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                    Abstract
A detailed analysis is reported on a multiscale pharmacokinetic model, simulating the interaction of a drug with its target, the binding of the compounds and the outcome of their interaction. The analysis is based on the algorithmic computational singular perturbation (CSP) methodology. Among others, the analysis concludes that the partial equilibrium approximation and the quasi-steady-state approximation (PEA and QSSA) are valid in two distinct stages in the evolution of the process. Similar conclusions are reached from the algorithmic criteria for the validity of the QSSA and PEA. The reactions in the pharmacokinetic model that (i) generate the fast time scales, (ii) generate the constraints in which the system evolves and (iii) drive the system at various phases are identified, with the use of algorithmic CSP tools. These identifications are very important for the improvement of the model and for the identification of ways to control the evolution of the process. Regarding the qualitative understanding of the process, the present analysis systematises the findings in the literature and provides some new insights.
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Appendices
Appendix 1: The CSP Basis Vectors
Considering the state vector defined as \(\mathbf {y}=[L, R, RL]^T\), the CSP vectors are the following.
In the case where \(M=1\) and the fast variable is R (as in phase \(\hbox {P}_2\)), a proper initial guess is:
$$\begin{aligned} \mathbf {a}_r=\begin{bmatrix} 0 \\ 1 \\ 0 \end{bmatrix} \qquad \qquad \mathbf {a}_s= \begin{bmatrix} 1&0 \\ 0&0 \\ 0&1 \end{bmatrix} \end{aligned}$$

                    (68)
                

This choice assures that \(\mathbf {a}_r\) has a component in the fast subspace of the tangent space (Lam and Goussis 1994), i.e. a component along the axis of the fast variable R. After one \(\mathbf {b}^r\) and one \(\mathbf {a}_r\)-refinements, the following CSP vectors are obtained:
$$\begin{aligned} \mathbf {a}_r= & {} \kappa (1+\alpha \epsilon )^2 \begin{bmatrix} ~~(1+\alpha \epsilon )^{-1} \\ 1 \ (1+\alpha \epsilon )^{-1} \end{bmatrix}\nonumber \\ \mathbf {a}_s= & {} \begin{bmatrix} 1&0 \\ -\beta \epsilon (1+\alpha \epsilon )^{-1}&\gamma \epsilon (1+\alpha \epsilon )^{-1} \\ 0&1 \end{bmatrix} \end{aligned}$$

                    (69)
                


                           $$\begin{aligned} \mathbf {b}^r= & {} \begin{bmatrix} \beta \epsilon (1+\alpha \epsilon )^{-1}&1&-\gamma \epsilon (1+\alpha \epsilon )^{-1} \end{bmatrix} \end{aligned}$$

                    (70)
                


                           $$\begin{aligned} \mathbf {b}^s= & {} \kappa \begin{bmatrix} (1+\alpha \epsilon )^2+\gamma \epsilon&-(1+\alpha \epsilon )&\gamma \epsilon \\ \beta \epsilon&~~(1+\alpha \epsilon )&(1+\alpha \epsilon )^2+\beta \epsilon \end{bmatrix} \end{aligned}$$

                    (71)
                

where \(\alpha =k_\mathrm{deg}/k_\mathrm{int}, \beta ={k_\mathrm{on}R}/{k_\mathrm{int}}, \gamma ={k_\mathrm{off}}/{k_\mathrm{int}}, \kappa =((1+\alpha \epsilon )^2+(\beta +\gamma )\epsilon )^{-1}, \epsilon =\epsilon _{1,P2}=k_\mathrm{int}/(k_\mathrm{on}L), \mathbf {b}^r=\varvec{\beta }^1\) and \(\mathbf {b}^s=[\varvec{\beta }^2,\varvec{\beta }^3]^T\). Note that in the limit of \(\epsilon \rightarrow 0\), the CSP basis vectors reduce to those related to the QSSA for R, in agreement to the findings reported in Fig. 9, where it is shown that this agreement holds throughout phase \(\hbox {P}_2\).
In the case where \(M=1\) and the fast variable is L (as in phase \(\hbox {P}_4\)), a proper initial guess is:
$$\begin{aligned} \mathbf {a}_r=\begin{bmatrix} 1 \\ 0 \\ 0 \end{bmatrix} \qquad \qquad \mathbf {a}_s= \begin{bmatrix} 0&0 \\ 1&0 \\ 0&1 \end{bmatrix} \end{aligned}$$

                    (72)
                

Again, such a choice assures that \(\mathbf {a}_r\) has a component in the fast subspace of the tangent space, i.e. a component along the axis of the fast variable L. After one \(\mathbf {b}^r\) and one \(\mathbf {a}_r\)-refinements, the following CSP vectors are obtained:
$$\begin{aligned} \mathbf {a}_r= & {} \nu (1+\delta \epsilon )^2\begin{bmatrix} 1 \\ ~~(1+\delta \epsilon )^{-1} \\ -(1+\delta \epsilon )^{-1} \end{bmatrix} \qquad \quad \mathbf {a}_s= \begin{bmatrix} -\zeta \epsilon (1+\delta \epsilon )^{-1}&\eta \epsilon (1+\delta \epsilon )^{-1} \\ 1&0 \\ 0&1 \end{bmatrix} \nonumber \\\end{aligned}$$

                    (73)
                


                           $$\begin{aligned} \mathbf {b}^r= & {} \begin{bmatrix} 1&\zeta \epsilon (1+\delta \epsilon )^{-1}&-\eta \epsilon (1+\delta \epsilon )^{-1} \end{bmatrix} \end{aligned}$$

                    (74)
                


                           $$\begin{aligned} \mathbf {b}^s= & {} \nu \begin{bmatrix} -(1+\delta \epsilon )&(1+\delta \epsilon )^2 + \eta \epsilon&\eta \epsilon \\ ~~(1+\delta \epsilon )&\zeta \epsilon&(1+\delta \epsilon )^2 + \zeta \epsilon \end{bmatrix} \end{aligned}$$

                    (75)
                

where \(\delta =k_\mathrm{el}/k_\mathrm{deg}, \zeta =k_\mathrm{on}L/k_\mathrm{deg}, \eta =k_\mathrm{off}/k_\mathrm{deg}, \nu =((1+\delta \epsilon )^2+(\zeta +\eta )\epsilon )^{-1}\) and \(\epsilon =\epsilon _{1,P4}=k_\mathrm{deg}/(k_\mathrm{on}R)\). Note that in the limit of \(\epsilon \rightarrow 0\), the CSP basis vectors reduce to those related to the QSSA for L, in agreement to the findings reported in Fig. 9 where it is shown that this agreement holds from the start of phase \(\hbox {P}_4\).
In the case where \(M=2\) and the fast variables are L and R (as in the later part of phase \(\hbox {P}_4\)), a proper initial guess is:
$$\begin{aligned} \mathbf {a}_r= \begin{bmatrix} 1&0 \\ 0&1 \\ 0&0 \end{bmatrix} \qquad \qquad \mathbf {a}_s=\begin{bmatrix} 0 \\ 0 \\ 1 \end{bmatrix} \end{aligned}$$

                    (76)
                

Given that L and R are the fast variables, such a choice assures that \(\mathbf {a}_r\) has a component in the fast subspace of the tangent space. After one \(\mathbf {b}^r\) and one \(\mathbf {a}_r\)-refinements, the following CSP vectors are obtained:
$$\begin{aligned} \mathbf {a}_r= & {} \begin{bmatrix} 1-\frac{\displaystyle \epsilon \eta }{\displaystyle \xi }&-\frac{\displaystyle \epsilon ^2\delta \zeta \eta }{\displaystyle \xi } \\ -\frac{\displaystyle \epsilon \delta \eta }{\displaystyle \xi }&1-\frac{\displaystyle \epsilon ^2 \delta ^2\zeta \eta }{\displaystyle \xi } \\ - \frac{\displaystyle \psi }{\displaystyle \xi }&- \frac{\displaystyle \epsilon \delta \zeta \psi }{\displaystyle \xi } \end{bmatrix} \qquad \quad \mathbf {a}_s=\begin{bmatrix} \frac{\displaystyle \epsilon \eta }{\displaystyle \psi } \\ \frac{\displaystyle \epsilon \delta \eta }{\displaystyle \psi } \\ 1 \end{bmatrix} \end{aligned}$$

                    (77)
                


                           $$\begin{aligned} \mathbf {b}^r= & {} \begin{bmatrix} 1&0&-\frac{\displaystyle \epsilon \eta }{\displaystyle \psi } \\ 0&1&-\frac{\displaystyle \epsilon \delta \eta }{\displaystyle \psi } \end{bmatrix} \qquad \quad \mathbf {b}^s= \begin{bmatrix} \frac{\displaystyle \psi }{\displaystyle \xi }&\frac{\displaystyle \epsilon \delta \zeta \psi }{\displaystyle \xi }&\frac{\displaystyle \psi ^2}{\displaystyle \xi } \end{bmatrix} \end{aligned}$$

                    (78)
                

where
$$\begin{aligned} \xi =(1+\delta \epsilon )^2+\epsilon \eta +2\epsilon \delta \zeta (1+\delta \epsilon )+\epsilon ^2\delta ^2\zeta (\zeta +\eta ) \qquad \quad \psi =1+\delta \epsilon (1+\zeta ) \end{aligned}$$


                           \(\epsilon =\epsilon _{1,P4}=k_\mathrm{deg}/(k_\mathrm{on}L), \mathbf {b}^r=[\varvec{\beta }^1,\varvec{\beta }^2]^T\) and \(\mathbf {b}^s=\varvec{\beta }^3\). Note that in the limit of \(\epsilon \rightarrow 0\), the CSP basis vectors reduce to those related to the QSSA for L and R, in agreement to the findings reported in Fig. 10 where it is shown that this agreement holds from the start of phase \(\hbox {P}_4\).
Appendix 2: The Fast Amplitudes According to CSP, QSSA and PEA
The fast amplitude defined on the basis of the CSP basis vectors in Eqs. (69–71), which apply along \(\hbox {SIM}_1\) that develops in phase \(\hbox {P}_2\) in the \(M=1\) case, yields:
$$\begin{aligned} f^r= -r^1+r^3-r^4-\dfrac{\epsilon \beta (r^1+r^2)+\epsilon \gamma (r^1-r^5)}{1+\epsilon \alpha } = \mathcal {O}(\epsilon _{1,P2}) \end{aligned}$$

                    (79)
                

where \(r^1=r^{1f}-r^{1b}, \epsilon =\epsilon _{1,P2}=k_\mathrm{int}/(k_\mathrm{on}L)\). On the other hand, the PEA of the first reaction yields the amplitude:
$$\begin{aligned} f^M_{PEA}=r^1-\frac{r^3-r^4-\epsilon (\beta r^2-\gamma r^5)}{1+\epsilon (\beta +\gamma )} \end{aligned}$$

                    (80)
                

Finally, the QSSA for R that is valid in phase \(\hbox {P}_2\) yields the amplitude:
$$\begin{aligned} f^M_{QSSA}=r^1-r^3+r^4 \end{aligned}$$

                    (81)
                

It follows that on \(\hbox {SIM}_1\) all three amplitudes differ by an \(\mathcal {O}(\epsilon )\) quantity:
$$\begin{aligned} f^r=f^M_{QSSA}+\mathcal {O}(\epsilon )=f^M_{PEA}+\mathcal {O}(\epsilon ) \end{aligned}$$

                    (82)
                

Therefore, according to Eq. (79) it follows that on \(\hbox {SIM}_1\):
$$\begin{aligned} f^M_{QSSA} = \mathcal {O}(\epsilon _{1,P2}) \qquad \qquad f^M_{PEA} = \mathcal {O}(\epsilon _{1,P2}) \end{aligned}$$

                    (83)
                

Similarly, the fast amplitude defined on the basis of the CSP basis vectors in Eqs. (73–75), which apply along \(\hbox {SIM}_2\) that develops in phase \(\hbox {P}_4\) in the \(M=1\) case, yields:
$$\begin{aligned} f^r= -r^1-r^2 +\frac{\epsilon \zeta (-r^1+r^3-r^4)-\epsilon \eta (r^1-r^5)}{1+\epsilon \delta } = \mathcal {O}(\epsilon _{1,P4}) \end{aligned}$$

                    (84)
                

where \(\epsilon =\epsilon _{1,P4}=k_\mathrm{deg}/(k_\mathrm{on}R)\). The PEA for the first reaction in this phase yields the amplitude:
$$\begin{aligned} f^M_{PEA}=r^1+\frac{r^2-\epsilon \zeta (r^3-r^4)-\epsilon \eta r^5}{1+\epsilon (\zeta +\eta )} \end{aligned}$$

                    (85)
                

The QSSA for L that is valid in phase \(\hbox {P}_4\) yields the amplitude:
$$\begin{aligned} f^M_{QSSA}=r^1+r^2 \end{aligned}$$

                    (86)
                

Therefore, on \(\hbox {SIM}_2\) all three amplitudes differ by an \(\mathcal {O}(\epsilon )\) quantity:
$$\begin{aligned} f^r=f^M_{QSSA}+\mathcal {O}(\epsilon )=f^M_{PEA}+\mathcal {O}(\epsilon ) \end{aligned}$$

                    (87)
                

so that, according to Eq. (84), it follows that on \(\hbox {SIM}_2\):
$$\begin{aligned} f^M_{QSSA} = \mathcal {O}(\epsilon _{1,P4}) \qquad \qquad f^M_{PEA} = \mathcal {O}(\epsilon _{1,P4}) \end{aligned}$$

                    (88)
                

Finally, the fast amplitudes defined on the basis of the CSP basis vectors in Eqs. (77–78), which apply along the later part of \(\hbox {SIM}_2\) that develops in phase \(\hbox {P}_4\) in the \(M=2\) case, yields:
$$\begin{aligned} \mathbf {f}^r=\begin{bmatrix} -(1+\epsilon \eta /\psi )r^1-r^2+\epsilon \eta r^5 /\psi \\ -(1+\epsilon \delta \eta /\psi )r^1+r^3-r^4+\epsilon \delta \eta r^5/\psi \end{bmatrix} =\mathcal {O}(\epsilon _{2,P4}) \end{aligned}$$

                    (89)
                

where \(\epsilon =\epsilon _{1,P4}=k_\mathrm{deg}/(k_\mathrm{on}R)\). The PEA for the first and the fourth reactions in this phase yields:
$$\begin{aligned} \mathbf {f}^M_{PEA}=\begin{bmatrix} -(1+\epsilon (\zeta +\eta ))r^1-r^2+\epsilon \zeta (r^3-r^4)+\epsilon \eta r^5 \\ -r^1+r^3-r^4 \end{bmatrix} \end{aligned}$$

                    (90)
                

while the QSSA for L and R yields:
$$\begin{aligned} \mathbf {f}^M_{QSSA}=\begin{bmatrix} -r^1-r^2 \\ -r^1+r^3-r^4 \end{bmatrix} \end{aligned}$$

                    (91)
                

On \(\hbox {SIM}_2\) all three amplitudes differ by an \(\mathcal {O}(\epsilon )\) quantity:
$$\begin{aligned} \mathbf {f}^r=\mathbf {f}^M_{QSSA}+\mathcal {O}(\epsilon ) =\mathbf {f}^M_{PEA}+\mathcal {O}(\epsilon ) \end{aligned}$$

                    (92)
                

so that, according to Eq. (89), it follows that on the later part of \(\hbox {SIM}_2\):
$$\begin{aligned} {\mathbf {f}}^M_{QSSA} = {\mathcal {O}}(\epsilon _{2,P4}) \qquad \qquad {\mathbf {f}}^M_{PEA} = {\mathcal {O}}(\epsilon _{2,P4}) \end{aligned}$$

                    (93)
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