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                    Abstract
To address the effect of taxis of invasive animals on their spreading speed in heterogeneous environments, we deal with an advection-diffusion-reaction equation (ADR) in a periodic patchy environment. Two-types of advection that spatially vary depending on environmental heterogeneity are taken into consideration: a stepwise taxis function and a saw-like taxis function. We first analyze the ADR with the stepwise taxis advection, and derive an invasion criterion. When the invasion criterion holds, an initially localized population evolves to a traveling periodic wave (TPW). The asymptotic speed of the TPW is found to be equal to the minimal speed of the TPW analytically derived. Thus, we examine how the minimal speed is influenced by the taxis. The major results are: (1) As the magnitude of the taxis toward favorable patches increases, invasion becomes more feasible. However, the spreading speed increases at first, and then decreases to show a one-humped curve against the magnitude of the taxis; (2) As the scale of fragmentation in the patchy environment is increased, the spreading speed increases when the magnitude of the taxis is small, while it decreases when the magnitude of the taxis becomes sufficiently large. These characteristic features qualitatively apply to the ADR model with the saw-like taxis function.
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Appendices
Appendix A: Nondimensionalization
Let us introduce the following nondimensional quantities: 

$$\begin{aligned}n'&=\frac{\mu}{e_1}n,\qquad t'=e_1t,\qquad x'=\sqrt{\frac {e_1}{D}}x\\e'&=\frac{e_2}{e_1},\qquad u'=\frac{u}{\sqrt{e_1D}},\qquad L'_1=\sqrt {\frac{e_1}{D}}L_1,\qquad L'_2=\sqrt{\frac{e_1}{D}}L_2.\end{aligned} $$

                    (14)
                

 Then the stepwise ADR model, (1) with (2a), (2b) in the text, becomes 

$$\frac{\partial n'}{\partial t'} = \frac{\partial^2 n'}{\partial x'^2} -\frac{\partial u'(x')n'}{\partial x'} + \bigl(\varepsilon'\bigl(x'\bigr) - n'\bigr)n'\quad \mbox{for}\ t'>0 \ \mbox{and}\ x' \in(-\infty,\infty), $$

                    (15)
                

 where 

[image: ]

                    (16a)
                

 and 

[image: ]

                    (16b)
                

 Similarly, the saw-like ADR equation, (1) with (2a) and (13) in the text, are respectively transformed into (15) with (16a) and 

[image: ]

                    (17)
                

 Comparing the original sets of equations ((1)–(3b) for the stepwise ADR model and (1), (2a), and (13) for the saw-like ADR model) with their corresponding nondimensionalized equations ((15)–(16b) and (15), (16a), and (17)), we can see that the diffusion coefficient, the intrinsic growth rate in the favorable patch and intraspecific competition coefficient are converted to one in the nondimensionalized equation, and hence the independent parameters are reduced to four variables, e′,u′ (or \(\tilde{u}'\)), \(L'_{1}\), and \(L'_{2}\).
Appendix B: Invasion Criterion and TPW Wave
2.1 B.1 TPW Solution at the Leading Edge and Dispersion Relation
It can be easily verified that (8) with (9) automatically satisfy the upper two equations of (6). Thus, we substitute (8) in (7) with (2a), (2b) and solve the resulting equation by using the method of separation of variables to have (Shigesada et al. 1986): 

[image: ]

                    (18a)
                


                    [image: ]

                    (18b)
                


                    [image: ]

                    (18c)
                

 Since g(x) is L-periodic, hereafter we focus on population density confined in an interval (−L/2, L/2) as illustrated in Fig. 9. Let us denote g(x) in the intervals between (−L/2,−L
                    1/2), (−L
                    1/2,0), (0,L
                    1/2), and (L
                    1/2,L/2) by g
                    11,g
                    12,g
                    21, and g
                    22, respectively. Then by taking into consideration (2), we rewrite (18b) as: 

$$ Dg''_{ij}-(2Ds+u_i)g'_{ij}+\bigl(Ds^2+u_is-cs+e_{ij}\bigr)g_{ij}=0\quad (i,j=1,2),$$

                    (19)
                

 where e
                    11=e
                    22=e
                    2, e
                    12=e
                    21=e
                    1, u
                    1=u, u
                    2=−u. Solving (19) yields general solutions: 

[image: ]

                    (20a)
                

 where 

$$ \lambda_{ij}^{\pm} = \frac{2Ds+u_i \pm\sqrt {-4D(e_{ij}-cs)+u_i^2}}{2D}\quad (i,j=1,2).$$

                    (20b)
                

 Since g
                    
                      ij
                    (x) should satisfy the continuity conditions (3a), (3b) at the four boundaries between the four regions together with periodic condition of g(x)=g(x+L), we have 

$$ \begin{aligned}&g_{12}(0)=g_{21}(0), \\&g_{21}\biggl(\frac{L_1}{2}\biggr)=g_{22}\biggl(\frac{L_1}{2}\biggr), \\&g_{22}\biggl(\frac{L}{2}\biggr)=g_{11}\biggl(-\frac{L}{2}\biggr), \\&g_{11}\biggl(-\frac{L_1}{2}\biggr)=g_{12}\biggl(-\frac{L_1}{2}\biggr), \\&Dsg_{12}(0) - Dg'_{12}(0) + u_1g_{12}(0)=Dsg_{21}(0) -Dg'_{21}(0) + u_2g_{21}(0), \\&Dsg_{21}\biggl(\frac{L_1}{2}\biggr) - Dg'_{21}\biggl(\frac{L_1}{2}\biggr) +u_2g_{21}\biggl(\frac{L_1}{2}\biggr)\\&\quad =Dsg_{22}\biggl(\frac{L_1}{2}\biggr) - Dg'_{22}\biggl(\frac {L_1}{2}\biggr) + u_2g_{22}\biggl(\frac{L_1}{2}\biggr), \\&Dsg_{22}\biggl(\frac{L}{2}\biggr) - Dg'_{22}\biggl(\frac{L}{2}\biggr) +u_2g_{22}\biggl(\frac{L}{2}\biggr)\\&\quad =Dsg_{11}\biggl(-\frac{L}{2}\biggr) - Dg'_{11}\biggl(-\frac{L}{2}\biggr)+ u_1g_{11}\biggl(-\frac{L}{2}\biggr), \\&Dsg_{11}\biggl(-\frac{L_1}{2}\biggr) - Dg'_{11}\biggl(-\frac{L_1}{2}\biggr) +u_1g_{11}\biggl(-\frac{L_1}{2}\biggr) \\&\quad =Dsg_{12}\biggl(-\frac{L_1}{2}\biggr) - Dg'_{12}\biggl(-\frac {L_1}{2}\biggr) + u_1g_{12}\biggl(-\frac{L_1}{2}\biggr).\end{aligned}$$

                    (21)
                

 Thus substituting (20a), (20b) into (21), we have a set of linear equation for A
                    
                      ij
                    , and B
                    
                      ij
                     as follows: 

[image: ]

                    (22)
                

 where \({W_{i}^{\pm} = \frac{u\pm\sqrt{-4D(e_{i}-cs)+u^{2}}}{2D}\ \ (i=1,2)}\). Since at least one of A
                    
                      ij
                     and B
                    
                      ij
                     should be nonzero, we put the determinant of the matrix in (22) to be zero. 
Fig. 9[image: figure 9]

                            g(x) assigned in the four regions between −L/2 and L/2 that represents one spatial period


Full size image


                  The determinant expansion of matrix in (22) is executed symbolically by using Mathematica. Rearranging the resulting equation, we have 

$$ e^{-F}\bigl(f_0+f_1u+f_2u^2+f_3u^4\bigr)=0,$$

                    (23)
                

 where f
                    
                      i
                     (i=0,1,2,3) are defined (11) in the text and 

$$F=\frac{A_1L_1+A_2L_2+(3L_1+L_2)u}{2D}.$$

 Since e
                    −F is nonzero, we have a dispersion relation between c and s, f
                    0+f
                    1
                    u+f
                    2
                    u
                    2+f
                    3
                    u
                    4=0, as given in (11) in the text.
2.2 B.2 Invasion Criterion
When s and c are set zero and ε(x) is replaced by ε(x)−λ, (18b) is reduced to the eigenvalue problem (4) as given in the text. Therefore, the characteristic equation for λ is given by (23), in which s=c=0 and ε(x) is substituted by ε(x)−λ. Since invasion succeeds when λ≥0, we have the invasion criterion, \(e^{-F^{0}}(f_{0}^{0} + f_{1}^{0}u+ f_{3}^{0}u^{2})\le0\), as given in (5) in the text, where the equality holds when λ=0.
Particularly when 〈ε(x)〉=0, we execute the Taylor expansion of \(e^{-F^{0}}(f_{0}^{0} + f_{1}^{0}u+ f_{2}^{0}u^{2})=0\) with respect to L and u in the neighborhood of L=u=0. Taking the lowest terms of the expansion, we obtain the threshold line, u=−e
                    1
                    γL/3, for L, u≪1, where γ=L
                    1/L (0<γ<1).
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