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                    Abstract
A mathematical model for the honeybee–varroa mite–ABPV system is proposed in terms of four differential equations for the: infected and uninfected bees in the colony, number of mites overall, and of mites carrying the virus. To account for seasonal variability, all parameters are time periodic. We obtain linearized stability conditions for the disease-free periodic solutions. Numerically, we illustrate that, for appropriate parameters, mites can establish themselves in colonies that are not treated with varroacides, leading to colonies with slightly reduced number of bees. If some of these mites carry the virus, however, the colony might fail suddenly after several years without a noticeable sign of stress leading up to the failure. The immediate cause of failure is that at the end of fall, colonies are not strong enough to survive the winter in viable numbers. We investigate the effect of the initial disease infestation on collapse time, and how varroacide treatment affects long-term behavior. We find that to control the virus epidemic, the mites as disease vector should be controlled.
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Appendix: Construction of Continuous Parameters from Seasonal Averages
Appendix: Construction of Continuous Parameters from Seasonal Averages
1.1 Definition Based on Piecewise Cubic Hermite Interpolating Polynomials
We interpolate the average seasonal values (i.e., piecewise constant functions) to obtain continuous and periodic functions using the built-in MATLAB function PCHIP (see Fritsch and Carlson 1980 for details). A difficulty is to interpolate \(\mu \) without having the interpolating curve becoming negative as the average value of \(\mu \) in winter is zero. Therefore, the standard interpolating polynomials cannot be applied in a straightforward manner. We use PCHIP to interpolate between the seasons in two different ways to construct an interpolating function that preserves the shape of the data and monotonicity while at the same time trying to approximate the seasonal averages well. Proceeding in this manner, also the derivative of the interpolating function is continuous. Since PCHIP does not overshoot or undershoot, it solves the purpose without having the interpolating curve becoming negative in case of the parameter \(\mu \), however, at the expense of not necessarily maintaining seasonal averages exactly.
Fig. 6[image: figure 6]
Three different profiles observed in the parameters [\(\mu \) and K in (a), \(\beta _1,\beta _2,\beta _3, d_1\) in (b), and r and \(d_2\) in (c) by interpolating the piecewise constant seasonal averages using two methods


Full size image


                           Overall, three different profiles are observed in the parameters. Profile (a) is described by its highest average value in summer, lowest in winter and intermediate value in spring and fall (examples are \(\mu \) and K). Profile (b) is described as a high average in spring and fall and lower values in summer and winter (examples are \(\beta _i, i=1,2,3, d_1\)). Profile (c) is a high average value in spring and summer and low average in fall and winter (examples are r and \(d_2\)). Each of these profiles is shown in Fig. 6.
We assume that the year starts with the spring season and that each season is equal in length, i.e., 91.25 days. Let us denote \(s=91.25d\). Therefore, the duration of spring is 0 to s, summer s to 2s, fall 2s to 3s and winter 3s to 4s days.

                              Method 1 for Profile (a) and (b): Reduce each season by taking off \(\frac{1}{4}s\) each from the beginning and end. Consider the parameters to take average values at the reduced length of the seasons. We interpolate between the seasons (e.g., between spring and summer, i.e., from \(\frac{3}{4}s\) to \(\frac{5}{4}s\) ) by using PCHIP.

                              Method 1 for Profile (c): Since Profile (c) is such that the average value is the same in spring and summer, Method 1 is designed in a slightly different manner. We reduce the interval each from the beginning of spring and the end of summer by \(\frac{1}{4}s\). Similarly, we reduce the interval from the beginning of fall and end of winter by \(\frac{1}{4}s\). We consider the parameters to take average values on the reduced intervals and we interpolate between summer and fall, and winter and spring using PCHIP.

                              Method 2 for Profile (a) and (b): For spring and fall, we consider the average values to be the midpoint of each season instead of reducing the length of seasons by a factor. For summer and winter, we reduce each length of each season by taking off \(\frac{1}{4}s\) from the beginning and end of each season. Then, we use PCHIP to interpolate between all the seasons.

                              Method 2 for Profile (c): We designed this method in a way that the higher average value is considered at the mid of spring and fall, each; the lower average value is considered at the midpoint of fall and winter, each. We interpolate between these midpoints using PCHIP.
Table 2 Comparison between the average values of the parameters obtained from the literature and their approximate forms shown in Fig. (6)Full size table


                           Seasonal average and annual average values for each of these profiles are calculated and compared against the seasonal average in Table 2. These methods were designed by taking into consideration that average values calculated from them should be as close as possible to the seasonal averages from the literature and the interpolated functions should be almost smooth. For instance, the seasonal average for \(\mu \) by using Method 1 and Method 2 is higher than the seasonal average from the literature for all seasons except summer but the annual average using Method 1 is more closer to the annual average calculated from the literature. Therefore, Method 1 gives an annual average value more accurate as compared to Method 2 in case of Profile (a). In case of Profile (b), seasonal average of the parameter \(\beta _1\) using Method 2 is higher than the seasonal average calculated from the literature. However, the annual average using the same method is more closer to the annual average from the literature. In case of Profile (c), although the seasonal average using both methods is different (in particular Method 1 is closer to the seasonal average obtained from the literature), the annual average values are the same and are close to the annual average values calculated from the literature.
1.2 Effect of Different Interpolated Forms of Parameters on the Disease Dynamics of the Colony
Given that data are available in terms of seasonal averages, the question arises whether the model is sensitive to the particular construction of continuous coefficient functions from these discrete data. Our numerical simulations indeed show that the qualitative results are the same whether we use Method 1 or 2 for the approximation of the piecewise constant parameters, see Figs. 7 and 8. However, it does affect the solutions quantitatively.
Fig. 7[image: figure 7]
(Colour online) Comparison of the bee–mite dynamics using two different methods for interpolation of the piecewise constant parameters


Full size image


                              Fig. 8[image: figure 8]
(Colour online) Comparison of the bee–mite–virus dynamics using two different methods for interpolation of the piecewise constant parameters


Full size image



                           First, we considered a honeybee colony infested with mites. Coexistence of bees and mites is observed using both methods (see Fig. 7). The quantitative difference is that in case of Method 1, the minimum of bee and mite population is higher than the case where Method 2 is used. This is explained by the observation that for Method 2, in winter the average birthrate of bees (\(\mu \)) is lower and the average natural death rate of bees (\(d_1\)) is higher compared to the seasonal averages obtained from the literature.
Next, we consider a mite-infested honeybee colony infected with virus and observed that although the colony collapses using both Method 1 and 2, the latter leads to failure of the colony one year earlier than the former, see Fig. 8. This is explained by the observation that the minimum of the bee population is lower in case of Method 2 than in case of Method 1 and it drops below the brood maintenance coefficient K. This means that there are enough healthy worker bees to care for the brood present in the colony which leads to the collapse of the colony.
In another simulation experiment, we investigate how the dynamics of the bee–mite–virus system is altered by reducing the length of intervals on which average parameter value is taken in Method 1, by different proportions (i.e., \(\frac{9}{20}s\) and \(\frac{1}{10}s\)) instead of \(\frac{1}{4}s\) as we did above. It is observed that the colony collapses one year earlier if the interval for the parameters is reduced by \(\frac{1}{10}s\) as compared to the case when it is reduced by \(\frac{9}{20}s\), see Fig. 9. This happens because in case of reduction by \(\frac{1}{10}s\), the minimum of the bee population is lower than in case of \(\frac{9}{20}s\) and after 2200 days, it falls below the brood maintenance coefficient K and leads to the collapse of the colony. However, the fraction by which the interval is reduced does affect the results quantitatively but not qualitatively.
Fig. 9[image: figure 9]
(Colour online) Dynamics of the bee–mite–virus system by varying the reduction in the intervals in Method 1


Full size image


                           We conclude that using two different approximated forms of the parameters does not affect the qualitative results, but it can affect the results quantitatively. This suggests that data provided as the seasonal averages (i.e., piecewise constant functions) are sufficient to study the disease dynamics of the honeybee colony. For a truly quantitative predictive tool, however, better time-resolved data might be required to determine the continuous model parameters with the desired accuracy
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