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                    Abstract
Analyzing all the deterministic dynamics of a Boolean regulatory network is a difficult problem since it grows exponentially with the number of nodes. In this paper, we present mathematical and computational tools for analyzing the complete deterministic dynamics of Boolean regulatory networks. For this, the notion of alliance is introduced, which is a subconfiguration of states that remains fixed regardless of the values of the other nodes. Also, equivalent classes are considered, which are sets of updating schedules which have the same dynamics. Using these techniques, we analyze two yeast cell cycle models. Results show the effectiveness of the proposed tools for analyzing update robustness as well as the discovery of new information related to the attractors of the yeast cell cycle models considering all the possible deterministic dynamics, which previously have only been studied considering the parallel updating scheme.
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Appendices
Appendix A: The Equivalence Classes Tools
Let G be a digraph and s an update schedule over V(G). Consider the label function lab
                  
                    s
                   defined by 
$$\forall(j,i)\in A(G),\quad \mathit{lab}_s(j,i)= \begin{cases} \text {\textcircled {\scriptsize +}}&\text{if } s(j)\geq s(i),\\ \text {\textcircled {\scriptsize -}}&\text{if } s(j)< s(i). \end{cases} $$


                The pair (G,lab
                  
                    s
                  ) is called update digraph (see Figs. 16, 5, and 6 as examples). In (Aracena et al. 2009) was defined equivalence classes [s]
                    G
                   of deterministic update schedules yielding the same update digraph, i.e., 
$$[s]_{G}=\{s' \text{ update schedule: } (G,\mathit{lab}_s)=(G,\mathit{lab}_{s'})\} $$

 It was proven that two update schedules in the same class (i.e., two update schedules having the same update digraph) yield exactly the same dynamical behavior. The above implies that the number of equivalence classes of the interaction digraph in a network gives us the maximum number of possible different dynamics that can exist. From this arises the interest in developing enumeration algorithms for these classes. In this context, the following enumeration algorithm was developed in Aracena et al. (submitted) (see Algorithms 1, 2 and 3). 
Algorithm 1[image: figure 15]

                          EqClass(G)


Full size image


                  Algorithm 2[image: figure 16]

                          DigraphUD(s,A,B)


Full size image


                  Algorithm 3[image: figure 17]

                          MoveTest(C,D)


Full size image


                Notation and definitions: 
	
                      A partial update schedule is an update schedule over the vertices of some G′⊆G. A block of s is the set B
                        
                          i
                        ={v∈V(G′): s(v)=i}, 1≤i≤m. The number of blocks of s is denoted by nb(s) and s is denoted by s=(j∈B
                        1)(j∈B
                        2)⋯(j∈B
                        
                          nb(s)).

                    
	
                      For \(X\subseteq V(G)\setminus\bigcup _{i=1}^{nb(s)}B_{i}\), the operation ∗ is defined as follows: 
$$s*X=(j\in B_1)(j\in B_2)\cdots(j\in B_{nb(s)})(j\in X) $$

 where, ∅X=(j∈X).

                    
	
                      For G=(V,A) a digraph and C,D⊆V we have that G
                        (C,D)=(C∪D,A(G)∩((C∪D)×(C∪D))) and \(\mathit{lab}_{(C,D)}:A(G_{(C,D)})\longrightarrow\{\text {\textcircled {\scriptsize +}},\text {\textcircled {\scriptsize -}}\}\) is defined by 
$$\mathit{lab}_{(C,D)}(u,v)= \begin{cases} \text {\textcircled {\scriptsize -}}, & u\in C\wedge v\in D,\\ \text {\textcircled {\scriptsize +}}, &\text{otherwise} \end{cases} $$


                      
                    


                For more details, see (Aracena et al. submitted).
Appendix B: Example Using Alliances and the Equivalence Class Tools
Figure 15(a) is an example of a Boolean network that has 3 nodes with threshold Boolean functions. The idea is to illustrate how the notion of alliance and the mathematical tools for the enumeration of equivalence classes, in a given digraph, can be useful for knowing the type of attractors of the network as well as the different dynamics that can be obtained when it is updated in every deterministic way. 
Fig. 15[image: figure 18]
(a) A BN of 3 nodes with threshold Boolean functions defined as x
                          1, x
                          2, x
                          3, and thresholds θ=0, θ=1, and θ=−2, respectively. Dotted lines represent negative interactions (weight=−1) while the others are positive interactions (weight=1). (b) The BN of (a) is reduced after considering the alliance x
                          3=1. Note that the effect of x
                          3=1 over x
                          2 is equivalent to write x
                          2=H(x
                          1−x
                          2) while x
                          1 remains the same


Full size image


                We begin by noting that x
                  3=H(−x
                  1+2)=1 is an alliance because −x
                  1+2≥1, regardless the value of x
                  1 and the update schedule used. Moreover, any of the 23=8 possible configurations will converge to another configuration such that necessarily x
                  3=1 (see Fig. 16). In particular, those belonging to some attractor (fixed point or limit cycle). Thus, to know all the possible attractors for this network it is sufficient to analyze the dynamics of the reduced network shown in Fig. 15(b). 
Fig. 16[image: figure 19]
In (a), (b) and (c) are specified the update schedules, its associated update digraphs and its dynamics (shown in dashed triangles and denoted by \(D^{al}_{1}\), \(D^{al}_{2}\) and \(D^{al}_{3}\) respectively) inside of the different dynamics of the original network: D
                          1,…,D
                          5
                        


Full size image


                Thus, the reduced network in Fig. 15(b) has T
                  2=3 update schedules, each one defining a different update digraph (update schedules and update digraphs are shown in Fig. 16(a), (b) and (c)). Moreover, these 3 update schedules generate 3 different dynamics: \(D^{al}_{1}\), \(D^{al}_{2}\), and \(D^{al}_{3}\) which are specified in dashed triangles inside of the 5 different dynamics associated with the original network: D
                  1,…,D
                  5. These are obtained in a similar way than the reduced network mentioned above (see Fig. 16).
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