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                    Abstract
Analysis of fluorescence lifetime imaging microscopy (FLIM) and Förster resonance energy transfer (FRET) experiments in living cells is usually based on mean lifetimes computations. However, these mean lifetimes can induce misinterpretations. We propose in this work the implementation of the transportation distance for FLIM and FRET experiments in vivo. This non-fitting indicator, which is easy to compute, reflects the similarity between two distributions and can be used for pixels clustering to improve the estimation of the FRET parameters. We study the robustness and the discriminating power of this transportation distance, both theoretically and numerically. In addition, a comparison study with the largely used mean lifetime differences is performed. We finally demonstrate practically the benefits of the transportation distance over the usual mean lifetime differences for both FLIM and FRET experiments in living cells.
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Appendices
Appendix A: Expressing \(d_{\text {trans}}(S,{{S}^\mathrm {b}})\) and Comparing with \(d_{\text {int}}(S,{{S}^\mathrm {b}})\)
                        
1.1 In Case where \(\mathsf {T}=\infty \)
                           
This theoretical study is restricted to \(\mathsf {T}=\infty \) ; for truncated exponential functions (see below), the sign of some expressions involved is much more complicated to grasp. For now, assume that
$$\begin{aligned} S(t)&= \varphi _1 \exp \left( -\frac{t}{\tau _1}\right) +\varphi _2 \exp \left( -\frac{t}{\tau _2}\right) ,\\ {{S}^\mathrm {b}}(t)&= {{\varphi _1}^\mathrm {b}}\exp \left( -\frac{t}{{{\tau _1}^\mathrm {b}}}\right) +{{\varphi _2}^\mathrm {b}}\exp \left( -\frac{t}{{{\tau _2}^\mathrm {b}}}\right) . \end{aligned}$$

If \(\varphi _1 =1\), we have
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) = \int _0^\infty \left| {{\varphi _1}^\mathrm {b}} (\mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/{{\tau _1}^\mathrm {b}}})+{{\varphi _2}^\mathrm {b}}(\mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/{{\tau _2}^\mathrm {b}}})\right| \, dt, \end{aligned}$$

                    (20)
                

whereas if \(\tau _1 ={{\tau _1}^\mathrm {b}}\), we have
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) = \int _0^\infty \left| (\varphi _1-{{\varphi _1}^\mathrm {b}}) (\mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/\tau _2})+{{\varphi _2}^\mathrm {b}}(\mathrm {e}^{-t/\tau _2}-\mathrm {e}^{-t/{{\tau _2}^\mathrm {b}}})\right| \, dt.\qquad \end{aligned}$$

                    (21)
                

 
                              Under conditions  \(\underline{\tau _1={{\tau _1}^\mathrm {b}},\,\varphi _1=1}\): Eq. (20) yields
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) = {{\varphi _2}^\mathrm {b}}\int _0^\infty \left| \mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/{{\tau _2}^\mathrm {b}}}\right| \, dt = {{\varphi _2}^\mathrm {b}}|\tau _1-{{\tau _2}^\mathrm {b}}|=d_{\text {int}}(S,{{S}^\mathrm {b}}). \end{aligned}$$

 
                              Under conditions  \(\underline{\tau _1<{{\tau _1}^\mathrm {b}},\,\varphi _1=1}\): It is not difficult to see from Eq. (20) that
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) = \int _0^\infty (\mathrm {e}^{-t/{{\tau _1}^\mathrm {b}}}-\mathrm {e}^{-t/\tau _1})\Big |\underbrace{{{\varphi _1}^\mathrm {b}} +{{\varphi _2}^\mathrm {b}} \dfrac{\mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/{{\tau _2}^\mathrm {b}}}}{\mathrm {e}^{-t/\tau _1}-\mathrm {e}^{-t/{{\tau _1}^\mathrm {b}}}}}_{\text {denoted by }h(t)}\Big |\, dt \end{aligned}$$

                    (22)
                

and we write further
$$\begin{aligned} h(t)={{\varphi _1}^\mathrm {b}} +{{\varphi _2}^\mathrm {b}} \frac{1-\mathrm {e}^{-At}}{1-\mathrm {e}^{-Bt}},\quad h(0)={{\varphi _1}^\mathrm {b}} +{{\varphi _2}^\mathrm {b}} \frac{A}{B}, \end{aligned}$$

                    (23)
                

with
$$\begin{aligned} A=\frac{1}{{{\tau _2}^\mathrm {b}}}-\frac{1}{\tau _1},\quad B=\frac{1}{{{\tau _1}^\mathrm {b}}}-\frac{1}{\tau _1}. \end{aligned}$$

                    (24)
                

Here, we have \(B<0\). If we assume that \(A\le 0\), then \(h(t)\) is always at least \(0\), see Eq. (23) ; otherwise \(A>0\) and we need to compute
$$\begin{aligned} h'(t)&= {{\varphi _2}^\mathrm {b}}\frac{(1-\mathrm {e}^{-Bt})A\mathrm {e}^{-At}-(1-\mathrm {e}^{-At})b\mathrm {e}^{-Bt}}{(1-\mathrm {e}^{-Bt})^2}\nonumber \\&= {{\varphi _2}^\mathrm {b}}\frac{-(A-B)\mathrm {e}^{-(A+B)t}+(A\mathrm {e}^{-At}-B\mathrm {e}^{-Bt})}{(1-\mathrm {e}^{-Bt})^2}\nonumber \\&= {{\varphi _2}^\mathrm {b}}\underbrace{\frac{-(A-B)}{(1-\mathrm {e}^{-Bt})^2}}_{<0}\underbrace{\left[ \mathrm {e}^{-(A+B)t}-\left( \frac{A}{A-B}\mathrm {e}^{-At}-\frac{B}{A-B}\mathrm {e}^{-Bt}\right) \right] }_{\le 0\text { by convexity}}, \end{aligned}$$

                    (25)
                

so that \(h(t)\) is increasing. The sign of \(h(t)\) will be constant if and only if \(h(0)\ge 0\). Consequently \(d_{\text {trans}}(S,{{S}^\mathrm {b}})\) will match \(d_{\text {int}}(S,{{S}^\mathrm {b}})\) when
$$\begin{aligned} {{\tau _2}^\mathrm {b}}\ge \tau _1\quad \text {or}\quad \frac{{{\varphi _1}^\mathrm {b}}}{{{\varphi _2}^\mathrm {b}}}\ge -\frac{\frac{1}{{{\tau _2}^\mathrm {b}}}-\frac{1}{\tau _1}}{\frac{1}{{{\tau _1}^\mathrm {b}}}-\frac{1}{\tau _1}}. \end{aligned}$$

 
                              Under conditions 
                              \(\underline{\tau _1>{{\tau _1}^\mathrm {b}},\,\varphi _1=1}\): In that setting, we have \(B>0\), see Eq. (24). If \(A\ge 0\), then \(h(t)\) stays non-negative. If \(A< 0\), then we see from Eqs. (23) and (25) that \(h'(t)\) is negative and \(h(t)\) decreases. In this case, the sign of \(h(t)\) will be constant if \(h(0)\le 0\). Consequently, \(d_{\text {trans}}(S,{{S}^\mathrm {b}})\) will match \(d_{\text {int}}(S,{{S}^\mathrm {b}})\) when
$$\begin{aligned} {{\tau _2}^\mathrm {b}}\le \tau _1\quad \text {or}\quad \frac{{{\varphi _1}^\mathrm {b}}}{{{\varphi _2}^\mathrm {b}}}\le -\frac{\frac{1}{{{\tau _2}^\mathrm {b}}}-\frac{1}{\tau _1}}{\frac{1}{{{\tau _1}^\mathrm {b}}}-\frac{1}{\tau _1}}. \end{aligned}$$

 
                              Under conditions 
                              \(\underline{\tau _1={{\tau _1}^\mathrm {b}},\,\tau _2={{\tau _2}^\mathrm {b}}}\): We see from Eq. (21) that the absolute value can be removed so that we always have \(d_{\text {trans}}(S,{{S}^\mathrm {b}}) = d_{\text {int}}(S,{{S}^\mathrm {b}})\).

                              Under conditions 
                              \(\underline{\tau _1={{\tau _1}^\mathrm {b}},\,\tau _1>\tau _2>{{\tau _2}^\mathrm {b}}}\): From Eq. (21), we get
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) {=} |\varphi _1-{{\varphi _1}^\mathrm {b}}|\int _0^\infty (\mathrm {e}^{-t/\tau _1}{-}\mathrm {e}^{-t/\tau _2})\Big |\underbrace{1{+}\frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}}\times \frac{\mathrm {e}^{-t/\tau _2}{-}\mathrm {e}^{-t/{{\tau _2}^\mathrm {b}}}}{\mathrm {e}^{-t/\tau _1}{-}\mathrm {e}^{-t/\tau _2}}}_{=k(t)}\Big |\, dt, \end{aligned}$$

and write further
$$\begin{aligned} k(t)=1+\frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}}\frac{1-\mathrm {e}^{-Ct}}{\mathrm {e}^{Dt}-1}, \end{aligned}$$

with
$$\begin{aligned} C=\frac{1}{{{\tau _2}^\mathrm {b}}}-\frac{1}{\tau _2}>0\quad \text {and}\quad D=\frac{1}{\tau _2}-\frac{1}{\tau _1}>0. \end{aligned}$$

Computing the derivative, we get
$$\begin{aligned} k'(t)&= \frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}}\frac{(\mathrm {e}^{Dt}-1)C\mathrm {e}^{-Ct}-(1-\mathrm {e}^{-Ct})d\mathrm {e}^{Dt}}{(\mathrm {e}^{Dt}-1)^2}\\&= \frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}} \frac{(C+D)\mathrm {e}^{(D-C)t}-(C\mathrm {e}^{-Ct}+D\mathrm {e}^{Dt})}{(\mathrm {e}^{Dt}-1)^2}\\&= \frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}} \frac{(C+D)}{(\mathrm {e}^{Dt}-1)^2}\times \underbrace{\left[ \mathrm {e}^{(D-C)t}-\left( \frac{C}{C+D}\mathrm {e}^{-Ct}+\frac{D}{C+D}\mathrm {e}^{Dt}\right) \right] }_{< 0\text { by strict convexity}}, \end{aligned}$$

and thus \(k(t)\) is monotonic, with \(k(0)=1+\frac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}} \frac{C}{D}\) and \(\lim _{t\rightarrow \infty }k(t)=1\). Thus, \(k(t)\) has a constant sign if and only if \(k(0)\ge 0\), and this is equivalent to
$$\begin{aligned} \dfrac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}}\times \frac{C}{D}\ge -1. \end{aligned}$$

Consequently \(d_{\text {trans}}(S,{{S}^\mathrm {b}})\) will match \(d_{\text {int}}(S,{{S}^\mathrm {b}})\) when
$$\begin{aligned} \dfrac{1-{{\varphi _1}^\mathrm {b}}}{\varphi _1-{{\varphi _1}^\mathrm {b}}}\ge -\frac{\frac{1}{\tau _2}-\frac{1}{\tau _1}}{\frac{1}{{{\tau _2}^\mathrm {b}}}-\frac{1}{\tau _2}}. \end{aligned}$$


                              Table 2 Conditions for obtaining: \(d_{\text {trans}}=d_{\text {int}}\) when \(\mathsf {T}=\infty \)
                                       Full size table


                           These results are summarized in Table 2.
1.2 In Case where \(\mathsf {T}<\infty \)
                           
In this case, conditions to have \(d_{\text {trans}}=d_{\text {int}}\) are much more complicated to reach mathematically. There are nevertheless easy cases which are worth to mention. Assume that
$$\begin{aligned} S(t)&= \varphi _1\frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _1}-1}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}+\varphi _2\frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _2}-1}{\mathrm {e}^{\mathsf {T}/\tau _2}-1},\\ {{S}^\mathrm {b}}(t)&= {{\varphi _1}^\mathrm {b}}\frac{\mathrm {e}^{(\mathsf {T}-t)/{{\tau _1}^\mathrm {b}}}-1}{\mathrm {e}^{\mathsf {T}/{{\tau _1}^\mathrm {b}}}-1}+{{\varphi _2}^\mathrm {b}}\frac{\mathrm {e}^{(\mathsf {T}-t)/{{\tau _2}^\mathrm {b}}}-1}{\mathrm {e}^{\mathsf {T}/{{\tau _2}^\mathrm {b}}}-1}. \end{aligned}$$

If \(\varphi _1 =1\), we have
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}})&= \int _0^\infty \left| {{\varphi _1}^\mathrm {b}} \left( \frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _1}-1}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}-\frac{\mathrm {e}^{(\mathsf {T}-t)/{{\tau _1}^\mathrm {b}}}-1}{\mathrm {e}^{\mathsf {T}/{{\tau _1}^\mathrm {b}}}-1}\right) \right. \nonumber \\&\qquad \left. +\,{{\varphi _2}^\mathrm {b}}\left( \frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _1}-1}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}-\frac{\mathrm {e}^{(\mathsf {T}-t)/{{\tau _2}^\mathrm {b}}}-1}{\mathrm {e}^{\mathsf {T}/{{\tau _2}^\mathrm {b}}}-1}\right) \right| \, dt, \end{aligned}$$

                    (26)
                

whereas if \(\tau _1 ={{\tau _1}^\mathrm {b}}\), we have
$$\begin{aligned} d_{\text {trans}}(S,{{S}^\mathrm {b}}) =\int _0^\infty \left| (\varphi _1-{{\varphi _1}^\mathrm {b}}) \left( \frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _1}-1}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}-\frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _2}-1}{\mathrm {e}^{\mathsf {T}/\tau _2}-1}\right) \right. \nonumber \\ \left. \,+\,{{\varphi _2}^\mathrm {b}}\left( \frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _2}-1}{\mathrm {e}^{\mathsf {T}/\tau _2}-1}-\frac{\mathrm {e}^{(\mathsf {T}-t)/{{\tau _2}^\mathrm {b}}}-1}{\mathrm {e}^{\mathsf {T}/{{\tau _2}^\mathrm {b}}}-1}\right) \right| \, dt. \end{aligned}$$

                    (27)
                

From the fact that for \(B=\mathsf {T}\) and \(A=\mathsf {T}-t>0\), the function
$$\begin{aligned} \tau \mapsto \frac{\mathrm {e}^{A/\tau }-1}{\mathrm {e}^{B/\tau }-1}\quad \text { is increasing on} (0,\infty ), \end{aligned}$$

we deduce Table 3 for finite \(\mathsf {T}\).
Table 3 Conditions for obtaining \(d_{\text {trans}}=d_{\text {int}}\) when \(\mathsf {T}<\infty \) in the easy casesFull size table


                           Appendix B: Confidence Limit for \(d_{\text {trans}}(S_N,S)\): Tools
1.1 Auxillary Lemma
The following result will be of use:

                    
                      Lemma 1
                    

                    Assume that for all \(t\in [0,\mathsf {T}]\) 
                                 
$$\begin{aligned} S(t)=\varphi _1\frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _1}-1}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}+\varphi _2\frac{\mathrm {e}^{(\mathsf {T}-t)/\tau _2}-1}{\mathrm {e}^{\mathsf {T}/\tau _2}-1}. \end{aligned}$$

We have for all \(u,t\in [0,\mathsf {T}]\)
                                 
	
                          (i)
                          
                            
                                            \(\int _u^\mathsf {T}S(t)\,dt = \varphi _1\dfrac{\tau _1(\mathrm {e}^{(\mathsf {T}-u)/\tau _1}-1)-(\mathsf {T}-u)}{\mathrm {e}^{\mathsf {T}/\tau _1}-1}+\varphi _2\dfrac{\tau _2(\mathrm {e}^{(\mathsf {T}-u)/\tau _2}-1)-(\mathsf {T}-u)}{\mathrm {e}^{\mathsf {T}/\tau _2}-1}\),

                          
                        
	
                          (ii)
                          
                            
                                            \(S(t) \le \dfrac{\mathrm {e}^{(\mathsf {T}-t)/\max (\tau _1,\tau _2)}-1}{\mathrm {e}^{\mathsf {T}/\max (\tau _1,\tau _2)}-1}\),

                          
                        
	
                          (iii)
                          
                            If we set for \(m>0\), 
$$\begin{aligned} \lambda (m)=1-\frac{\arctan \left( \frac{1}{2}\sqrt{\mathrm {e}^{\frac{\mathsf {T}}{m}}-1}\right) }{\frac{1}{2}\sqrt{\mathrm {e}^{\frac{\mathsf {T}}{m}}-1}}+\log \left( \frac{2}{\sqrt{1+3\mathrm {e}^{-\frac{\mathsf {T}}{m}}}}\right) , \end{aligned}$$

 then, 
$$\begin{aligned} \int _0^\mathsf {T}\sqrt{S(t)(1-S(t))}\,dt\le \lambda (\max (\tau _1,\tau _2)) \max (\tau _1,\tau _2)\le (1+\log 2)\max (\tau _1,\tau _2). \end{aligned}$$


                                          
                          
                        


                              
                  
                    
                      Proof
                    

                    The first assertion (i) follows easily by calculus and (ii) comes from the fact that for \(B> A>0\), the function
$$\begin{aligned} x\mapsto \frac{\mathrm {e}^{Ax}-1}{\mathrm {e}^{Bx}-1}\quad \text { is decreasing on} (0,\infty ). \end{aligned}$$

For (iii), set for short \(m=\max (\tau _1,\tau _2)\). We bound the integral of (iii) by splitting it in two parts: For any \(u\) in \([0,\mathsf {T}]\), since \(\sqrt{S(t)(1-S(t))}\) is at most one half, and by (ii),
$$\begin{aligned} \int _0^\mathsf {T}\sqrt{S(t)(1-S(t))}\,dt&\le \int _0^u \frac{1}{2}\,dt+\int _{u}^\mathsf {T}\sqrt{S(t)(1-S(t))}\,dt \\&\le \frac{u}{2}+\int _{u}^\mathsf {T}\sqrt{S(t)}\,dt\\&\le \frac{u}{2}+\int _{u}^\mathsf {T}\sqrt{\frac{\mathrm {e}^{(\mathsf {T}-t)/m}-1}{\mathrm {e}^{\mathsf {T}/m}-1}} \,dt. \end{aligned}$$

Going on, by the change of variable \(t=\mathsf {T}-m\log (1+x^2)\), we get
$$\begin{aligned} \int _{u}^\mathsf {T}\sqrt{\mathrm {e}^{(\mathsf {T}-t)/m}-1} \,dt&= 2m \int _0^{\sqrt{\mathrm {e}^{(\mathsf {T}-u)/m}-1}}\frac{x^2}{1+x^2}\,dx\\&= 2m\left[ \sqrt{\mathrm {e}^{(\mathsf {T}-u)/m}-1}-\arctan \left( \sqrt{\mathrm {e}^{(\mathsf {T}-u)/m}-1}\right) \right] \end{aligned}$$

and thus
$$\begin{aligned}&\int _0^\mathsf {T}\sqrt{S(t)(1-S(t))}\,dt \le \frac{u}{2}+\frac{2m}{\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}}\\&\quad \times \,\left[ \sqrt{\mathrm {e}^{(\mathsf {T}-u)/m}-1}-\arctan \left( \sqrt{\mathrm {e}^{(\mathsf {T}-u)/m}-1}\right) \right] . \end{aligned}$$

To optimize in \(u\), we set \(u=\mathsf {T}-my\) and introduce the function
$$\begin{aligned} h(y)=\frac{\mathsf {T}-my}{2} +\frac{2m}{\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}}\left[ \sqrt{\mathrm {e}^y -1}-\arctan (\sqrt{\mathrm {e}^y -1})\right] \end{aligned}$$

whose derivative is
$$\begin{aligned} h'(y)=m\left[ -\frac{1}{2}+\sqrt{\frac{\mathrm {e}^y-1}{\mathrm {e}^{\mathsf {T}/m}-1}}\right] . \end{aligned}$$

We see then that we have to choose \(y_0\) such that \(\sqrt{\mathrm {e}^{y_0}-1 }=\frac{1}{2} \sqrt{\mathrm {e}^{\mathsf {T}/m}-1}\) which yields
$$\begin{aligned} h(y_0)&= \frac{\mathsf {T}-m\log \left( 1+\frac{1}{4}(\mathrm {e}^{\mathsf {T}/m}-1)\right) }{2}+m\left[ 1-\frac{\arctan \left( \frac{1}{2}\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}\right) }{\frac{1}{2}\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}}\right] \\&= m\left\{ \log \left( \frac{2}{\sqrt{1+3\mathrm {e}^{-\mathsf {T}/m}}}\right) +\left[ 1-\frac{\arctan \left( \frac{1}{2}\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}\right) }{\frac{1}{2}\sqrt{\mathrm {e}^{\mathsf {T}/m}-1}}\right] \right\} \\&= m\lambda (m). \end{aligned}$$

Note by the way that \(\lambda (m)\) is increasing as a function of \(\mathsf {T}\) and consequently bounded by \(\lim _{\mathsf {T}\rightarrow \infty } \lambda (m)=\log 2 +1\).

                  1.2 Asymptotic Behavior of \(d_{\text {trans}}(S_N,S)\): Approximate Confidence Limit
Provided that \(S\) is sufficiently integrable (which is the case for our truncated exponential models given by Eq. 5), a straightforward consequence of the central limit theorem for empirical processes in \(L^1(\mathbb {R})\) (Del Barrio et al. 1999, Theorem 2.1) is
$$\begin{aligned} \sqrt{N}\, d_{\text {trans}}(S_N,S)\xrightarrow [N\rightarrow \infty ]{\text {Law}} \int _0^\mathsf {T}|B_{S(t)}|dt, \end{aligned}$$

or less formally,
$$\begin{aligned} d_{\text {trans}}(S_N,S)\text { is distributed as } \dfrac{\int _0^\mathsf {T}|B_{S(t)}|dt}{\sqrt{N}} \text { for} N \text {large enough}, \end{aligned}$$

                    (28)
                

where \(\{B_u,u\in [0,1]\}\) is a standard Brownian bridge, that is, a centered Gaussian process on \([0,1]\) with covariance function \(\mathbf {E}(B_uB_v)=\min (u,v)-uv\) (convergence of moments is also true, see (Del Barrio et al. 1999, Theorem 2.4a)). Furthermore, since for each \(t\), \(B_{S(t)}\) is a centered Gaussian random variable with variance \(S(t)(1-S(t))\),
$$\begin{aligned} \int _0^\mathsf {T}\mathbf {E}|B_{S(t)}|dt=\sqrt{\dfrac{2}{\pi }}\int _0^\mathsf {T}\sqrt{S(t)(1-S(t))}dt. \end{aligned}$$

Thus, by Lemma 1 (iii),
$$\begin{aligned} \int _0^\mathsf {T}\mathbf {E}|B_{S(t)}|dt\le \sqrt{\frac{2}{\pi }}\lambda (\max (\tau _1,\tau _2))\max (\tau _1,\tau _2)\le \sqrt{\frac{2}{\pi }} (1+\log 2)\max (\tau _1,\tau _2).\nonumber \\ \end{aligned}$$

                    (29)
                

Besides, the Gaussian deviation inequality (Ledoux 1994, Corollary 1) applied in the separable Banach space \(L^1(\mathbb {R}_+)\) (whose dual space is \(L^\infty (\mathbb {R}_+)\)) gives for all positive \(u\),
$$\begin{aligned} \mathbf {P}\left( \int _0^\mathsf {T}|B_{S(t)}|dt\ge u+\int _0^\mathsf {T}\mathbf {E}|B_{S(t)}|dt\right) \le \exp \left( -\dfrac{u^2}{2\sigma ^2}\right) \end{aligned}$$

                    (30)
                

with a deviation parameter \(\sigma ^2\) which is tractable:
$$\begin{aligned} \sigma ^2&= \sup _{|f|\le 1}\mathbf {E}\left( \int _0^\mathsf {T}B_{S(t)} f(t)dt\right) ^2\nonumber \\&= \sup _{|f|\le 1}\int \int _{[0,\mathsf {T}]^2}\mathbf {E}(B_{S(t)}B(S(u))) f(t)f(u)dtdu\nonumber \\&= \sup _{|f|\le 1}\int \int _{[0,\mathsf {T}]^2} [\min (S(t),S(u))-S(t)S(u)]f(t)f(u)dtdu\nonumber \\&= \int \int _{[0,\mathsf {T}]^2} [\min (S(t),S(u))-S(t)S(u)]\,dtdu\nonumber \\&= 2\int \int _{\mathsf {T}>t>u>0} S(t)\,dtdu-\left( \int _0^\mathsf {T}S(t)\,dt\right) ^2\nonumber \\&= 2\int _0^\mathsf {T}\left[ \int _u^\mathsf {T}S(t)dt\right] du-(\varphi _1\tau _1\rho _1+\varphi _2\tau _2\rho _2)^2\nonumber \\&= 2(\varphi _1\tau _1^2\eta _1+\varphi _2\tau _2^2\eta _2)-(\varphi _1\tau _1\rho _1+\varphi _2\tau _2\rho _2)^2, \end{aligned}$$

                    (31)
                

where we set for short
$$\begin{aligned} \rho _i=\rho (\tau _i)\quad \text { and }\quad \eta _i=\eta (\tau _i)\quad (i=1,2) \end{aligned}$$

with \([0,1]\)-valued and increasing functions
$$\begin{aligned} \rho (x)=1-\frac{\mathsf {T}/x}{\mathrm {e}^{\mathsf {T}/x}-1}\quad \text { and }\quad \eta (x)=1-\frac{\mathsf {T}/x}{\mathrm {e}^{\mathsf {T}/x}-1}-\frac{(\mathsf {T}/x)^2}{2(\mathrm {e}^{\mathsf {T}/x}-1)}. \end{aligned}$$

A small study of variations shows that for \(x\le \mathsf {T}\), we have \(\eta (x)\le \rho (x)^2\) so that \(\eta _i\le \rho _i^2\) and from Eq. (31)
$$\begin{aligned} \sigma ^2\le 2(\varphi _1\tau _1^2\rho _1^2+\varphi _2\tau _2^2\rho _2^2)-(\varphi _1\tau _1\rho _1+\varphi _2\tau _2\rho _2)^2. \end{aligned}$$

                    (32)
                

Moreover, it is not difficult to see that, for \(a,b>0\), the maximum of the function \(\varphi \mapsto 2(\varphi a^2+(1-\varphi )b^2)-(\varphi a+(1-\varphi )b)^2\) on \([0,1]\) is \((\max (a,b))^2\). Consequently, Eq. (32) gives
$$\begin{aligned} \!\!\!\sigma {\le } \max (\tau _1\rho _1,\tau _2\rho _2) \le \max (\tau _1,\tau _2)\rho \left( \max (\tau _1,\tau _2)\right) \end{aligned}$$

                    (33)
                

since \(\rho (x)\) is increasing. Now, if we set \(u=\sigma \sqrt{2x}\) in Eq. (30) and use Eqs. (29) and (33), we get
$$\begin{aligned} \mathbf {P}\left( \int _0^\infty \!\! |B_{S(t)}|dt{\ge } \left[ \sqrt{2x}\rho \left( \max (\tau _1,\tau _2)\right) {+}\sqrt{\frac{2}{\pi }}\lambda (\max (\tau _1,\tau _2))\right] \max (\tau _1,\tau _2)\right) {\le } \mathrm {e}^{-x}.\nonumber \\ \end{aligned}$$

                    (34)
                

By combining Eqs. (28) and (34), we get that with probability at least \(1-\mathrm {e}^{-x}\) 
                              
$$\begin{aligned} d_{\text {trans}}(S_N,S)&\lessapprox&\frac{\left[ \sqrt{2x}\rho \left( \max (\tau _1,\tau _2)\right) +\sqrt{\frac{2}{\pi }}\lambda (\max (\tau _1,\tau _2))\right] \max (\tau _1,\tau _2)}{\sqrt{N}}\end{aligned}$$

                    (35)
                

 
                              $$\begin{aligned}&\le \dfrac{\left[ \sqrt{2x}+\sqrt{\frac{2}{\pi }}(1+\log 2)\right] \max (\tau _1,\tau _2)}{\sqrt{N}}. \end{aligned}$$

                    (36)
                

Note the dependence in \(\mathsf {T}\) of Eq. (35). Actually, the bound Eq. (35) is increasing with respect to \(\mathsf {T}\) and Eq. (36) corresponds to the limit as \(\mathsf {T}\rightarrow \infty \).
By confidence bound at level \(1-\alpha \), we mean a bound under which the distance \(d_{\text {trans}}(S_N,S)\) stays with probability (at least) \(1-\alpha \). We gather some typical examples in Table 4.
Table 4 Confidence bounds for \(d_{\text {trans}}(S_N,S)\) at different levels, with \(N\) photonsFull size table


                           For instance in Eq. (36), to compute the constant \(C(x)=\sqrt{2x}+\sqrt{\frac{2}{\pi }}(1+\log 2)\), take \(x\) at least \(\log 100\) to obtain a 99 % confidence limit and note that \(C(\log 100)\simeq 4.386\). For a 95 % confidence limit, take \(x\) at least \(\log 20\) and note that \(C(\log 20)\simeq 3.799\). And for a 90 % confidence limit, take \(x\) at least \(\log 10\) and note that \(C(\log 10)\simeq 3.497\).


Rights and permissions
Reprints and permissions


About this article
[image: Check for updates. Verify currency and authenticity via CrossMark]       



Cite this article
Heinrich, P., Gonzalez Pisfil, M., Kahn, J. et al. Implementation of Transportation Distance for Analyzing FLIM and FRET Experiments.
                    Bull Math Biol 76, 2596–2626 (2014). https://doi.org/10.1007/s11538-014-0025-9
Download citation
	Received: 27 March 2014

	Accepted: 04 September 2014

	Published: 25 September 2014

	Issue Date: October 2014

	DOI: https://doi.org/10.1007/s11538-014-0025-9


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Keywords
	Fluorescence lifetime imaging microscopy (FLIM)
	Living cell
	Molecular interactions
	Förster resonance energy transfer (FRET)
	Mean lifetime
	Transportation distance








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					3.239.243.235
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    