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                    Abstract
Recently, several experiments have demonstrated the existence of fractional diffusion in the neuronal transmission occurring in the Purkinje cells, whose malfunctioning is known to be related to the lack of voluntary coordination and the appearance of tremors. Also, a classical mathematical feature is that (fractional) parabolic equations possess smoothing effects, in contrast with the case of hyperbolic equations, which typically exhibit shocks and discontinuities. In this paper, we show how a simple toy-model of a highly ramified structure, somehow inspired by that of the Purkinje cells, may produce a fractional diffusion via the superposition of travelling waves that solve a hyperbolic equation. This could suggest that the high ramification of the Purkinje cells might have provided an evolutionary advantage of “smoothing” the transmission of signals and avoiding shock propagations (at the price of slowing a bit such transmission). Although an experimental confirmation of the possibility of such evolutionary advantage goes well beyond the goals of this paper, we think that it is intriguing, as a mathematical counterpart, to consider the time fractional diffusion as arising from the superposition of delayed travelling waves in highly ramified transmission media. The case of a travelling concave parabola with sufficiently small curvature is explicitly computed. The new link that we propose between time fractional diffusion and hyperbolic equation also provides a novelty with respect to the usual paradigm relating time fractional diffusion with parabolic equations in the limit. This paper is written in such a way as to be of interest to both biologists and mathematician alike. In order to accomplish this aim, both complete explanations of the objects considered and detailed lists of references are provided.



                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            Fig. 1[image: ]


Fig. 2[image: ]



                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Generalized Diffusion Characteristics of Calcium Model with Concentration and Memory of Cells: A Spatiotemporal Approach
                                        
                                    

                                    
                                        Article
                                        
                                         21 January 2022
                                    

                                

                                Hardik Joshi & Brajesh Kumar Jha

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Inhibitor-Induced Wavetrains and Spiral Waves in an Extended FitzHugh–Nagumo Model of Nerve Cell Dynamics
                                        
                                    

                                    
                                        Article
                                        
                                         09 November 2022
                                    

                                

                                M. Osman Gani, M. Humayun Kabir & Toshiyuki Ogawa

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Numerical Solution of the Time Fractional Cable Equation
                                        
                                    

                                    
                                        Chapter
                                        
                                         © 2020
                                    

                                

                                
                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    Notes
	As a matter of fact, from the biology perspective, it also makes sense of looking at signal travelling from the right to the left in a medium as the one described in Fig. 1. In this case, the left end of Fig. 1 would act as a “soma” (the cell body of a neuron), which is the site of final integration of the signals and ultimately is responsible to generate action potentials to send to downstream neurons. In our mathematical deduction, this situation can be also taken into account (what counts is just the average delayed obtained by a signal travelling from one end of the transmission medium to the other).


	Other models with different structures may also be taken into account to address anomalous diffusion in related contexts. For instance, it is interesting to investigate whether some sort of hyperbolic superposition with delay can also be applied to cases that do not need the presence of multiple branches. In particular, in Santamaria et al. (2011) the pyramidal cells in the hippocampus are studied, showing that the presence of dendritic spines causes anomalous diffusion: indeed, these small protrusions force diffusing molecules to undergo a continuous random walk with random waiting times that result in anomalous diffusion.


	For the sake of simplicity, here we take into account equations in the simplest possible form: in particular, we are not explicitly considering forcing terms in the equation (which can be anyway added in a more general analysis). Also, in order to develop formal expansions, we assume \(f_o\) to be smooth, with a smoothness independent of the structural parameters N, L and c. The advantage of the scaling in the variable of \(f_o\) is that its dependence on the spatial variables is weighted by the natural scale of the problem, thus \(f_o\) is a function of “adimensional” coordinates.


	We observe that, with respect to the parameters c and L in (1), it is possible to choose \(\delta \) small, without making the equation in (1) degenerate. For instance, if one takes \(c\sim L^{\frac{s-2}{s}}\), then the coefficients in (1) do not degenerate and \(\delta \) is small if L is large.
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