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Abstract The paper presents a deterministic compartmental model for the transmis-
sion dynamics of swine influenza (HIN1) pandemic in a population in the presence of
an imperfect vaccine and use of drug therapy for confirmed cases. Rigorous analysis
of the model, which stratifies the infected population in terms of their risk of devel-
oping severe illness, reveals that it exhibits a vaccine-induced backward bifurcation
when the associated reproduction number is less than unity. The epidemiological con-
sequence of this result is that the effective control of HIN1, when the reproduction
number is less than unity, in the population would then be dependent on the initial
sizes of the subpopulations of the model. For the case where the vaccine is perfect, it
is shown that having the reproduction number less than unity is necessary and suffi-
cient for effective control of HINT1 in the population (in such a case, the associated
disease-free equilibrium is globally asymptotically stable). The model has a unique
endemic equilibrium when the reproduction number exceeds unity. Numerical simu-
lations of the model, using data relevant to the province of Manitoba, Canada, show
that it reasonably mimics the observed HIN1 pandemic data for Manitoba during the
first (Spring) wave of the pandemic. Further, it is shown that the timely implementa-
tion of a mass vaccination program together with the size of the Manitoban population
that have preexisting infection-acquired immunity (from the first wave) are crucial to
the magnitude of the expected burden of disease associated with the second wave of
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the HIN1 pandemic. With an estimated vaccine efficacy of approximately 80%, it
is projected that at least 60% of Manitobans need to be vaccinated in order for the
effective control or elimination of the HIN1 pandemic in the province to be feasible.
Finally, it is shown that the burden of the second wave of HINI1 is expected to be at
least three times that of the first wave, and that the second wave would last until the
end of January or early February, 2010.

Keywords Swine flu HIN1 - Model

1 Introduction

The emergence of the HINI Influenza A (also known as the swine influenza) pan-
demic in the Spring of 2009 (Centers for Disease Control and Prevention 2009d;
El Universal 2009; GenBank Sequences From 2009 HINT1 Influenza Outbreak 2009;
World Health Organization 2009a, 2009b, 2009¢) poses major public health chal-
lenges globally (World Health Organization 2009b, 2009c¢). Since its emergence
in Mexico in April 2009, the novel HIN1 pandemic, which is believed to have
resulted from a recent genetic reassortment involving several influenza virus lin-
eages (Pourbohloul et al. 2009), has so far (as of October 31, 2009) accounted
for 441661 infections and 5712 HINI1-related deaths worldwide (World Health
Organization 2009d). The most affected region is the Americas (with 174565
cases and 4175 deaths). Presently, pandemic influenza transmission remains ac-
tive in many parts of the tropical zone of the Americas, most notably in sev-
eral Caribbean countries, and high and increasing rates are reported in the USA
and Canada.! Tt is thought that HINI spreads in the same way that regular sea-
sonal influenza viruses spread, mainly through coughs and sneezes of people who
are infected with the virus, but it may also be spread by touching contaminated
objects and then touching the nose or mouth. HINI infection has been reported
to cause a wide range of flu-like symptoms, including fever, cough, sore throat,
body aches, headache, chills and fatigue. In addition, many people also have re-
ported nausea, vomiting and/or diarrhea (Centers for Disease Control and Prevention
2009a).

One disconcerting aspect of the HINI1 pandemic is the higher rates of mor-
tality and severe illness among young healthy individuals, unlike in the case of
seasonal influenza which tends to affect older individuals (Chowell et al. 2009;
World Health Organization 2009f). In addition, several chronic conditions and be-
havioral and other risk factors have been associated with increased risk of dis-
ease severity among H1N1-infected individuals. Infants and pregnant women (es-
pecially in the third trimester) are at increased risk of hospitalization and ICU ad-
missions (Centers for Disease Control and Prevention 2009¢; Jamieson et al. 2009;
United States Centers for Disease Control and Prevention 2009; World Health Or-
ganization 2009g). People with preexisting chronic conditions (such as asthma and

1http://healthmap.org/swineﬂu/. Accessed 02 November 2009.
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other chronic lung diseases, chronic kidney and heart diseases, obesity and condi-
tions associated with immune suppression) were found in several analyses to have
increased the risk of death and ICU admission (Kumar et al. 2009; United States
Centers for Disease Control 2009). In Manitoba, Aboriginals, especially those resid-
ing in remote and isolated communities, were at increased risk of severe illness due
to pandemic HINT1 infections (Winnipeg Regional Health Authority Report 2009).

Because of the large numbers of those at risk of severe illness and the lack of
preexisting immunity to the pandemic virus in the population at large, concerns have
been raised about the ability of the health care system to cope with large numbers
of patients requiring treatment in intensive care units (ICUs) during the peak period
of the “second wave”. The second wave of HINI1 is currently underway, at least in
Canada (believed to have started around early to mid October, 2009) (Canada Enters
Second Wave of HIN1 2009). Several public health measures, including social exclu-
sion (e.g., school closures, banning large gathering etc.), could be possibly deployed
to contain the pandemic. Other likely effective measures include mass vaccination
and use of antiviral drugs to treat symptomatic individuals during the early phases of
illness (Centers for Disease Control and Prevention 2009b). Mass vaccination against
HINI is on-going in various parts of North America, but current vaccine supply is
limited, resulting in prioritization of high-risk groups, which could potentially delay
the achievement of effective levels of herd immunity. While there are two effective
drugs for the treatment of HIN1, oseltamivir (Tamiflu) and zanamivir (Relenza), their
impact on changing the course of the pandemic is unknown, as their availability is
also not universal and there are already early reports of oseltamivir-resistant HIN1
strains transmitted (van der Vries et al. 2009). As a result, there is considerable un-
certainty about the likely impact of these control measures on the trajectory of the
pandemic.

Mathematical models, typically of the form of deterministic or stochastic systems
of nonlinear differential equations, have been used to gain insights into the trans-
mission dynamics of emerging and reemerging infectious diseases, such as seasonal
and pandemic influenza (see, for instance, Gumel et al. 2008; Miriam et al. 2007),
as well as to serve as a public health decision-making tool. Mathematical approaches
are useful in studying the qualitative and quantitative dynamics of HINTI (that is,
in estimating its potential burden) and evaluating the impact of public health con-
trol strategies, including mass vaccination. A number of modelling studies have al-
ready been reported on the transmission dynamics of HIN1 (such as those by Brian
et al. 2009; Boélle et al. 2000; Franco-Paredes and Preciado 2009; Hiroshi et al.
2009; Pourbohloul et al. 2009). Pourbohloul et al. (2009) used a network-based sta-
tistical approach to estimate the initial reproduction number of HINT1 influenza in
North America. Brian et al. (2009) considered compartmental models to gain insight
into the transmission dynamics of HIN1 and the natural history of HIN1 influenza.
This study complements the aforementioned studies by designing a new deterministic
model, which incorporates an imperfect HIN1 vaccine, drug treatment and stratifies
the total infected population in terms of their risk of developing severe illness. The
model, which is rigorously analysed to derive important epidemiological thresholds,
is used to evaluate the potential burden of the second wave of HINI in Manitoba
(as of October 17, 2009, Manitoba has reported 927 confirmed cases and 7 HINI-
associated deaths (Manitoba Health 2009)). It is expected that between 10 to 20%

@ Springer



518 O. Sharomi et al.

of the total Manitoban population may have preexisting immunity. This estimate is
based on preliminary results of a study (led by one of the coauthors: SMM) that es-
timated the seroprevalence of the pandemic HIN1 infection following the first wave
in Manitoba (Mahmud et al. 2010).

The paper is organized as follows. The HINT1 influenza model is formulated in
Sect. 2, and rigorously analysed in Sect. 3. Numerical simulations are reported in
Sect. 4.

2 Formulation of the Model

The total human population at time ¢, denoted by N (), is subdivided into 15 mu-
tually exclusive compartments of susceptible individuals (S(#)), vaccinated individ-
uals (V (¢)), latently infected individuals (L(¢)), infectious individuals without dis-
ease symptoms (A(t)), high-risk symptomatic individuals in the early stage (first two
days) of infection (/1(¢)), low-risk symptomatic individuals in the early stage (first
two days) of infection (Y (¢)), high-risk symptomatic individuals in the later stage
of infection (12(¢)), low-risk symptomatic individuals in the later stage of infection
(Y2(2)), high-risk treated infected individuals (71 (¢)), low-risk treated infected indi-
viduals (71.(¢)), high-risk hospitalized individuals not in the ICU (Hg(¢)), low-risk
hospitalized individuals not in the ICU (HL (¢)), high-risk hospitalized individuals in
the ICU (Cy(#)), low-risk hospitalized individuals in the ICU (Cy (¢)) and recovered
individuals (R(¢)). Thus,

NO=SO)+V@®)+L@&)+AQ@)+1i1(t)+Y1(t)+ I(t) + Ya(t)
+ Tu(t) + T(t) + Hu(t) + Ho(t) + Cu(t) + CL(t) + R(2).

It is worth emphasizing that the model to be designed stratifies the total infected pop-
ulation according to their risk of developing severe illness (i.e., high-risk individuals
are more likely to develop severe disease, require hospitalization, ICU admission and
suffer increased mortality in comparison to low-risk individuals). The susceptible
population is increased by the recruitment of new individuals (assumed susceptible)
into the population at a rate I7. Susceptible individuals acquire HIN1 infection (and
become latent), following effective contact with infected individuals (i.e., those in the
L,A, I, I, T, H and H; classes), at a rate A, given by

_BIDI() + Da(1)]
M= M

where
Di(t) =01L(t) + 11 (1) +62Y1(t) + 03 10(t) + 04Y2(t) + 05 A(t) + 05 Tr (1),
Dy (t) = 07TL(t) + 0 Hu (1) + 09 HL(1) + 010CH (1) + 011 CL(2).

In (1), B is the effective contact rate. Further, the modification parameters 0 <
0;li=1..11 < 1 account for the assumed decrease in the relative infectiousness of indi-
viduals inthe L, Y1, I, Y2, A, Ty, T, Hy, Hr, Cyx and Ci, classes in comparison to
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infectious individuals in the early stage of infection (/1) (it should be mentioned that
the model to be designed is robust enough to allow for this assumption to be relaxed
for some of the state variables, particularly Y1, Y», I» and A). That is, it is assumed
that infected individuals in the L, Y1, I, Y», A, Ty, T1,, Hy, Hi,, Cyx and Cy, classes
are less infectious than infectious individuals in the 7 class. It is worth stating that
it is assumed that latently infected individuals (in the L class) can transmit infection
(albeit at a very small rate, 61 8, with 0 < 6; < 1). Furthermore, it is assumed that
hospitalized individuals not in ICU (i.e., those in the Hy and Hy, classes) and in ICU
(i.e., those in the Cy and Cp classes) can transmit infection at reduced rates 033, 69 8
and 60108, 6118, respectively. These assumptions can be relaxed (if hospital isolation
is perfect) by setting 6190 =611 =0.

Susceptible individuals are vaccinated at a rate €. It is assumed that the vaccine
is imperfect, so that vaccinated individuals can acquire breakthrough infection at a
reduced rate (1 — €)X, where 0 < € < 1 is the vaccine efficacy against infection.
Latently infected individuals become infectious (typically after 7 days of infection)
at a rate « (so that, 1 /o = 7 days). A fraction, r, of these individuals show clinical
symptoms of HIN1 (and move to the class /1), while the remaining fraction, (1 —r),
will not (but still remain capable of infecting others). The latter group is moved to
the class A (of infectious individuals with no disease symptoms). A fraction, f, of
individuals who show clinical symptoms of HIN1 are assumed to be of high risk and
are moved to the 7 class, while the remaining fraction, 1 — f, are considered of low
risk and moved to the Y class.

Individuals in the 71 and Y; classes move to the later stage of infection (after about
48 hours) at rates ky and «, respectively. Infectious individuals in the classes 71 and
Y| are treated, within the 48-hour window, at rates Ty and 71, respectively. It is as-
sumed that treatment is not effective for infected individuals in the I, and Y, classes.
This study assumes that Tamiflu is only offered therapeutically; and such treatment
is only effective if administered within the first 48 hours of infectiousness. Further-
more, since resistance to these drugs has been rare (during this pandemic), the model
does not account for the development and transmission of resistant strains (FluWatch
2010).

Individuals in the late stages of HIN1 infection (i.e., those in the I and Y classes)
become sick and are hospitalized at rates Yy and ¥, respectively. Furthermore, these
individuals can recover naturally at rates yyg and L, respectively. Infectious individu-
als that show no symptoms of HIN1 recover naturally at arate y . Treated individuals
can fail treatment and become hospitalized at rates ¢y and ¢, respectively; other-
wise, they recover at rates yty and y respectively. Hospitalized individuals, both of
high and low risk, recover at rates ygy and yyr, respectively, or are transferred to the
ICU (of high or low risk) at rates oy and ot, respectively. ICU patients (both in high-
and low-risk classes) can recover at rates ycyg and ycr, respectively. Natural mor-
tality occurs in all classes at a rate w, while hospitalized individuals (in the Hy and
Hi, classes) and those in ICU (i.e., those in the Cy and Ci, classes) suffer additional
disease-induced death at rates gy, dHL, dcH anddcr, respectively. It is assumed that
dcH > dun and Scr > SHL, since individuals in ICU (either of high or low risk) are
more likely to die than those not in ICU (because of their severe complications). Fur-
thermore, it is assumed that recovered individuals do not lose their infection-acquired
immunity, so that they do not become susceptible to reinfection.
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Combining all the aforementioned definitions and assumptions, it follows that the
model for the transmission dynamics of HIN1 flu in a population is given by the
following deterministic system of nonlinear differential equations (see Fig. 1 for a
flow diagram and Table 1 for the description of the variables and parameters of the
model):

ds

dv

— =ESH)— (1 —e)A@)V(t) — uV (),
dL

— = MOS0+ 1 =MDV () — kL),
dl

d_tl = fraL(t) — k3 (1),

dyY

d_l = (1= f)raL(t) —ksYi (1),

t

dl

d_t2 =kl (t) — ks (2),

dy.

d_t2 =k LY1(t) — keY2(2),

dA

= = (1 =r)aL(t) —k7A(1),

“ 2
d—tH = ‘L’Hll(t) - kgTH(t),

dT;

d—tL = ‘L’LYI (f) — k9TL(t)’
d H,
_dtH = Yubr(t) + ¢uTu(t) — kioHu (1),
d H,
d_tL = YLY2(t) + oL TL(t) — ki1 HL(1),
dc
d—H = ogHu(t) — k12Cu(1),

t
dcC
d_tL = oL HL(t) — k13CL(t),

dR
;= O+ +yad®) +ymlu) + yr i)

+ yaaHu () + yaLHL () + ycHCu (@) + yeLCL () — uR(1),
where
ki=pn+§, ky=p+a, kz=p + w + «H, ka=p+ L +«L,
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us uv

Class 5(t) Class V(t)

tage Il{t]

Low risk Y,
Stage Y,(t)

Tl I

Stage I5(t)

Iass HLi.'

O sk ICU Y Hy
Class C,(t)

Fig. 1 Flow diagram of the model

ks =+ Yu+ yu, ke =+ YL+ 1, k7 =+ va,
ks =+ ¢u + yH, ko =+ L + yrL,

k10 = {4 + o + yHH + SuH, ki1 =p+oL + yaL + 8uL,
ki2 =p + yen + dcn, ki3 =p+yeL +dcL-

It is worth mentioning that one limitation of model (2) is that it does not explicitly
incorporate the role of age structure (to account for the variability in susceptibility
according to age). A homogeneously mixed population is assumed to allow for the
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Table 1 Description of variables and parameters of the model

Variable Description

S(t) Susceptible individuals

V(t) Vaccinated individuals

L(t) Latently infected individuals

I (t) High-risk symptomatic individuals in early stage of infectiousness
Yi(t) Low-risk symptomatic individuals in early stage of infectiousness
I(t) High-risk symptomatic individuals in late stage of infectiousness
Yo (1) Low-risk symptomatic individuals in late stage of infectiousness
A(t) Infectious individuals with no symptoms

Ty (1) High-risk treated infected individuals

Ti.(t) Low-risk treated infected individuals

Hy (1) High-risk hospitalized individuals not in ICU

Hy (1) Low-risk hospitalized individuals not in ICU

CH(t) High-risk hospitalized individuals in ICU

CL(1) Low-risk hospitalized individuals in ICU

R(?) Recovered individuals

Parameter Description (per day)

I Recruitment rate into the susceptible population

I Natural death rate

B Effective contact rate

SHH, SHL> SCH, dcL

7
KH
KL

Disease-induced mortality for individuals in Hy, HL,

and Cy, Cy, classes, respectively

Vaccination rate

Vaccine efficacy

Rate at which latent individuals become infectious

Fraction of infectious individuals who show disease symptoms
Fraction of infectious individuals showing symptoms with high risk
Progression rate of infectious individuals from /7 to I

Progression rate of infectious individuals from Y7 to Y»

YH. YL» YA, YTH, YTL Recovery rates for individuals in I, Y, A, Ty, 71, classes, respectively

YHH, YHL. YCH, YCL Recovery rates for individuals in Hy, H,, Cy and Cy, classes, respectively

YH. VL
¢H, L
oH, oL
H, TL
6; i=1...11)

Hospitalization rate for individuals in /> and Y; classes, respectively
Hospitalization rate for high- and low-risk treated individuals, respectively.
ICU admission rate for high- and low-risk hospitalized individuals, respectively
Treatment rate for individuals in /1 and Y7 classes, respectively

Relative risk of infectiousness of infected individuals in relation to those in /1 class

ensuing mathematical analysis of the model to be more tractable. We intend to in-
vestigate the issue of heterogeneity, in the context of the HIN1 pandemic, in a future

study.
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3 Analysis of the Model

3.1 Basic Properties

3.1.1 Positivity and Boundedness of Solutions

For the basic model (2) to be epidemiologically meaningful, it is important to prove
that all its state variables are nonnegative for all time. In other words, solutions of the
model system (2) with positive initial data will remain positive for all time ¢ > 0.
Theorem 1 Let the initial data S(0) >0, V(0) >0, L(0) >0, I;(0) >0, Y;(0) >
0, 12(0) = 0, Y2(0) = 0, A(0) = 0, Ty(0) = 0, 7T.(0) = 0, Hx(0) = 0, H.(0) = 0,

Cu(0) =0, CL(0) =0, R(0) = 0. Then the solutions (S,V,L,1,Y1,1,Y, A, Ty,
Tp, Hy, HL, Cy, CL, R) of the basic model (2) are positive for all t > 0. Furthermore,

. 17
limsup N (¢) < —,
t—00 1
WithN=S+V+L+L+Y 1 +bL+Y,+A+Tu+ T+ Hy + H
+Cu+CL+R.

Proof It follows, from the first equation of system (2), that

t t
%[S(l)exp{/ )\(u)du+(/t+§)t}i|:176xp{/ A(u)du+(M+S)t}.
0 0

Hence,
1
S(tl)eXp{/ Aw)du + (u+ &)t } -5
0

t x
:/IHexp{/ )»(v)dv—}—(,u—i—é)x}dx,
0 0

so that

t
S(t1) = S(0) GXP{—/O 1 A(u)du + (pn +§)l1}

t
+exp{—/lx(u>du+(u+s>n}
0
1 X
x/ Hexp{/ A(v)dv—i—(,u—i—é)x}dx.
0 0
> 0.

Similarly, it can be shown that V >0,L >0,1; >0,Y; >0,1b>0,Y, >0,A >
0, T4y >0,7. >0,Hy >0,H. >0,Cyg>0,C >0 and R > 0 for all t+ > 0. For
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the second part of the proof, it should be noted, first of all, that 0 < Hy(¢) < N(¢),
O0<HL(t) <N(),0<Cua(t) <N(@#)and 0 < CL(t) < N(1).
Adding all the equations in the differential equation system (2) gives

dN
pTi T — puN(t) — dun Hu(t) — duL HL(t) — 8cuCu(t) — dcLCL(®).  (3)

It follows from (3) that

dN
IT — (u + 8un + SHL + 8cH +dcL)N (@) < o <IT — uN(1).

Thus,
I1 . ) 7
<liminf N(¢) <limsup N(t) < —,
M=+ 8HH + SHL +8cH +dcL T 1o 100 "
so that
. I
limsup N (¢) < —,
t—00 123
as required. |

3.1.2 Invariant Regions

Model (2) will be analysed in a biologically-feasible region as follows. We first show
that system (2) is dissipative (i.e., all feasible solutions are uniformly bounded in a
proper subset D C Rf ). Consider the region

D= {(S, V.L,1,,Y\, b, Y2, A, Ty, T, Hy, Hy, Cu, CL, R) € R} :
S+V+L+ L +Y1+Lb+Yr+A+Tyu+TL+Hy+ H +Ch

I7
+CL+R<—3.
m

The following steps are followed to establish the positive invariance of D (i.e., solu-
tions in D remain in D for all ¢ > 0). It follows from (3) that

an <IT—uN(). 4)
dt —

A standard comparison theorem (Lakshmikantham et al. 1989) can then be used to
show that N (z) < N(0)e ™ + %(1 — e~ In particular, N (1) < g if N(0) < Z.
Thus, the region D is positively invariant. Hence, it is sufficient to consider the J§-
namics of the flow generated by (2) in D. In this region, the model can be considered
as been epidemiologically and mathematically well posed (Hethcote 2000). Thus,
every solution of the basic model (2) with initial conditions in D remains in D for all
t > 0. Therefore, the w-limit sets of the system (2) are contained in D. This result is
summarized below.
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Lemma 1 The region D is positively invariant for the basic model (2) with initial
conditions in Rf .

3.2 Stability of Disease-Free Equilibrium (DFE)
3.2.1 Local Stability

Model (2) has a DFE, obtained by setting the right-hand sides of the equations in the
model to zero, given by

o= (S, V¥ L* Iy, Yy, I3, Yy, A Ty, T{', Hy, Hf', Cfy, Ct, R¥)
IT &I
= (_1 S—,O,O,O,O,O,O,O, 070a0109070>' (5)
k1 uk

The linear stability of & can be established using the next-generation operator
method on system (2). Using the notation in (van den Driessche and Watmough
2002), the matrices F' and V, for the new infection terms and the remaining transfer
terms, are, respectively, given by

(R (1
F_(F3 F4) and V_(V3 V4)’

with
_,3*91 18* ﬂ*@z 13*03 18*94 /8*95
0 0 0 0 0 0
fF_| 0 0 0 0 0 0
1 0o o o 0 0 0 |°
0 0 0 0 0 0
0o 0 0 0 0 0
[B*0s B*07; B*63 B*69 B*010 B*O11
0 0 0 0 0 0
eH_| 0 0 0 0 0 0
2=l o 0 0 0 0 o |’
0 0 0 0 0 0
0o 0 0 0 0 0
F3 =[0]gxe, F4 =[0lexe,
B ko 0 0 0O 0 O
— fra ks 0 0 0 0
p_|~U=pra 0 k0 0 0
= 0 —«u 0 Ks 0 0]
0 0 —«x. 0 ks O
L —(1—ra 0 0 0 0 ky
V2 =[0]exe,
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0 —m O 0 0 0
0 0 - 0 0 O
0 0 0 —yg 0 O
i=lo 0 0 0 —y o]
o0 0 0 0 0
(ks 0O 0O 0 0 0
0 ko 0 0 0 0
—oH 0 k1o 0 0 0
Vy= ’
0 —-¢ O ku 0 O
0 0 —on 0 ko O
- 0 0 0 —o., 0 ki3
where
g = BIS* 4+ (1 —e)V*]
= e .
Thus,
Rczp(FV*‘):/B (@171 + PotL + P3kn + PakL + Ps)
kokskakskekrkgkokioki1ki2k13
where

@1 = frakskskekikoki1ki3(Bskioki2 + O100uPH + Ogki2¢n),

@) = rakskskekrkgkioki2(1 — f)(O7k11k13 + 0110101 + Ook13PL),

@3 = frakakekikskokiikiz(03kioki2 + Oroouyu + Ogki2¥m),

P4 = rakskskkgkokioki2(1 — f)(Oaki1ki3 + OrioLyL + Goki3yL),

@5 = kskekskokiok11k12k13[01kskaks + fraksks +62(1 — f)raksks
+65(1 — ryaksks],

and p represents the spectral radius. Consequently, it follows from Theorem 2 of
van den Driessche and Watmough (2002) that:

Lemma 2 The DFE of the model (2), given by (5), is locally asymptotically stable
(LAS) whenever R, < 1 and unstable if R, > 1.

The threshold quantity, R, is the effective reproduction number for HINI in-
fection. It measures the average number of new HIN1 cases generated by a single
infected individual in a population where some of the susceptible individuals are vac-
cinated (Hethcote 2000; van den Driessche and Watmough 2002).
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3.3 Existence of Backward Bifurcation

The phenomenon of backward bifurcation in disease transmission models, where
a stable endemic equilibrium coexists with a stable disease-free equilibrium when
the associated reproduction number is less than unity, has been observed in numer-
ous disease transmission models such as those for behavioral responses to perceived
risks (Hadeler and Castillo-Chavez 1995), multigroup models (Castillo-Chavez et
al. 1989a, 1989b; Simon and Jacquez 1992), vaccination models (Brauer 2004;
Elbasha and Gumel 2006; Kribs-Zaleta and Valesco-Hernandez 2000; Sharomi et
al. 2007), treatment (Sharomi and Gumel 2009; Wang 2006) and models of the trans-
mission of mycobacterium tuberculosis with exogenous reinfection (Castillo-Chavez
and Song 2004; Feng et al. 2000) and HTLV-I (Gomez-Acevedo and Li 2005). The
epidemiological implication of backward bifurcation is that effective disease control
is only feasible if the associated reproduction number is reduced further to values
below another subthreshold less than unity. Clearly, this phenomenon has important
public health implications, since it renders the classical epidemiological requirement
of having the reproduction number less than unity, while necessary, to be insufficient
(in general) for disease elimination. Thus, it is instructive to check the possibility of
the backward bifurcation phenomenon in the context of the transmission dynamics of
the HIN1 pandemic in the presence of an imperfect vaccine.

First of all, the possible equilibrium solutions model (2) can have are determined
as follows. Let

be any arbitrary equilibrium of model (2). Further, let

B} + DY)
- N** ’

with

DY = O™ + 17" + Y + 03 3% + 0aY5" + 05 A™ + 06Ty,
D3 = 07T + O Hif* + 6o H™* + 010Cf + 011 G,

be the associated force of infection at steady state. To find conditions for the existence
of an equilibrium for which HIN1 infection is endemic in the population (i.e., at least
one of the subpopulations L**, I, Y[, IJ*, YJ*, A™, T*, T{™, H", H'™, Cif'
and C{* is nonzero), the equations in (2) are solved in terms of the aforementioned
force of infection at steady state (A**). Setting the right-hand sides of model (2) to
zero (at steady state) gives

V= ES** L = i 1 E(l —€) P
Lt (1—er l T atd—en ’
§(1—e€)
Il** = D11|:1 + 4“ F (= AFESH
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| o+ 0 —e)rr ]
_ - -
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_ - -
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_ - i
T = Dig| 1+ =g, ™
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_ - -
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1
Dy = ;(VHDB +yLD14 +yaDis + yruDie + yrL D17 + yuaDis
+ yHL D19 + ycuD2o + veL D21).
Substituting (7) with (8) into the expressions for A** in (6) gives

B S 1 4 S 1G

- E HE) ’
S*{1 + T + Ga[1+ m])\**}

)\’**

&)

where
01
G| = o + D11 +62D12 +603D13 + 04D14 + 05D15 + 0 D16 + 07 D17
2
+63D1g + 69 D19 + 010 D2 + 011 D21,

1
G2=k—+Dll+D12+D13+Dl4+D15+D16+Dl7
2

+ D1g + D19 + D2y + D21 + D22,

so that the nonzero (endemic) equilibria of model (2) satisfy

Z1(0) + Zoa™ 4 Z3 =0, (10)
where

Z1=(1—-€)G,, Zy=Gou+E1 -]+ (1 —e)(1—BGy) and an
Z3=k1(1 =R,).

The quadratic (10) can be analysed for the possibility of multiple endemic equi-
libria. It is worth noting that the coefficient Z; is always positive, and Z3 is positive
(negative) if R, is less than (greater than) unity, respectively. Hence, the following
result is established:

Theorem 2 Model (2) has

(1) A unique endemic equilibrium if Z3 <0 < R, > 1.

(i) A unique endemic equilibrium if Z» <0, and Z3 =0 or Z% —4717Z3=0.
(iii) Two endemic equilibria if Z3 > 0, Z, < 0 and Z% —4717Z3 > 0.
(iv) No endemic equilibrium otherwise.

Case (iii) of Theorem 2 indicates the possibility of backward bifurcation in model

(2) when R, < 1. To check for this, the discriminant Z% — 47175 is set to zero, and
the resulting equation is solved for the critical value of R, giving

Z2
Re—1_ B
4k Z,
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Fig. 2 Backward bifurcation
diagram of model (2). Parameter
values used are as given in
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from which it can be shown that backward bifurcation occurs for values of R, such
that 0 < RS < R, < 1. This phenomenon is illustrated by simulating model (2)
with the following set of parameter values: /7T = 1100000/80 x 365, u = 1/29500,
,3 = 0.0I,SHH = 0, 8HL = 0, 8CH = 1/2, 8CL = 1/2, E = 0.06/100, € = 0.4, o =
1/370,r =0.999, f =0.1, kg =0.1, k. =0.1, 7y =0.058, 7. = 1, ya =1, y1H =
3/700, ytL = 1/800, yau = 3/800, yur = 1/8000, ycu = 1/8000, ycrL = 1/9000,
Y =5.04, Y, =5.01, ¢y =2.005, ¢ =5.02, oy = 5.075, o, = 1.5, 6; = 0.428,
0=1,03=0.6,04=0.6,05=0.5,06=0.5,6;,=0.5,08 =0.5, 69 = 0.5, 010 =0,
611 =0, yu = 1/8400, y1, = 1/8400 (so that R, = 0.983 < 1 and R{ = 0.946.
Hence, R¢ < Re < 1). It should be mentioned, however, that the aforementioned
parameter values may not all be realistic epidemiologically (the reader may refer to
the study in Lipsitch and Murray (2003), and some of the references therein, for dis-
cussions on whether or not backward bifurcation can occur using a realistic set of
parameter values).

The associated backward bifurcation diagram, depicted in Fig. 2, shows that the
model has a disease-free equilibrium (corresponding to A** = 0) and two endemic
equilibria (corresponding to A** = 0.00067 and A** = 0.000062); one of the endemic
equilibria (A** = 0.00067) is LAS, the other (A** = 0.000062) is unstable (a saddle),
and the disease-free equilibrium (£p) is LAS. This clearly shows the coexistence of
two stable equilibria when R, < 1, confirming that the model exhibits backward
bifurcation for R¢ < R, < 1. This result is summarized below for model (2) (a more
rigorous proof of the backward bifurcation phenomenon of the model is given, using
the centre manifold theory (Carr 1981), in Appendix A).

Theorem 3 Model (2) exhibits backward bifurcation when Case (iii) of Theorem 2
holds and R < R < 1.

The epidemiological implication of the aforementioned backward bifurcation phe-
nomenon is that having the reproduction threshold (R.) less than unity, while neces-

sary, is not sufficient for the effective control or elimination of the HIN1 pandemic
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from the community (since two stable attractors coexist when RS < R, < 1). In such
a case, effective disease control or elimination when RS < R, < 1 is dependent on
the initial sizes of the subpopulations of the model (see Elbasha and Gumel 2006;
Sharomi et al. 2007 for further discussion on the epidemiological consequences of
backward bifurcation).

Numerical simulation results, depicted in Fig. 3A, suggest that the unique endemic
equilibrium guaranteed by Items (i) and (ii) of Theorem 2 is LAS when it exists.

3.4 Effect of Perfect Vaccine on Backward Bifurcation

Consider model (2) with a perfect HIN1 vaccine (that is, € = 1). In such a case, the
associated reproduction number is Re = Rele=1. It follows from (11) that if € =1,
the coefficients Z; = 0 and Z, > 0, so that the quadratic (10) reduces to a linear
equation in A** (with A** = —Z3/Z5). In this case, model (2) has a unique endemic
equilibrium if Z3 < 0 (i.e., 7~€C > 1), ruling out backward bifurcation in the model
for this case (since no two endemic equilibria exist when Re < 1. The presence
of two endemic equilibria when Re<1lisa necessary requirement for the exis-
tence of backward bifurcation). Furthermore, it follows that Z3 = 0 when 7@6 =1.
Thus, in such a case (with Z; = Z3 = 0), the quadratic (10) has only the trivial so-
lution A** = 0 (which corresponds to the DFE, &). This result is summarized be-
low.

Lemma 3 Consider the case where the vaccine is perfect (€ = 1). Model (2) has a
unique endemic equilibrium whenever R, > 1, and no endemic equilibrium other-
wise.

To further confirm the impossibility of backward bifurcation occurring when the
vaccine is perfect, a global asymptotic stability proof of the DFE is given for this case
(e = 1) below.

3.4.1 Global Stability of DFE of the Model with € = 1
Consider model (2) with a perfect vaccine (i.e., € = 1). We claim the following:

Theorem 4 The DFE of model (2) with € = 1 is globally asymptotically stable when-

ever Ry < % < 1.

Proof Consider model (2) with € = 1. Further, consider the Lyapunov function
F=a1L+ali+a3¥Y1+aslr +asY, +agA +a7Tg + ag Ty,
+agHy + ajoHy +a11Cy +apCL

with

_ kokskakskek7kgkokiok11kiokisN* R
a) = S*,B

’
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ay = kokakek7kok11k13[kioki2(ksks + O3kpks + O6Trks)
+ (Ynknks + ¢putuks) (Oskiz + O100m) |,
a3 = kykskskrksgkiokia[ki1ki3(62keko + Oarko + 6771 ke)
+ (YLkLk9 + PLTLKG) (Bok13 + O1101L) ],
as = kokskakek7kskoki1ki3(63k10k12 + O3 Ymkia + 1000 Y,
as = kakskakskikgkokioki2(0ski1ki3 + Oo k13 + O110LYL),
ae = Oskokskakskekskokiokiikiokis,
a7 = kokskakskek7koki1k13(Ock10k12 + O3¢uki2 + Or0o0udn),
ag = kokskakskek7kskioki2(67k11k13 + Oogprki3 + O110L6L),
a9 = kokskakskek7kgkoki1ki3(Ogki2 + 6100mH),
aio = kakskakskek7kskokioki2(6ok13 + 61101),
ain = Oiok2kskskskekkgkokiokikis,
aiz = O11kakzkakskekikgkokiokiikiz,

so that (where a dot represents differentiation with respect to ¢)

F= alL +a2i1 +a3Y1 +a4f2 +a5Y2 +a6A +a7TH +‘18TL
+ agHH +a10HL + a11C‘H + a12CL
. kakskakskekrkgkokiokikiokis SN* AR,

S8
_ kykskakskekkskokiokiiKiokisN* LR
S*B
_ kakskakskek7kgkokiokiikizkiz N A N k3kskakskekkskokiokiikiokisN* LR,
B S B
_ kakskakskekrkgkokiokikiokizsSN* AR, _ kakskaksksk7kgkokiokiikizkiz N A
S*B B
_ kokskakskekikskokiokiikinkizNA SN*R. 1
N B S*N
_ kokskakskek7kskokiok11kiokiz N2 <Skl7ic 3 1)
B Nu
kakakakskekrkskokioki1kizkisNA (kiR
- 2345678;10 11k12k13 < ch_1> since S < N in D
n

<0 forﬁc<ﬁ<l.
ki
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Fig. 3 Solutions profile of the total number of infections as a function of time for the case A £ = 0.5,

€=0.6, $=2.7 and IT = 1100000/80 (so that R =5.292 > 1); Be =1,& =0.001 and g =2.7 (so
that R, = 0.4380 < 1). Other parameter values used are as given in Table 2
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Thus, 7 <0 if R, < £ with F=0ifandonly if L=/ =Y, =h =Y, =
A=Tg=T. = Hy = H.L = Cyg = C., = 0. It follows, from the Lasalle’s Invari-
ance Principle (Hale 1969) that L - 0, I; - 0,Y; - 0,1, - 0,Y, - 0, A - 0,
Ty —> 0, T, > 0, Hy — 0, H, — 0, Cg — 0 and Ci, — 0 as t — oo. Substitut-
ing (L, 11, Yl, 12, Yz, A, TH, TL, HH, HL, CH, CL) = (0, O, O, 0, O, O, 0, 0, 0, O, 0, 0)
into the first two equations of the model shows, respectively, that § — /1<7_1 and

V- iTH as t — oo. Thus, (S, V,L,1,Yi, b, Y», A, Ty, T, Hu, Hy, Cu, CL) —

(Z ek OOOOOOOOOOOO)ast—>oof0rR <—<1ande_1 Fur-
ther, since D is positively invariant, it follows that the DFE, éo, is GAS in D for all
nonnegative initial conditions of the state variables of model (2) if Re < ,ﬁ‘ < 1 and
e=1. O

Figure 3B depicts the total number of infections as a function of time for the
case with € = 1 and R, < 1, showing convergence to the DFE (in line with Theo-
rem 4). It is worth stating that further extensive numerical simulations suggest that
the condition 7~€C < u/ky is only sufficient, but not necessary, for disease elimina-
tion wher} 7~€c < 1 (for € = 1), since the solutions converge to the DFE even for
w/ki <Re< 1.

In summary, it is clear from Theorems 3 and 4 that the backward bifurcation phe-
nomenon of the model is caused by the imperfect nature of the HIN1 vaccine (i.e.,
0 < € < 1). Furthermore, a perfect vaccine (¢ = 1) will lead to the elimination of the
disease if the reproduction threshold quantity Re is brought to (and maintained at) a
value less than £ I . In other words, in the case where the HIN1 vaccine is perfect, the
classical epldemlologlcal requirement of having the reproduction threshold less than
unity (that is, 7~Qc < % < 1) is necessary and sufficient for HIN1 elimination from the
community. Thus, this study emphasizes the pressing need for the design of perfect
vaccines to handle emerging diseases, such as HINTI.

4 Numerical Simulations

Model (2) is simulated using the parameter values given in Table 2 (unless other-
wise stated) and appropriate demographic (initial) data for the province of Mani-
toba, to evaluate various anti-H1N1 intervention scenarios. The simulations were
carried out using MATLAB software. Simulations of the model for the first wave
of the pandemic in Manitoba, which occurred during the period April 29-July
29, 2009, suggest a cumulative mortality of 10 people, over 200 hospitalizations,
about 45000 latent cases and 45 people admitted to ICU (Fig. 4). These simula-
tions, which correspond to a reproduction number R, = 1.3227 (Fraser et al. 2009;
Nishiura et al. 2009), are consistent with the observed data for the province of Mani-
toba. Having validated the model in this way, it is then reasonable to use the model to
explore various scenarios for the second wave of HIN1 (which is currently underway)
for the province of Manitoba.

It is assumed that the second wave of the HIN1 pandemic started early in October
2009, and the corresponding reproduction number is R, = 1.9106 (to account for the
assumption that the second wave of a pandemic is known to be more severe than the
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Table 2 Parameter values used in the simulations

Parameter Nominal values Ranges References

m 1100090 /day (Statistics Canada 2009a)

B 0.27 0.27-0.39/day

1/ 80 x 365 days 77-82 years (Statistics Canada 2009b)

SHH 0 assumed

SHL 0 assumed

ScH 1/4 estimated

dcL 1/6 estimated

& 35/100 estimated

€ 0.8 (Demicheli et al. 2009)

1/a 7 1-7 days (Centers for Disease Control and Prevention 2009¢)
r 0.4 [0,1] assumed

f 0.6 [0,1] assumed

KH 0.6

KL 0.3

H 0.06 estimated

L 0.04 estimated

YH 1 —¢n

7L 1—¢L

YA 1 estimated

YTH 3/20 estimated

YTL 1/10 estimated

YHH 3/8 estimated

YHL 1/4 estimated

YCH 3/42 estimated

YCL 1/21 Winnipeg Regional Health Authority
YH 0.04 Winnipeg Regional Health Authority
YL 0.01 (World Health Organization 2009¢)
o 0.02 Winnipeg Regional Health Authority
oL 0.005 Winnipeg Regional Health Authority
oH 0.075 assumed

oL 0.05 assumed

01 0.5 [0,1) assumed

0> 1

03 0.5 [0,1) assumed

04 0.5 [0,1) assumed

05 0.3 [0,1) assumed

3 0.3 [0,1) assumed

07 0.3 [0,1) assumed

03 0.045 [0,1) assumed

B9 0.045 [0,1) assumed

010 0 [0,1) assumed

011 0 [0,1) assumed
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Fig. 4 Simulations of the first wave, for the province of Manitoba, giving the cumulative numbers of
latent cases, HIN1-induced mortality, hospitalizations (not in ICU) and ICU admissions. Parameter values
used are as given in Table 2 (so that R, = 1.3227)

first wave). Although it is assumed that mass vaccination commences on October 26,
2009 in Manitoba, it is further assumed that the full vaccine effect (in reducing disease
burden) is not felt in the community until at least after the first week of November.
This is to account for the fact that, at individual level, protective level of antibodies is
not achieved in vaccinated individuals until 2-3 weeks following the administration
of the vaccine. Furthermore, at the population level, a few weeks are probably needed
before a significant proportion of the population is vaccinated, even when mass vac-
cination clinics are used. These facts are incorporated in the simulations by including
a time lag after which the full vaccine effect is felt in the community (Cox et al. 2008;
Greenberg et al. 2009).

A contour plot of the reproduction number (R.), as a function of the vaccine ef-
ficacy and fraction of individuals vaccinated at steady state, is depicted in Fig. 5.
It follows from this figure that with the assumed vaccine efficacy of 80%, at least
60% of Manitobans need to be vaccinated in order for effective control or elimina-
tion of the second wave of HIN1 in Manitoba to be feasible (it should be recalled
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Fig. 5 Contour plot of the reproduction number (R.) as a function of vaccine efficacy (¢) and fraction of
susceptible individuals vaccinated at steady state (1‘\/,—1). Parameter values used are as given in Table 2

that, although this combination of efficacy and coverage rate guarantees that the re-
production threshold R, is less than unity, the phenomenon of backward bifurcation
in the model when RS < R. < 1 makes the classical epidemiological requirement,
R < 1, necessary but not sufficient for effective disease control or elimination. In
other words, for an imperfect vaccine, the reproduction threshold, R., has to be
brought to a value less than R for disease elimination to be guaranteed, owing to
the phenomenon of backward bifurcation).

Figure 6A depicts a time series plot of the number of hospitalized individuals, for
the case where 10% of the total Manitoban population are assumed to have preexist-
ing (infection-acquired) immunity (due to the first wave), for various time periods
when the vaccine impact is expected to take effect. It is evident from this figure
that the peak, which is projected to occur at the end of November or early in De-
cember, increases with increasing duration of time before the vaccine impact is felt.
Furthermore, the figure shows that the HIN1 pandemic would run until late January
or early February 2010. Similar plots are depicted for the ICU admissions (Fig. 6B)
and HINI-induced mortality (Fig. 6C). The associated cumulative numbers of hos-
pitalized, ICU admissions and mortality are given in Table 3.

For the case where the assumed preexisting immunity is 20%, the model shows a
milder pandemic compared to the case where the preexisting immunity is assumed to
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Fig. 6 Time series plot for A Hospitalization, B HIN1-induced mortality, C ICU admissions, correspond-
ing to different times when the vaccine effect is felt in the community, for the case where 10% of the
population have preexisting immunity. Parameter values used are as given in Table 2

Table 3 Summary of disease burden for the second wave corresponding to the case where 10% of the
population have preexisting immunity

Number Vaccine Effect Starts

November 10 November 15 November 20
Cumulative Hospitalized 946 1462 2233
Cumulative ICU 194 300 459
Cumulative Mortality 45 70 108

be 10% (Figs. 7A-7C; see also Table 4). It is clear from Table 3 that, with 10% pre-
existing population-wide immunity, the province of Manitoba could have between
946-2223 hospitalizations, 194-459 ICU cases and 45-108 HIN1-induced mortal-
ity, depending on when the vaccine impact takes effect in the community. Similarly,
it follows from Table 4 that, for the case where 20% of the populace have prior im-
munity, the province could have: 436—-849 hospitalizations, 90—175 ICU admissions
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Fig.7 Time series plot for A Hospitalization, B HIN1-induced mortality, C ICU admissions, correspond-
ing to different times when the vaccine effect is felt in the community, for the case where 20% of the
population have preexisting immunity. Parameter values used are as given in Table 2

Table 4 Summary of disease burden for the second wave corresponding to the case where 20% of the

population have preexisting immunity

Number Vaccine Effect Starts

November 10 November 15 November 20
Cumulative Hospitalized 436 849
Cumulative ICU 90 175
Cumulative Mortality 21 41

and 21-41 deaths. In summary, these results show that the timely implementation of
a vaccination program, coupled with the proportion of individuals with preexisting
immunity, are crucial to the expected burden of the HIN1 pandemic in the province
of Manitoba. Further, these simulations suggest that the burden of the second wave

would be at least three times that of the first wave.
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5 Conclusions

A deterministic compartmental model for the transmission dynamics of the influenza
HINTI pandemic, which subdivides the infected population in terms of their risk of
developing severe illness, is designed and rigorously analysed to gain insight into its
dynamical features. Simulations were carried out using partial data from the province
of Manitoba, Canada. The theoretical analysis of the model showed the following:

(1) The model exhibits the phenomenon of backward bifurcation, where a stable
disease-free equilibrium coexists with a stable endemic equilibrium when the
associated reproduction threshold is less than unity. The phenomenon of back-
ward bifurcation is caused by the imperfect nature of the HIN1 vaccine.

(i) The model with perfect vaccine (with efficacy 100%) is shown to have a glob-
ally asymptotically stable DFE whenever the associated reproduction threshold
is less than unity and a unique endemic equilibrium when the threshold exceeds
unity. Thus, this study shows that the vaccine-induced backward bifurcation ex-
hibited by the model can be removed if the vaccine is 100% effective.

(iii)) The model has a unique endemic equilibrium when the associated reproduction
threshold exceeds unity.

Numerical simulations of the model, using relevant epidemiological and demographic
data for the province of Manitoba, suggest the following:

(a) The timely implementation of a mass vaccination program, together with the per-
centage of the Manitoban population with preexisting (infection-acquired) immu-
nity, is crucial to the expected burden of the second wave of the HIN1 pandemic.

(b) With the estimated vaccine efficacy of 80%, at least 60% of Manitobans need
to be vaccinated in order for the effective control or elimination of the HIN1
pandemic to be feasible.

(c) The burden of the second wave of the HIN1 pandemic is expected to be at least
three times that of the first wave; and the second wave would last until the early
part of 2010.

It is worth emphasizing that the simulation results reported above are, of course,
sensitive to changes in the parameter and initial values (the model developed here is,
however, robust enough to allow for more realistic estimation of the pandemic HIN1
burden as more data becomes available).
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Appendix A: Proof of Theorem 3

Proof The centre manifold theory (Carr 1981), as described in Castillo-Chavez
and Song (2004) (Theorem 4.1), will be used to establish the backward bifurca-
tion of the model (see also Feng et al. 2000; Podder and Gumel 2009; Sharomi
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et al. 2008). To apply this theory, the following simplification and change of vari-
ables are made first of all. Let S = x1,V = x, L = x3, 11 = x4,Y1 = x5, =
X6, Yo = x7, A = x8, Tnu = x9, TL. = x10, Hu = x11, HL = x12, Cg = x13, CL = x14,
and R = x15, so that N = x{ + xo + x3 + x4 + x5 + x¢ + x7 + xg + x9 +
x10 + x11 + x12 + x13 4+ x14 + x15. Further, by using the vector notation X =
(x1, X2, X3, X4, X5, X6, X7, X8, X9, X10, X11, X12, X13, X14, X15) |, model (2) can be writ-
ten in the form X = (f1. fo. f3. fa. f5. fo. f1. fs. fo. fr0. fi1. fiz. f13. fia. f13)T

as follows:

dxy
I =IT — Ax1 — kyixq,
dxy
- §x1 — (1 —€)Axy — pxa,
dxs
— =Ax1 + (1 — €)Axy — kox3,
dt
dxy
- fraxs — kaxy,
de
W = (1= firaxs — kaxs,
dxg
P ksxe,
dxy
I s - kex7,
dxg
e (I = r)axs — k7xg,
dxg
o THX4 — kgX9,
(12)
dx10
g T XS kox10,
dxi .
gy ~ Psiaxe + duxg — kiox11,
dx12
Tk YLx7 + drxio — krixiz,
dx13
g —omxn - ki2x13,
dxi4
g, oL ki3x14,n
dxis
T YHX6 + YLX7 + YAX8 + YTHX9 + YTLX10

+ YHHX11 + YHLX12 + YCHX13 + YCLX14 — X15,
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with
_ B(Q1+ D)
==

A

where
Q1 = 01x3 + x4 + 62x5 + 63x6 + O4x7 4 O5x8 + Oex9,
02 = 07x10 + 63x11 + O9x12 + O10x13 + O11X14.

The Jacobian of system (12), at &, is given by

J (€)= [2 Z]

with
g o —butl-o _pei-o  _potl-o _putl-o _ pltl-c
0,7 . ﬂ?lil /sekllr B6 kil’ B6. k7]"
J1= 0 0 ﬁkl—']_kz k_l1 k_ll /311 /?Il
0 0 fra —k3 0 0 0
0 0 (- fira 0 —ky 0 0
0 0 0 KH 0 —ks 0
| O 0 0 0 KL 0 —ke
r _Bo%u _ B _ Bon _ Bosu _ Boon _ Bowon _ Boun 0
ki I3 ki ki ki ki 3
_ BOsE(—e) _ BOE(—¢) _ B#1E(—¢) _ BE(—e) _ BE(—e) _ BOwé(—e) _ Bou&d—e) 0
3 3] 3] 3 3] 3] ki
Jr= 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
L 0 0 0 0 0 0 0 0,
[0 0 1—=r)a O 0 O 0]
0 0 0 g 0 O 0
0 0 0 0 o O 0
Jim 0 0 0 0 0 yg O
37100 0 0 0 0 wy.l|
0 0 0 0O 0 0 0
0 0 0 0O 0 0 0
[0 0 0 0 0 yvu |
[—k; 0 0 0 0 0 0 0]
0 —kg O 0 0 0 0 0
0 0 —ko 0 0 0 0 0
Ji= 0 ou 0 —kyo 0 0 0 0
=lo 0 ¢ O —ky O o 0|
0 0 0 OH 0 —k12 0 0
0 0 0 0 oL 0 —k13 0
L YA YIH VYIL VYHH YHL YCH YCL —M|
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where 771 = u + £(1 — €). It can be shown, from J (&), that (as before)

_BIST+ (A =) V(@111 + Poti + P3kH + Pakr + Ps)

R,
‘ N*kokskakskekikgkokioki1ki2ki3

Consider the case where R, = 1. Suppose, further, that 8 is chosen as a bifurcation
parameter. Solving for 8 from R, = 1 gives

N*kokskskskek7kgkokiok11k12k13
[S*+ (1 —e)V*(@1tH + P27 + P3ky + PakL + DPs)

B=pi= (14)

It is easy to verify that the transformed system (12), with 8 = B}, has a hyperbolic
equilibrium point (i.e., the linearized system has a simple eigenvalue with zero real
part, and all other eigenvalues have negative real parts). Hence, the centre manifold
theory (Carr 1981) can be used to analyse the dynamics of (12) near § = ﬂf.

Eigenvectors of J(&p)| p=B?

It can be shown that the Jacobian of (12) at 8 = B (denoted by J, pr) has aright eigen-
vector (associated with the zero eigenvalue) given by w = [w1, w2, w3, wa, ws, we,
w7, W8, W9, Wio, W11, Wi2, W13, Wi4, Wis] 1, where

BT, Ew; BiEd -
Wy =——75, Wy=—-—, w3 = w3 >0,
ki 2 pki
froaws (1= fHrraws
W4 =—7F—, ws = —F
k3 k4
KHW4 KL W5 (1 —-r)xws
we = s wy = ——, wg= ——,
6 ks 7 ke 8 =
THW4 TLW;5
wy = , wio = ,
9 ks 10 ko
YHWE + PHWY YLw7 + dLwio
wyp=—, wp=——""""1,
k1o k11
Wi — OHWI1 T oLWI2
13 iy 14 P
wis = YHW6 + YLW7 + YAWS + YTHW9 + YTLW10 + YHHWI1
7
n YHLW12 + YCHW13 + YCLW14
M b

with

T2 = w361 + wa + w56 + web3 + w704 + webs + wobs + wiob7

+ w1108 + w1209 + w1300 + wi4611.
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Furthermore, Jﬂi* has a left eigenvector v = [v1, v2, v3, V4, V5, Vg, V7, U8, V9, V10, V11,
V12, V13, V14, V15] (associated with the zero eigenvalue), where

_BiMivs | kmve | THVY

v =0, vy =0, vy =v3 >0, V4 = s
1 2 3 =113 U I P
B Tivs  kLvr  TLVIO B T1vs Yo
Vs = + ; Ve = )
kiky ky ky kiks ks
Bi0aTivs  Yrvin BiO5T1v3 BiOsT1v3  ¢rvi
V7 = + ) W= ——F">"°), Vg = + )
kike ke kik7 kikg kg
; Bi61 vz ¢rvin ; Bi0sT1vs  onvi3
10= , 1= ,
kiko ko kikio k1o
BiOoT1vs  oLvis
v = ,
kikiy ki1
Bl 0107 1v3 B0 T1v3
V3= ——, Vg = —, vi5 =0.
k12 ki3

The theorem in Castillo-Chavez and Song (2004) (see also Carr 1981; Dushoff et al.
1998; van den Driessche and Watmough 2002) is reproduced below for convenience.

Theorem A.1 (Castillo-Chavez and Song 2004) Consider the following general sys-
tem of ordinary differential equations with a parameter ¢ :

(;—);:f(x,(b), f: R'xR—>R and feC*R"xR), 15)

where O is an equilibrium point of the system (that is, f(0,¢) =0 for all ¢), and
assume

Al: A= D, f(0,0) = (%(O, 0)) is the linearization matrix of system (15) around

the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and
other eigenvalues of A have negative real parts;
A2: Matrix A has a right eigenvector w and a left eigenvector v (each corresponding

to the zero eigenvalue).

Let fy be the kth component of f, and

n 2

0 fi

— aw; —= (0, 0),

a Z VW W 8x,~8x,~( )
k,i,j=1 -

n 2
0 fx
b= i ——(0,0).
kEizlvkwl axiaqﬁ( )

The local dynamics of the system around 0 is totally determined by the signs of a
and b.
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(1) a>0,b>0. When ¢ <0 with |¢| < 1, 0 is locally asymptotically stable, and
there exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable, and
there exists a negative, locally asymptotically stable equilibrium.

(i) a <0,b <0. When ¢ <0 with |¢p| < 1, 0 is unstable; when 0 < ¢ K 1, 0 is
locally asymptotically stable equilibrium, and there exists a positive unstable
equilibrium.

(iii) a > 0,b < 0. When ¢ < 0 with |¢| K 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable, and a
positive unstable equilibrium appears.

@iv) a <0,b > 0. When ¢ changes from negative to positive, O changes its stabil-
ity from stable to unstable. Correspondingly, a negative unstable equilibrium
becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Computations of a and b It can be shown, by computing the nonzero partial deriv-
atives of F' at the DFE (&p) and simplifying, that

52
Z Vew; wfa fk (O 0)— 2ﬁ1Mv3T2|:e,31§(1 o Zwl:|

k
k,i,j=1 1 i=1

so that the bifurcation coefficient a > 0 if and only if

11

« ki1 '
B > Gi-on i;w,. (16)

Furthermore, it can be shown that

7Y
p=1112
ki

Thus, it follows from Theorem 5 that:

Theorem A.2 Model (12) (or, equivalently, model (2)) undergoes a backward bifur-
cation at R, = 1 if inequality (16) holds.
O

It is worth noting from the equation for a above that if the vaccine is perfect (i.e.,
€ = 1), the bifurcation coefficient a < 0. Thus, backward bifurcation phenomenon is
not feasible in this case (this is in line with Theorem 4).
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