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Abstract Human papillomavirus (HPV) is the primary cause of cervical carcinoma and
its precursor lesions, and is associated with a variety of other cancers and diseases. A pro-
phylactic quadrivalent vaccine against oncogenic HPV 16/18 and warts-causing genital
HPV 6/11 types is currently available in several countries. Licensure of a bivalent vac-
cine against oncogenic HPV 16/18 is expected in the near future. This paper presents a
two-sex, deterministic model for assessing the potential impact of a prophylactic HPV
vaccine with several properties. The model is based on the susceptible-infective-removed
(SIR) compartmental structure. Important epidemiological thresholds such as the basic
and effective reproduction numbers and a measure of vaccine impact are derived. We find
that if the effective reproduction number is greater than unity, there is a locally unstable
infection-free equilibrium and a unique, globally asymptotically stable endemic equilib-
rium. If the effective reproduction number is less than unity, the infection-free equilibrium
is globally asymptotically stable, and HPV will be eliminated.

Keywords HPV - HPV disease - Cancer - Vaccine - Mathematical model - Global
stability - Endemic equilibrium - Reproduction number

1. Introduction

The public health burden of human papillomavirus (HPV)-related diseases is enormous
(see, e.g., Parkin et al., 2005; Insinga et al., 2004). HPV is estimated to be among the
most common sexually transmitted infection. Recent national estimates from the United
States suggest that overall HPV prevalence among women was high (27%), with preva-
lence highest among women aged 20-24 (Dunne et al., 2007). Approximately, 6.2 million
new infections occur every year in the US (Centers for Disease Control and Prevention,
Content Reviewed, 2004). Over 100 types of HPV have been identified, about 30 of them
infect the genital areas of women and men. Although the majority of HPV infections are
transient and are relatively harmless, persistent infection with certain “high-risk” HPV
types can cause cervical carcinoma and its precursor lesions (Baseman and Koutsky, 2005;
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Bosch et al., 2002). HPV infection has also been linked with cancers of the anus, pe-
nis, vagina, vulva, and head and neck; benign condylomata, recurrent respiratory papillo-
matoses, and genital warts (see, e.g., Baseman and Koutsky, 2005).

A highly efficacious prophylactic vaccine against HPV types 6, 11, 16, and 18 is cur-
rently available for use in the US and several other countries. In large, multi-country,
multi-site, human clinical trials, administration of this quadrivalent HPV (Types 6, 11,
16, 18) resulted in complete protection against disease, and near 100% efficacy against
persistent infection or disease. The clinical studies also found that the quadrivalent HPV
vaccine was safe and highly immunogenic (Villa et al., 2007). Another prophylactic biva-
lent HPV (Types 16, 18) vaccine has recently been filed for approval by the US Food and
Drug Administration (FDA) (GlaxoSmithKline (GSK), 2007). A recent phase II human
trial has shown high efficacy of this bivalent vaccine against incident and persistent HPV
16 and HPV 18 infections (Harper et al., 2004).

The potential epidemiologic impact of HPV vaccines has been investigated using
mathematical models formulated as dynamic systems of ordinary differential equations
(Hughes et al., 2002; Barnabas and Garnett, 2004; Elbasha et al., 2007). The analyses in
these models were largely based on numerical simulations with few analytical results. It
is known that even the simplest of dynamic models can exhibit strange behavior. For ex-
ample, Kribs-Zaleta and Velasco-Herndndez (2000) showed backward bifurcation exists
even in a simple two-dimensional vaccination model. The phenomenon of backward bi-
furcation where a locally stable disease-free equilibrium coexists with multiple endemic
equilibria, some of which are locally stable, has important implications for designing and
assessing the impact of vaccination programs. For example, depending on the values of
some parameters, the success or failure of mass vaccination programs in eliminating a
disease depends on the initial distribution of individuals among the classes of suscepti-
ble, infected and removed. This should be contrasted with the situation where, regardless
of the initial conditions, the success of a vaccination program in eliminating disease de-
pends only whether the effective reproduction number, R, is below or above unity. In
the presence of a vaccination program, the effective reproduction number is defined as
the expected number of new HPV infections generated by a single infected individual
during his/her entire period of infectiousness in a population with only susceptible or
vaccinated individuals (Blower et al., 2002). It is, therefore, important to understand the
global dynamic behavior in vaccination models in order to provide reliable assessment of
the impact of vaccination programs.

In a previous paper (Elbasha, 2006), a simple, two-sex, epidemiologic model to assess
the public health impact of vaccination against HPV infection was formulated. The vacci-
nation model developed and analyzed there is based on the susceptible-infective-removed
(SIR) compartmental structure (Hethcote, 2000) and features an imperfect vaccine that
can partially protect against HPV infection with fixed duration of protection and with the
ability to affect the duration and infectiousness of breakthrough infections. The expres-
sions for the basic and effective reproduction numbers were derived and the existence,
uniqueness and local stability of the infection-free and endemic equilibria were proved in
Elbasha (2006). However, the global stabilities of the infection-free or endemic equilibria
were not shown.

Analyzing the global stability of equilibria in epidemic models with several epidemi-
ologic classes is not a trivial task. The global stability of the disease-free equilibrium
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was analyzed in numerous epidemic models with or without vaccination (see, e.g., Het-
hcote, 2000; Kribs-Zaleta and Velasco-Hernandez, 2000). However, the proof of the
global stability of the endemic equilibrium was not provided for many of these mod-
els (see, e.g., Moreira and Yuquan, 1997; Li et al., 2001 for exceptions). In systems
with three or less dimensions, a typical global stability analysis invokes the Poincaré—
Bendixson theorem and applies one of the available methods to rule out existence of
periodic solutions. Recently, several researchers have successfully applied the Lyapunov
direct method to prove the global stability of endemic states in a variety of epidemic
and virus population in vivo models with systems of higher dimensions (Korobeinikov,
2004a, 2004b, 2006; Korobeinikov and Maini, 2004; Korobeinikov and Wake, 2002;
Iwasa et al., 2004; Guo and Li, 2006; McCluskey, 2006). The origin of the Lyapunov
functions used in the analysis of these models goes back to Volterra (Harrison, 1979).

In this paper, we analyzed the global stability of equilibria in the model formulated and
analyzed in Elbasha (2006). By constructing suitable Lyapunov functions, we prove that
the global dynamics of this model are determined by the reproduction number R. If R is
less than unity, there is a unique infection-free equilibrium which is globally asymptoti-
cally stable. For R greater than unity, the infection-free equilibrium is unstable, and there
is a unique endemic equilibrium which is globally asymptotically stable. In Section 2,
we outline the model. Section 3 summarizes the main results obtained in Elbasha (2006)
including the expressions for the basic and effective reproduction numbers, the existence
and local stability of the infection-free equilibrium and the existence and uniqueness of the
endemic equilibrium. In Section 4, we prove that the infection-free equilibrium is globally
stable if R < 1. In Section 5, we prove that the unique endemic equilibrium is globally
stable whenever it exists. Section 6 includes the discussion and concluding remarks.

2. HPV vaccination model

The model analyzes the transmission of HPV in a heterosexually active population (El-
basha, 2006). The subscripts f and m are used to distinguish between the female and
male members of this population, respectively. The model stratifies the sexually active
population into several classes: susceptible to infection (X), infected (Y;), immune be-
cause of recovery from infection (Z;), vaccinated (V;), and vaccinated with breakthrough
infections (Wy) k = f, m (Fig. 1). The model assumes that individuals enter the sexu-
ally active population (/N) at rate A; and leave (because of death or cessation of sexual
activities) at rate p;. A proportion p; of the new recruits into the sexually active com-
munity are vaccinated. It is assumed that the vaccine successfully takes in &; fraction
of them. Thus, pierAx are successfully vaccinated and move to the vaccinated class.
The remainder move to the susceptible class. Susceptible individuals are infected with
HPV at a per capita rate A;. This force of infection A; depends on the probability of
HPV transmission from an infected individual of sex k' to a susceptible of sex k, B,
the rate of partner acquisition, r, and the probability that a new sex partner from the
opposite sex is infected with HPV. Upon infection, the host moves into the Y, compart-
ment. It is assumed that the vaccine offers a degree of protection v, where the relative
risk of a vaccinated person experiencing a breakthrough infection and moving to com-
partment Wy is 1 — ¥, with 0 < ¢, < 1. The relative risk of infectiousness of vacci-
nated individuals with breakthrough infections Wy compared to those in unvaccinated
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Fig. 1 Transfer diagram of the HPV model. The HPV vaccine model divides the population into five
major groups according to their susceptibilities and infectiousness. The properties of the vaccine include
coverage (py), take (e ), degree of protection (), lower infectiousness of vaccinated infected (i), and
faster clearance rate (). Ay = ri Bk (Ypy + o Wir) /Ny k= fom.

category Y, is modeled by the parameter m;, where 0 < m; < 1. An unvaccinated in-
fected host can clear the infection at rate oy. Infected vaccinated individuals can clear
infection at a rate o0y, where o > 1. We assumed that a host acquires life-long protec-
tion upon clearing infection (Hughes et al., 2002) or vaccination (Fraser et al., 2007;
Villa et al., 2007). These last two assumptions regarding lack of natural or vaccine-
induced waning immunity were made for the sake of simplifying the analysis. The or-
dinary differential equations that represent this compartmental model are

dXy/dt = Ar(1 — e pr) — M X — e X,
dVi/dt = Aerpr — (1 — Y Vie — e Vi
dY,Jdt = Xy — (i + o) Vi, (D
dWi/dt = (1 — i) A Vi — (i + o) Wi,
dZy/dt = o1 Yy + oo Wi — i Zi,
where

M =1 Yy + i W) /N
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Nk:Xk+Vk+Yk—|—Wk+Zk,N:Nf+N,n, k,k’:f,m;k;ék/.

Furthermore, balancing the supply of and demand for sexual partnership requires 7y Ny =
7m Ny, Definitions of the variables and parameters of the model are described in Table 1.

In the limit, N, approaches A;/u;. Because the dynamics of (1) are qualitatively
determined by those where N, in (1) is replaced by its equilibrium value Aj/uy,
we only need to analyze the limiting system (Castillo-Chavez and Thieme, 1995;
Castillo-Chavez et al., 1996, 1999). Without any loss of generality, throughout the rest
of the paper we let A, = 1, so that variables are expressed as fractions of the population
of each gender. Given this, the domain of biological interest is

D={X.V.Y.W,2) eR: X, + Vi + Vi + Wi + Zy < 1},

where X = (X7, X)), V=V;, V), Y =X, Y), W=W;g, W,),and Z =(Zy, Z,,).
We will consider only the dynamics of the flow generated by (1) in this domain ®. It can
be verified that ® is positively invariant for system (1) and unique solutions exist in ® for
all positive time (Simon and Jacquez, 1992). Thus, the model is epidemiologically and
mathematically well posed (Hethcote, 2000). Because the behaviors of variables Z; do
not affect the rest of the system (1), we focus only on the equations of Xy, Vi, Y;, and W,.

Table 1 Description of variables and parameters

Symbol Description

Subscripts

k, k' Gender ( f = female, m = male)
Variables

X (1) Susceptible population

Vi (1) Vaccinated population

Yi(2) Infected population

Wy (1) Infected vaccinated population
Zi (1) Immune population

A (1) Force of infection

Ni(t) Size of group k population

N(t) Total size of sexually active population

Demographic parameters

Ag New recruits into the sexually active population
Ik Death or retirement rate from the sexually active population
Tk Partner acquisition rate

Biological parameters

Bk

Ok

Vaccine parameters
Pk

€k

Yk

ok

Tk

Transmission probability per partnership
Recovery from infection

Percentage of new recruits vaccinated

Vaccine take

Vaccine degree of protection

Relative rate of recovery from breakthrough infections
Relative degree of infectiousness of breakthrough infections
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3. Equilibria, reproduction numbers, and local stability

The model (1) has an infection-free equilibrium and an endemic equilibrium. The
infection-free equilibrium £° is given by

E0=(X°,V°,Y°, W°) = (1 — &xpr. & px, 0, 0), 2)
k = f, m. Define the endemic equilibrium £* of model (1) as
EX=(X*, V¥ Y*, W = (X,’:, Vk*, Y,f, Wk*), k= f,m.

The basic reproduction number R for model (1), defined as the expected number of
new HPV infections generated by a single infected individual during his/her entire period
of infectiousness in a completely susceptible (without vaccination) population (see, e.g.,
Anderson and May, 1991; Hethcote, 2000; Diekmann et al., 1990; Simon and Jacquez,
1992), is given by Elbasha (2006):

rfﬂf rm/gm
Ry= | —————.
Wy + 0y iy +Op

It should be noted that Ry for this model is given by the geometric mean of two quan-
tities because an infected individual introduced into an entirely susceptible population
generates Ro x = 1« Br/(ir + o) infections during his/her infectious period. But, starting
from a single infected male, HPV has to go through a female before it can infect another
new male. Therefore, the average number of secondary infections is given by the geomet-
ric mean of Ry, s and Ry ,,. Analogous formulae were derived for the basic reproduction
numbers of vector-borne disease models (see, e.g., Esteva and Vargas, 1998). The formula
for the effective reproduction number is

R(pys, pm) =V Rs(Pr)Ru(pPm), (3)

where

T Wi + 0O
Rupo) = P %—&MP—U—WMFJ—JL“, (4)
Wi + ok Mk + o O

k = f,m. From this, a gender-specific measure of vaccine impact, ¢, on the “gender-
specific reproduction number” (McLean and Blower, 1993) can be derived as

= f,m.

mzamp—a—wmrﬂiﬂﬂ,k

Mk + 0O

Thus, other things being equal, the vaccine impact (¢;) on HPV transmission is greater,
the higher is vaccine coverage (larger py), take (larger &), or degree of protection (larger
Yi); and the larger is the vaccine effect on infectiousness (smaller ;) and clearance
(larger o) of breakthrough cases.

A measure of vaccine impact, ¢, that combines the effects of the vaccination programs
pursued on each gender can be derived in a similar way. Thus,

- R _R ) m
¢:%:1— A=) (T — ).
0
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The vaccine impact ¢ is a monotonically increasing convex function with respect to the
arguments ¢, and ¢,,. An important property of this function is, for a given level of im-
pact of vaccinating one gender, the returns from vaccinating the other gender increases
as its impact increases. Thus, in the absence of constrains (e.g., inability to increase vac-
cine coverage on only one gender), maximum impact is achieved by expanding vaccine
coverage among the gender that has the higher efficacy. However, it is unlikely that there
will be no constraints on expanding vaccine coverage on one gender. These could be lo-
gistical (e.g., no established visit for vaccinating adolescent) and/or social/cultural (e.g.,
stigma surrounding a one-gender vaccination strategy) constraints. If constrains exist, a
mono-gender vaccination program may not result in achieving the maximum public health
impact.

The following results summarize the main results regarding the local stability of the
infection-free equilibrium £°, and the existence and uniqueness of the endemic equilib-
rium £*. The proof of these results can be found in Elbasha (2006).

Theorem 1 The infection-free equilibrium E° of model (1) is locally asymptotically stable
if R(py, pm) < 1 and unstable if R(py, pm) > 1.

Theorem 2 If R(py, pu) < 1, there is no positive endemic equilibrium and the infection-
free equilibrium is the only equilibrium. If R(ps, pn) > 1, there exists a unique positive
endemic equilibrium E*.

The last result indicates that if an endemic equilibrium exists, it must be unique. This is
an important result because we could not make strong predictive statements about the im-
pact of vaccination if there is more than one equilibrium. The result also rules out the pos-
sibility of backward bifurcation (multiple equilibria when R(p, p,,) < 1) that has been
shown to exist in other vaccination models (e.g., Kribs-Zaleta and Velasco-Hernandez,
2000). Next, we analyze the global stability of equilibria in model (1) and characterize
the global dynamics of this model.

4. Stability of the infection-free equilibrium £°

In this section, we prove the global stability of the infection-free equilibrium £° when the
effective reproduction number is less than or equal to unity.

Theorem 3 The infection-free equilibrium £° of model (1) is globally asymptotically
stable if R(py, pn) < 1 and unstable if R(pys, pn) > 1.

Proof Consider the Lyapunov function

X +o)m
oy Bt
X5 My +ofoy

v
Li=X;—X5—X5h <W—W—Wm%+%>
f

X, — X° F1M+Y
m— &, —&,In m
Xe

m

My toy
(:u'f + Uf)nm
Rm (Mm +a"’l0ﬂl)

Vm
(w-m-mm-+m}
Vin
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where R, is defined in (4). L, is defined, continuous and positive definite for all X,
Vi, Yi, Wi > 0, k = f, m. Also, the global minimum L; = 0 occurs at the infection-free
equilibrium &. Further, function L, along the trajectories of system (1), satisfies

XO
ar (1 - _f>[Af(1 —erpp) =By X Yo + 7 W) — 1 X ]
1 X,
+ r.fﬁfo(Ym + T W) — (U_f' + ,u_f)Y_f
4w topmy
Mr +le ar

Ve
x {(1 - V_;)[Afgfpf — (=Y By ViV + 7 W) — s V]

+A=YpreBrVi¥m +mnWp) — (ny + Olffff)Wf}

Kytor
Rm(,um + O'}‘ﬂ)

m

XO
X {(1 - Xm>[Am(1 - Empm) - rm,Bme(Yf +7Tfo) - l/Lme]

+rm,3me(Yf +7Tfo) - (am + /—'Lm)Ym}

L _wrtopme [( Ve
Rm (,um +amo'm) Vm
X [Amempm - rm(l - wm),Bm Vm(yf +7Tfo) — Mm Vm]

+rm(] - I;me),BmVrrl(Yf +7Tfo) - (Mm +a)nam)Wm}~

Using the equilibrium conditions
Ap(1 — e pr) = i Xy,
Arerpe = Ve, k= f,m,

and collecting terms, we obtain

dL,
dt

X< X
= Mchf)<1 - X_f) <1 - Xf) + rflgf(Ym + Ty Wm)X; - (Gf + I’Lf)Yf
! f

Ty top) Vi vy
Aermenel VAL Rkl | Rl

Hptapoy fi f
n (s +oy)

Wr+asos

wytoy o X5, Xon
—upropm Wi+ —LT2 g xe (11— 1
ey oWt R i+ om) ( X)( X:

m

(1 - wf)rfﬂfv_;(ym + 7T Wm)
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Wy +oy M.f+0.fY
Rm (l’l’m + Gm) Rm "

m V,; Vm
+ _(p o) V(1= (1 -
R, (;um + Olmo'm) Vi Ve

m

TmBn X, (Y + 1 W) —

(/~’Lf +0f)7Ttn

(Mf + Uf)nm %
Ry (o + o)

A =)rmPnV, Yy + 7, Wy) — R -

Further collecting terms, we have
dL X X T +0o V2 1%
dL =qu}’<1 _ _f)<1 _ _f) 4 MWV;( _ _f><1 _ _,;)
dt X X5 Wy+ayoy Vy vy
Xe X
+ Mf+af /‘me,il<1_ m)(l_ )
Ry (o + o) X X5,

: )tm Ve Vm
+ (ny+opm Ve[ 1= (1 -
Rm (I'Lm + anlanl) an Vyz

. iy top) o s +Uf>
4+ \rs X +7r1— Ve — — Ym+7[me
( 185X+ S =y vy = R ) )
Wr+0or ° (/L +op)my, o
(#r’nﬁmxm —+ #(1 - wm)rmﬂmvm
R (i + o) R (o + 0tu0Owm)

— (O'f + M/'))(Yf + Ty W/)

Using the definition of R,, in (4) and the values of X7, and V> in (2), it can be shown that
the last term is zero. Also, the first four terms are nonpositive. Thus,

(g +oy)
Hytoapoy

Kytor

A=vpreBsVy— R

? = (rfﬂfx; + )(Ym + 7 W)

= (Rme - I)WTW(Ym +7Tme)~

m

Therefore, if R(ps, pw) =/ RfRyn <1,dL,/dt <0forall Xy, Vi, Yi, Wy >0,k = f,m.

The equality dL,/dt = 0 holds only (a) at the infection free equilibrium & or (b) when

R(py, pm) =1 and X = X, Vi = V2. The latter case implies Y; = W; = 0 since
1ZXk+Vk+Yk—|-Wk+Zk=X2+Vko+Yk+Wk+Zk=1+Yk+Wk+Zk.

Therefore, the largest compact invariant subset of the set
dL,
M= (X,V,Y,W,Z)G’D:Wzo

is the singleton {£°}. By the LaSalle’s invariance principle (Khalil, 2002), the infection-
free equilibrium is globally asymptotically stable if R(py, p,,) < 1. We have shown pre-
viously thatif R(py, p) > 1, at least one of the eigenvalues of the Jacobian matrix eval-
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uated at & has a positive real part (Elbasha, 2006). Therefore, the infection-free equilib-
rium £° is unstable when R(ps, p,) > 1. O
5. Stability of the endemic equilibrium £*

In this section, we prove the global stability of endemic equilibrium £* whenever it exists.
We proved previously (Elbasha, 2006) that the unique endemic equilibrium exists when

the effective reproduction number is greater than or equal to unity.

Theorem 4 Assume that R(py, pm) > 1. The endemic equilibrium E* of model (1) is
globally asymptotically stable.

Proof Consider the Lyapunov function

oy XS s ey V7
f f

% W

+4("f+"f)”f(vf—v;-‘—v;‘ln—ﬁJer—W}’f—W}“-ln i)

wytoapoy \ Ve Wy
+d{xm—x;—x;;1n ’:+Ym—Y,:;—Y,:1ny—’:

m m m Vm Wn‘l
(o + O )T Vo =V =Viln—+ W, — W, —W,In ,
(:um + & 0m) Vn*; W:;,

where d is a positive constant that will be determined from the computation below. This
function is defined, continuous and positive definite for all Xy, Vi, Y, Wy >0, k = f, m.
It can be verified that the function L, takes the value L, = 0 at the equilibrium point £*,
and thus, the global minimum of L, occurs at the endemic equilibrium £*. At equilibrium
we have

Ac(1 = e pr) =i X (Y + o WD) + i X5
Axgrpe = (L= Y)reB VIS + e W) + i Vi,
(i + o) Y} = X5 (Y + m W),

(i + oo ) Wi = (1 = Y Vi (Y + me W),

(&)

The time derivative of L, along the solutions of system (1), using (5), is
dls _(_X;
dt - Xf
X [rf/Sfch(Ym* + T W;:,) + /LfX; - rflg_fo(Ym + T Wm) - /Lfo]

Y Y,
+ (1 - Y_;>|:rf,3fo(Ym +7Tme)_rfﬂfX7(Y,:+7TmW:l)Y_;kj|
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-+ o)
+(Mf Ll

v
f * * * *

= — [ = p)Bsrs VX, +m, W) +usVy
Mftofpor {( Vf)[ i) s

w;
— A=Y B Vy Y+ u W) — i Vi + (1 _ Wf)

X |:(1 - 1pllf)ﬂfrf Vf(Ym + T ‘/Vm)

— (L= YV + “
f

X;kn * * * *
+dy|1— X [rmﬂme(Yf+7'rfo.)+lume

m

- rmIBme(Yf +77fo) - mem]

Yy v

m

(l’(/m + am)”m {(1 _ V_,;lk

o - )[(1—wm)rmﬂmv;(y;:+nfw;)+u,nv,;

m

W*
(= Yo Vi (Y W) — i V] + (1 _ V)
X |:(1 - 1//m)rmlgmvm(yf + NJWJ)

_(1_wm)rm/3m (Yf+7Tfo)_:“

ﬂl

Collecting terms, and canceling identical terms with opposite signs, yields

dL, X3 X
— =usXi(1- -z
ar M f( X; X5
Yo Y, X5 YiX,Y,
+riBrX3Y, (2+—*—————7* .
! Yy Yr X; Y XY
W, Y, X& Y*Xfw>

Xa Wil24+ — — — — — —
+rf/3f f m( + W Y}F Xf YfoW*

o) V* Ve
L wrtonm {va;< __f><1__-i>
Mf‘i‘Oth'f Vf Vf

+ (L= BrViY <2+———-*'——-'——

Wo Wy, Vi WiV Wm)}
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+d X*(1 X 1 X
/'Lm m Xm X;:l

Y., X Y;Xme>

+ B XYY o r Yo Xy Yo Xuly
MY T X XY

W, Y, X Y,;;X,,,Wf>

W; Y X, YmX;;W;
m m m V* Vm
+ (o + )T Vi1 =) (1 -2
Mm"l‘amam Vm v,;lk
Yo W, VIOWIV,Y,
1- m mmvy:Y*z —_— -
FAnmp f( YW Wmv,:;Y;)

Wi Wu Vi WrV,Wy
+ A =Yw)rm mV*ﬂ Wil 2+ - _m___m )
(L = Y)rmBm V7 f( Wi Wi Vo W, ViWi

+ B Xy Wi (2 +

Let

B X3Y,
N rmﬂmX;ZY; .

It can be verified, using (5), that the following is true

_(uytop)my

drwPn X, m;Wi=———"—0—vYpriBsV;:Y,,
Wy r+aso; NPV
(ﬂm + O'm)Trm (H/j + aj')ﬂf'
A O Y B VT W = L O () e BV, W,
oo A= Y)rmBu V7 Wy it (A=Y p)rBsVy
(U + )T
d I —Y)rm mV*Y*=r’ )(*77.',%‘}‘/)‘<
Win + Qo Oom ( w ) ,3 m*f .lef f m

Using these identities, and noting that

xi(1- XY (1= %) <o
Mk Ay X, X;:_7

Xt YEX W, VE L OWEV,Y
B X Wi (4 2L - L T I T
: Xy YXiWh o Ve W,VpY;

+ o)
+(Mf )y

(L= preBrViY,
Wr+taroy FRIERTTS
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(nstop)my . .
+ #(1 - lbf)l’fﬂfvfﬂmwm

Wrtaroy
(o Vi WiVeWo Vi WaVu Wy
Vi WpViWe Ve WaViW;

The terms between the larger brackets are less than or equal to zero by the inequality (the
geometric mean less than or equal to the arithmetic mean)

44/[11(1203(14 — ((11 +ay+as+ a4) <0, a; > 0,i=1,2,3,4.

It should be noted that dL,/dt = 0 holds if and only if (Xy, Vg, Y, W) take the equilib-
rium values (X}, V[, Y, W[). Therefore, the endemic equilibrium £* is globally asymp-
totically stable. O

The fact that £* is globally attractive also implies that there is no other equilibrium
when R(py, pn) > 1. The uniqueness of endemic equilibrium was proved in Elbasha
(2006) using a geometric approach. In the special case where the vaccine-induced waning
immunity is faster than a given minimum, we used the Poincaré—Hopf index theorem from
differential topology to prove the uniqueness of endemic equilibrium.

6. Summary and discussion

Prophylactic vaccination against HPV holds promise for the control of HPV and HPV-
related diseases (Jansen and Shaw, 2004; Berry and Palefsky, 2003; Lowry and Frazer,
2003; Tjalma et al., 2004). GARDASIL® [Quadrivalent HPV (Types 6, 11, 16, and 18)
Recombinant Vaccine, Merck & Co., Inc., Whitehouse Station, NJ, USA], a highly effi-
cacious prophylactic vaccine is currently licensed for use in adolescents girls and young
women in the US and several other countries (Food and Drug Administration (FDA),
2006; Villa et al., 2005, 2007). The Advisory Committee for Immunization Practices
(ACIP) of the US Centers for Disease Control and Prevention (CDC) recommended that
US girls and women 11 to 26 years old be vaccinated with GARDASIL® (with a provision
that females as young as 9 may also be vaccinated) to prevent cervical cancer, precancer-
ous and low-grade lesions, and genital warts caused by HPV types 6, 11, 16 and 18.
Another prophylactic vaccine, CERVARIX® [Bivalent HPV (Types 16 and 18) Recombi-
nant Vaccine, GlaxoSmithKline & Co., Inc., Brentford, Middlesex, United Kingdom], has
recently been filed for approval by the US Food and Drug Administration (FDA) (Glax-
oSmithKline (GSK), 2007). Both vaccines were designed to prevent the high-risk types
(16 and 18) that are responsible for more than 70% of cervical cancers. GARDASIL®
also prevents the low-risk types (6 and 11) which are found in over 90% of genital warts.
Mathematical models play an important role in understanding the impact of prophylactic
vaccination against HPV, and identifying the appropriate strategies to implement (Elbasha
et al., 2007).
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Assuming that the dynamic systems represented by these models are at equilibrium,
the introduction of HPV vaccination will shock these systems and generate transient dy-
namics. Analysis of global stability is essential for gaining a full understanding of these
dynamics. Without such analysis, we would not know whether the system will converge to
an equilibrium, and under what conditions does a system converge to a given equilibrium.

In this paper, we analyzed a deterministic, heterosexually transmitted HPV infection
model and examined the potential impact of a prophylactic HPV vaccine with several
properties. We derived an explicit formula for the reproduction numbers that character-
izes whether the epidemic will be contained following vaccination or not. The importance
of various vaccine properties in determining the impact of vaccination programs was an-
alyzed using a summary measure derived from the reproduction numbers.

By constructing suitable Lyapunov functions, we were able to resolve the global sta-
bility of system (1). We proved that the global dynamics of this model are determined
by the reproduction number R(py, pn). If R(py, pi) is less than unity, there is a unique
infection-free equilibrium which is globally asymptotically stable. For R(p, p,,) greater
than unity, the infection-free equilibrium is unstable, and there is a unique endemic equi-
librium which is globally asymptotically stable.

The model could be elaborated to take into account other factors that are important
for the transmission of HPV. Such risk factors include age and heterogeneity of mixing
between different sexual activity groups. The model also does not incorporate some im-
portant aspects of the natural history of HPV infection and HPV-related diseases. It is
well known that persistent infection with HPV leads to many diseases, including precan-
cerous lesions; cervical, anal, penile, vaginal, vulvar, and head/neck cancers; anogenital
warts; and recurrent respiratory papillomatoses (Centers for Disease Control and Preven-
tion, Content Reviewed, 2004). Most of these diseases progress through different stages
with rates of infectivity, progression, regression to normal and clearance of infection, and
disease-induced mortality varying by stage. For example, it is believed that women in
late stages of cancer are less infectious and have higher disease-induced mortality com-
pared with women in early stages of cervical intraepithelial neoplasia (CIN). To simplify
the analysis, it is assumed that life-long immunity is conferred following clearance of
infection or vaccination. There are no studies that conclusively support the assumption
that duration of protective natural immunity is permanent. Although there is strong evi-
dence suggesting that vaccine-induced immunity is high and durable (Villa et al., 2007;
Fraser et al., 2007), there will be some time before permanent efficacy is confirmed
through long-term follow data. Future versions of the model that include heterogeneity
in mixing between different social groups, allow for progression of infection along vari-
ous disease states, and incorporate temporary immunity following recovery from infection
or vaccination should be analyzed.

The model was developed specifically for HPV, but can be adapted to study the im-
pact of vaccines against other sexually transmitted diseases (STD). For example, the vast
majority of human immunodeficiency virus (HIV) cases in Africa (the global epicenter of
the HIV pandemic) are transmitted through heterosexual intercourse. The current model
can be adapted to analyze the impact of imperfect HIV vaccines in controlling the spread
of HIV in a heterosexually mixing population. The analysis of this and other modified
models will enable us to get insight into the impact of STD vaccines on the course of
epidemics and help guide public policy.



908 Elbasha

References

Anderson, R.M., May, R.M., 1991. Infectious Diseases of Humans: Dynamics and Control. Oxford Uni-
versity Press, Oxford.

Baseman, J.G., Koutsky, L.A., 2005. The epidemiology of human papillomavirus infections. J. Clin. Virol.
32, S16-24.

Barnabas, R., Garnett, G., 2004. The potential public health impact of vaccines against human papillo-
mavirus. In: Prendiville, Davies (Eds.), The Clinical Handbook of Human Papillomavirus, pp. 61-79.
Taylor and Francis, London.

Berry, J.M., Palefsky, J.M., 2003. A review of human papillomavirus vaccines: from basic science to
clinical trials. Front. Biosci. 8, S333-345.

Blower, S., Koelle, K., Mills, J., 2002. Health policy modeling: epidemic control, HIV vaccines, and
risky behavior. In: Kaplan, Brookmeyer (Eds.), Quantitative Evaluation of HIV Prevention Programs,
pp- 260-289. Yale University Press, New Haven.

Bosch, EX., Lorincz, A., Munoz, N., Meijer, C.J., Shah, K.V., 2002. The causal relation between human
papillomavirus and cervical cancer. J. Clin. Pathol. 55, 244-265.

Castillo-Chavez, C., Thieme, H., 1995. Asymptotically autonomous epidemic models. In: O. Arino, D.
Axelrod, M. Kimmel, M. Langlais (Eds.), Theory of Epidemics. Mathematical Populations Dynamics:
Analysis of Heterogeneity, vol. 1, pp. 33-50. Wuerz.

Castillo-Chavez, C., Huang, W., Li, J., 1996. Competitive exclusion in gonorrhea models and other
sexually-transmitted diseases. SIAM J. Appl. Math. 56, 494-508.

Castillo-Chavez, C., Huang, W., Li, J., 1999. Competitive exclusion and coexistence of multiple strains in
an SIS STD models. SIAM J. Appl. Math. 59, 1790-1811.

Centers for Disease Control and Prevention, Content Reviewed: May 2004. CDC Fact Sheet. Genital HPV
Infection. Technical Update: December 2, 2004. Centers for Disease Control Web site. Available at:
http://www.cdc.gov/std/HPV/hpv.pdf. Accessed April 2007.

Diekmann, O., Heesterbeek, J.A.P., Metz, J.A.J., 1990. On the definition and the computation of the basic
reproduction ratio R in models for infectious diseases in heterogeneous populations. J. Math. Biol.
28, 503-522.

Food and Drug Administration (FDA), 2006. FDA Licenses Quadrivalent Human Papillomavirus (Types 6,
11, 16, 18) Recombinant Vaccine (Gardasil) for the Prevention of Cervical Cancer and Other Diseases
in Females Caused by Human Papillomavirus Product Approval Information, http://www.fda.gov/
cder/Offices/OODP/whatsnew/gardasil.htm. Accessed April 11, 2007.

Dunne, E., Unger, E., Sternberg, M., McQuillan, G., Swan, D., Patel, S., Markowitz, L., 2007. Prevalence
of HPV infection among females in the United States. JAMA 297, 813-819.

Elbasha, E., 2006. Impact of prophylactic vaccination against human papillomavirus infection. Contemp.
Math. 410, 113-127.

Elbasha, E., Dasbach, E., Insinga, R., 2007. Model for assessing human papillomavirus vaccination strate-
gies. Emerg. Infect. Dis. 13, 28—41.

Esteva, L., Vargas, C., 1998. Analysis of a dengue disease transmission model. Math. Biosci. 150, 131—
151.

Fraser, C., Tomassini, T., Xi, L., Golm, G., Watson, M., et al., 2007. Modeling the long-term antibody
response of a human papillomavirus (HPV) virus-like particle (VLP) type 16 prophylactic vaccine.
Vaccine 25, 4324-4333.

GlaxoSmithKline (GSK). CERVARIX GlaxoSmithKline’s Cervical Cancer Candidate Vaccine: Media
Backgrounder. Scientific Background For Informational Purposes Only. http://www.gsk.com/media/
cervarix-clinical-trials.pdf. Accessed April 11, 2007.

Guo, H., Li, M., 2006. Global dynamics of a staged progression model for infectious diseases. Math.
Biosci. Eng. 3, 513-525.

Harrison, G., 1979. Global stability of predator-prey interactions. J. Math. Biol. 8, 159-171.

Harper, D., Franco, E., Wheeler, C., Ferris, D., Jenkins, D., et al., 2004. Efficacy of a bivalent L1 virus-
like particle vaccine in prevention of infection with human papillomavirus types 16 and 18 in young
women: a randomised controlled trial. Lancet 364, 1757-1765.

Hethcote, H.W., 2000. The mathematics of infectious diseases. SIAM Rev. 42, 599-653.

Hughes, J., Garnett, G., Koutsky, L., 2002. The theoretical population level impact of a prophylactic human
papillomavirus vaccine. Epidemiology 13, 631-639.

Insinga, R., Glass, A., Rush, B., 2004. The healthcare costs of cervical human papillomavirus-related
disease. Am. J. Obstet. Gynecol. 191, 1140-120.



Global Stability of Equilibria in a Two-Sex HPV Vaccination Model 909

Iwasa, Y., Michor, F.,, Nowak, M., 2004. Some basic properties of immune selection. J. Theor. Biol. 229,
179-188.

Jansen, K.U., Shaw, A.R., 2004. Human papillomavirus vaccines and prevention of cervical cancer. Annu.
Rev. Med. 55, 319-331.

Khalil, H., 2002. Nonlinear Systems, 3rd edn. Prentice Hall, New York.

Korobeinikov, A., 2004a. Global properties of basic virus dynamics models. Bull. Math. Biol. 66(4), 879—
883.

Korobeinikov, A., 2004b. Lyapunov functions and global properties for SEIR and SEIS epidemic models.
MMB IMA 21, 75-83.

Korobeinikov, A., 2006. Lyapunov functions and global stability for SIR and SIRS epidemiological models
with non-linear transmission. Bull. Math. Biol. 30, 615-626.

Korobeinikov, A., Maini, P.K., 2004. A Lyapunov function and global properties for SIR and SEIR epi-
demiological models with nonlinear incidence. Math. Biosci. Eng. 1(1), 57-60.

Korobeinikov, A., Wake, G.C., 2002. Lyapunov functions and global stability for SIR, SIRS and SIS epi-
demiological models. Appl. Math. Lett. 15(8), 955-961.

Kribs-Zaleta, C., Velasco-Herndndez, J., 2000. A simple vaccination model with multiple endemic states.
Math. Biosci. 164, 183-201.

Li, M., Smith, H., Wang, L., 2001. Global dynamics of an SEIR epidemic model with vertical transmission.
SIAM J. Appl. Math. 62, 58-69.

Lowry, D., Frazer, 1., 2003. Prophylactic human papillomavirus vaccines. J. Natl. Cancer. Inst. Mongr. 31,
111-116.

McCluskey, C., 2006. Lyapunov functions for tuberculosis models with fast and slow progression. Math.
Biosci. Eng. 3, 603-614.

McLean, A., Blower, S., 1993. Imperfect vaccines and herd immunity to HIV. Proc. Roy. Soc. Lond. B
253,9-13.

Moreira, H., Yuquan, W., 1997. Global stability in an SIRI model. SIAM Rev. 39, 496-502.

Parkin, D., Bray, F,, Ferlay, J., Pisani, P., 2005. Global cancer statistics. Cancer J. Clin. 55, 74-108.

Simon, C.P., Jacquez, J.A., 1992. Reproduction numbers and the stability of equilibria of SI models for
heterogeneous populations. SIAM J. Appl. Math. 52, 541-576.

Tjalma, W.A.A., Arbyn, M., Paavonen, J., Van Waes, T.R., Bogers, J.J., 2004. Prophylactic human papil-
lomavirus vaccines: the beginning of the end of cervical cancer. Int. J. Gynecol. Cancer 14, 751-751.

Villa, L.L., Costa, R.L.R., Petta, C.A., Andrade, R.P., Ault, K.A., et al., 2005. Prophylactic quadrivalent
human papillomavirus (types 6, 11, 16, and 18) L1 virus-like particle vaccine in young women: a
randomised double-blind placebo-controlled multicentre phase II efficacy trial. Lancet Oncol. 6, 271—
78.

Villa, L.L., Costa, R.L.R., Petta, C.A., Andrade, R.P., Paavonent, J., et al., 2007. High sustained efficacy
of a prophylactic quadrivalent human papillomavirus types 6/11/16/18 L1 virus-like particle vaccine
through 5 years of follow up. Br. J. Cancer 95, 1459-1466.



	Global Stability of Equilibria in a Two-Sex HPV Vaccination Model
	Abstract
	Introduction
	HPV vaccination model
	Equilibria, reproduction numbers, and local stability
	Stability of the infection-free equilibrium E°
	Stability of the endemic equilibrium E
	Summary and discussion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


