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                    Abstract
There are many intracellular signalling pathways where the spatial distribution of the molecular species cannot be neglected. These pathways often contain negative feedback loops and can exhibit oscillatory dynamics in space and time. Two such pathways are those involving Hes1 and p53–Mdm2, both of which are implicated in cancer.
In this paper we further develop the partial differential equation (PDE) models of Sturrock et al. (J. Theor. Biol., 273:15–31, 2011) which were used to study these dynamics. We extend these PDE models by including a nuclear membrane and active transport, assuming that proteins are convected in the cytoplasm towards the nucleus in order to model transport along microtubules. We also account for Mdm2 inhibition of p53 transcriptional activity.
Through numerical simulations we find ranges of values for the model parameters such that sustained oscillatory dynamics occur, consistent with available experimental measurements. We also find that our model extensions act to broaden the parameter ranges that yield oscillations. Hence oscillatory behaviour is made more robust by the inclusion of both the nuclear membrane and active transport. In order to bridge the gap between in vivo and in silico experiments, we investigate more realistic cell geometries by using an imported image of a real cell as our computational domain. For the extended p53–Mdm2 model, we consider the effect of microtubule-disrupting drugs and proteasome inhibitor drugs, obtaining results that are in agreement with experimental studies.
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Appendix
Appendix
1.1 A.1 Non-dimensionalisation of Hes1 Model
We summarise our non-dimensionalisation of the extended Hes1 model (described in Sect. 2.2). The original Hes1 model (described in Sect. 2.1) is non-dimensionalised in a similar way; for details, see Sturrock et al. (2011).
To non-dimensionalise the extended Hes1 model given by (1)–(4) and (15), subject to the conditions in (8)–(14), we first define re-scaled variables by dividing each variable by a reference value. Re-scaled variables are given overlines to distinguish them from variables that are not re-scaled. Thus we can write: 

[image: ]

                    (47)
                

 where the right-hand side of each equation is a dimensional variable divided by its reference value. From (47), we can write variables in terms of re-scaled variables and then substitute these expressions into (1)–(4) and (15), and into the conditions in (8)–(14). This gives a model defined in terms of re-scaled variables which has the same form as the dimensional model, but now the parameters are all non-dimensional. Denoting the non-dimensional parameters with an asterisk, they are related to dimensional parameters as follows: 

[image: ]

                    (48)
                


                  We solve the non-dimensional model using the method described in Sect. 2.1. We simulate the model in COMSOL 3.5a, finding non-dimensional parameter values that yield oscillatory dynamics. We chose the same values as in Eq. (25) in Sturrock et al. (2011) except for those parameters which were new because of our extension to the model. These latter values were chosen as follows: \(D^{*}_{m} = D^{*}_{i_{j}}/5\), \(D^{*}_{p} = D^{*}_{i_{j}}/15\), d
                    ∗=0.01, a
                    ∗=0.03, l
                    ∗=0.63.
Finally, we calculated the dimensional parameter values. To do this, we needed to estimate the reference values. Since Her1 in zebrafish and Hes1 in mice are both pathways connected with somitogenesis, we used the reference concentrations for Her1 protein and her1 mRNA in Terry et al. (2011) as our reference concentrations for Hes1 protein and hes1 mRNA. Thus, we chose [m
                    0]=1.5×10−9 M and [p
                    0]=10−9 M. We assumed a cell to be of width 30 μm. But from Figs. 2 and 4, the cell width is equal to three non-dimensional spatial units or 3L-dimensional units (using (47)). Hence we set 3L=30 μm, so that L=10 μm. The experimentally observed period of oscillations of Hes1 is approximately 2 hours (Hirata et al. 2002). Our simulations of the non-dimensionalised model gave oscillations with a period of approximately 300 non-dimensional time units or 300 τ-dimensional units (using (47)). Hence we set 300τ=2 h=7200 s, so that τ=24 s. Using our references values and non-dimensional parameter values, we found dimensional parameter values from (48).
Note that we chose our reference time τ=24 s based on simulations of the extended Hes1 model since this was our most realistic Hes1 model. For the original Hes1 model and for all special cases of the Hes1 model (for example, setting active transport rates to zero), we retained the reference time τ=24 s.
1.2 A.2 Non-dimensionalisation of p53–Mdm2 Model
We non-dimensionalised the p53–Mdm2 model defined in Sect. 3.1, and the extended p53–Mdm2 model defined in Sect. 3.2, using the technique described above for non-dimensionalising the extended Hes1 model. We give brief details for our non-dimensionalisation of the extended p53–Mdm2 model.
To non-dimensionalise the extended p53–Mdm2 model given by (19)–(26) and (44)–(45), subject to conditions (27) and (32)–(43), we define re-scaled variables (denoted by overlines) by dividing each variable by a reference value: 
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                    (49)
                


                  Substituting the scaling in (49) into the extended p53–Mdm2 model gives a non-dimensionalised model with non-dimensional parameters (which we denote with asterisks) that are related to dimensional parameters as follows: 
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                    (50)
                


                  We solve the non-dimensional model using COMSOL 3.5a, finding non-dimensional parameter values that yield oscillatory dynamics. We chose the same values as in Eq. (60) in Sturrock et al. (2011) except for those parameters which were new because of our extension to the model. These latter values were chosen as follows: θ
                    ∗=1, ζ
                    ∗=0.35, \(D^{*}_{m} = D^{*}_{i_{j}}/5\), \(D^{*}_{p} =D^{*}_{i_{j}}/15\), d
                    ∗=0.01, a
                    ∗=0.03, l
                    ∗=0.63.
Finally, we calculated the dimensional parameter values. To do this, we had to estimate the reference values. As in Sturrock et al. (2011), we chose the following reference concentrations: [p530]=0.5 μM, [Mdm2m
                    0]=0.05 μM, [Mdm20]=2 μM. In addition, we chose [p53m
                    0]=0.025 μM (in keeping with relative concentrations of mRNA and protein revealed by simulation of the non-dimensionalised model). As with the Hes1 model, we assumed a cell to be of width 30 μm, which again leads to the reference length L=10 μm. Our simulations of the non-dimensionalised model gave oscillations with a period of approximately 360 non-dimensional time units or 360 τ-dimensional units (using (50)), and the experimentally observed period is approximately 3 hours (Monk 2003). Hence we set 360τ=3 h=10800 s, so that τ=30 s. The reference time τ=30 s was based on simulations of the extended p53–Mdm2 model since this was our most realistic p53–Mdm2 model. For all variants of this model (for example, setting active transport rates to zero), we retained the reference time τ=30 s for ease of comparison of the numerical results. Using our references values and non-dimensional parameter values, we found dimensional parameter values from (50).
1.3 A.3 Influence of Cell Shape
As discussed in Sect. 2.2.5, we carried out simulations for the extended Hes1 model on a variety of cell geometries. Results from these simulations are presented in Figs. 24 and 25. It is clear from these figures that sustained oscillatory dynamics are strongly robust to changes in cell shape. Such robustness is reassuring since the shape of eukaryotic cells is highly variable (Baserga 2007; Pincus and Theriot 2007). 
Fig. 24[image: figure 24]
Plots showing the effect on the extended Hes1 model of varying the nuclear shape. In each row, the left plot shows the shape on which we solve, and the middle and right plots show the corresponding numerical results. Spatial units here are non-dimensional, with one non-dimensional spatial unit corresponding to 10 μm. Total concentrations for Hes1 protein are displayed in blue and for hes1 mRNA in red. Parameter values as per column 2 of Table 2


Full size image


                    Fig. 25[image: figure 25]
Plots showing the effect on the extended Hes1 model of varying the nucleus position (first row), the MTOC position (second row), and the cell shape (third row). In each row, the left plot shows the shape on which we solve, and the middle and right plots show the corresponding numerical results. Spatial units here are non-dimensional, with one non-dimensional spatial unit corresponding to 10 μm. Total concentrations for Hes1 protein are displayed in blue and for hes1 mRNA in red. Parameter values as per column 2 of Table 2


Full size image


                  Only one of the geometries in Figs. 24 or 25 shows significant damping after the initial peaks in Hes1 protein and hes1 mRNA total concentrations. This occurs in the second row in Fig. 25, where the MTOC surrounding the nucleus is significantly increased in size. The increased size of the MTOC reduces the size of the region in which active transport may occur. Hence the results in the second row in Fig. 25 are similar to those presented in Sect. 2.2.4 in which the active transport rate is set to zero.


Rights and permissions
Reprints and permissions


About this article
Cite this article
Sturrock, M., Terry, A.J., Xirodimas, D.P. et al. Influence of the Nuclear Membrane, Active Transport, and Cell Shape on the Hes1 and p53–Mdm2 Pathways: Insights from Spatio-temporal Modelling.
                    Bull Math Biol 74, 1531–1579 (2012). https://doi.org/10.1007/s11538-012-9725-1
Download citation
	Received: 18 November 2011

	Accepted: 26 March 2012

	Published: 20 April 2012

	Issue Date: July 2012

	DOI: https://doi.org/10.1007/s11538-012-9725-1


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Keywords
	p53
	Hes1
	Nuclear membrane
	Active transport
	Cell shape








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					52.207.220.85
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    