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Abstract A non-autonomous dynamical system, in which the seasonal variation of
a mosquito vector population is modeled, is proposed to investigate dengue over-
wintering. A time-dependent threshold, R(t), is deduced such that when its yearly
average, denoted by R, is less than 1, the disease does not invade the populations
and when R is greater than 1 it does. By not invading the population we mean
that the number of infected individuals always decrease in subsequent seasons of
transmission. Using the same threshold, all the qualitative features of the result-
ing epidemic can be understood. Our model suggests that trans-ovarial infection
in the mosquitoes facilitates dengue overwintering. We also explain the delay be-
tween the peak in the mosquitoes population and the peak in dengue cases.

Keywords Dengue · Vector-borne · Aedes aegypti · Aedes albopictus ·
Overwinter · Vertical transmission · Modeling · Non-autonomous systems

1. Introduction

Dengue fever and dengue hemorrhagic fever (DF/DHF) are caused by the
dengue virus, a flavivirus, and it is transmitted by mosquitoes of the genus Aedes
(Stegomyia), mainly by the species Aedes aegypti Bancroft (1906). The infection
has recently resurged in the American continent after some decades without epi-
demics, becoming a major public health problem (Gubler and Kuno, 1997; Luz
et al., 2003).

In subtropical regions, the disease shows a resurgent pattern with yearly epi-
demics, which starts typically in the months characterized by heavy rains and
heat, peaking some 3 or 4 months after the beginning of the rainy season. In
the dry months, the number of cases drop essentially to zero due to the virtual
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Fig. 1 Delay between the increase in the proportion of positive traps for females of aedes
mosquitoes and dengue cases. We do not intend to fit this data set in any of our simulations but
only to illustrate qualitatively the delay between mosquitoes and dengue outbreaks.

disappearance of the vector. Since the infection reappears for some years in the
same regions, it is natural to ask how the virus survives the dry season.

Some hypotheses have been proposed to explain this ‘overwintering’ of dengue
fever in the subtropical regions. First, the survival of some particularly long-lived
infected mosquitoes females; second, the vertical transmission in the mosquito
population density with a fraction of the eggs remaining infected throughout the
dry season, hatching in the beginning of the rainy season (Monath and Heinz,
1996); and third, the presence of a vertebrate reservoir that could keep the in-
fection in the wild. This last hypothesis is just a theoretical possibility, and we shall
not consider it in this paper.

Another observation related to dengue transmission is that, in some subtropical
areas, the density of mosquitoes peaks some months before the human epidemic,
as seen in Fig. 1 (Alvaro Eiras, 2003, personal communication), which shows data
from Belo Horizonte, Brazil.

It can be seen in the figure that mosquitoes start to increase in number in the
beginning of the rainy season (October), whereas the cases of dengue start to in-
crease more than 3 months later.

This paper is an attempt to test the first two hypotheses of dengue ‘overwin-
tering’ (the vertical transmission and the survival of infected females throughout
winter) and to explain the delay in the epidemics peak as compared to the peak in
the mosquitoes population density. For this, we propose a dynamical model, which
allows the testing of distinct epidemiological scenarios.

This paper is organized as follows. In Section 2.1, we present the biological as-
sumptions that guided the model’s structure. In Section 2.2, we present the model’s
equations and definition of the variables and parameters. In Section 2.3, we study
the variation of the mosquitoes and eggs populations densities without the disease
during the year. In Section 3, we deduce an approximate threshold, which can be
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used to predict all the possible behaviors of the system. We should stress that we
present no mathematical proof that supports this threshold. Instead, we present
an intuition for it and we have tested it numerically. In any case, this threshold
allows us to test the two overwintering hypotheses and explain the observed de-
lay between the peak in mosquitoes density and the initial rising in the number of
dengue cases. This is done in Section 4. In Section 5, we summarize and discuss
our findings and finally, in the appendix we present a simplified model, in which
we can show analytically that there is a time-dependent threshold, R(t), such that
when its yearly average, denoted R, is less than 1, the disease does not invade the
populations and when R is greater than 1 it does. By not invading the population,
we mean that the number of infected individuals always decrease in subsequent
seasons of transmission.

2. The model

2.1. Biological assumptions

Before describing the model proposed, we introduce the main assumptions related
to the mosquito life cycle and the seasonality considered.

The mosquito goes through four separate and distinct stages during its life cycle:
egg, larva, pupa, and adult. Each of these stages can be easily recognized by its
appearance. How long each stage lasts depends on both temperature and species’
characteristics. For instance, Culex tarsalis, a common California (USA) mosquito,
might go through its life cycle in 14 days at 70 ◦F and take only 10 days at 80 ◦F. On
the other hand, some species have naturally adapted to go through their entire life
cycle in as little as 4 days or as long as 1 month.1 In this paper, we assumed that
the immature stages between eggs and adults (larvae and pupae) are clumped in a
single state, hereafter called as ‘eggs’.

In temperate and sub-tropical regions, the aedes population density present
marked variations along the year, peaking in the summer and dropping to very
low in the winter. Seasonal and climatic effects on mosquitoes influence trans-
mission. Temperature and humidity affect mosquitoes longevity and activity,
gonadotrophic cycle length, oviposition rates, eggs survival rates, and eggs hatch-
ing rates. Also, as a water-breeding species, aedes requires standing water to re-
produce, thus cold winters and/or dry summers substantially reduce mosquitoes
breeding and feeding (Beaty and Marquardt, 1996).

Therefore, seasonality can be driven by the several biological and environmen-
tal mechanisms described earlier. As discussed in the next section, we choose to
model seasonality by forcing the rate at which eggs mature into adults to change
periodically along the year. This assumption can be better understood by the fact
that adults of the northern univoltine aedes species usually emerge in the spring.
The reproductive season extends from spring until the end of autumn. The eggs
laid in the end of autumn do not hatch until the beginning of the next spring,
diapausing along the winter (Beauty and Marquardt, 1996, p. 89). Of course, in

1http://www.mosquito.org/info.php.
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Fig. 2 Simulation of the delay between mosquitoes peak and dengue outbreak. The average
daily men-biting rate, i.e., the average per capita biting rate at t = 0, MBR = [{SM(0)}/{NH}]a,
was set as 0.065 bites per day and the initial conditions were such that the densities of susceptible
mosquitoes (SM(0)) and eggs (SE(0)), and the hatching rate were at their minimum. The fine line
represents susceptible mosquitoes density and gross line the infected humans density. Note the
delay of about 100 days.

tropical regions, diapausing of multivoltine species is less extreme and the rate of
eggs hatching in the dry season significantly diminishes, but does not go to zero.

As we shall see in Section 2.3 and Fig. 2, the seasonality mechanism chosen has
the effect of forcing the adults and eggs population densities to oscillate in phase
with a period of 1 year, thus mimicking in a schematic way the seasonality in the
density of mosquitoes populations.

Another assumption of our model is that the density of aedes adults is checked
by the availability of breeding places. We, therefore, assumed that the oviposition
rate is dependent on the total eggs density. This is a consequence of competition
for limited breeding places in the dry season.

Finally, we assumed that some infected female aedes lay infected eggs that hatch
into infected females. This vertical transmission has already been suggested by
field studies, in which this effect was considered to be important for Aedes albopic-
tus (75% of trans-ovarial transmission described by Shroyer, 1990), but less so with
A. aegypti (2.8% of trans-ovarial transmission described by Joshi et al., 2004). In
addition, in a recent publication, Crochu et al. (2004) demonstrated the integration
of flavivirus DNA sequences in the genome of Aedes spp. mosquitoes. This may,
in the future, provide further evidence in favor of vertical transmission influencing
the pattern of dengue epidemics.

2.2. Model’s equations

The model describes the dynamic of dengue in its three components of trans-
mission, namely human hosts, mosquitoes, and their eggs (the latter, as men-
tioned previously, includes the intermediate stages, like larvae and pupae). The



Bulletin of Mathematical Biology (2006) 68: 2263–2282 2267

populations densities, in turn, are divided into susceptible humans, denoted by
SH, infected humans, IH, recovered (and immune) humans, RH, total humans,
NH = SH + IH + RH, susceptible mosquitoes, SM, infected and latent mosquitoes,
LM, infected and infectious mosquitoes, IM, non-infected eggs, SE, and infected
eggs, IE.

The model’s dynamics is described by the set of equations.

dSH

dt
= −abH IM

SH

NH
− µHSH + rH NH

(
1 − NH

kH

)

dIH

dt
= abH IM

SH

NH
− (µH + αH + γH)IH

dRH

dt
= γH IH − µH RH

dSM

dt
= pS (c − d sin (2π f t + φ))

× SEθ (c − d sin (2π f t + φ)) − µMSM − abMSM
IH

NH

dLM

dt
= abMSM

IH

NH
− e(−µMτI)aSM(t − τI)

IH(t − τI)
NH(t − τI)

− µM LM

dIM

dt
= e(−µMτI)abMSM(t − τI)

IH(t − τI)
NH(t − τI)

− µM IM

+pI(c − d sin(2π f t + φ))IEθ(c − d sin(2π f t + φ))

dSE

dt
= [rMSM + (1 − g) rM IM]

(
1 − SE + IE

kE

)

−µESE − pS (c − d sin (2π f t + φ)) SEθ(c − d sin(2π f t + φ))

dIE

dt
= grM IM

(
1 − SE + IE

kE

)
− µE IE

−pI (c − d sin (2π f t + φ)) IEθ(c − d sin(2π f t + φ)). (1)

Most of the terms in the system 1 can be understood by referring to Table 1, where
the meaning and values of the parameters are described. Here we limit ourselves
to explain some terms related to the equations for the mosquito and eggs sub-
populations.

The fourth, fifth, and the sixth equations represent the susceptible, latent, and
infected mosquitoes population densities, respectively. Susceptible mosquitoes
varies in size with a time-dependent rate

pS(c − d sin(2π f t + φ))SEθ(c − d sin(2π f t + φ)).

The term pS SE is the fraction of eggs hatching per unit time, and which sur-
vived the development through the intermediate stages (larvae and pupae).
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The time-dependent term (c − d sin(2π f t + φ)) θ(c − d sin(2π f t + φ)) simulates
the seasonal variation in mosquitoes production from eggs. By varying c and
d, we can simulate the duration and severity of the winters ( f = 1/365 per
day and so it fixes one cycle per year). Of course, the parameters determin-
ing the length and severity of the seasons should be equal for susceptible
and infected eggs and we set them so. The Heaviside θ -function (a step func-
tion that is equal to zero when the argument is less than zero and one when
the argument is greater or equal to zero) θ(c − d sin(2π f t + φ)) prevents the
term

(c − d sin(2π f t + φ))θ(c − d sin(2π f t + φ)),

from becoming negative. If c is smaller than d, then the winter is long and severe.
On the other hand, if c is greater than d, then the winter is short and mild. This will
be discussed with more details in the next section.

The term

pI(c − d sin(2π f t + φ))IEθ(c − d sin(2π f t + φ)),

represents the rate by which infected eggs become infected adults. The term pI IE

is the fraction of infected eggs hatching per unit time, and which survived the de-
velopment through the intermediate stages (larvae and pupae).

The phase φ, as described in Section 2.3, will be used to set the rate of eggs’
hatching, the adult mosquitoes density, and the egg density at their minimum val-
ues at t = 0.

The seventh and the eight equations represent the dynamics of susceptible and
infected eggs, respectively.

In the seventh equation, the term

[rMSM + (1 − g)rM IM]
(

1 − SE + IE

kE

)
,

represent the oviposition rate of susceptible eggs born from both susceptible
mosquitoes with rate

rMSM

(
1 − SE + IE

kE

)
,

and from a fraction (1 − g) of infected mosquitoes, with rate

(1 − g)rM IM

(
1 − SE + IE

kE

)
.

The parameter g, therefore, represents the proportion of infected eggs laid by in-
fected female mosquitoes.

The term rM SM represents the maximum oviposition rate of female mosquitoes
with the number of viable eggs being checked by the availability of breeding places
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by the term

(
1 − SE + IE

kE

)
.

The so-called egg’s carrying capacity is

rE − µE

rE
kE,

where kE is a constant. We choose a density dependence on birth rather than on
death. The control of the population could be done by a term including density-
dependence in the mortality rate, but the net result would be qualitatively the
same.
Finally, in the last equation, the term

grM IM

(
1 − SE + IE

kE

)
,

represents the net rate by which infected eggs are produced by infected adult fe-
males, i.e., vertical transmission of dengue virus.

2.3. Entomology without disease

In this subsection, we analyze the behavior of the mosquito population density in
the absence of disease. This implies that the only equations to be simulated are:

dSM

dt
= pS(c − d sin(2π f t + φ))SEθ(c − d sin(2π f t + φ)) − µMSM

dSE

dt
= rMSM

(
1 − SE

kE

)
− µESE − pS(c − d sin(2π f t + φ))

× SEθ(c − d sin(2π f t + φ)). (2)

This pair of equations follows from Eq. (1) after making zero all the infected terms.
It simulates the annual cycle of mosquitoes breeding. The system of Eq. (2) is a
very simplified model for what is really known about the life cycle of mosquitoes.
As mentioned previously, the immature stages between eggs and adults (larvae
and pupae) are clumped in the eggs compartment. It is also an oversimplification
of the annual seasons.

The initial conditions and the phase φ were chosen such that the density of sus-
ceptible mosquitoes (SM(0)), the density of susceptible eggs (SE(0)), and the rate
of eggs’ hatching are at their minimum. The minimum was determined by running
the program for an arbitrary initial condition (compatible with kE, and kH) and set-
ting φ = π/2. By doing this, we guaranteed that variations in mosquitoes and eggs
densities and in eggs’ hatching rates are all synchronized (with peaks in ‘summer’
and troughs in ‘winter’).
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Winters without eggs hatching were simulated by making d larger than c. This
has the effect of making the term (c − d sin(2π f t + φ)) negative for some parts of
the cycle. In these periods, the Heaviside function θ(c − d sin(2π f t + φ)) makes
the hatching of eggs equal to zero, thus reducing the adult forms. If d is set smaller
than c, then very weak winters are simulated. Those variations in the length and
strength of the winter have the obvious consequence of changing the quality of the
summers, although the peak in eggs production in the summer is dependent on
the parameter kE, related to the eggs carrying capacity. Note that, in the particular
case in which d = 0, we have a threshold in

c >
µEµM

pS(rM − µM)
, (rM > µM),

above which both the eggs and the mosquitoes settle at constant values.
We also checked that the population of mosquitoes survives severe winters

through the diapausing of eggs. The density of mosquitoes in the summer following
a severe winter can be very large, depending on kE.

3. An approximated threshold condition

In the first part of this section, we deduce a threshold condition for epidemics.
We want, with this threshold, to answer the following question: When can a

vector-borne disease invade a population of susceptible humans in which two
transmission components, namely eggs and mosquitoes, are time dependent?

A time-independent threshold for vector-borne diseases was first proposed by
Macdonald (1952). It is called “the Basic Reproduction Number” and is normally
denoted R0 (see Lopez et al., 2002).

We describe, in this section, an intuitive approach to get this approximate time-
dependent threshold. In the appendix, we discuss a simple model from which a
time-dependent threshold follows analytically.

System (1) has ‘no-mass,’ i.e., it responds to perturbations instantaneously. We
introduce some disease at time t = 0, and ‘freeze’ the system at time t . At this
moment, we have infected compartments that we assume became instantaneously
non-infective, and we investigate the effect of a small amount of infection intro-
duced on the stability of the frozen equilibrium.

Thus, we consider a new system of equations consisting of the infective equa-
tions of the original system 1, substituting IH, LM, IM, and IE by iH, lM, iM, and iE,
respectively:

diH

dt
= abH

SH

NH
iM − (µH + αH + γH)iH

dlM

dt
= abM

SM

NH
iH − µMlM − e(−µMτI)abM

SM(t − τI)
NH(t − τI)

iH(t − τI)

diM

dt
= e(−µMτI)abM

SM(t − τI)
NH(t − τI)

iH(t − τI) − µMiM

+pI(c − d sin(�))iEθ(c − d sin(�)) (3)
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diE

dt
= grM

(
1 − SE

kE

)
iM − µEiE − pI(c − d sin(�))iEθ(c − d sin(�)),

where � = 2π f t + φ, and analyze the stability of the trivial solution iE = 0, lM = 0,
iH = 0, and iM = 0, as if the system were autonomous (El’sgol’ts, 1966). For this,
we assume the solutions:

iH = c1 exp (λt)

lM = c2 exp (λt)

iM = c3 exp (λt)

iE = c4 exp (λt) .

(4)

The characteristic equation associated to system (3) is then obtained:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−(λ + γH + αH + µH) 0 abH
SH(t)
NH(t) 0

abM
SM
NH

− abMe(−µMτI) SM(t−τI)
NH(t−τI)

e−λτI −(λ + µM) 0 0

abMe(−µMτI) SM(t−τI)
NH(t−τI)

e−λτ 0 −(λ + µM)
pI (c − d sin �)

θ(c − d sin(�))

0 0 grM

(
1 − SE

kE

) −λ − µE−
pI(c − d sin(�))

θ(c − d sin(�))

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (5)

If all the roots of Eq. (5) have negative real parts, then the equilibrium without
disease is stable, i.e., the origin is an attractor. As shown in Lopez et al. (2002),
the first root that crosses the imaginary axis does so through the real axis and this
happens when

R(t) = abM

(γH + αH + µH)
SM(t − τI)
NH(t − τI)

a exp (−µMτI) bHc
µM

SH(t)
NH(t)

+
pI (c − d sin �) grM

(
1 − SE(t)

kE

)
θ(c − d sin(�))

µM (µE + pI (c − d sin �) θ(c − d sin(�)))
> 1. (6)

As mentioned earlier, the phase is set at φ = π/2 and the initial condition is such
that the susceptible mosquito and eggs densities are at their lowest values.

Note that the maximum value of R(t) is dependent on the maximum values of
SM(t) and SH(t). Therefore, provided that SM(t) ≤ SM(0) and SH(t) ≤ SH(0), the
maximum value of R(t) can only diminish with time.

We claim that 6 is an approximate version of the reproductive number of
system 1. In the time intervals for which R(t) is greater than one, the infec-
tion is amplified and in the time intervals for which R(t) is less than one,
the infection dies out. Note that, for small t , the first term in Eq. (6) is
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exactly the expression proposed in Macdonald (1952) for the basic reproduction
number.

4. Understanding the possible behaviors of the system

In the first part of this section, we explain the delay observed in dengue outbreaks
between the peak in mosquitoes density and the initial rising in dengue cases. We
do so by introducing a small amount of disease into a previously uninfected pop-
ulation when the rate of eggs hatching is at its minimum (φ = π/2), and the sus-
ceptible mosquito and eggs densities are at their lowest values. In the second part,
we show how dengue overwintering occurs and discuss and explain the only two
different patterns of cyclic dengue outbreaks.

4.1. Delay in dengue epidemics

It has been observed that aedes population density peaks about 1 month after the
beginning of the rainy season (in southeastern Brazil in the month of October), but
dengue epidemics typically appear some 3 or 4 months after that (Fig. 1). Although
our model of seasonality is too crude to fit any data (as those from Fig. 1) with any
degree of accuracy, the delay can be seen in the simulations of the model shown
in Fig. 2. In this figure, we show the case in which 50% of the hatched eggs from
infected females are infected. The daily biting rate is of the same order as described
in the literature (Rodahin and Rosen, 1997; Forattini et al., 1995; Massad et al.,
2001; Forattini, 2002). The resulting average daily men-biting rate, i.e., the average
per capita biting rate at t = 0,

MBR = SM(0)
NH

a,

was set as 0.065 bites per day and the initial conditions were such that the densities
of susceptible mosquitoes (SM(0)) and eggs (SE(0)) and the hatching rate were at
their minimum. Then a small amount of disease was introduced. The result of this
simulation can be seen in Fig. 2.

One can note that the mosquito population density drops sharply in the winter
(troughs in the fine lines).

The delay between the peak in the mosquitoes population density and the peak
in dengue epidemics is of the order of 100 days, which corresponds to actual situa-
tions in endemic areas as shown in Fig. 1.

Let us try to understand qualitatively the origin of the delay observed in dengue.
This is due to the cyclic pattern of the mosquito population density. During the dry
season, as mentioned earlier, the mosquito population density drops to very low
levels, below the threshold, R = 1, for transmission. In early spring, the population
density of mosquitoes begins to increase until it reaches a critical level at which the
threshold crosses one and transmission begins, thus the delay.

As can be seen from the first term of Eq. (6), this critical level also depends on
the fraction of the infected mosquito that survives the extrinsic incubation period
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Fig. 3 The first pattern of outbreak, obtained with a value of men-biting rate, MBR = 0.052 per
day. One can see a succession of two outbreaks forming a damped oscillation pattern until the
disease disappears.

with probability e(−µMτI) and become infective. The longer the extrinsic incubation
period, the larger the delay.

4.2. Dengue overwintering and extinction

As it occurs with other vector-borne infections, environmental and climatic condi-
tions, as well as the stock of susceptible humans, determine the existence, inten-
sity, and duration of dengue outbreaks. This can be viewed in Figs. 3–6 in which
we show and explain the two patterns of dengue recurrent outbreaks, as predicted
by the model.

Fig. 4 Both the time variation in R(t) (log scale) and in the total amount of infection, IH(t) (log
scale) with the same conditions as in Fig. 3. It can be noted that the peaks and troughs of IH(t)
shown occur approximately when R(t) crosses 1, from above downwards and from below upwards,
respectively.
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Fig. 5 The second pattern of outbreaks, in which R(t) > 1 for a greater part of the year in the
first outbreak, was obtained with a value of the men-biting rate, MBR = 0.065 per day.

In the first pattern shown in Fig. 3, obtained with a value of men-biting rate,
MBR = 0.052 per day, we see a succession of outbreaks forming a damped oscil-
lation pattern until the disease disappears.

This dumped oscillation can be understood as follows. As mentioned earlier,
in the time intervals for which R(t) is greater than one, the infection is amplified
and in the time intervals for which R(t) is less than one, the infection dies out. The
previous discussion suggests that the average value of R(t) in 1 year, R, determines
whether the disease will increase (R > 1) or decrease (R < 1) in the following year.

Fig. 6 Both the time variation in R(t) and in the total amount of infection, IH(t), for the same
case as in Fig. 5. Again, it can be noted that the peaks and troughs of IH(t) occur approximately
when R(t) crosses 1, from above downwards and from below upwards, respectively, and that the
effect of herd immunity can be seen by a decrease in the time interval in which R(t) > 1.
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The average R for a period T starting at t is defined as:

RT =
∫ t+T

t R(s)ds

T
. (7)

It is easy to conclude that the value of RT in the first year is the highest possible
(in the presence of diseases) because, as mentioned earlier, SM(t) ≤ SM(0) and
SH(t) ≤ SH(0).

In the appendix, we demonstrate that for a simple model, the number of infected
individuals at time (t + T) is related to the number of infected individuals at time
t by the average threshold condition (see Eq. (A.7)).

Thus, examining Fig. 4 it is possible to understand why the disease disappears.
In it, we show that the system oscillates and the average value of R(t) in the first
year is below one (R = 0.997) and so the disease introduced at time zero dies out
in a dumped oscillation pattern because R diminishes for subsequent years. In
Fig. 4, we also show both the time variation in R(t) and in the amount of infected
humans, IH(t).

It can be noted that the peaks and troughs of IH(t) shown in Fig. 4 occur ap-
proximately when R(t) crosses 1, from above downwards and from below upwards,
respectively.

The second pattern was obtained with a value of the men-biting rate, MBR =
0.065 per day. The simulation of the epidemics in this case is shown in Fig. 5.

The amplitude of the initial outbreaks increases until the fraction of immune in-
dividuals reaches a herd immunity threshold and the disease dies out in a damped
oscillation pattern. This can be better understood by examining Fig. 6, which shows
the time variation of R(t). In this case, the average value of R(t) in the first year is
above one (R = 1.23) and drops to R = 0.91 in the third year, forcing the disease
to die out from thereafter. This is a consequence of herd immunity as it reduces
the value of SH(t) and, therefore, the value of R(t) as in Eq. (6).

In Fig. 6, we also show both the time variation in R(t) and in the amount of
infection, IH(t), for this case.

As R is greater than 1 for the first and second years, the maximum value of
IH(t) increases in those years, decreasing thereafter. In addition, it can be noted
that the peaks and troughs of IH(t) occur approximately when R(t) crosses 1, from
above downwards and from below upwards, respectively, and that the effect of
herd immunity can be seen by a decrease in R(t).

One important aspect is that the two patterns analyzed earlier represent the
two only epidemiological outcomes of our model, i.e., a relatively low intensity of
transmission (case 1, Figs. 3 and 4) and a high intensity of transmission (case 2,
Figs. 5 and 6). In the latter, whenever the intensity of transmission is too high
we can have only a single outbreak but this is a particular case of situation 2.
We shall show in the next section, a few real outbreaks which conform with our
results.

For both patterns, the simulation clearly shows the overwintering of dengue
epidemics and its disappearance after some time. The proportion of infected
eggs laid, of course, by infected females was set at g = 0.5, a fraction of which
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Fig. 7 In this figure, we show the outbreaks that occurred in the city of Araçatuba in the years of
2000 and 2001. It looks like a case of the first pattern as shown in Fig. 3.

pI = 0.15 hatches, evolving into adult females. The maximum of the product
g × pI × (IM/(IM + SM)) obtained in our simulations is compatible with the trans-
ovarial transmission described in the literature (Rodahin and Rosen, 1997).

It should be mentioned that complete extinction of the disease in deterministic
models like the present one is achieved when the computer turns unrealistically
low densities into zero. For the parameters chosen in the simulations of Figs. 3–6,
the disease decays to unrealistically low densities, which the software we applied
(Berkley Madonna, 8.0.1) set as equal to zero for values below 10−45. For another
set of parameters, the disease might fail to reach 10−45 and would come back
after some time; but, in this case, we would introduce an appropriate Heaviside
function to force the disease to become extinct after those unrealistically low
levels were reached.

Figures 7 and 8 shows two real cases of dengue outbreaks in the State of São
Paulo, southeastern Brazil. In Fig. 7, we show the outbreaks that occurred in the
city of Araçatuba in the years of 2000 and 2001. It looks like a case of the first
pattern as shown in Fig. 3.

In Fig. 8 we show the outbreak that occurred in the city of São José do Rio Preto
in the same years. It looks like a case of the second pattern as shown in Fig. 5.

The same phenomenon of dengue overwintering can be studied in the absence of
vertical transmission of dengue virus in the mosquitoes population density (g = 0).
In this case, the overwintering only occurs with particularly favorable conditions
for dengue transmission, such as a longer survival of infected mosquitoes females,
milder winters, and higher men-biting rates, because in such conditions only the
first term of Eq. (6) survives. In order to get the same intensity of transmission over
the dry season in the absence of vertical transmission, we had to almost double the
contact rate between infected mosquitoes and susceptible humans, or to signifi-
cantly increase female mosquitoes survival. Some indirect experimental evidence
support the previous results. For instance, dengue virus strains infecting a less ag-
gressive vector as A. albopictus must have a high rate of vertical transmission, as
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Fig. 8 In this figure, we show the outbreaks that occurred in the city of São José do Rio Preto in
the same years. It looks like a case of the second pattern as shown in Fig. 5.

shown by Shroyer (1990). On the other hand, a dengue virus strain infecting a more
aggressive vector, as A. aegypti, apparently can afford to have a less important ver-
tical transmission (Joshi et al., 2002).

As mentioned earlier, the computer, or properly introduced Heaviside function,
makes the disease-free solution as the only possible stable (oscillating) solution.
This is because of herd immunity and because we do not consider the case when
both the human and mosquitoes populations have a positive growth. Without
immunity the disease oscillates. To illustrate this we carried out a simulation in
which the infected individuals can recover and return to the susceptible state (no
immunity, i.e., a S–I–S type of infection). The system oscillates and this can be
seen in Fig. 9

4.3. Sensitivity of the patterns to the amount of disease introduced

It can be numerically checked that when the transmission is relatively low, i.e.,
when R < 1 an increase in the amount of the disease introduced at t = 0 changes
the pattern shown in Fig. 3 by increasing the peaks almost linearly. In Fig. 3, we
introduced at t = 0, 550 infected eggs. When we introduced 55 infected eggs, the
peaks amplitudes were divided by 10. Naturally, if a large amount of disease is
introduced, then herd immunity can distort the pattern.

In the case when transmission is relatively high, i.e., when R is above one, an
increase in the amount of disease introduced at t = 0 can distort the pattern due
to herd immunity. If the amount of disease introduced is sufficiently large, we can
observe just a single peak, i.e., the disease disappear by a substantial decrease in
the number of susceptibles.

5. Summary and conclusions

In this paper, we constructed a theoretical framework to investigate the two
hypotheses for dengue overwintering, namely, particularly long-lived mosquito
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Fig. 9 Simulation of a simple model without immunity (S–I–S), in which the infected individuals
can recover and return to the susceptible state. Dark line represents the infected humans and light
line represents the infected mosquitoes.

females and trans-ovarial infection. We also investigated if the model could re-
produce the delay between mosquitoes population density and the peak in dengue
cases.

The model allowed us to demonstrate that both hypotheses of dengue overwin-
tering are possible, although under usual field conditions the hypothesis of vertical
transmission appears to be more plausible. Long-lived females can also explain
overwintering, but to get the same intensity of transmission over the dry season
in the absence of vertical transmission, we had to almost double the contact rate
between infected mosquitoes and susceptible humans.

It was found that both trans-ovarian transmission and long-lived females repro-
duce the delay between mosquitoes population density and the peak in dengue
cases, which can be as high as 100 days in southeastern Brazil.

We also investigated the causes of dengue extinction. In the first case analyzed,
dengue disappear due to the fact that the system is below the threshold most of
the time. In the second case, the fraction of immune individuals reaches a herd
immunity threshold and the disease dies out in a damped oscillation pattern.

In conclusion, the purposes of this work, namely to test the two hypotheses
of dengue ‘overwintering’ (the vertical transmission and the survival of infected
females throughout winter) and to explain the delay in the epidemics peak as
compared to the peak in the mosquitoes population density were successfully
achieved.
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Appendix

In this appendix, we examine an exact model in which this can be show exactly that
there is a time-dependent threshold, R(t), such that when R(t) is less than 1 the
disease dies out and when R(t) is greater than 1 the disease invade the population.

This model is an Susceptible–Infected–Removed (S–I–R) type of model with a
contact parameter that is time dependent to simulate seasonality. The equations
for susceptible individuals, S(t), infected individuals, I(t), and removed individu-
als, R(t), are:

dS(t)
dt

= −β(t)S(t)I(t)/N(t) + µ(I(t) + R(t))

dI(t)
dt

= β(t)S(t)I(t)/N(t) − (µ + γ )I(t) (A.1)

dR(t)
dt

= γ I(t) − µR(t),

where N(t) is the total population, µ the natural mortality rate, γ the removal rate,
and β(t) is given by:

β(t) = β0(c − d sin(2π f t + φ))θ(c − d sin(2π f t + φ)), (A.2)

where c, d, f , and φ are as described in the main text, and θ is the Heaviside θ -
function that guarantees that β(t) does not become negative.

It is obvious that the number of infected individuals increases if

β(t)S(t)/N(t) − (µ + γ ) > 0, (A.3)

or

R(t) = β(t)
µ + γ

S(t)
N(t)

> 1, (A.4)

or it decreases if

β(t)S(t)/N(t) − (µ + γ ) < 0, (A.5)

or if R(t) < 1.
From the second equation of system (A.1) one can deduce that

log (I(t + T)) − log(I(t)) = (µ + γ )
∫ t+T

t
[R(s) − 1] ds, (A.6)

from which we deduced that the number of infected individuals at time (t + T) will
increase (decrease) when the average value of R(t) is greater (less) than 1, i.e.,

I(t + T) = I(t) exp[(µ + γ )T(RT − 1)], (A.7)

where RT is given by Eq. (7) from the main text.
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Fig. 10 The resulting pattern of the simulation of system (A.2). We numerically checked that if
the average value of R(t) in one year is greater (less) than 1, then the number of infected individu-
als increase (decrease) in the following year. So, up to year 11, the average value of R(t) for every
single year is greater than one dropping to below one after that. Note that the maximum value of
IH(t) increases while R is above 1.

We simulate system (A.1) with β0 = 12.51 × 10−2 per days; µ = 3.9 per day; γ =
12.5 × 10−1 per day; φ = π/2; and c and d are same described in Table 1. The
results can be seen in Fig. 10.

In Fig. 10, we show the resulting pattern of the simulation. We numerically
checked that if the average value of R(t) in 1 year is greater (less) than the number
of infected individuals increase (decrease) in the following year. So, up to year 11,
the average value of R(t) for every single year is greater than one dropping to
below one after that. Note that the maximum value of IH(t) increases while R is
above 1.

Of course, when R(t) crosses the threshold 1 upwards, the disease increase, and
when R(t) crosses the threshold downwards, the disease decreases.

Similar thresholds were deduced for other models, like a S–E–I–R type of model
and the Ross–Macdonald vector-borne model (see Lopez et al., 2002) with season-
ality in the birth rate of mosquitoes. We found that average value of R(t) in 1 year,
R, determines whether the disease will increase (R > 1) or decrease (R < 1) at
time t + T.

References

Bancroft, T.L., 1906. On the aetiology of dengue fever. Aust. Med. Gazette 25, 17–18.
Beaty, B.J., Marquardt, W.C., 1996. The Biology of Disease Vectors. University Press of

Colorado, Niwot, Colorado.
Crochu, S., Cook, S., Attoui, H., Charrel, R.N., Chesse, R.D., Belhouchet, M., Lemasson, J.J.,

Micco, P., Lamballerie, X., 2004. J. Gen. Virol. 85, 1971–1980.
El’sgol’ts, E.L., 1966. Introduction to the Theory of Differential Equations with Deviating Argu-

ments. Holden-Day Inc., San Francisco.



2282 Bulletin of Mathematical Biology (2006) 68: 2263–2282

Forattini, O.P., 2002. Medical Culicidology EDUSP. São Paulo (in Portuguese).
Forattini, O.P., Kakitani, I., Massad, E., Marucci, D., 1995. Studies mosquitoes (Diptera: Culici-

dae) and anthropic environment. 9-Synanthropic and epidemiological vector role of aedes
scapularis in South-Eastern Brazil. Revis. Saúde Públ. 29(3), 199–207.

Gubler, D.J., Kuno, G., 1997. Dengue and Dengue Hemorrhagic Fever. CABI Publishing, New
York, Wallingford.

Hauck Center for the Albert B., 2005. Sabin Archives, Box 12, file 5. http://sabin.uc.edu/dengue.
ucm.

Joshi, V., Mourya, D.T., Sharma, R.C., 2002. Persistence of dengue-3 virus through transovarial
transmission passage in successive generation of Aedes aegypti mosquitoes. Am. J. Trop.
Med. Hyg. 67(2), 158–161.

Lopez, L.F., Coutinho, F.A.B., Burattini, M.N., Massad, E., 2002. Threshold conditions for infec-
tion persistence in complex host–vectors interactions. Comptes Rendus Biol. Acad. Sci. Paris
325, 1073–1084.

Luz, P.M., Codeço, P.T., Massad, E., Struchiner. C.J., 2003. Uncertainties regarding dengue mod-
elling in Rio de Janeiro, Brazil. Mem. Inst. Oswaldo Cruz 98(7), 871–878.

Macdonald, G., 1952. The analysis of equilibrium in malaria. Trop. Dis. Bull. 49, 813–828.
Massad, E., Coutinho, F.A.B., Burattini, M.N., Lopez, L.F., 2001. The risk of yellow fever in a

dengue infested area. Trans. R. Soc. Trop. Med. 95(4), 370–374.
Monath, T., Heinz, F.X., 1996. Flaviviruses. In: Fields, B.N., Howley, P.M., Griffin, D.E., Lamb,

R.A., Martin, M.A., Roizman, B., Straus, S.E., Knipe, D.M. (Eds.), Virology, chapter 31.
Lippincott-Raven, Philadelphia, pp. 961–1034.

Rodahin, F., Rosen, L., 1997. Mosquito vectors and dengue virus–vector relationships. In: Gubler,
D.J., Kuno, G. (Eds.), Dengue and Dengue Hemorrhagic Fever. CABI Publishing, New
York.

Shroyer, D.A., 1990. Vertical maintenance of dengue-1 virus in sequential generations of Aedes
albopictus. J. Am. Mosq. Control. Assoc. 6(2), 312–314.

SEADE Foundation of São Paulo State. Demographic data. http://www.seade.gov.br/.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


