH1

dt
= λT IH1 + λHET + (1 − p2)r2 ITH1 − (ε2 + τ1 + t1k + γ1ρ1 + μ)ETH1 ,

dETH2

dt
= λT IH2 + ε2ETH1 + (1 − p2)r3 ITH2 + ϕMTH

− (τ2 + t1k + γ1ρ1 + ψ2r4 + μ)ETH2 ,

dITH1

dt
= t1kETH1 + λH IT − (r2 + ε3 + γ2ρ1 + dT + μ)ITH1,

dITH2

dt
= t1kETH2 + ε3 ITH1 − (γ2ρ1 + r3 + ψ1r4 + dT + μ)ITH2 ,

dITA
dt

= λTA + γ1ρ1(ETH1 + ETH2) + γ2ρ1(ITH1 + ITH2) + ξMTH

− (ζr5 + dT + κdA + μ)ITA,

dMTH

dt
= ψ2r4ETH2 + ζr5 ITA + ψ1r4 ITH2 − (p3 + ϕ + ξ + μ)MTH,

(5)

where

N (t) = S(t) + ET(t) + IT(t) + L(t) + IH1(t) + IH2(t) + A(t) + MH(t) + ETH1(t)

+ ETH2(t) + ITH1(t) + ITH2(t) + ITA(t) + MTH(t).

3 Materials andMethods

3.1 Epidemiological Data

The TB and TB-HIV incidence data from 2000 to 2019 that were used in this study
were downloaded from the WHO TB burden estimates which contains but are not
limited to estimates of TB mortality, incidence (which is grouped by age, sex, risk
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factors, HIV status, rifampicin resistance), case fatality ratio, and treatment coverage
(WHO 2022). On the other hand, the records on reported HIV cases were obtained
from the Joint United Nations Programme on HIV/AIDS (UNAIDS). This report also
provides the number of patients who were initiated on ART, HIV testing, and data on
modes of HIV transmission (UNAIDS 2021c). The data on HIV/AIDS fromUNAIDS
together with the TB incidence and TB-HIV incidence fromWHO are used to identify
the model parameters in Table 2.

Other data used in this study include life expectancy at birth from 2000 to 2019,
which are utilized to estimate the natural death rate. This set of data was obtained
from the World Bank’s website (World Bank 2021). The Philippine population in the
years 2000 to 2019 which are used to estimate the recruitment rate were gathered from
WHO (WHO 2022).

3.2 Estimation of Recruitment and Death Rates

The death rate (μ) is computed as the inverse of the mean life expectancy which is
calculated using the data in the years 2000–2019 from the World Bank (World Bank
2021). The estimated death rate is 0.014318/year.

The recruitment rate (�) was computed byminimizing the sumof the squared errors
between the total population and the solution of dN

dt using the MATLAB function

lsqcurvefit. Adding all ODEs yields
dN

dt
= � − μN − dT I . Since dT I is

negligible compared to � and μN , then the equation can be approximated as
dN

dt
≈

� − μN . The estimated value for � is 2, 890, 865. The graph of the population data
and the estimate is depicted in Fig. 6.

3.3 Stability Analysis

The state variables in the model (5) describe human populations and as such, it is
necessary to show that their values remain nonnegative for any time t > 0. In addition,
the following theorem shows that the region M defined by

M =
{
(S, ET, IT, L, IH1 , IH2 , A, MH, ETH1 , ETH2 , ITH1 , ITH2 , ITA, MTH)

∈ R
14+ : N ≤ �

μ

}
.

is time invariant. Thismeans that for themodel to be realistic, the state variables should
only take values inM . The details of the proof are provided in “Appendix.”

Theorem 1 If S(0), ET(0), . . . , MTH(0) ≥ 0, then S(t), ET(t), . . . , MTH(t) ≥ 0 for
all t > 0 and every solution of (5) starting inM remains inM for t > 0.
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Table 2 Estimated parameter values and 95% confidence interval (CI) from the bootstrap procedure with
a Poisson error structure and negative binomial error structure

Par Range Initial Unit Est value CI (Poisson) CI (negative binomial)

βT [0.001,20] 11.7345 1/year 11.4989 (11.3036, 11.6871) (5.3091, 16.5582)

k [0,1] 0.0294 1/year 0.0747 (0.0741, 0.0753) (0.0608, 0.0966)

r1 [0,1] 0.55 1/year 0.6755 (0.6674, 0.6827) 0.3885, 0.9300)

βH [0,1] 0.24825 1/year 0.2271 (0.2267, 0.2274) (0.2166, 0.2367)

γ1 [0.001,10] 1.02 - 3.9966 (3.8582, 4.1431) (1.3906, 10)

Fig. 6 Philippine population and
estimated population from 2000
to 2019. The yearly Philippine
population is shown as red
square while the estimate is
depicted as black line. The graph
shows an increasing linear trend
in the population from 2000 to
2019 (Color figure online)

Next, we can find the disease-free equilibrium (DFE) at a point in M for which
there is no disease in the population, that is,

ET = IT = L = IH1 = IH2 = A = MH = ETH1 = ETH2 = ITH1

= ITH2 = ITA = MTH = 0.

The DFE of the TB/HIV-AIDS model (5) is

Q0 = (S∗, E∗
T, I ∗

T , L∗, I ∗
H1

, I ∗
H2

, A∗, M∗
H, E∗

TH1
, E∗

TH2
, I ∗

TH1
, I ∗

TH2
, I ∗

TA, M∗
TH)

=
(�

μ
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
.

The local stability of DFE (Q0) will now be established by initially determining the
basic reproduction number R0. We define R0 as the expected number of secondary
infections produced by an infected individual during his or her entire infectious period
(Diekmann et al. 1990).We can then compute R0 by using the next-generation method
proposed by Van den Driessche and Watmough (2002).

FollowingVan denDriessche andWatmough (2002), the basic reproduction number
of TB-HIV/AIDS model is the spectral radius of the next-generation matrix. Thus, the
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TB-HIV/AIDS-induced reproduction number is

R0 = max{RT, RH}

where

RT = βTk

−kr1(1 − p1) + (α + k + μ)(dT + μ + r1)

RH = βH

(
A + B + C + D + E + ε1ηHr4m3 + r4ρ1(μηA + r5ηH)

m1(m3(μ(m2 + ω1)) + (dA + μ)ρ1(m2σ1 + ω1))

)

and

m1 = ε1 + μ + ρ1

m2 = μ + r4 + ρ1

m3 = dA + μ + r5
m4 = μ + ω1 + ρ1σ1

A = m3μηI H1(m2 + ω1)

B = (dA + μ)(ηI H1ρ1(σ1m2 + ω1) + ε1m4)

C = (ε1μ + ε1ω1 + ω1ρ1)r5
D = ρ1m1

(
(μ + ω1)ηA + r5ηH

)

E = ηAρ1σ1

(
ρ1m2 + ε1(r4 + ρ1)

)
.

The reproduction numbers RT and RH correspond to the reproduction numbers for the
TB and HIV/AIDS transmission models, respectively.

We now formally establish the local asymptotic stability of the DFE (Q0) in the
next theorem. The following relationship between the basic reproduction number, R0,
and the disease-free equilibrium, Q0, can be established by using Theorem 2 of Van
den Driessche and Watmough (2002).

Theorem 2 The disease-free equilibrium point, Q0, is locally asymptotically stable
for R0 < 1 and unstable for R0 > 1.

A disease is considered an epidemic if R0 > 1. The results from Theorem 2 show
that a TB or an HIV epidemic will lead to a TB-HIV co-infection epidemic. The
value of R0 for the TB-HIV co-infection is determined in the parameter identification
subsection (Sect. 3.5).

3.4 Sensitivity Analysis

Sensitivity analysis is a method used to identify the effect of each parameter in the
model outcome. The objective is to identify important inputs of a model and quan-
tify how uncertainty in the input affects model outcomes (Marino et al. 2008). In
this research, the model outcomes are the population of HIV-infected with active TB
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(ITH1 + ITH2 + ITA), thosewith active TB only (IT), and the population of HIV-infected
(IH1 + IH2 + A). To identify the parameters with the greatest effects to these outputs,
we used a global sensitivity analysis technique called partial rank correlation coef-
ficient (PRCC) which is proven to be the most reliable and efficient sampling-based
method. In implementing the PRCC analysis, the Latin Hypercube Sampling (LHS),
which is a stratified sampling without replacement technique, is utilized to obtain the
input parameter values (Marino et al. 2008).

In the LHS, a uniform distribution generates the values of each parameter which
is implemented 10,000 times. The maximum and minimum values of the parameters
including the estimated recruitment and death rates are set to ± 70% of the nominal
values. Same qualitative results were obtained using ± 20%, ± 50%, and ± 90%. A
dummy parameter is incorporated to ensure the robustness of the analysis. If this
dummy has a high sensitivity, the conclusions of the analysis are not reliable. PRCC
values ranging from− 1 to 1 are computed at different time points using theMATLAB
function partialcorr. These values were presented using boxplot as shown in
Fig. 7. The value of 1 takes a perfect positive linear relationship, while − 1 means a
perfect negative linear relationship and a large absolute PRCC value would mean a
large correlation of the parameter with the model outcome, that is, even a small change
to a sensitive parameter would have a significant effect to the model output.

PRCC values of the parameters with respect to the population of PLHIV (IH1 +
IH2 + A) are illustrated in Fig. 7B. Parameters βH, ηI H1, and ηA were found to have
high positive PRCC values which implies that an increase in these parameters will
result to a rise in IH1 + IH2 + A. On the other hand, r4 and dA have high negative
PRCCvalues suggesting that a positive change in their valueswill consequently reduce
IH1 + IH2 + A. Meanwhile, k, βT and � have high positive PRCC values with respect
to the population of IT. In contrast, α and r1 have high negative PRCC values with
respect to the said population. The values are presented in Fig. 7C. Lastly, βH, ηI H1,
βT, k and γ1 were among the parameters with high positive PRCC values, while r1,
r5, r4, κ and dA were found to have high negative PRCC values with respect to the
population of PLHIV with active TB (ITH1 + ITH2 + ITA). The values are shown in
Fig. 7A.

3.5 Parameter Identification

The model output is made as close as possible to the set of observations by estimating
some of the parameters indicated in Table 2. Parameter estimation involvesminimizing
a measure of error between the model output and the data that were gathered. It was
determined that the model outputs have high sensitivity values on these parameters
which indicate the parameters’ influential effect to the outcomes. Consequently, accu-
rate values must be assigned to these parameters. Furthermore, these parameters are
vital to the Philippines’ goal on treating 2.5 million tuberculosis patients (DOH 2020)
and to the 2025 AIDS targets of UNAIDS, which includes 95% of all PLHIV know
their HIV status, 95% of all people with diagnosed HIV infection initiate treatment,
and 95% of all people receiving treatment are virally suppressed (UNAIDS 2021c).
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Fig. 7 PRCC values depicting the sensitivities of the model output A ITH1 + ITH2 + ITA;B IH1 + IH2 + A;
and C IT with respect to the model parameters. With respect to the population of PLHIV with active TB
(ITH1 + ITH2 + ITA), βH, ηI H1, βT, k and γ1 are among the parameters with high positive PRCC values
while r1, r5, r4, κ and dA were found to have negative PRCC values. Parameters βH, ηI H1, and ηA have
high positive PRCC values with respect to the population of PLHIV (IH1 + IH2 + A), while r4 and dA
have negative PRCC values. Parameters k, βT, and � and have high positive PRCC values, while α and r1
have negative PRCC values with respect to the output IT

In this study, the simple exponential smoothing was used to give higher weight to
the most recent data, that is, weights assigned to observations decrease exponentially
as we go to older data. By this, more importance is given to the latest data compared
to the earlier ones. Letting i = 0, 1, . . . , n − 1, the weight for observation ti is

wtn−i = θ(1 − θ)i−1,

where 0 < θ < 1 is the rate at which the weights decrease exponentially (Chowell
2017). Here, θ = 0.25 is assigned to TB, HIV and TB-HIV incidence. In this study, the
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square of differences between the model outcome and the collected data is minimized
using MATLAB function fminsearchbnd. Parameters were then bounded to their
respective feasible range of values listed in Table 2. The resulting estimated values are
also summarized in Table 2, and the plots of model output versus data are illustrated
in Fig. 9.

The estimated value for the TB transmission rate βT is comparable to the estimates
of other studies in TB dynamics in the Philippines (Kim et al. 2018; Villasin et al.
2017). The progression rate to active TB (k) is higher compared to the estimate of
Kim et al. (2018) which can be attributed to a larger TB incidence estimates used
in this study. These higher estimates were brought about by a more accurate TB-
testing technology in the country, GeneXpert (Crisostomo 2018). The estimate of TB
treatment rate r1 falls within the interval set in the records of WHO (World Health
Organization 2019). The estimated βH which is the HIV transmission rate is close to
the result of another HIVmodeling study in the Philippines (Estadilla and de los Reyes
2020). Our estimate of γ1 suggests that latent TB infection intensifies the progression
of HIV infection to AIDS. This result is consistent with Sullivan et al. (2015).

In order to quantify the uncertainty of the estimates, the parameter bootstrapping
approach is used. In this procedure, multiple samples from the best-fit model are
generated (Chowell 2017). Furthermore, accuracymeasures are assigned to the sample
estimates. Using the method of least-square fitting, the parameters and the best model
are identified. By assuming a Poisson and negative binomial error structure, simulated
data sets are then generated from the best-fit model. The Poisson distribution is used
when the epidemiological data have a mean that is equal to the variance while the
negative binomial distribution ismore applicable to overdispersed datawhose variance
ismuch larger than themean (Chowell 2017). Sincewe have limited access to available
information on TB-HIV co-infection (only 20 data points), crude estimates on the ratio
of variance and themean for the TB, HIV, and TB-HIV data, are 4900, 3900, and 3500,
respectively. In this work, it is assumed that the variance is a thousand times higher
than the mean. New parameter estimates will then be obtained from these simulated
data sets and these sets of parameters will be utilized to form confidence intervals.
Figure8 shows the resulting distributions from repeatedly sampling the data a thousand
times for the Poisson and negative binomial error structures, respectively. Table 2 lists
the 95% confidence interval from the distribution for the Poisson error structure and
negative binomial error structure.

Finally, we estimate the reproduction number (R0) of the TB-HIV co-infection.
Note that an epidemic occurs when R0 is greater than 1. Using the next-generation
method (Diekmann et al. 1990), the resulting reproduction number is R0 =
max{4.1015, 3.7655} = 4.1015. Note that 4.1015 is the reproduction number of the
TB model, while 3.7655 is of the HIV model. The higher reproduction number of TB
compared to HIV is expected due to its airborne nature of transmission. However, the
reproduction number of HIV is relatively close to that of the TB model even though
it is more difficult to transmit.
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Fig. 8 Bootstrap distributions of the parameter estimates βH, βT, k, r1, and γ1 from repeatedly sampling
the TB, HIV, TB-HIV incidences data a thousand times using A Poisson and B negative binomial error
structures. The 95% confidence interval (CI) from the distribution is also indicated

3.6 Projections

Poisson Error StructureUsing the estimated parameters in Table 2 and the parameters
from previous studies compiled in Table 1, the infection incidences from 2020 to
2025 were forecasted. Figure9 represents the projections for the TB-HIV co-infection
incidence, TB, and HIV incidences if the current intervention efforts in the country
remain the same.

Comparing the projections in 2019, new TB infections in the country will increase
by approximately 6% in 2025. It is also predicted that there will be a 166% increase
in new HIV incidence and a 170% increase in the TB-HIV incidence (Fig. 10). Now,
if you compare these projections to the actual data in 2019, there will be about 7%
additional TB infections, 180% increase in new HIV incidence, and 194% new TB-
HIV co-infections in 2025. The latter comparison is higher compared to the projection
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Fig. 9 Expected number of TB-HIV incidence, TB incidence, and HIV incidence from the model using
A Poisson and B negative binomial error structures. The projections show around 166% increase in HIV
incidence and a 170% increase in the TB-HIV incidence from 2019 to 2025 for both error structure.
However, a wider confidence interval can be observed for negative binomial error structure when data are
overdispersed

of 2019 since not all new infections are reported and included in the actual data. Also,
note that these increases in new infections are in the span of 6 years only.

Negative Binomial Error Structure Now, assuming a negative binomial error struc-
ture that is applicable for overdispersed data, projections were also made. The
projection of the best-fit model was not far from the best-fit model with the Pois-
son error structure. However, the confidence band around the best-fit model is much
wider than that of the Poisson error structure because of the assumption of overdisper-
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Fig. 10 Percentage increase of TB-HIV incidence, TB incidence, and HIV incidence from 2019 using a
Poisson and negative binomial error structure. It is projected that the TB-HIV incidence will increase by
around 170% in 2025 and 509% in 2030 compared to the projections in 2019 if the current programs and
efforts will not be improved

sal (Fig. 10). By this, the forecast can varywidely in this confidence interval depending
on how large the variance is compared to themean of the actual data. In 2025, the lowest
number of possible new TB infections is projected to be 561,898 with the highest that
can equal to 718,110. For HIV, the lowest projection is 23,021 while the highest num-
ber of new HIV infections is 53,353. Finally, for new TB-HIV co-infections, the least
possible new incidences is 22,179, but it can go as high as 44,677 new co-infections
(Fig. 10).

Our projections for HIV incidence are in line with the projection of the Department
of Health (DOH) (Department of Health - Epidemiology Bureau 2020). Based on
the DOH’s baseline projection for 2025, there will be 33,400 new HIV cases among
individuals aged 15 and above. This is relatively close to this study’s projection of
new infections with 39,692 for a Poisson error structure or 38,728 for a negative bino-
mial error structure (Fig. 10). The Philippine Department of Health (DOH) utilizes
the AIDS Epidemic Model (AEM) and Spectrum to model HIV estimates and pro-
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jections (Department of Health - Epidemiology Bureau 2020). The AEM is a process
model that considers both behavioral and biological inputs. This semi-empirical, risk-
structured model is patterned primarily on the dominant modes of transmission routes
for HIV in Asia including (extra)marital sex, sex work, male-male sex, and injecting
drug use. Model parameters are adjusted by the user until the output agrees with the
observational data. Since each risk class has its corresponding set of parameters, AEM
becomes unusable if data from the identified risk classes are lacking. Hence, the com-
plexity of this tool requires careful handling of extensive and reliable epidemiological
and behavioral input data (Brown and Peerapatanapokin 2004). For instance, sexual
behavior inputs (e.g., number of sexual partners, condom use, etc.,) are based on self-
reports that may be biased (King 2022; Stover et al. 2021). On the contrary, the present
modeling framework divides the total population into several distinct epidemiological
classes (susceptible, (un)aware HIV-infected, etc.). This is considered a transmission
dynamic model that aims to project population-based outcomes from individual-level
inputs (Cassels et al. 2008). It should be noted that in the current modeling framework,
subpopulations (e.g., susceptibles, exposed, infectious, etc.) are assumed to be homo-
geneous; that is, they are composed of individuals who mix randomly and uniformly
with each other. This assumption on homogeneous mixing is analytically tractable but
may not reflect the real disease transmission dynamics. This might impose a limita-
tion on the long-term projection of the disease. Here, actual epidemic data is used to
calibrate the model, estimating key parameters, reflecting the disease transmission.
Both AEM and the current model provide dynamic projections of the HIV epidemic
trend in the Philippines. The AEM clearly identifies the source of HIV transmission
in the Philippines—men who have sex with men (MSM). An advantage of the trans-
mission model is its capability to assess the impact of specific changes in the model
parameters and determine what changes will have the greatest/least influence on the
infection through sensitivity analysis. Further, it considers an imperfect data where
under- and un-reporting might be present, and uncertainty analysis through bootstrap-
ping method can be performed. The present model can be extended using stratified
classes to incorporate different risk groups including marital sex, extramarital sex,
sex work, male–male sex, needle sharing, and mother-to-child transmission. Then,
comprehensive comparison between AEM and the extended model can be made to
improve both approaches for better HIV projections.

4 Conclusion

Tuberculosis remains to be a burden in the Philippines despite various government
programs to eliminate the disease. To make it worse, the Philippines has the fastest
growing HIV epidemic in the Asia Pacific Region, which is probably aggravated by
persons with HIV that are unaware of their infection. As previously emphasized, TB-
HIV co-infection is a deadly combination since one infection boosts the other.

A TB-HIV/AIDS co-infection model is developed, incorporating an unaware class
of PLHIV where individuals in the class are not treated for HIV infection and are
possible cause of new infections. Some of the parameters were estimated based on
TB, HIV, and TB-HIV incidences data by initially examining the parameters on which
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the model outcomes (IT, IH1 + IH2 + A, and ITH1 + ITH2 + ITA) are sensitive. Utilizing
these estimates together with the available parameter values from previous studies on
TB,HIV and TB-HIV co-infection, it was determined that the disease-free equilibrium
is locally asymptotically unstable if R0 is greater than 1, which is the current status of
the Philippines based on the analyses presented. So either an epidemic of TB or HIV
can lead to an epidemic of their co-infection. By this, it is not enough to address one
of this diseases, but both must be tackled head-on with efficient mitigation strategies
to avoid the epidemic of TB-HIV co-infection.

Further model iteration should include the relative infectiousness of HIV-positive
and HIV-negative TB patients with regard to transmission of M. tb. In particular,
Espinal et al. (2000) noted thatHIV-positive individualswithTBare less likely to trans-
mit M. tb to their close contacts as compared to TB-infected HIV-negative individuals.
Modification parameters associated with IT, IT H1, IT H2 , and IT A can be incorporated
in the TB force of infection, λT. These parameters need to be carefully estimated given
access to reliable information to account for specific infectiousness of the different
groups.

Projections for the years 2020 to 2025 were also presented in this paper (Fig. 9).
It is predicted that TB incidence, HIV incidence, and TB-HIV incidence in the coun-
try will continuously rise if the current efforts in controlling these diseases will not
be improved. Based on these projections, the country’s increase in TB incidence is
significantly slower compared to the increase in new HIV infections. Although the
percentage increase in the TB incidence is slower, the number of individuals with
active TB is still high. Given the already huge number of TB cases, the HIV epidemic
in the Philippines will be the driver of the TB and HIV co-infection in the country.
This is worsened by the current situation in the country with regard to the programs
and services against HIV aggravated by the COVID19 pandemic.

Globally, there has been a reduction of 31% from the new HIV infections and 47%
from deaths as compared to 2010 according to the 2021 updates of WHO on HIV
estimates. However, in the Philippines, instead of a decrease in infection, there has
been a reduction in HIV prevention services, enrollment in HIV care, and HIV testing
due to the COVID19 pandemic. According to an article published in the UNAIDS
website (UNAIDS 2021a), HIV prevention services decreased by 74% for men having
sex with men in 2019 in Metro Manila, HIV testing decreased by 61% in 2020, while
registration inHIV care reduced by 28% in the same year. Furthermore, out of 120,000
estimated PLHIV in 2020, there are 78,291 individuals diagnosed with HIV. This is
barely 66% of the estimated PLHIV. Out of at least 78,000 individuals diagnosed with
HIV, there are only 47,977 people on ART or almost 62% only. Finally, there are only
7706 PLHIV who have viral suppression. That is only 16% of individuals on ART
(UNAIDS 2021b). This calls for intensifying the strategies in mitigating HIV in the
country.

Individuals that are unaware of their infection with HIV, must be identified and
treated since this group has the ability to spread the disease at a higher rate. Fur-
thermore, those under medications must be closely monitored to ensure that they are
following their treatment carefully. It is also necessary that the public is well-informed
of the disease to prevent or minimize its spread. Encouraging those who are vulnerable
to the disease to enroll in pre-exposure prophylaxis (PrEP) must also be intensified.
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The analyses that were performed here greatly depend on TB and HIV/AIDS data
obtained fromWHO and UNAIDS. However, the authors observed that data that were
gathered may be under-reported or inconsistent since data from both local and inter-
national sources were both examined. A better data gathering strategy will be vital to
improve the accuracy of the estimated parameters in the model presented in this study.
As a consequence, a better projection can be provided. The current modeling study
have estimated only 5 parameters that significantly influence the model output (i.e.,
number of infectious TB and/or HIV individuals) and impact the mitigation programs
in reducing TB and/or HIV. Model projections are dependent on the uncertainty of
these 5 identified parameters. Better estimates, projections and uncertainty analysis
can be obtained provided access to sufficient and reliable information. For future stud-
ies, the authors are planning to develop a control model to determine if an optimal
control strategy can be determined to fight the spread of TB-HIV co-infection.
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Appendix A Proof

Theorem 1. If S(0), ET(0), . . . , MTH(0) ≥ 0 then S(t), ET(t), . . . , MTH(t) ≥ 0
for all t > 0 and every solution of (5) starting in M remains in M for t > 0.

Proof Let S(0), ET(0), . . . , MTH(0) ≥ 0. Let

X = (S, ET, IT, L, IH1 , IH2 , A, MH, ETH1 , ETH2 , ITH1 , ITH2 , ITA, MTH).

For the first part, it is enough to show that

dX

dt
≥ 0

at the boundaries of R14+ . We will prove this by contradiction.
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Suppose there exists first time t1, t2, . . . , t14 > 0 such that any of the following
occurs,

S(t1) = 0, S′(t1) < 0, ET(t) ≥ 0, IT(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t1, (A1)

ET(t2) = 0, E ′
T(t2) < 0, S(t) ≥ 0, IT(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t2, (A2)

IT(t3) = 0, I ′T(t3) < 0, S(t) ≥ 0, ET(t) ≥ 0, L(t) ≥ 0 . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t3,
(A3)

L(t4) = 0, L ′(t4) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t4, (A4)

IH1 (t5) = 0, I ′H1
(t5) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t5, (A5)

IH2 (t6) = 0, I ′H2
(t6) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t6 (A6)

A(t7) = 0, A′(t7) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t7, (A7)

MH(t8) = 0, M ′
H(t8) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t8, (A8)

ETH1(t9) = 0, E ′
TH1

(t9) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t9,

(A9)

ETH2 (t10) = 0, E ′
TH2

(t10) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t10,

(A10)

ITH1(t11) = 0, I ′TH1
(t11) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t11,

(A11)

ITH2 (t12) = 0, I ′TH2
(t12) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t12,

(A12)

ITA(t13) = 0, I ′TA(t13) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , MTH(t) ≥ 0 for 0 ≤ t ≤ t13,
(A13)

MTH(t14) = 0, M ′
TH(t14) < 0, S(t) ≥ 0, ET(t) ≥ 0, . . . , ITA(t) ≥ 0 for 0 ≤ t ≤ t14.

(A14)

From (5) and (A1),

S′(t1) = �,

but � > 0, a contradiction.
From (5) and (A2),

E ′
T(t2) = λTS(t2) + (1 − p1)r1 IT(t2),

but λTS(t2) + (1 − p1)r1 IT(t2) ≥ 0 since 0 < p1 < 1. Another contradiction.
From (5) and (A3),

I ′
T(t3) = kET(t3),

but kET(t3) ≥ 0which results another contradiction. Similar arguments can be applied
to solve for L ′(t4), I ′

H1
(t5), . . . , M ′

TH(t14) that will lead to contradictions.
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These imply that there is no such t1, t2, t3, . . . , t14. Hence,

S(t), ET(t), . . . , MTH(t) ≥ 0

for all t > 0.
Now for the second part, the rate of change of the total population obtained by

adding all equations in (5) is

dN

dt
= � − μN − dT IT − dA A − dT ITH1 − dT ITH2 − (dT + κdA)ITA.

Since

dT IT + dA A + dT ITH1 + dT ITH2 + (dt + κdA)ITA ≥ 0,

then

dN

dt
≤ � − μN .

Hence, N (t) is less than or equal to the solution of

dN

dt
= � − μN .

Let N (0) = N0. Then,

N (t) ≤ �

u
+

(
N0 − �

u

)
e−μt .

Lastly, if N0 ≤ �

u
, then N (t) ≤ �

u
since e−μt > 0.

Therefore, every solution of (5) starting inM remains inM for t > 0. �	

Appendix B Analysis of the Submodels

Stability analysis of TB-only and HIV-only models is discussed here.

B.1 TB Submodel

The TB submodel (when no HIV/AIDS disease), i.e.,

ETH1 = ETH2 = ITH1 = ITH2 = ITA = MTH = IH1 = IH2 = A = MH = 0
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is given by:

S′(t) = � − λT 1S − μS,

E ′
T(t) = λT 1S + (1 − p1)r1 IT − (α + μ + k)ET,

I ′
T(t) = kET − (r1 + dT + μ)IT,

L ′(t) = αET + p1r1 IT − μL,

(B15)

where

N (t) = S(t) + ET(t) + IT(t) + L(t),

with force of infection

λT 1 = βT IT
N

.

This is the TB model presented in Kim et al. (2018).

B.1.1 Positivity and Boundedness of Solutions

Based on biological considerations, the system (B15) will be studied in the following
region:

M1 =
{
(S, ET, IT, L) ∈ R

4+ : N ≤ �

μ

}
.

The system of equations (B15) describes human populations and for it to be epidemio-
logically meaningful, it is necessary to show that all state variables S(t), ET(t), IT(t),
and LT(t) are nonnegative for all time t > 0. This alsomeans the solution of (B15)with
nonnegative initial values must remain nonnegative for all time t . The next theorem
will show that M1 is positively invariant with respect to the system (B15).

Theorem 3 If S(0), ET(0), IT(0), L(0) ≥ 0 then S(t), ET(t), IT(t), L(t) ≥ 0 for all
t > 0. Moreover, every solution of (B15) starting inM1 remains inM1 for t > 0.

Proof Let S(0), ET(0), IT(0), L(0) ≥ 0. Let X = (S, ET, IT, L). For the first part, it
is enough to show that

dX

dt
≥ 0

at the boundaries of R4+. We will prove this by contradiction.
Suppose there exist first time t1, t2, t3, t4 > 0 such that

S(t1) = 0, S′(t1) < 0, ET(t) ≥ 0, IT(t) ≥ 0, L(t) ≥ 0 for 0 ≤ t ≤ t1, (B16)

ET(t2) = 0, E ′
T(t2) < 0, S(t) ≥ 0, IT(t) ≥ 0, L(t) ≥ 0 for 0 ≤ t ≤ t2, (B17)
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IT(t3) = 0, I ′
T(t3) < 0, S(t) ≥ 0, ET(t) ≥ 0, L(t) ≥ 0, (t) ≥ 0 for 0 ≤ t ≤ t3,

(B18)

L(t4) = 0, L ′(t4) < 0, S(t) ≥ 0, ET(t) ≥ 0, IT(t) ≥ 0 for 0 ≤ t ≤ t4. (B19)

Note that every parameter used in the TB submodel is positive. From (B15) and
(B16),

S′(t1) = �,

but � > 0, a contradiction.
From (B15) and (B17),

E ′
T(t2) = λT1S(t2) + (1 − p1)r1 IT(t2),

but λT 1S(t2) + (1 − p1)r1 IT(t2) ≥ 0 since 0 < p1 < 1. Another contradiction.
From (B15) and (B18),

I ′
T(t3) = kET(t3)

but kET(t3) ≥ 0 which results to another contradiction.
Finally, from (B15) and (B19)

L ′(t4) = αET(t4) + p1r1 IT(t4),

but αET(t4) + p1r1 IT(t4) ≥ 0.
These imply that there is no such t1, t2, t3 and t4. Hence, (for all t > 0),

S(t), ET(t), IT(t), L(t) ≥ 0.

Now for the second part, the rate of change of the total population obtained by
adding all equations in (B15) is

dN

dt
= � − μN − dT IT.

Since

dT IT ≥ 0,

then

dN

dt
≤ � − μN .

Hence, N (t) is less than or equal to the solution of

dN

dt
= � − μN .
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Let N (0) = N0. Then,

N (t) ≤ �

u
+

(
N0 − �

u

)
e−μt .

Lastly, if N0 ≤ �

u
then N (t) ≤ �

u
since e−μt > 0.

Therefore, every solution of (B15) starting inM1 remains in M1 for t > 0. �	

B.1.2 Local Stability of Disease Free Equilibrium

The disease-free equilibrium (DFE) is a point in which there is no disease in the
population, i.e., ET = IT = L = 0. The TB submodel (B15) has a DFE which is
obtained by equating the right-hand side to 0. Thus, the disease-free equilibrium is

QT = (S∗, E∗
T, I ∗

T , L∗) =
(�

μ
, 0, 0, 0.

)

The local stability of QT will now be established by initially determining the basic
reproduction number. We can compute the basic reproduction number, RT by using
next-generation method proposed in Van den Driessche and Watmough (2002). Fol-
lowing Van den Driessche and Watmough (2002), the basic reproduction number of
TB model is the spectral radius of the next-generation matrix FV−1 where,

F =
⎡
⎣
0 βT 0
0 0 0
0 0 0

⎤
⎦ and V =

⎡
⎣

α + μ + k −r1(1 − p1) 0
−k (μ + dT + r1) 0
−α −p1r1 μ

⎤
⎦ .

Thus, the TB-induced reproduction number is

RT = ρ(FV−1) = βTk

−kr1(1 − p1) + (α + k + μ)(dT + μ + r1)
.

We now formally establish the local asymptotic stability of the DFE (QT). By
Theorem 2 of Van den Driessche and Watmough (2002), we establish the following
relationship between the basic reproduction number, RT, and the disease-free equilib-
rium, QT.

Theorem 4 The disease-free equilibrium point, QT, is locally asymptotically stable
for RT < 1 and unstable for RT > 1.

B.2 HIV/AIDS Submodel

The HIV submodel (when no TB disease), i.e.,

ETH1 = ETH2 = ITH1 = ITH2 = ITA = MTH = ET = IT = L = 0
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is given by:

S′(t) = � − λH1S − μS,

I ′
H1

(t) = λH1S − (ε1 + ρ1 + μ)IH1 ,

I ′
H2

(t) = ε1 IH1 + ω1MH − (r4 + ρ1 + μ)IH2 ,

A′(t) = ρ1(IH1 + IH2) + σ1ρ1MH − (r5 + μ + dA)A,

M ′
H(t) = r4 IH2 + r5A − (ω1 + σ1ρ1 + μ)MH,

(B20)

where

N (t) = S(t) + IH1(t) + IH2(t) + A(t) + MH(t),

with force of infection

λH1 = βH(ηI H1 IH1 + IH2 + ηHMH + ηA A)

N
.

This is the HIV/AIDS model presented in Estadilla and de los Reyes (2020).

B.2.1 Positivity and Boundedness of Solutions

Based on biological considerations, the system (B20) will be studied in the following
region:

M2 =
{(

S, IH1 , IH2 , A, MH

)
∈ R

5+ : N ≤ �

μ

}
.

The system of equations (B20) describes human populations and for it to be epi-
demiologically meaningful, it is necessary to show that all state variables S(t), IH1(t),
IH2(t), A(t), and MH(t) are nonnegative for all time t > 0. This also means that the
solution of (B20) with nonnegative initial values must remain nonnegative for all time
t . The next theoremwill show thatM2 is positively invariant with respect to the system
(B20).

Theorem 5 If S(0), IH1(0), IH2(0), A(0), MH(0) ≥ 0 then S(t), IH1(t), IH2(t), A(t),
MH(t) ≥ 0 for all t > 0 and every solution of (B20) starting in M2 remains in M2
for t > 0.

Proof Let S(0), IH1(0), IH2(0), A(0), MH(0) ≥ 0. Let X = (S, IH1 , IH2 , A, MH).

For the first part, it is enough to show that

dX

dt
≥ 0

at the boundaries of R5+. We will prove this by contradiction.
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Suppose there exists first time t1 > 0 such that for 0 ≤ t ≤ t1,

S(t1) = 0, S′(t1) < 0, IH1(t) ≥ 0, IH2(t) ≥ 0, A(t) ≥ 0, MH(t) ≥ 0, (B21)

or there exists first time t2 > 0 such that for 0 ≤ t ≤ t2,

IH1(t2) = 0, I ′
H1

(t2) < 0, S(t) ≥ 0, IH2(t) ≥ 0, A(t) ≥ 0, MH(t) ≥ 0, (B22)

or there exists first time t3 > 0 such that for 0 ≤ t ≤ t3,

IH2(t3) = 0, I ′
H2

(t3) < 0, S(t) ≥ 0, IH1(t) ≥ 0, A(t) ≥ 0, MH(t) ≥ 0, (B23)

or there exists first time t4 > 0 such that for 0 ≤ t ≤ t4,

A(t4) = 0, A′(t4) < 0, S(t) ≥ 0, IH1(t) ≥ 0, IH2(t) ≥ 0, MH(t) ≥ 0, (B24)

or there exists first time t5 > 0 such that for 0 ≤ t ≤ t5,

MH(t5) = 0, M ′
H(t5) < 0, S(t) ≥ 0, IH1(t) ≥ 0, IH2(t) ≥ 0, A(t) ≥ 0. (B25)

From (B20) and (B21),

S′(t1) = �,

but � > 0 a contradiction.
From (B20) and (B22),

I ′
H1

(t2) = λH1S(t2)

but λH1S(t2) ≥ 0, another contradiction.
From (B20) and (B23),

I ′
H2

(t3) = ε1 IH1(t3) + ω1MH(t3)

but ε1 IH1(t3) + ω1MH(t3) ≥ 0 which results to another contradiction.
From (B20) and (B24),

A′(t4) = ρ1(IH1(t4) + IH2(t4)) + σ1ρ1MH(t4)

but ρ1(IH1(t4) + IH2(t4)) + σ1ρ1MH(t4) ≥ 0.
Finally, from (B20) and (B25),

MH(t5) = r4 IH2(t5) + r5A(t5)

but r4 IH2(t5) + r5A(t5) > 0 which results to contradiction.
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These imply that there is no such t1, t2, t3, t4 and t5. Hence, (for all t > 0),

S(t), IH1(t), IH2(t), A(t), MH(t) ≥ 0.

Now for the second part, the rate of change of the total population obtained by
adding all equations in (B20) is

dN

dt
= � − μN − dA A.

Since

dA A ≥ 0,

then

dN

dt
≤ � − μN .

Hence, N (t) is less than or equal to the solution of

dN

dt
= � − μN .

Let N (0) = N0. Then,

N (t) ≤ �

u
+

(
N0 − �

u

)
e−μt

Lastly, if N0 ≤ �

u
then N (t) ≤ �

u
since e−μt > 0.

Therefore, every solution of (B20) starting inM2 remains inM2 for t > 0. �	

B.2.2 Local Stability of Disease Free Equilibrium

The disease-free equilibrium (DFE) is a point in which there is no disease in the
population, i.e., IH1 = IH2 = A = MH = 0. The HIV/AIDS submodel (B20) has a
DFE which is obtained by equating the right-hand side to 0. Thus, the disease-free
equilibrium is

QH = (S∗, I ∗
H1

, I ∗
H2

, A∗, M∗
H) =

(
�

μ
, 0, 0, 0, 0

)

The local stability of QH will now be established by initially determining the
basic reproduction number. We can compute the basic reproduction number, RH by
using next-generation method proposed in Van den Driessche and Watmough (2002).
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Following Van den Driessche and Watmough (2002), the basic reproduction number
of HIV/AIDSmodel is the spectral radius of the next-generation matrix FV−1,where

F =

⎡
⎢⎢⎣

βHηI H1 βH βHηA βHηH
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

and

V =

⎡
⎢⎢⎣

ε1 + μ + ρ1 0 0 0
−ε1 μ + r4 + ρ1 0 −ω1
−ρ1 −ρ1 dA + μ + r5 −ρ1σ1
0 −r4 −r5 μ + ω1 + ρ1σ1

⎤
⎥⎥⎦ .

Thus, the HIV/AIDS-induced reproduction number is

RH = βH

(
A + B + C + D + E + ε1ηHr4m3 + r4ρ1(μηA + r5ηH)

m1(m3(μ(m2 + ω1)) + (dA + μ)ρ1(m2σ1 + ω1))

)

and

m1 = ε1 + μ + ρ1

m2 = μ + r4 + ρ1

m3 = dA + μ + r5
m4 = μ + ω1 + ρ1σ1

A = m3μηI H1(m2 + ω1)

B = (dA + μ)(ηI H1ρ1(σ1m2 + ω1) + ε1m4)

C = (ε1μ + ε1ω1 + ω1ρ1)r5
D = ρ1m1

(
(μ + ω1)ηA + r5ηH

)

E = ηAρ1σ1

(
ρ1m2 + ε1(r4 + ρ1)

)
.

We now formally establish the local asymptotic stability of the DFE (QH). By
Theorem 2 of Van den Driessche and Watmough (2002), we establish the following
relationship between the basic reproduction number, RH, and the disease-free equi-
librium, QH.

Theorem 6 The disease-free equilibrium point, QH, is locally asymptotically stable
for RH < 1 and unstable for RH > 1.
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