
        
    
        
            
            
                
            

            
        
    

        
    
        
            
            
                
            

            
        
    


        
    




        

        
    Skip to main content

    

    
    
        
            
                
                    
                        [image: SpringerLink]
                    
                
            
        


        
            
                
    
        Log in
    


            
        
    


    
        
            
                
                    
                        
                            
                        Menu
                    
                


                
                    
                        
                            Find a journal
                        
                    
                        
                            Publish with us
                        
                    
                        
                            Track your research
                        
                    
                


                
                    
                        
                            
                                
                                    
                                Search
                            
                        

                    
                    
                        
 
  
   
  Cart
 


                    
                

            

        
    




    
        
    
        
            
                
                    
    
        
            	
                        Home




	
                        Bulletin of Mathematical Biology

	
                        Article

Individual-Based Model for Quorum Sensing with Background Flow


                    	Original Article
	
                            Published: 22 May 2014
                        


                    	
                            Volume 76, pages 1727–1746, (2014)
                        
	
                            Cite this article
                        



                    
                        
                        
                    

                
                
                    
                        
                            
                            
                                
                                [image: ]
                            
                            Bulletin of Mathematical Biology
                        
                        
                            
                                Aims and scope
                                
                            
                        
                        
                            
                                Submit manuscript
                                
                            
                        
                    
                

            
        
    


        
            
                

                

                
                    
                        	Hannes Uecke1, 
	Johannes Müller2 & 
	Burkhard A. Hense3 


                        
    

                        
                            	
            
                
            415 Accesses

        
	
            
                
            12 Citations

        
	
            Explore all metrics 
                
            

        


                        

                        
    
    
        
            
                
                    
                
            
            
                
                    An Erratum to this article was published on 05 March 2015

                
            
        

    

    
    


                        
                    
                


                
                    Abstract
Quorum sensing is a wide-spread mode of cell–cell communication among bacteria in which cells release a signalling substance at a low rate. The concentration of this substance allows the bacteria to gain information about population size or spatial confinement. We consider a model for \(N\) cells which communicate with each other via a signalling substance in a diffusive medium with a background flow. The model consists of an initial boundary value problem for a parabolic PDE describing the exterior concentration \(u\) of the signalling substance, coupled with \(N\) ODEs for the masses \(a_i\) of the substance within each cell. The cells are balls of radius \(R\) in \(\mathbb {R} ^3\), and under some scaling assumptions we formally derive an effective system of \(N\) ODEs describing the behaviour of the cells. The reduced system is then used to study the effect of flow on communication in general, and in particular for a number of geometric configurations.
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Appendices
Appendix 1: The Reduction
Here we give the calculations to approximate the coupled PDE–ODE systems (2) by ODE systems of the form (3). For simplicity we first consider only one cell. The generalization to \(N\ge 2\) cells as in Result 1 then works rather naturally, and finally we explain how to treat the spatially confined case.
1.1 One Cell
Consider a single cell, located in \(x=0\) with radius \(R>0\). In lowest order we let \(u =\alpha \psi (x)\) with \(\psi (x)=\displaystyle \frac{1}{4\pi D\,|x|} \exp \left( \frac{c^Tx- |c|\,|x|}{2D}\right) \), cf. (7), and choose \(\alpha \) such that the BC
$$\begin{aligned} Bu|_{|x|=R}=\bigg [\nu ^T \left[ D\nabla u- c u\right] + \frac{d_1}{R} u\bigg ]|_{|x|=R}\mathop {=}\limits ^{!}\frac{d_2}{R^2} a \end{aligned}$$

                    (9)
                

are satisfied to leading order. We have
$$\begin{aligned} \nabla \psi (x) = \frac{1}{4 \pi \, D} \bigg ( - \frac{x}{|x|^3} + \frac{c}{2D|x|} - \frac{x|c|}{2D|x|^2} \bigg )e^{(c^Tx-|x||c|)/(2D)}. \end{aligned}$$

Since \(\nu = -x/|x|\), (9) thus yields
$$\begin{aligned} \frac{\alpha }{4\pi \,D}&\bigg (\frac{D}{R^2}+D\frac{|c|-\frac{c^Tx}{R} }{2D R} +\frac{c^T x}{R^2} +\frac{d_1}{R^2}\bigg )e^{(c^Tx-R|c|)/(2D)} = \frac{d_2 a}{R^2}. \end{aligned}$$

As \(\left. e^{(c^Tx-|x||c|)/(2D)}\right| _{|x|=R} = 1+ \mathcal{O}(R)\), we find in leading order (\(\mathcal{O}(R^{-2}\)))
$$\begin{aligned} \alpha =M a\text { with } M=\frac{4\pi Dd_2}{D+d_1}, \end{aligned}$$

                    (10)
                

independent of \(c\).
Next, as \(\int c^T x\mathrm{d}o=0\),
$$\begin{aligned} \int _{|x|=R} \frac{\psi }{R}\mathrm{d}o&=\frac{1}{4\pi \,D}\frac{1}{R^2} \int _{|x|=R} \mathrm{e}^{(c^T x-|x||c|)/(2D)}\mathrm{d}o=\frac{1}{D} \big [1-R|c|/(2D)+\mathcal{O}(R^2)\big ],\nonumber \\ \end{aligned}$$

                    (11)
                

see however Remark 3 for remarks on this expansion. Consequently, the already generalized ansatz \( u(x) = \alpha \psi (x) + \mathcal{O}(R^{0})\) yields \( \int _{|x|=R}\frac{d_1 u(x)}{R}\, do =\frac{d_1}{D}\alpha + \mathcal{O}(R). \) Thus, to leading order,
$$\begin{aligned} a' = f(a) - 4\pi d_2 a + \frac{4\pi d_2 d_1}{D+d_1}\,\, a = f(a) - Ma. \end{aligned}$$

                    (12)
                

The interaction terms will be of order \(\mathcal{O}(R^1)\), thus we first need to calculate the \(\mathcal{O}(R^1)\) interaction of a single cell with the environment. A natural ansatz is to assume
$$\begin{aligned} u = (\alpha +R\beta ) \psi (x) \end{aligned}$$

and aim to determine \(\alpha \) and \(\beta \) s.t. the BC are satisfied up \( \mathcal{O}(R^{-1})\).
The BC in this case read
$$\begin{aligned} Bu&= T_1+T_2+T_3+T_4\mathop {=}\limits ^{!}\frac{d_2 a}{R^2},\\ T_1&= \frac{1}{4 \pi } \frac{e^{(c^Tx-R|c|)/(2D)}}{R^2} (\alpha +R\beta ), \\ T_2&= \frac{1}{4 \pi } \frac{\left( |c|-\frac{x^Tc}{R} \right) \,\, e^{(c^Tx-R|c|)/(2D)}}{2DR} (\alpha +R\beta ), \\ T_3&= \frac{c^Tx}{R} \frac{1}{4\pi D} \frac{e^{(c^Tx-R|c|)/(2D)}}{R} (\alpha +R\beta ), \\ T_4&= \frac{d_1}{R^2} \frac{1}{4\pi D} e^{(c^Tx-R|c|)/(2D)}(\alpha +R\beta ). \end{aligned}$$

We expand \(T_1\) to \(T_4\) to order \( \mathcal{O}(R^{-1})\), and find
$$\begin{aligned} T_1&= R^{-2}\bigg \{\frac{1}{4\pi }\alpha \bigg \} + R^{-1}\bigg \{\frac{1}{4\pi }\beta +\frac{1}{8\pi D} \left( \frac{c^Tx}{R} -|c|\right) \alpha \bigg \} + \mathcal{O}(R^0),\\ T_2&= R^{-1}\bigg \{\frac{1}{8\pi D}\left( |c|-\frac{x^Tc}{R} \right) \alpha \bigg \} + \mathcal{O}(R^0),\qquad T_3= R^{-1}\bigg \{\frac{1}{4\pi \,D}\frac{c^T x}{R}\alpha \bigg \} \!+\! \mathcal{O}(R^0),\\ T_4&= R^{-2}\bigg \{ \frac{d_1}{4\pi D}\alpha \bigg \} + R^{-1}\bigg \{\frac{d_1}{4\pi D}\beta + \frac{d_1}{ 8 \pi D^2}\left( \frac{x^Tc}{R}-|c|\right) \alpha \bigg \}+ \mathcal{O}(R^0). \end{aligned}$$

Like before, the \(R^{-2}\) terms yield \(\alpha =Ma\), and the next order reads
$$\begin{aligned} 0=\frac{1}{4\pi }\,\,\,\, \left[ \beta \left( 1+\frac{d_1}{D}\right) -\frac{\alpha }{D}\frac{d_1|c|}{2 D} + \frac{\alpha }{D}\,\,\left( 1+\frac{d_1}{2 D}\right) \,\,\frac{c^Tx}{R}\right] \,\,R^{-1}, \end{aligned}$$

                    (13)
                

which cannot be satisfied.

                    
                      Remark 2
                    

                    The term involving \(c^Tx\) yields no \( \mathcal{O}(R)\) contribution to the differential equation of \(a\) because \(\int _{|x|=R} c^T x\, do = 0\). Thus, already at this point we may set \(\displaystyle \beta = \frac{d_1|c|}{2D(D+d_1)}\alpha \) and calculate the equation for \(a\). Using (11) we obtain
$$\begin{aligned} a'&= f(a)-Ma+R|c|\left( \frac{d_1^2}{2D^2(D+d_1)}-\frac{d_1}{2D^2}\right) \alpha +\mathcal{O}(R^2)\\&\quad =f(a)-M(1+R\gamma |c|)a +\mathcal{O}(R^2) \end{aligned}$$

with \(\gamma =\frac{d_1}{2D(D+d_1)}\), cf. (4). \(\rfloor \)
                              

                  
                    
                      Remark 3
                    

                    In the applications above, \(D\approx 5\cdot 10^{-10}\) m\(^2\)/s and \(R\approx 3.6\cdot 10^{-7}\)m, i.e. parameters have quite different magnitudes also relative to \(R\). Thus, expansions like (11) should be taken with care. For instance, \(1-R|c|/(2D)\) becomes negative for \(|c|>|c^*|\approx 0.002778\) m/s. In fact, using spherical coordinates and \(\displaystyle \int \sin \vartheta \mathrm{e}^{\delta \cos \vartheta }\mathrm{d}\vartheta =-\frac{1}{\delta }\mathrm{e}^{\delta \cos \vartheta }\) we may as well evaluate \(\displaystyle \int _{|x|=R} \frac{\psi }{R}\mathrm{d}o =\frac{1}{cR}(1-\mathrm{e}^{-cR/D})\) explicitly, and find that the relative error between \(\int _{|x|=R} \frac{\psi }{R}\mathrm{d}o\) and its \(\mathcal{O}(R)\) Taylor-expansion exceeds \(0.4\) for \(|c|>|c^*|/2\). For consistency with the Taylor expansions of the boundary conditions as in (10) we stick to the expansion (11), and keep in mind considerations as above when applying the results of the expansions to realistic parameter values. In the simulation in §3 we have \(|c_0|=3.65\cdot 10^{-4}\) m/s\(\approx |c^*|/8\) and the error in the Taylor expansion is negligible. \(\rfloor \)
                              

                  To find a consistent approximation of the outer field we now augment our ansatz. The new ansatz reads
$$\begin{aligned} u = (\alpha +R\beta ) \psi (x) + R^2 \theta \,\,(c^T\nabla \psi )(x). \end{aligned}$$

                    (14)
                

We first work out \(\nabla (c^T\nabla \psi (x))\), to find
$$\begin{aligned} (c^T\nabla \psi )(x)&= \frac{1}{4\pi D} \bigg ( - \frac{c^Tx}{|x|^3} + \frac{|c|^2\,}{2D|x|} - \frac{|c|\,c^Tx}{2D|x|^2} \bigg ) \,\,\, e^{(c^Tx-|x||c|)/(2D)},\quad \text {hence}\\ \nabla (c^T\nabla \psi )(x)&= \frac{1}{4\pi D} \bigg ( - \frac{c}{|x|^3} + \frac{3\, x\, (c^Tx)}{|x|^5} - \frac{|c|^2\,x}{2D|x|^3} \bigg ) \,\,\, e^{(c^Tx-|x||c|)/(2D)}\\&\, + \frac{1}{4\pi D} \bigg ( - \frac{|c|\,c}{2D|x|^2} + \frac{|c|\,(c^Tx)\, x}{D|x|^4} \bigg ) \,\,\, e^{(c^Tx-|x||c|)/(2D)}\\&\, + \frac{1}{8\pi D^2} \bigg (\! \!-\! \frac{c^Tx}{|x|^3} \!+\! \frac{|c|^2\,}{2D|x|} \!-\! \frac{|c|\,c^Tx}{2D|x|^2} \!\bigg ) \, \left( c\!-\!\frac{x|c|}{|x|}\right) \, e^{(c^Tx+|x||c|)/(2D)}. \end{aligned}$$

Thus, with \(\nu = - x/R\), and \(|x|=R\), we find
$$\begin{aligned} \nu ^T\nabla (c^T\nabla \psi (x)) =&\frac{1}{4\pi \, D} \bigg ( \frac{-2\, c^Tx}{R^4} + \frac{|c|^2\,}{2D R^2} - \frac{|c|\,c^T x}{2DR^3} \bigg ) \,\,\, e^{(c^Tx- R |c|)/(2D)}\\&+ \frac{1}{8\pi \, D^2} \bigg (- \frac{c^Tx}{R^3} + \frac{|c|^2\,}{2D R} - \frac{|c|\,c^Tx}{2D R^2} \bigg ) \,\left( \frac{c^Tx}{R}- |c|\right) \,e^{(c^Tx+ R |c|)/(2D)}. \end{aligned}$$

Furthermore, \(\displaystyle (\nu ^T c)(c^T\nabla \psi )(x) = - \frac{1}{4\pi \, D} \frac{c^Tx}{R} \bigg (\!\!\!\!- \frac{c^Tx}{R^3} + \frac{|c|^2\,}{2D R} - \frac{|c|\,c^Tx}{2D R^2} \bigg ) \,\,\, e^{(c^Tx-|x||c|)/(2D)} \) and therefore
$$\begin{aligned} R^2 B (c^T\nabla \psi )&= R^2\nu ^T \left[ D\nabla (c^T\nabla \psi ) - c (c^T\nabla \psi ) \right] + Rd_1 (c^T\nabla \psi )\\&\quad = -\frac{1}{4\pi } \left( \frac{2\, c^Tx}{R^2} +d_1 \frac{c^Tx}{R^2} \right) + \mathcal{O}(R^0) \end{aligned}$$

Thus, (13) becomes
$$\begin{aligned} 0=R^{-1}\left[ \beta \left( 1+\frac{d_1}{D}\right) - \frac{d_1|c|}{2D^2}\,\alpha \right] +\frac{c^T x}{R^2} \left[ \frac{d_1}{2D^2}\alpha -\frac{d_1+2D}{D}\theta \right] , \end{aligned}$$

                    (15)
                

and \(\beta \), \(\theta \) are uniquely determined to
$$\begin{aligned} \beta = \frac{d_1|c|}{2D(d_1+D)}\alpha , \qquad \theta = \frac{d_1}{2 D(d_1+2D)} \alpha . \end{aligned}$$

                    (16)
                


                           1.2 Several Cells
We localize cells in \(x_1=0\),..., \(x_N\), and assume
$$\begin{aligned} u(x) = \sum _{i=1}^N \bigg [(\alpha _i+R \beta _i)\psi _i(x-x_i) + R^2 \theta _i (c^T\nabla \psi )(x-x_i) \bigg ] \end{aligned}$$

                    (17)
                

In leading order only self-interaction is of relevance, hence again \(\displaystyle \alpha _i = M a_i.\) To calculate the interaction terms we focus on the cell located in \(x_1=0\) and determine ‘what’s coming in’. Only the leading order terms of the other cells play a role and thus we determine \(B_1\psi (x-x_j)\). For cell one, we again find \(\nu = -x/R\), and thus, since \(|x-x_j|=\mathcal{O}(|x_j|)=\mathcal{O}(R^0)\),
$$\begin{aligned} (\nu \nabla \psi )(x-x_j)&= - \frac{x^T}{R} \frac{1}{4 \pi D} \bigg ( - \frac{x-x_j}{|x-x_j|^3} + \frac{c}{2D|x-x_j|} - \frac{(x-x_j)|c|}{2D|x-x_j|^2} \bigg )\\&\quad e^{(c^T(x-x_j)-|c||x-x_j|)/(2D)}\\&= \mathcal{O}(R^0),\\ \nu ^T c\psi (x-x_j)&= \mathcal{O}(R^0),\qquad \frac{d_1}{R} \psi (x\!-\!x_j)\!=\! R^{-1}\frac{d_1}{4\pi D} \frac{e^{(c^Tx_j-|c||x_j|)/(2D)}}{|x_j|} \!+\! \mathcal{O}(R^0). \end{aligned}$$

Therefore, \(\displaystyle B_1\psi (x-x_j) = R^{-1}\frac{d_1}{4\pi D} \frac{e^{(c^Tx_j-|c||x_j|)/(2D)}}{|x_j|} + \mathcal{O}(R^0),\) and (15) is modified to
$$\begin{aligned} 0&= \beta _i\left[ 1{+}\frac{d_1}{ D} \right] +\alpha _i\,\frac{d_1}{2D^2}\, \frac{c^T x}{R}-\alpha _i \,\frac{d_1|c|}{2D^2} - \theta _i \left[ 2{+}\frac{d_1}{D}\right] \,\frac{c^Tx}{R} \\&\quad + \sum _{j\not = i} \frac{d_1}{D} \frac{e^{(c^T(x_j-x_i)-|c||x_j-x_i|)/(2D)}}{|x_j-x_i|} \alpha _j. \end{aligned}$$

Thus, altogether, \(\alpha _i=Ma_i\) and
$$\begin{aligned} \beta _i&= \frac{d_1|c|}{2D(D+d_1)} \alpha _i - \sum _{i\ne j} \frac{d_1}{D+d_1} \frac{e^{(c^T(x_j-x_i)-|x_j-x_i| |c|)/(2D)}}{|x_j-x_i|} \alpha _j,\qquad \nonumber \\&\quad \theta _i = \frac{d_1}{2 D(d_1+2D)} \alpha _i. \end{aligned}$$

                    (18)
                

It remains to derive the ODEs for \(a_i, i=1,\ldots ,N\) from \(\displaystyle a_i' = f(a_i)- 4\pi a_i+\int _{\partial \Omega _i} \frac{d_1u}{R} do\). To order \(\mathcal{O}(R)\) (where it is easy to see that the terms involving \(\theta _i\) do not yet contribute) we find
$$\begin{aligned} a_i' = f(a_i) - 4\pi d_2 a_i+d_1\sum _{j} I_{ij}, \qquad I_{ij}=(\alpha _j+R\beta _j)\int _{\partial \Omega _i}\frac{\psi (x-x_j)}{R}\mathrm{d}o. \end{aligned}$$

Thus, additional to \(\displaystyle \int _{\partial \Omega _i} \frac{\psi (x-x_i)}{R}\mathrm{d}o=\frac{1}{D} \big [1-R|c|/(2D)+\mathcal{O}(R^2)\big ]\), cf. (11), we need to evaluate
$$\begin{aligned} \int _{\partial \Omega _i}\frac{\psi (x-x_j)}{R}\, do&= \frac{1}{4\pi D} \int _{\partial \Omega _i} \frac{e^{(c^T(x_i+\mathcal{O}(R)-x_j)-|c||x_i+\mathcal{O}(R)-x_j|)/(2D)}}{R|x_i+\mathcal{O}(R)-x_j|} do\\&= \frac{1}{D}\,\, \frac{R}{|x_i-x_j|} \mathrm{e}^{(c^T(x_i-x_j)-|c||x_i-x_j|)/2D}+ \mathcal{O}(R^2) \end{aligned}$$

for \(i\not =j\). Thus, to \(\mathcal{O}(R)\),
$$\begin{aligned} I_{ii}&= (\alpha _i+R\beta _i)\frac{1}{D}\left( 1-\frac{R|c|}{2D}\right) =\frac{1}{D}\alpha _i+\frac{R}{D} (\beta _i-\frac{|c|}{2D}\alpha _i),\\ I_{ij}&= \frac{R}{D|x_i-x_j|} \mathrm{e}^{(c^T(x_i-x_j)-|c||x_i-x_j|)/2D}\alpha _j, \quad i\ne j, \end{aligned}$$

and hence
$$\begin{aligned} a_i' \!=\! f(a_i)-Ma_i\!+\!\frac{d_1 R}{D} \left( \beta _i-\frac{|c|}{2D}\alpha _i +\sum _{j\ne i}\frac{\alpha _j}{|x_i-x_j|} \mathrm{e}^{(c^T(x_i-x_j) -|c||x_i-x_j|)/(2D)}\right) \nonumber \\ \end{aligned}$$

                    (19)
                

where \(\alpha _j=Ma_j\) and \(\beta _j\) is given in terms of \((a_1,\ldots ,a_N)\) by (18), which yields (3). For \(c=0\) we have \(\beta _i=-\frac{d_1}{D+d_1}\sum _{j\ne i} \frac{\alpha _j}{|x_i-x_j|}\), hence
$$\begin{aligned} \beta _i+\sum _{j\ne i} \frac{\alpha _j}{|x_i-x_j|} =\sum _{j\ne i} \left( 1-\frac{d_1}{d_1+D}\right) \frac{\alpha _j}{|x_i-x_j|} =\sum _{j\ne i} \frac{D}{d_1+D}\frac{\alpha _j}{|x_i-x_j|}, \end{aligned}$$

and thus
$$\begin{aligned} a_i'=f(a_i)-Ma_i+R\frac{d_1 M}{d_1+D}\sum _{j\ne i} \frac{a_j}{|x_i-x_j|}, \end{aligned}$$

which recovers the result of Müller et al. (2006); Müller and Uecker (2012).
1.3 Confined Space: Flow Through a Tube at Spatially Independent Velocity
In this section we consider a tube of rectangular profile. In order to carry over the arguments from above, we again assume that the flow through the tube is laminar, and the velocity does not depend on the location. In particular, the velocity does not vanish at the walls of the tube. On this surface, bacteria are located that are assumed to have the shape of a half-sphere. These assumptions may be more appropriate if we consider bacterial colonies instead of single bacteria.
To approximate this setup by (3) let us define the scenario more formally. Let \(\Omega _{\mathrm{tube}} = \{(x,y,z)\, :\, 0<x, y<L\,\}\) and \(c=(0,0,1)^T c_0\) be the tube and the fluid velocity, and let half-spheres with radius \(R\) be located at \(x_1,\ldots ,x_N\in \partial \Omega _{\mathrm{tube}}\). This also means that the cells have distance \(>R\) from the tube edges, and necessarily \(R<L/2\). We define the region \(\Omega = \Omega _{\mathrm{tube}}\setminus \cup _{i=1}^N \{|x-x_i|<R\}\) and split the boundary of \(\Omega \) into \(n+1\) parts, the wall of the tube itself, and the surface of each half-sphere, \( \partial \Omega =\partial \Omega _T\cup \partial \Omega _i\) with
$$\begin{aligned} \partial \Omega _T = \partial \Omega _{\mathrm{tube}}\setminus \cup _{i=1}^N \{|x-x_i|\le R\},\quad \partial \Omega _i = \{|x-x_i|=R\}\cap \Omega _{\mathrm{tube}}. \end{aligned}$$

As usual, \(\nu \) denotes the outer normal of the region \(\Omega \). The PDE for the signalling substance reads
$$\begin{aligned} u_t = D\Delta u + c^T \nabla u,\qquad \partial _\nu u|_{\partial \Omega _T} = 0, \qquad B_i u|_{\partial \Omega _i} = 0 \end{aligned}$$

where \(B_i\) is the boundary value operator introduced in (2b); we furthermore assign for each cell the ‘internal’ function \(a_i(t)\), that follows the ODE (2c).
This spatially confined setting can be replaced by a full sphere scenario that fits into the situation considered above by introducing ‘virtual’ spheres in full space. In a first step, we mirror the cells via
$$\begin{aligned} x_{i,0} = x_i,&\qquad x_{i,1} = \text{ diag }(-1,1,1) x_i, \qquad x_{i,2} = \text{ diag }(1,-1,1) x_i, \qquad \\&\quad x_{i,3} = \text{ diag }(-1,-1,1) x_i \end{aligned}$$

where \(\text{ diag }(a,b,c)\) indicates a diagonal matrix. Next we extend the points periodically in \(x\) and \(y\) direction,
$$\begin{aligned} x_{i,j,k,l}&= x_{i,l}+j(2\,L,0,0)^T+k(0,2\,L,0)^T,\qquad i\in \{1,\ldots ,N\},\\&\quad j,k\in \mathbb {Z} ,\quad l\in \{0,\ldots ,3\} \end{aligned}$$

and re-define \(\Omega _{i,j,k,l}\) as full spheres with radius \(R\) and centres \(x_{i,j,k,l}\). Now we are back to the model given in (2a)–(2c). Symmetry considerations imply that the solution of this surrogate configuration satisfies \(\partial _\nu u=0\) on \(\partial \Omega _{T}\). Also due to symmetry reasons, all locations \(x_{i,j,k,l}\) for \(i\) given correspond to a single function \(a_i(t)\), independently of \(j, k\) and \(l\), and we identify \(a_{i,j,k,l}=a_i\). Our formal argument shows, that the solution of this system can be well approximated by (3) and (5), where the sum extends over all sites \(x_{i,j,k,l}\). Since we do not include a degradation term for the signalling substance, this infinite sum diverges pointwise if \(c=0\), which is why we used the vanishing small \(c=10^{-10}\) in the simulation in Fig. 4b1, c1.
For the simulation of (3) we conveniently truncate to finitely many virtual cells \(x_{i,j,k,l}\), \((j,k)\in J\subset \mathbb {Z} ^2\). This also removes the divergence of (3), (5) in case \(c=0\), and thus we rather set \(c=10^{-10}\) in the simulations for formal reasons. The system (3) can then be rewritten as
$$\begin{aligned} a_i'&= f(a_i)-M(1+R\gamma |c|)a_i+R\tilde{M}_ia_i+R\frac{d_1M}{D+d_1} \sum _{{\genfrac{}{}{0.0pt}1{m=1,\ldots ,N}{ m\ne i}}} I_{im}a_m,\qquad \nonumber \\&\quad i=1,\ldots , N, \end{aligned}$$

                    (20)
                

where the interaction factor \(\tilde{M}\) of \(a_i\) with its virtual mirrors and the interaction matrix \(I_{im}\) with the other cells can be calculated in advance, namely
$$\begin{aligned} \tilde{M}_i&=\frac{d_1M}{D+d_1} \sum \limits _{(j,k,l)\in J\times \{0,\ldots ,3\}} \frac{1}{ |x_i-x_{i,j,k,l}|} \exp \left( \frac{c^T(x_i-x_{i,j,k,l})-|c|\, |x_i-x_{i,j,k,l}|}{2D}\right) , \\ I_{im}&=\sum \limits _{(j,k,l)\in J\times \{0,\ldots ,3\}} \frac{1}{ |x_i-x_{m,j,k,l}|} \exp \left( \frac{c^T(x_i-x_{i,j,k,l})-|c|\, |x_i-x_{m,j,k,l}|}{2D}\right) . \end{aligned}$$

In the numerics in Fig. 4 we introduced \(2N_0(2N_0+3)+1\) virtual spheres, \(x_{i,j,k,l}, j=-N_0,\ldots ,N_0, j=-N_0,\ldots ,N_0+1, j^2+k^2\ne 0, l=0\), for each original sphere \(x_i\), by assuming that the first two components of each \(x_i\) are \(y=0\) and \(x=L/2\), and shifting by \(L\), which makes the \(l\)–symmetries above redundant. Then \(N_0=10\) turns out to be more than sufficient to satisfy the boundary conditions \(\partial _\nu u|_{\partial \Omega _T}\) with high accuracy.
Appendix 2: The Singularity Solution
The singularity solution \(\psi (x)\) of \(0 = D\Delta u - c \nabla u\) resembles the well known Gaussian plume, which is also used to describe the spread of smoke or pollutant plumes originated from a point source Arystanbekova (2004); the only difference is that the standard Gaussian plume neglects the diffusion within the drift direction. The singularity solution can be computed via
$$\begin{aligned} u_t = D\Delta u - c \nabla u + \delta _0, \quad u|_{t=0}=u_0 \quad \Leftrightarrow \quad u(t,x) = T_t u_0 + \int _0^t T_{t-s}\delta _0\, ds \end{aligned}$$

and taking \(\lim _{t\rightarrow \infty } u(t,x)\), where \(\displaystyle T_t f = \int _{\mathbb {R} ^3} \frac{e^{- |x-ct-x'|^2/(4Dt)}}{(4\pi D t)^{n/2}} f(x')\,dx'.\) Thus,
$$\begin{aligned} \psi (x)&= \int _0^\infty \frac{e^{- |x-ct|^2/(4Dt)}}{(4\pi D t)^{n/2}}\, dt\\&= (4\pi D)^{-n/2} \int _0^\infty \exp \quad \left\{ - \frac{1}{4D}\left( \frac{|x|^2}{t}-2 c^T x + |c|^2 t\right) \right\} t^{-n/2}\, dt\\&= (4\pi D)^{-n/2} e^{c^Tx/(2D)} \int _0^\infty \exp \left\{ - \frac{1}{4D} \left( \frac{|x|^2}{t}+ |c|^2 t\right) \right\} t^{-n/2}\, dt. \end{aligned}$$

As this integral is somewhat less standard than the Gauss integral \(\int _0^\infty (4\pi t)^{-n/2}\mathrm{e}^{-|x|^2/(4Dt)}\mathrm{d}t=1/\Vert x\Vert \) for \(n=3\), we now give the calculations to evaluate it explicitly. With \(w = |x|^2/(4Dt)\) we find
$$\begin{aligned} \psi (x)&= (4\pi D)^{-n/2} e^{c^Tx/(2D)}\left( \frac{|x|^2}{4D}\right) ^{-n/2+1} \int _0^\infty w^{n/2-2} \,e^{-w}\, e^{-\frac{|c|^2|x|^2}{ (4D)^2\, w}}\, dw \\&= \frac{\pi ^{-n/2}}{4D} e^{c^Tx/(2D)} |x|^{2-n} \int _0^\infty w^{n/2-2} \, e^{-w}\,\, e^{-\frac{|c|^2|x|^2}{(4D)^2\, w}}\, dw \end{aligned}$$

Next define \(h^2 = |c|^2|x|^2/(4D)^2\) and \(I_\alpha (h)=\int _0^\infty w^{\alpha /2-2} e^{-w-h^2/w}\, dw\).

                  
                    Lemma 1
                  

                  
                              \(I_3(h) = \sqrt{\pi } e^{-2h}\) and thus \(\displaystyle \psi (x)=\frac{1}{4\pi \,D} \frac{e^{(c^Tx-|x||c|)/(2D)}}{|x|}\).

                
                  
                    Proof
                  

                  The function \(\zeta (w) = w/2+h^2/(2w)\) is monotonous in \([0,h)\) and in \((h,\infty )\), where \(\zeta (h)=h\). With \(w =w(\zeta ) = \zeta \pm \sqrt{\zeta ^2-h^2}\) and \(w'(\zeta ) = 1\pm \zeta /\sqrt{\zeta ^2-h^2} = (\sqrt{\zeta ^2-h^2}\pm \zeta )/\sqrt{\zeta ^2-h^2}\) we obtain
$$\begin{aligned} I_\alpha (h)&= \int _0^\infty w^{\alpha /2-2} \, e^{-w-h^2/w}\, dw\\&= \int _{\infty }^h (\zeta {-}\sqrt{\zeta ^2-h^2})^{\alpha /2-2}\frac{\sqrt{\zeta ^2-h^2}{-}\zeta }{\sqrt{\zeta ^2-h^2}} e^{-2\zeta }\, d\zeta {+}\\&\quad \int _h^{\infty } (\zeta +\sqrt{\zeta ^2-h^2})^{\alpha /2-2}\frac{\sqrt{\zeta ^2-h^2}+\zeta }{\sqrt{\zeta ^2-h^2}} e^{-2\zeta }\, d\zeta \\&= \int _h^\infty \frac{ (\zeta -\sqrt{\zeta ^2-h^2})^{\alpha /2-1}+ (\zeta +\sqrt{\zeta ^2-h^2})^{\alpha /2-1}}{\sqrt{\zeta ^2-h^2}} \,\, e^{-2\zeta }\, d\zeta . \end{aligned}$$

Fix \(\alpha = 3\). Then \(\alpha /2-1=1/2\),
$$\begin{aligned}&\left( (\zeta -\sqrt{\zeta ^2-h^2})^{1/2}+ (\zeta +\sqrt{\zeta ^2-h^2})^{1/2} \right) ^2\nonumber \\&\quad = \zeta -\sqrt{\zeta ^2-h^2} +2\left( \zeta ^2-(\zeta ^2-h^2)\right) ^{1/2}+\zeta +\sqrt{\zeta ^2-h^2} = 2(\zeta +h),\qquad \quad \end{aligned}$$

                    (21)
                

and \(I_3(h) =\int _h^\infty \frac{\sqrt{2} (\zeta +h)^{1/2}}{\sqrt{\zeta ^2-h^2}} e^{-2\zeta }\, d\zeta \!=\! \int _h^\infty \frac{\sqrt{2} }{\sqrt{\zeta -h}} e^{-2\zeta }\, d\zeta = \int _0^\infty \frac{\sqrt{2} }{\sqrt{\eta }} e^{-2\eta }\, d\eta e^{-2h} = \Gamma (1/2) e^{-2 h} = \sqrt{\pi } e^{-2h}\). \(\square \)
                           

                

Rights and permissions
Reprints and permissions


About this article
[image: Check for updates. Verify currency and authenticity via CrossMark]       



Cite this article
Uecke, H., Müller, J. & Hense, B.A. Individual-Based Model for Quorum Sensing with Background Flow.
                    Bull Math Biol 76, 1727–1746 (2014). https://doi.org/10.1007/s11538-014-9974-2
Download citation
	Received: 13 May 2013

	Accepted: 30 April 2014

	Published: 22 May 2014

	Issue Date: July 2014

	DOI: https://doi.org/10.1007/s11538-014-9974-2


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Keywords
	Quorum sensing
	Parabolic PDE
	Drift
	Dimension reduction








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					34.207.100.160
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    