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                    Abstract
Tumors are appreciated to be an intrinsically heterogeneous population of cells with varying proliferation capacities and tumorigenic potentials. As a central tenet of the so-called cancer stem cell hypothesis, most cancer cells have only a limited lifespan, and thus cannot initiate or reinitiate tumors. Longevity and clonogenicity are properties unique to the subpopulation of cancer stem cells. To understand the implications of the population structure suggested by this hypothesis—a hierarchy consisting of cancer stem cells and progeny non-stem cancer cells which experience a reduction in their remaining proliferation capacity per division—we set out to develop a mathematical model for the development of the aggregate population. We show that overall tumor progression rate during the exponential growth phase is identical to the growth rate of the cancer stem cell compartment. Tumors with identical stem cell proportions, however, can have different growth rates, dependent on the proliferation kinetics of all participating cell populations. Analysis of the model revealed that the proliferation potential of non-stem cancer cells is likely to be small to reproduce biologic observations. Furthermore, a single compartment of non-stem cancer cell population may adequately represent population growth dynamics only when the compartment proliferation rate is scaled with the generational hierarchy depth.
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Appendices
Appendix 1
We introduce the notations
$$\begin{aligned} \omega =p_2+2p_3, \quad z=\upgamma +b. \end{aligned}$$

Then, using (5), we rewrite the system of equations (2)–(4) as
$$\begin{aligned} \frac{\mathrm{d}N_1}{\mathrm{d}t}&=\omega \lambda C_0e^{\beta t}-zN_1\\ \frac{\mathrm{d}N_2}{\mathrm{d}t}&= 2\upgamma N_1 - zN_2 \\&\vdots \\ \frac{\mathrm{d}N_k}{\mathrm{d}t}&= 2\upgamma N_{k-1} - zN_k \\&\vdots \\ \frac{\mathrm{d}N_m}{\mathrm{d}t}&= 2\upgamma N_{m-1} - zN_m, \end{aligned}$$

where \(\beta = \left( p_1 -p_3\right) \lambda -a\). Define
$$\begin{aligned} n_k(t) = N_k(t) e^{zt} \end{aligned}$$

and substitute \(n_k(t)e^{-zt}\) in the system above to arrive at
$$\begin{aligned} \frac{\mathrm{d}n_1}{\mathrm{d}t}&= \omega \lambda C_0e^{(\beta +z) t}\end{aligned}$$

                    (19)
                

 
                           $$\begin{aligned} \frac{\mathrm{d}n_2}{\mathrm{d}t}&= 2\upgamma n_1 \end{aligned}$$

                    (20)
                

 
                           $$\begin{aligned}&\vdots \nonumber \\ \frac{\mathrm{d}n_k}{\mathrm{d}t}&= 2\upgamma n_{k-1}\end{aligned}$$

                    (21)
                

 
                           $$\begin{aligned}&\vdots \nonumber \\ \frac{dn_m}{dt}&=2\upgamma n_{m-1}. \end{aligned}$$

                    (22)
                

The solution to (19)–(22) is
$$\begin{aligned} n_k=\sum _{i=1}^{k}N_{k+1-i}(0)\frac{t^{i-1}(2\upgamma )^{i-1}}{(i-1)!} +\frac{\theta ^k\omega \lambda C_0}{2\upgamma }\left( e^{(\beta +z)t}-\sum _{i=1}^{k}\frac{t^{i-1}(2\upgamma )^{i-1}}{\theta ^{i-1}(i-1)!} \right) , \end{aligned}$$

so
$$\begin{aligned} N_k&= n_k(t)e^{-zt}\\&= \sum _{i=1}^{k}N_{k+1-i}(0)\frac{t^{i-1}(2\upgamma )^{i-1}}{(i-1)!}e^{-zt} +\frac{\theta ^k\omega \lambda C_0}{2\upgamma }\left( e^{\beta t}-\sum _{i=1}^{k}\frac{t^{i-1}(2\upgamma )^{i-1}}{\theta ^{i-1}(i-1)!} e^{-zt}\right) \end{aligned}$$

where
$$\begin{aligned} \theta = \frac{2\upgamma }{\upgamma + \beta + b} = \frac{2\upgamma }{z+ \beta }. \end{aligned}$$

The asymptotic behavior of \(N_k\) for large \(t\) is
$$\begin{aligned} N_{ks}=\frac{\theta ^k\omega \lambda C_0}{2\upgamma }e^{\beta t}. \end{aligned}$$

The exact solution for \(H\) is found by direct summation over the \(N_k\):
$$\begin{aligned} H&=\sum _{k=1}^m\sum _{i=1}^k N_{k+1-i}(0) \frac{t^{i-1} (2\upgamma )^{i-1}}{(i-1)!} e^{-zt} + \sum _{k=1}^m\frac{\theta ^k \omega \lambda C_0}{2\upgamma }e^{\beta t} \\&\quad -\,\sum _{k=1}^m\left[ \frac{\theta ^k\omega \lambda C_0}{2\upgamma } \sum _{i=1}^k \frac{t^{i-1}(2\upgamma )^{i-1}}{\theta ^{i-1}(i-1)!} \right] e^{-zt}. \end{aligned}$$

Defining
$$\begin{aligned} P_i = \sum _{j=1}^i N_j(0) \end{aligned}$$

and using
$$\begin{aligned} \sum _{k=1}^m\sum _{i=1}^k=\sum _{i=1}^m\sum _{k=i}^m, \end{aligned}$$

we get that
$$\begin{aligned} H&= \sum _{i=1}^m\left( \sum _{k=i}^m N_{k+1-i}(0)\right) \frac{t^{i-1}(2\upgamma )^{i-1}}{(i-1)!} e^{-zt} + \frac{\theta \omega \lambda C_0}{2\upgamma } \left( \frac{1-\theta ^m}{1-\theta } \right) e^{\beta t} \\&\quad -\,\sum _{i=1}^m \left( \sum _{k=i}^m\frac{\theta ^k\omega \lambda C_0}{2\upgamma } \right) \frac{t^{i-1}(2\upgamma )^{i-1}}{\theta ^{i-1}(i-1)!} e^{-zt}\\&=\sum _{i=1}^mP_{m+1-i} \frac{t^{i-1}(2\upgamma )^{i-1}}{(i-1)!} e^{-zt} + \frac{\theta \omega \lambda C_0}{2\upgamma } \left( \frac{1-\theta ^m}{1-\theta } \right) e^{\beta t} \\&\quad -\,\frac{\theta \omega \lambda C_0}{2\upgamma }\sum _{i=1}^m\left( \frac{1-\theta ^{m+1-i}}{1-\theta } \right) \frac{t^{i-1}(2\upgamma )^{i-1}}{(i-1)!}e^{-zt}. \end{aligned}$$

The asymptotic behavior of \(H\) for large \(t\) is
$$\begin{aligned} H_s=\frac{\theta \omega \lambda C_0}{2\upgamma }\left( \frac{1-\theta ^m}{1-\theta }\right) e^{\beta t}. \end{aligned}$$


                        Appendix 2
Replacing \(N_m\) in (13) with the expression
$$\begin{aligned} \left( p_2 + 2p_3\right) \lambda \frac{ \theta ^m}{2\upgamma } C \end{aligned}$$

from (6) gives the two-compartment system:
$$\begin{aligned} \frac{\mathrm{d}C}{\mathrm{d}t}&= \left( p_1-p_3\right) \lambda C - aC \end{aligned}$$

                    (23)
                

 
                           $$\begin{aligned} \frac{\mathrm{d}H}{\mathrm{d}t}&= (p_2+2 p_3) \lambda \left( 1 - \theta ^m\right) C + (\upgamma -b) H. \end{aligned}$$

                    (24)
                

We denote the solution of \(H\) in this system as \(H_{2C}\) .
The exact solution to the two-compartment model with (24) is such that
$$\begin{aligned} \frac{H_{2C}(t)}{C(t)} = \frac{H_s(t)}{C(t)} + \left[ \frac{H(0)}{C(0)} - \frac{H_s(t)}{C(t)}\right] e^{\kappa _1 t} \end{aligned}$$

where
$$\begin{aligned} \kappa _1 = \upgamma - b - \beta = 2\upgamma \frac{\left( \theta - 1\right) }{\theta }, \end{aligned}$$

and where \(H_s\) is the asymptotic solution of the multicompartment system given in (7),
$$\begin{aligned} H_s(t) = (p_2+2p_3) \frac{\lambda }{2\upgamma } \frac{\theta \left( 1-\theta ^m\right) }{1-\theta } C(0) e^{\beta t}. \end{aligned}$$

Now \(\theta <1 \implies \kappa _1 < 0\) and, in this case, we see that \(H_{2C}/C \rightarrow H_s/C\) as time passes but when \(\theta >1\), we have \(\kappa _1> 0\) so \(H_{2C}/C\) diverges from \(H_s/C\) and this two-compartment model is not reliable.
On the other hand, if we use the Eq. (16) as the second equation in our two-compartment model:
$$\begin{aligned} \frac{\mathrm{d}C}{\mathrm{d}t}&= \left( p_1-p_3\right) \lambda C - aC \\ \frac{\mathrm{d}H}{\mathrm{d}t}&= \left[ \left( \upgamma - b\right) - 2 \upgamma \theta ^{m-1}\frac{\left( 1-\theta \right) }{1-\theta ^m}\right] H + \left( p_2 + 2p_3\right) \lambda C, \end{aligned}$$

the solution for \(H\) which we have called \(H_{2H}\) is such that
$$\begin{aligned} \frac{H_{2H}(t)}{C(t)} = \frac{H_s(t)}{C(t)} + \left[ \frac{H(0)}{C(0)} - \frac{H_s(t)}{C(t)}\right] e^{\kappa _2 t,} \end{aligned}$$

where
$$\begin{aligned} \kappa _2&= \upgamma - b - \beta - 2\upgamma \frac{\theta ^{m-1}\left( 1-\theta \right) }{1-\theta ^m} \\&= 2\upgamma \frac{\left( \theta - 1\right) }{\theta \left( 1 - \theta ^m \right) } = \kappa _1/\left( 1 - \theta ^m\right) . \end{aligned}$$

Here \(\kappa _2<0\) for all \(\theta >0\), so that \(H_{2H} \rightarrow H_s\) for large time which is what we need.
Figure 10 compares the \(H/C\) that comes from the full multicompartment model, the \(H_{2H}/C\) coming from (16), and \(H_{2C}/C\) coming from (24). One can indeed see that when \(\theta <1\), \(H_{2C}/C\) gives a good approximation to \(H/C\), but not when \(\theta >1\). For the parameters used in the latter case, \(H_{2C}/C\) is negative and the solution heads to \(-\infty \).

Fig. 10[image: figure 10]
Comparison of \(H/C, H_{2H}/C\), and \(H_{2C}/C\) for \(\theta =0.95\) and \(\theta =1.2\). Other parameters: \(m=10\), \(\lambda =1\), \(\upgamma =1\), \(p_1=0.35\), \(p_2=0.65\), \(a=0.1\), \(\beta =0.25\) (Color figure online)
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