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                    Abstract
Interactions between swimming bacteria have led to remarkable experimentally observable macroscopic properties such as the reduction in the effective viscosity, enhanced mixing, and diffusion. In this work, we study an individual-based model for a suspension of interacting point dipoles representing bacteria in order to gain greater insight into the physical mechanisms responsible for the drastic reduction in the effective viscosity. In particular, asymptotic analysis is carried out on the corresponding kinetic equation governing the distribution of bacteria orientations. This allows one to derive an explicit asymptotic formula for the effective viscosity of the bacterial suspension in the limit of bacterium non-sphericity. The results show good qualitative agreement with numerical simulations and previous experimental observations. Finally, we justify our approach by proving existence, uniqueness, and regularity properties for this kinetic PDE model.
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Appendices
Appendix 1: Explicit form of Integral Terms \(I_i\) from (39)
We will need the following technical Lemma:

                  
                    Lemma 1
                  

                  Assume that \(\mathcal {A}\) is a \(3\times 3\)-matrix that is independent of the orientation vector \(\mathbf{d}\). Then
$$\begin{aligned} \nabla _\mathbf{d}\cdot [\mathbf{d}\times (\mathbf{d}\times \mathcal {A}\mathbf{d})]=3(\mathbf{d},\mathcal {A}{} \mathbf{d})-\mathrm{Tr}\mathcal {A}. \end{aligned}$$

                    (69)
                

In particular, if
$$\begin{aligned} \mathcal {A} = \left[ \begin{array}{ccc} A &{}\quad C &{}\quad 0\\ C &{}\quad -A &{}\quad 0 \\ 0 &{}\quad 0 &{}\quad 0 \end{array}\right] , \end{aligned}$$

                    (70)
                

then
$$\begin{aligned} \nabla _\mathbf{d}\cdot [\mathbf{d}\times (\mathbf{d}\times \mathcal {A}\mathbf{d})]= A\sin ^2\beta \cos (2\alpha ) + C\sin ^2\beta \sin (2\alpha ). \end{aligned}$$

                    (71)
                


                           
                
                  
                    Remark 9
                  

                  Recall that \(\nabla _\mathbf{d}\) denotes the spherical gradient in orientation \(\mathbf{d}\), and \(\tilde{\nabla }_\mathbf{d}\) denotes the classical gradient in vector \(\mathbf{d}\) [e.g., see (11)].

                
                  
                    Proof
                  

                  Using the well-known vector identity \(a\times (b \times c)=b(a,c)-c(a,b)\) and the relation (11), we obtain
$$\begin{aligned} \nabla _\mathbf{d} \cdot \left[ \mathbf{d} \times \mathbf{d} \times \mathcal {A} \mathbf{d} \right]= & {} \nabla _\mathbf{d} \cdot \left[ \mathbf{d} (\mathbf{d}, \mathcal {A}{} \mathbf{d}) - \mathcal {A}{} \mathbf{d} \right] \nonumber \\= & {} \left. \tilde{\nabla }_\mathbf{d} \cdot \left[ \mathbf{d}(\mathbf{d}, \mathcal {A}{} \mathbf{d}) - \mathcal {A}{} \mathbf{d}\right] \right. \nonumber \\&\left. -\frac{\partial }{\partial |\mathbf{d} |} \left\{ |\mathbf{d} |^5\left( \hat{\mathbf{d}}, \mathcal {A}\hat{\mathbf{d}}\right) - |\mathbf{d} |^3\left( \hat{\mathbf{d}}, \mathcal {A}\hat{\mathbf{d}}\right) \right\} \right| _{|\mathbf{d}| =1}. \end{aligned}$$

                    (72)
                

Here, \(\hat{\mathbf{d}}=\mathbf{d}{/}|\mathbf{d}|\). The orientation \(\mathbf{d}\) is a unit vector, but in order to relate the classical and the spherical divergence we need to calculate the derivative in \(|\mathbf{d}|\) at \(|\mathbf{d}|=1\); thus, consider \(\mathbf{d}\) different from unit magnitude. Also, note that \(\hat{\mathbf{d}}\) does not depend on \(|\mathbf{d}|\).

                  One can easily verify that
$$\begin{aligned} \tilde{\nabla }_\mathbf{d} \cdot \left[ \mathbf{d}(\mathbf{d}, \mathcal {A}{} \mathbf{d})-\mathcal {A}{} \mathbf{d}\right]&= 3(\mathbf{d}, \mathcal {A}{} \mathbf{d}) + \mathbf{d} \cdot \tilde{\nabla } (\mathbf{d}, \mathcal {A}{} \mathbf{d}) - \text {Tr}(\mathcal {A})\nonumber \\&=3(\mathbf{d}, \mathcal {A}{} \mathbf{d}) + \mathbf{d} \cdot 2\mathcal {A}{} \mathbf{d} - \text {Tr}(\mathcal {A})\nonumber \\&=5(\mathbf{d}, \mathcal {A}{} \mathbf{d})- \text {Tr}(\mathcal {A}). \end{aligned}$$

                    (73)
                

and
$$\begin{aligned} -\frac{\partial }{\partial |\mathbf{d} |} \left\{ |\mathbf{d} |^5\left( \hat{\mathbf{d}}, \mathcal {A}\hat{\mathbf{d}}\right) - |\mathbf{d} |^3\left( \hat{\mathbf{d}}, \mathcal {A}\hat{\mathbf{d}}\right) \right\} \biggr |_{|\mathbf{d}| =1} = -2(\mathbf{d}, \mathcal {A}{} \mathbf{d}). \end{aligned}$$

                    (74)
                

Substituting (73) and (74) into (72), we obtain (69). The formula (71) follows directly from substituting (70) into (69). \(\square \)
                           

                Next we evaluate integral terms \(I_i\) introduced in Sect. 4.4.

                           The integral term 
                           \(I_1\) This integral is defined by
$$\begin{aligned} I_1:=\frac{1}{4\pi N|V_L|} \nabla _{\mathbf{d}} \cdot \int _{\mathcal {S}^2} \left\langle \mathcal {F}[\mathbf{E}]\mathcal {F}[P_{\mathbf{x}}]^2\right\rangle _{\mathbf{k}} P_{\mathbf{d}}^{(1)}\left( \mathbf{d}^{\prime }\right) \hbox {d}S_{\mathbf{d}^{\prime }} \end{aligned}$$

and due to (28) and (31) can be written as:
$$\begin{aligned} I_1 =\frac{-1}{8\eta \pi N|V_L|} \nabla _{\mathbf{d}} \cdot \left[ \mathbf{d} \times \mathbf{d} \times \left\{ \int \mathcal {M}\mathcal {F}[P_\mathbf{x}]^2 d\mathbf{k} \right\} \mathbf{d} \right] . \end{aligned}$$

Here, \(\hat{\mathbf{k}}:=\mathbf{k}{/}|\mathbf{k}|\), and the \(3\times 3\) matrix \(\mathcal {M}\) is defined by
$$\begin{aligned} \mathcal {M}:= \mathcal {L} \hat{\mathbf{k}}\hat{\mathbf{k}}^* - 2\hat{\mathbf{k}}\hat{\mathbf{k}}^* \mathcal {L}\hat{\mathbf{k}}\hat{\mathbf{k}}^* + \hat{\mathbf{k}}\hat{\mathbf{k}}^* \mathcal {L}, \end{aligned}$$

where
$$\begin{aligned} \mathcal {L} := \left[ \int _{\mathcal {S}^2} \tilde{\varSigma } P_{\mathbf{d}}^{(1)}\left( \mathbf{d}^{\prime }\right) \hbox {d}S_{\mathbf{d}^{\prime }}\right] = -\frac{3U_0}{8\pi }\left[ \begin{array}{ccc} \frac{8\pi }{15} &{}\quad 0 &{}\quad 0\\ 0 &{}\quad -\frac{8\pi }{15} &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0\end{array}\right] = -\frac{U_0}{5}\left[ \begin{array}{ccc} 1 &{}\quad 0 &{}\quad 0\\ 0 &{}\quad -1 &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0\end{array}\right] . \end{aligned}$$

                    (75)
                

Substituting \(\mathcal {F}\) into the expression for \(\mathcal {M}\), one finds that \(\mathcal {M}\) equals to
$$\begin{aligned} \left[ \begin{array}{ccc} 2k_1^2 - 2k_1^4 + 2k_1^2k_2^2 &{}\quad -2k_1^3k_2 + 2k_1k_2^3 &{}\quad k_1k_3 -2k_1^3k_3 + 2k_1k_2^2k_3\\ -2k_1^3k_2 + 2k_1k_2^3 &{}\quad -2k_2^2 - 2k_1^2k_2^2 + 2k_2^4 &{}\quad -k_2k_3 - 2k_1^2k_2k_3 + 2k_2^3k_3\\ k_1k_3 -2k_1^3k_3 + 2k_1k_2^2k_3 &{}\quad -k_2k_3 - 2k_1^2k_2k_3 + 2k_2^3k_3 &{}\quad -2k_1^2k_3^2 + 2k_2^2k_3^2\end{array}\right] , \end{aligned}$$

where \(k_1,k_2,k_3\) are components of \(\hat{\mathbf{k}}\).
Next we use the condition (C3) from Sect. 3.3 written in terms of the representation formula (17) to obtain
$$\begin{aligned} \int \mathcal {M}(\mathcal {F}[P_{\mathbf{x}}])^2 \hbox {d}{} \mathbf{k}=\int \mathcal {M}|_{k_3=0}\hat{P}_{12}(|\mathbf{k}|k_1,|\mathbf{k}|k_2)|\mathbf{k}|^2 \hbox {d}|\mathbf{k}|\hbox {d}\theta , \end{aligned}$$

where
$$\begin{aligned} \mathcal {M}|_{k_3=0}&= \left[ \begin{array}{ccc} 2k_1^2\left[ 1 - k_1^2 + k_2^2\right] &{}\quad -2k_1k_2\left[ k_1^2 - k_2^2\right] &{}\quad 0 \\ -2k_1k_2\left[ k_1^2 - k_2^2\right] &{}\quad -2k_2^2\left[ 1 + k_1^2 - k_2^2\right] &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0 \end{array}\right] \\&= \left[ \begin{array}{ccc} 4k_1^2k_2^2 &{}\quad -2k_1k_2\left[ k_1^2 - k_2^2\right] &{}\quad 0 \\ -2k_1k_2\left[ k_1^2 - k_2^2\right] &{}\quad -4k_1^2k_2^2 &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0 \end{array}\right] \\&= \left[ \begin{array}{ccc} \sin ^2(2\theta ) &{}\quad -\frac{1}{2}\sin (4\theta ) &{}\quad 0 \\ -\frac{1}{2}\sin (4\theta ) &{}\quad -\sin ^2(2\theta ) &{}\quad 0\\ 0 &{}\quad 0 &{}\quad 0 \end{array}\right] . \end{aligned}$$

Here, variables \(k_1\) and \(k_2\) are expressed in polar coordinates \(k_1 = \cos (\theta )\) and \(k_2 = \sin (\theta )\).
Note that the matrix in the equality above is of the form (70) and, thus, we may apply (71):
$$\begin{aligned} I_1=\frac{ U_0}{40\pi \eta _0 N|V_L|}\left( A\sin ^2\beta \cos (2\alpha ) + C\sin ^2\beta \sin (2\alpha )\right) . \end{aligned}$$

This is the desired formula for \(I_1\).

                           The integral term 
                           \(I_2\) We need to obtain that \(I_2=0\). This holds provided that
$$\begin{aligned} \int \limits _{\mathcal {S}^2}\left\langle \mathcal {F}[\varvec{\omega }](\mathcal {F}[P_\mathbf{x}])^2\right\rangle _\mathbf{k} \hbox {d}S_{\mathbf{d}^{\prime }}=0. \end{aligned}$$

                    (76)
                

The integral in the RHS of (76) by using inverse Fourier transform can be written as
$$\begin{aligned} -\frac{1}{2}{} \mathbf{d} \times \int \int P_{\mathbf{x}}\left( \mathbf{x}^{\prime }\right) P_{\mathbf{x}}(\mathbf{x})\nabla _{\mathbf{x}}\times \left\{ \int _{\mathcal {S}^2}\mathbf{u}\left( \mathbf{x}-\mathbf{x}^{\prime },\mathbf{d}^{\prime }\right) \hbox {d}S_{\mathbf{d}^{\prime }}\right\} \hbox {d}{} \mathbf{x}\hbox {d}{} \mathbf{x}^{\prime }. \end{aligned}$$

The integral in curly braces is zero due to
$$\begin{aligned} \int _{\mathcal {S}^2} \mathbf{u}\left( \mathbf{x},\mathbf{d}^{\prime }\right) \hbox {d} \mathbf{d}^{\prime }=\left[ \int _{\mathcal {S}^2}U_0\left( \mathbf{d}^{\prime }\left( \mathbf{d}^{\prime }\right) ^*-I{/}3\right) \hbox {d}S_{\mathbf{d}^{\prime }}\right] :\nabla _\mathbf{x}\mathcal {G}=0. \end{aligned}$$

                    (77)
                

Thus, (76) holds and \(I_2=0\).

                           The integral term 
                           \(I_3\) To prove that \(I_3=0\) we can use the same arguments as for \(I_2\). Indeed, \(I_3\) vanishes provided that
$$\begin{aligned} \int \limits _{\mathcal {S}^2}\left\langle \mathcal {F}[\mathbf{E}](\mathcal {F}[P_\mathbf{x}])^2\right\rangle _\mathbf{k} \hbox {d}S_{\mathbf{d}^{\prime }}=0. \end{aligned}$$

One can easily verify this equality by using the inverse Fourier transform and the identity (77).

                           The integral term 
                           \(I_4\) This integral can be written as
$$\begin{aligned} \frac{\nabla _{\mathbf{d}}\left[ P^{(1)}_{\mathbf{d}}(\mathbf{d})\right] }{N|V_L|} \int _{\mathcal {S}^2} P^{(1)}_{\mathbf{d}}\left( \mathbf{d}^{\prime }\right) \left\langle \mathcal {F}[{\varvec{\omega }}](\mathcal {F}[P_\mathbf{x}])^2\right\rangle _{\mathbf{k}} \hbox {d}S_{\mathbf{d}^{\prime }}. \end{aligned}$$

According to (32), the formula for \(\mathcal {F}[\varvec{\omega }]\) is the following
$$\begin{aligned} {\mathcal {F}}[{\varvec{\omega }}] = -\frac{\mathbf{d}}{2} \times \left[ -i {\mathbf{k}} \times {\tilde{\mathbf{u}}}\right] = -\frac{\mathbf{d}}{2\eta } \times \left[ {\hat{\mathbf{k}}} \times \left( I - {\hat{\mathbf{k}}}{\hat{\mathbf{k}}}^{*}\right) {\tilde{\varSigma }}{\hat{\mathbf{k}}}\right] . \end{aligned}$$

Recall that \(\hat{\mathbf{k}} = \mathbf{k}{/}|\mathbf{k} |=(k_1,k_2,k_3)\). Using (75) we obtain
$$\begin{aligned} M:=\int _{\mathcal {S}^2} \mathcal {F}[\varvec{\omega }]P_{\mathbf{d}}^{(1)}\left( \mathbf{d}^{\prime }\right) \hbox {d}S_{\mathbf{d}^{\prime }}= & {} -\frac{1}{2\eta }\mathbf{d}\times \left[ \hat{\mathbf{k}} \times \left( I - \hat{\mathbf{k}}\hat{\mathbf{k}}^*\right) \mathcal {F}\hat{\mathbf{k}}\right] \\= & {} \frac{U_0}{10\eta }{} \mathbf{d} \times \left[ \begin{array}{c} k_2k_3 \\ k_1k_3\\ -2k_1k_2\end{array}\right] . \end{aligned}$$

In the same manner as we analyzed \(I_1\), we use the condition (C3) from Sect. 3.3 written in terms of the representation formula (17), the form of orientation \(\mathbf{d}\) in spherical angles (10), and polar angle \(\theta \) for \(k_1=\cos \theta \) and \(k_2=\sin \theta \):
$$\begin{aligned} I_4=\frac{\nabla _{\mathbf{d}}\left[ P^{(1)}_{\mathbf{d}}(\mathbf{d})\right] }{N|V_L|}\cdot \int M|_{k_3=0}\hat{P}^2_{12}(|\mathbf{k}|k_1,|\mathbf{k}|k_2)|\mathbf{k}|^2 \hbox {d}|\mathbf{k}|\hbox {d}\theta , \end{aligned}$$

                    (78)
                

where
$$\begin{aligned} M|_{k_3=0}=\frac{U_0}{10\eta }\sin (2\theta )\left[ \begin{array}{c} -\sin \alpha \sin \beta \\ \cos \alpha \sin \beta \\ 0\end{array}\right] . \end{aligned}$$

Next we find \(\nabla _{\mathbf{d}}[P^{(1)}_{\mathbf{d}}(\mathbf{d})]\). Using (38) and the definition of the spherical gradient \(\nabla _\mathbf{d}\):
$$\begin{aligned} \nabla _{\mathbf{d}}P = \left[ \begin{array}{c} -\frac{\sin (\alpha )}{\sin (\beta )}\partial _{\alpha }P + \cos (\alpha )\cos (\beta )\partial _{\beta }P\\ \frac{\cos (\alpha )}{\sin (\beta )}\partial _{\alpha }P + \sin (\alpha )\cos (\beta )\partial _{\beta }P\\ -\sin (\beta )\partial _{\beta }P\end{array}\right] , \end{aligned}$$

we obtain that
$$\begin{aligned} \nabla _{\mathbf{d}}P_{\mathbf{d}}^{(1)}(\mathbf{d})&= \frac{-3}{4\pi }\left[ \begin{array}{c} \sin \alpha \sin (2\alpha )\sin \beta + \cos \alpha \cos (2\alpha )\sin \beta \cos ^2\beta \\ -\cos \alpha \sin (2\alpha )\sin \beta + \sin \alpha \cos (2\alpha )\sin \beta \cos ^2\beta \\ -\sin ^2\beta \cos \beta \cos (2\alpha )\end{array}\right] . \end{aligned}$$

Substituting this equality into (78), one obtains the desired formula for \(I_4\):
$$\begin{aligned} I_4=\frac{3U_0}{10\pi \eta _0 N|V_L|}D\sin (2\alpha )\sin ^2\beta . \end{aligned}$$

This concludes the evaluation of integral terms \(I_i\) for \(i = 1,\ldots ,4\).
Appendix 2: Justification of the Representation Formula (17)
Consider the spatial distribution \(P_{\mathbf{x}}(x,y,z)=c_L\chi (z)P_{12}(x,y)\), where
$$\begin{aligned} \chi (z)=\left\{ \begin{array}{ll}1,&{}\quad z\in (-L,L),\\ 0,&{}\quad z\notin (-L,L), \end{array}\right. \end{aligned}$$

                    (79)
                

and we choose \(c_L=4{/}\sqrt{\pi L}\). The distribution \(P_{\mathbf{x}}\) satisfies the condition (C3), i.e., its support does not depend on z.
Our main goal of this subsection is to obtain a representation for the Fourier transform of \(P_{\mathbf{x}}\):
$$\begin{aligned} \mathcal {F}[P_\mathbf{x}]=\int _{-L}^{L}\chi (z) \hbox {e}^{i k_3 z}\hbox {d}k_3 \hat{P}_{12} (k_1,k_2)=-\frac{2}{\sqrt{\pi L}}\frac{\sin (k_3 L)}{k_3}\hat{P}_{12} (k_1,k_2). \end{aligned}$$

                    (80)
                

For an arbitrary continuous function \(\phi \), the following convergence holds:
$$\begin{aligned} \frac{1}{\pi L}\int \limits _{-L}^{L} \left( \frac{\sin (k_3 L)}{k_3}\right) ^2\phi (k_3)\hbox {d}k_3\rightarrow \phi (0). \end{aligned}$$

                    (81)
                

From (80) and (81), it follows that for large L we have
$$\begin{aligned} (\mathcal {F}[P_\mathbf{x}])^2\approx \delta (k_3) \hat{P}^2_{12}(k_1,k_2), \end{aligned}$$

                    (82)
                

which justifies (17). Note that due to our choice of \(c_L\) it follows from \(\int _{V_L} P_{\mathbf{x}}\hbox {d}\mathbf{x}=N\) and \(N\sim L^3\) that \(P_{12}\sim \sqrt{L}\).
It is also interesting to calculate the coefficient A defined by (40) for the spatial distribution \(P_{\mathbf{x}}(\mathbf{x})=\frac{1}{\rho }\chi (x)\chi (y)\chi (z)\) which is uniform in \(V_L\). Then
$$\begin{aligned} \hat{P}_{12}^2=\sqrt{L} \left( \frac{\sin (k_1 L)}{k_1}\right) ^2\left( \frac{\sin (k_2 L)}{k_2}\right) ^2\sim \delta (k_1,k_2) L^{5{/}2}. \end{aligned}$$

                    (83)
                

In this case, the coefficient A is of the order \(L^{5{/}2}\). It is responsible for the decrease in viscosity. Namely, for fixed number density \(\rho =N{/}L^3\), the Bretherton constant B, the dipole moment \(U_0\), and the strength of the background flow \(\gamma \), it follows from (44) that \(\eta ^{\text {int}}\sim A{/}L^6\). Then due to (83)
$$\begin{aligned} \eta ^{\text {int}}\sim \frac{1}{L^{7{/}2}}\rightarrow 0\quad \text {as}\; L\rightarrow \infty . \end{aligned}$$

                    (84)
                

Therefore, \(\tilde{A}=A L^{-5{/}2}\) can serve as a measure of the deviation of the spatial density \(P_\mathbf{x}(\mathbf{x})\) from uniform.
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