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Abstract In this paper, a numerical solution for the
electro-osmosis consolidation of clay in multi-dimensional
domains at large strains is presented, with the coupling of
the soil mechanical behaviour, pore water transport and
electrical fields being considered. In particular, the Modi-
fied Cam Clay model is employed to describe the elasto-
plastic behaviour of clay, and some empirical expressions
are used to consider the nonlinear variation of the hydraulic
and electrical conductivities of the soil mass during the
consolidation processes. The implementation of the theo-
retical model in a finite element code allows for analysis of
the evolution of the transient response of the clay subjected
to electro-osmosis treatment. The proposed model is veri-
fied via comparison with data from a large strain electro-
osmosis laboratory test, to demonstrate its accuracy and
effectiveness. Various numerical examples are also inves-
tigated to study the deformation characteristics and time-
dependent evolution of the excess pore pressure. Finally, a
well-documented field application of electro-osmosis is
simulated to provide further verification. The results show
that the numerical solution is effective in predicting the
nonlinear behaviour of clay during electro-osmosis
consolidation.
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1 Introduction

A wide variety of ground improvement methods have
been developed for economic foundation solutions on soft
soils (for a state-of-the-art, see [15] and cited references).
An alternative method, however, is the use of electro-
osmosis. Electro-osmosis is important for many geotech-
nical applications, such as improving friction pile capac-
ity, preventing excessive foundation deformations,
strengthening and stabilization of soft clays, controlling
pore water pressures at excavation sites, consolidation of
marine sediments for land reclamations and dewatering of
mine tailings [7, 8, 11, 20, 21, 27, 28, 30]. At the same
time, numerous laboratory studies have been reported to
understand the suitability of the application; the antici-
pated effects of the treatment, its efficiency and effec-
tiveness, and so on, for different types of soil [4, 6, 10,
13, 14, 22, 23, 28, 32, 37, 38]. Electro-osmosis is also a
promising method for the remediation of low permeability
clays and silts. It is therefore important for many geo-
environmental applications, and the mechanism of elec-
tro-osmosis remediation treatment has been -carefully
studied [1, 3-5, 48]. Recent laboratory studies and mod-
elling approaches have focussed on the electro-chemical
behaviour of soils [2, 12, 46].

Consolidation of clays due to applying an electric cur-
rent may occur as the result of two distinct mechanisms:
osmosis under electric gradients will cause fluid flow from
the anode to the cathode, resulting in pore pressure changes
and a consequential increase in effective stress in the clay;
a less important effect is the hardening of the soil due to the
generation of heat and electro-chemical reactions during
the process. Electro-osmosis consolidation is a coupled
process involving mechanical behaviour, hydraulic flow
and electrical flow.
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The theory of one-dimensional (1D) electro-osmosis
consolidation was first developed by Esrig [18], and, based
on Esrig’s equation, Wan and Mitchell [47] presented an
analytical solution for 1D electro-osmosis consolidation
with preloading. Feldkamp and Belhomme [19] later
derived a solution for large strain 1D electro-osmosis
consolidation. Lewis and Garner [24] presented a two-
dimensional (2D) finite element solution for modelling the
coupling effect of the electric and hydraulic gradients.
Shang [42, 43] developed a 2D analytical model, com-
bining the preloading and electro-osmosis consolidation of
clay soils. Rittirong and Shang [39] presented a 2D finite
difference model to analyse indirectly the subsurface set-
tlement and undrained shear strength. However, none of
the above models directly considered the mechanical
behaviour of the soil, nor the full multi-physical coupling
that occurs during the electro-osmosis consolidation
process.

In most of the above approaches, the electro-osmosis
consolidation is limited to the consideration of 1D prob-
lems. Moreover, force equilibrium and a linear elastic
constitutive relationship for the soil are included implicitly
in the formulation of the pore water transport, following
Terzaghi’s approach. As such, only two coupled/uncoupled
partial differential equations for pore water transport and
electrical current transport are solved, using either analyt-
ical approaches or numerical methods. In contrast, Yuan
et al. [50] presented a fully coupled solution considering
force equilibrium, pore water transport and electrical
transport, assuming that hydraulic and electrical properties
remain constant during the simulation. Tamagnini et al.
[46] presented a numerical model for electro-osmosis
processes in fine-grained soils, accounting for gas genera-
tion and transport under unsaturated conditions. Yuan and
Hicks [49] presented an elastic electro-osmosis consolida-
tion model for saturated soils experiencing large strains,
and considered volumetric strains induced by changes in
both the hydraulic- and electric-driven pore water flows.
However, these approaches only incorporated an elastic
constitutive relationship for the soil. In contrast, Yuan et al.
[51] developed a numerical model for electro-osmosis
consolidation at small strain, coupling displacement, pore
water flow and electrical field, and incorporated the Mod-
ified Cam Clay model for modelling nonlinear material
behaviour.

The main objective of this paper is to extend the theory
of large strain elastic electro-osmosis consolidation to el-
asto-plasticity, by employing the Modified Cam Clay
model to describe the elasto-plastic behaviour of clays.
Moreover, some empirical expressions are incorporated to
consider the nonlinear variation, with void ratio, of the
hydraulic and electrical conductivities, and the electro-
osmosis permeability, of the soil mass, as these are
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considered to be more realistic than constant transport
properties for describing the highly nonlinear processes.
Three fully coupled governing equations, considering force
equilibrium, pore water transport and electrical conduction,
are presented, and solved via the finite element method in
the space domain and an implicit integration scheme in the
time domain. Since no suitable numerical solutions of
simple problems are available for validation purposes, a
numerical simulation is compared with Feldkamp and
Belhomme’s [19] experiment of large strain electro-
osmosis consolidation of a vertical column. Furthermore,
other numerical examples of electro-osmosis consolidation
are presented. The results of these analyses suggest that the
differences between large and small strain models are
noticeable and should not be neglected, and that consid-
ering the nonlinear variation of the soil properties, espe-
cially the elasto-plastic constitutive relationships, has a
significant impact on the deformation characteristics and
time-dependent evolution of the process. Finally, a well-
documented field application of electro-osmosis treatment
reported by Bjerrum et al. [7] is simulated, for further
verification of the numerical model.

The paper is organized as follows. In Sect. 2, the
governing equations of electro-osmosis consolidation, as
well as the background of large strain theory, are recal-
led. Section 3 addresses the constitutive laws for the
stress tensor, hydraulic conductivity, electro-osmosis
permeability and electrical conductivity. In Sect. 4, the
discretization of the governing equations in space and
time is briefly described. The equations in matrix form
are solved by means of a Newton—Raphson type proce-
dure, and the numerical algorithm has been implemented
into a finite element code. In Sect. 5, several numerical
examples are solved, which are used for validation of the
code based on the outlined approach. These examples
demonstrate the importance of proper numerical model-
ling of the nonlinear soil behaviour during electro-
osmosis consolidation.

2 Theoretical background and governing equations
2.1 Modelling framework

The governing equations for the equilibrium of force,
hydraulic head and electric potential are derived based on
the following assumptions: (1) an isotropic fully saturated
soil with an incompressible pore liquid and soil particles;
(2) the coupled conduction processes occur under isother-
mal conditions; (3) the effect of electrical-chemical reac-
tions is negligible; (4) electrophoresis and streaming
currents are negligible [18]; (5) the flow of fluid due to the
electrical and hydraulic gradients may be superimposed to
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obtain the total flow [18]; (6) Darcy’s law is valid; and (7)
Ohm’s law is valid.

The kinematics and deformations for large strain upda-
ted Lagrangian formulations are provided in detail in Yuan
and Hicks [49] and therefore only summarized here. Con-
sider an arbitrary reference configuration X, which has
position x at time ¢. The mapping function ¢ relates the
initial and current position vectors. Hence, for a typical
time step, the updated configuration of the body may be
written as

x = o(X,1) (1)

A fundamental measure of the deformation is given by the
deformation gradient, defined as

Jdp 0Ox
“X X @)

The change in volume between the reference and current
configurations can be established as

dv = Jdv, (3)

where V, and V are the reference and current volumes,
respectively, and J is the Jacobian determinant which is the
determinant of the deformation gradient F. The Green
strain tensor is given as

E= % (F'F - 1) (4)
where I is a unit tensor. In order to compute the Cauchy
stress o, the second Piola—Kirchhoff stress S measured at
the reference configuration has to be computed first. The
Cauchy stress is related to the second Piola—Kirchhoff
(PK2) stress by the deformation gradient as follows:

1
6= 7FTSF (5)

The spatial velocity v of the material point x is given by

v=v(x,1) = 2—? (6)

For an arbitrary scalar valued function f "(x, ), its material
time derivative, relative to its spatial description and
referring to a moving particle of the nth phase, is defined
by

DT[fTE af?'[

D :a—tJer -V (7)

In a multiphase porous medium, it is common to take the
motion of the solid configuration as a reference and to
describe the motion of, for example, the water (w) phase
particles relative to those of the solid (s). Hence the water
relative velocity can be written as

vW=y" — v° (8)

By considering the above relative velocities, the material
time derivative of f* with respect to the moving solid phase
is given by
DSfW DWfW w w

Dr — Dr +Vf¥.v 9)

2.2 Mechanical equilibrium

The stress equilibrium equation can be expressed by
V-o+b=0 (10)

where ¢ represents the total Cauchy stress vector and b
represents the body force vector. In an updated Lagrangian
(UL) formulation, in order to solve the above equation, all
quantities must be transferred to the current configuration.
So the equilibrium equation, at time ¢ + At, can be written
in its weak form as

/St+Ar . 5Et+Azdvt _ /bt+At . 5ut+Atdvt
vt

vt

+ / tHA sl tA s (11)

SI
where S is the PK2 stress tensor, ou is the virtual
displacement, t are the boundary traction components and

V is the volume of the body. Moreover, the incremental
decomposition of the PK2 stress tensor can be expressed as

S =8+ AS (12)

when referenced to the current configuration at time ¢, for
which S’ = ¢’ in the UL formulations. The decomposition
of the Green strain tensor can be written as

E=¢+1

g=——(Vu+ (Vu)") (13)

1
E
=3 (V) Vu)

where € and m are the linear and nonlinear parts of the
Green strain tensor, respectively. By substituting Eqs. (12)
and (13) into Eq. (11) and ignoring the high-order terms,
the linearized governing equation for equilibrium is
obtained as

/ﬁ-ds~5st’+/6’-5ndV’
Ve Ve
= /b’*m - oudV’ +/t’+A’ -ouds’ — /o" - dedV’
Ve 5 Ve

(14)

where D is the stress—strain matrix derived from the con-
stitutive relationship dS = D - dE [34].
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2.3 Balance of water mass

The mass balance law for the solid phase in the current
configuration may be written as
D*(1 —n)p*

Dr +(1—n)p’V-v"=0

(15)

where n is the porosity and p* is the density of the solid
particles. By taking account of the incompressibility of the
solid particles, the mass balance equation becomes

Dsn
Dt

+(1-nV-v=0 (16)
The mass balance law for the water phase in the current
configuration may be written as

D¥(np")

Dr +np¥V-vW =0

(17)
By introducing the relative velocity from Eq. (8) and the
material time derivative with respect to the moving solid
from Eq. (9), the water mass balance equation becomes

DS W

D) L (pv) 4 np* T v = 0 (18
By taking account of the incompressibility of the water,
and by substituting Eq. (16) into Eq. (18), the material time
derivative of n vanishes, so that

V(v 4¥) =0 (19)

where v = nv"™® is the filtration velocity of the water rela-
tive to the soil skeleton.

2.4 Balance of electric charge

By applying the conservation of charge and assuming the
current is steady state, the governing equation for the
electric field can be represented as follows:

ov
ot
where j is the electrical current flux, C, is the electrical
capacitance per unit volume and V is the electrical poten-

tial. As the electrical capacitance of the soil can be con-
sidered negligible, C,, = 0 is assumed in this paper.

-Vj=6 (20)

3 Constitutive equations

The soil properties and electrical fields change during the
electro-osmosis consolidation. The elasto-plastic soil
behaviour causes nonlinear deformation of the soil.
Moreover, the flow of water causes a non-uniform decrease
in the water content and void ratio of the soil mass. These
factors lead to changes in the hydraulic and electrical

@ Springer

conductivities, and in the electro-osmosis permeability.
Accordingly, the solution of the nonlinear coupled system
can be solved numerically if suitable constitutive rela-
tionships are chosen.

3.1 Solid skeleton

The Cam Clay model was developed in the 1960s and is
intended to capture the basic features of normally consol-
idated, as well as lightly over consolidated, clay [40, 41].
There are two well-known versions of this model. The first
is the so-called original Cam Clay model, while the other is
the Modified Cam Clay model. In this study, the Modified
Cam Clay model is employed to simulate elasto-plastic soil
behaviour during electro-osmosis consolidation. It employs
an associated flow rule, and the yield (f) and plastic
potential (g) functions can be expressed by

—M°p'(pe — p') (21)
where the stress invariants p’ and ¢ represent the mean
effective stress and deviatoric stress, respectively, M is the
slope of the critical state line (CSL) in the p’—q plane and p,

is the pre-consolidation pressure, which is the hardening
parameter of the model that can be expressed by

(1 +eg)Aed
A=K

f=¢=¢

Pe = Peo eXp< (22)
where A and k are the plastic compression index and
unloading-reloading index, respectively, e, is the initial
void ratio, A&b is the increment of plastic volumetric
strain and p.y is the pre-consolidation pressure at the
beginning of plastic loading. According to standard
elasto-plastic theory, D., is the elasto-plastic stress—
strain matrix given by

cp

og of T
D. &L D,

Dy =D, ———F——
FTnH @
H+ZL D&

(23)

where D, is the elastic stress—strain matrix and noting that,
when the Jaumann stress rate is employed, D, has an
identical form to that encountered in small strain theory. ¢’
is the effective stress and H is the modulus of plastic
hardening/softening.

The coupling between the deformation and flow pro-
cesses is established using the principle of effective stress.
Hence the total stress can be written as

c=0¢ +1p (24)

where p is the pore water pressure. When assuming large
strain kinematics, involving also large rotations, care must
be taken to ensure the material frame invariance of the
model. To do that, a frame-independent stress rate such as
the Jaumann stress rate needs to be introduced, i.e. [35]
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de' =do’ —dQ ¢ — o -dQ" =D, - de (25)

where D, is the stress—strain matrix derived from the
constitutive relations in terms of the Cauchy stress and
linear strain tensor de [34], and the Jaumann stress rate is
related to the Cauchy stress rate by the non-objective spin
tensor Q, given by

Q= [(Va) ~ (Vo) (26)

By substituting Eq. (25) into the effective stress equation,
Eq. (24), the stress increment can be written as

de =D, -de+dQ ¢ + 0 -dQ" +1dp (27)

In the large strain formulation based on the Jaumann
stress rate, Eq. (25), the effective stress increment can be
calculated by

A AQ
oA = ¢ —|—/ D,,-de + / (dQ - 6" + o' - dQT)
0 0
(28)

Stress integration algorithms for large strain analysis have
been discussed many times before [16, 17, 34]. It has been
shown that stress transformation due to rigid body rotation
can be included in the equations before, after or during the
stress integration in each increment [36]. It has also been
shown that, with this method, stress integration schemes used
for small strain can be easily extended to large strain [34].
An explicit stress integration scheme with automatic sub-
stepping and error control for large strain is implemented
here to solve the elasto-plastic constitutive relationship.

3.2 Pore water transport

The constitutive equation for the pore water flow velocity
in electro-osmosis comprises two components. One is the
hydraulic flow caused by the gradients of pore water
pressure and the other is the electro-osmosis flow caused
by electrical potential gradients. From Darcy’s law, the
hydraulic flow can be expressed as

ky,
Vw = __(vp + VWZ)

w

(29)

where k,, 7, and z are the coefficient of hydraulic
conductivity, unit weight of water and elevation,
respectively. The fluid flux due to electro-osmosis can be
expressed as a linear function of the applied electrical
potential gradient:

Veo = —keo VV (30)
where k., is the coefficient of electro-osmosis permeability.

According to Esrig’s [18] assumption, these two
independent flows can be combined to give the total flow:

V="Vy+ Ve = —I;—W(Vp—i-“/wz) — keoVV (31)

The Helmholtz—Smoluchowski model is widely used for
explaining the electro-osmosis phenomenon in soil [31]. In
this model, k., is derived from the balance between the
electrical force causing the water flow and the frictional
force between the water and the wall of the capillary. It can
be written as

(en

keo . (32)
where ( is the zeta potential, ¢ is the permittivity of the pore
fluid and p is the viscosity of the pore fluid. In clayey soils,
since the permittivity and viscosity of the pore water are
approximately constant over a fairly large range of salinity,
keo 1s controlled primarily by the zeta potential and soil
porosity. As reported by Mohamedelhassan and Shang
[33], ke, is mainly controlled by porosity when the pore
fluid salinities are smaller than a certain value (8 g NaCl/l
in their paper), and increases in magnitude with increase in
the soil porosity. There is a linear relationship between the
electro-osmosis permeability and porosity, which can be
expressed as

keo = An + B (33)

where A and B are material constants that can be deter-
mined experimentally.

The hydraulic conductivity is one of the crucial param-
eters in the electro-osmosis process, and it greatly influences
the rate of consolidation and negative pore water pressure
development. Although, in most electro-osmosis theories,
the coefficient of hydraulic conductivity is assumed to be
constant, in reality it is a function of the porosity or void
ratio. A relationship between hydraulic conductivity and
void ratio, e, has been reported by many researchers [31,
33]. Such a relationship is typically obtained by curve-fit-
ting experimental data and depends on the type of soil. For
clays, a logarithmic equation may be used:

logky = Ce +D (34)

where C and D are material constants.
3.3 Electric charge transport

According to Ohm’s law, the electrical current flow can be
expressed by

j=—k.VV (35)
where k,. is the electrical conductivity of the soil. The
electrical conductivity is a function of the soil mineralogy

and pore fluid composition. However, it is evident from
experiments that the electrical conductivity of the pore
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water is greater than that of the bulk soil. The electrical
conductivity of a saturated porous medium can be
represented by the following model [33]:

 kgskow(1 4 €)

ke = 36
¢ kow + ekss ( )

where k, is the surface conductivity of the clay particles
and k,, is the conductivity of the pore water. When the
pore fluid concentration is relatively low, surface conduc-
tivity plays the major role in controlling the electrical
conductivity of the clay [26]. Mohamedelhassan and Shang
[33] found that soil surface conductivity is proportional to
the pore fluid salinity and soil void ratio.

3.4 Void ratio and conductivity/permeability updates

The nonlinear relationship between conductivity or per-
meability and void ratio has been accounted for in the
above formulation. However, the method for updating the
void ratio or porosity needs to be introduced here. First, let
¢’ represent the void ratio at time ¢. As the volume changes
during soil deformation, the relationship for the incre-
mental void ratio at time ¢ + Ar may be given by

A =J(1+e) -1 (37)

where J is the Jacobian of the deformation gradient tensor.
In an updated Lagrangian approach where time step
increments Az are assumed to be small enough to justify
neglecting the contribution from the second-order strain
components during each step, the volume strain increment
may be approximated by the trace of the linear strain
tensor, so that J ~ 1 + tre. The void ratio, which is
updated and stored at each integration point, can then be
expressed as [25, 29]

M = (1+ue)(l+e)—1=e+(14¢)re (38)

Note that, when dealing with large deformation and
rotation, some care needs to be taken regarding changes in
the conductivity and permeability tensors due to rigid body
rotation, if the material is initially anisotropic. This effect
is expressed as

t+Ar _ pT t

k' =R"-k_ -R (39)
where k, represents the conductivity or permeability
matrices of the hydraulic, electro-osmosis and electrical
components, and R is the local rotation matrix which

corresponds to the appropriate rotations of the coordinate
axes [9, 25, 35].

3.5 Final governing equations

By taking account of the constitutive equations, Eqgs. (27),
(31) and (35), the primary variables, namely the
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displacements, pore pressure and electrical potential, are
coupled through the governing equations at large strain.
The mechanical equilibrium, mass balance of water and
mass balance of electric charge, i.e. Eqs. (10), (19) and
(20) can then be recast in weak form as follows:

/ D, - de - dedV' + / (dQ - 6" + 6" - dQ") - sedV’

V/ VI
+ /Idpést’—i—/o’-éndV’ = /b’+A’-5udV’
Vi Vi Vi
+ /t”m - ouds’ — / ¢ - dedV’ (40)
5 Vi

w

ky,
/ V-vSSpdV + / (y—(Vp—WWZ)—i—keOVV) VépdV' =0
V/ 1

/ (ko VV) - (VSV)AV' = 0

where Ju, dp and 6V are the virtual displacements, virtual
pore water pressure and virtual electric potential,
respectively.

4 Finite element implementation
4.1 Spatial discretization

The finite element method [25, 45] has been used to solve
the coupled system of equations, Eq. (40), i.e. as functions
of the respective element nodal value vectors u., p. and V..
Hence the unknown dependent variables are discretized
over the whole domain using the element shape function
matrices Ny, N,, and Ny:

u = N,u,
p= Nppe (41)
V=NyV.

where u, p and V are the respective dependent variables
of displacement, excess pore pressure and electrical
potential.

The Galerkin procedure is used to obtain the weak form
of the governing equations. Hence the following system of
fully coupled equations is derived in matrix form:

[Kep + Kt + Lp = F™
LT+ Kp + K,V = Q2 (42)

< ext

KO’SV = QV

where the definitions of the coefficient matrices and the
load and flow vectors are given in “Appendix”.
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4.2 Time stepping and solution procedure

The governing equations of the coupled system, Eq. (42),
can be written as

CX + KX = W™ (43)
where

Ky L 0 0 0 0
C=|L" 0 0 [ K=|0 K. K],

0 0 K. 0 0 0

u
X={p % X= QeXt

A%

in which K;; = [K¢, + K,].

A finite difference time stepping scheme is employed to
solve Eq. (43). Applying the commonly used theta-method
gives [25, 44]

C{X, — Xo 1} + AK{(1 — 0)X,_; + 0X,}
_ AI{QWCXt 4 (1 _ 0) ext } (44)

where 0 is an integration parameter in the range 0 < 0 < 1
and 0 > 0.5 for unconditional stability, and Az is the time
step size. If 6 = 1.0, the method gives the classical
backward Euler scheme:

C{X, — X,_1} + AKX, = AW (45)

Due to the material and geometric nonlinearity, this
equation must be solved by iteration. Using the Newton—
Raphson method, the residual vector of the coupled system
is defined as

R(X,) = AW." — C{X, — X, } — AKX, (46)

The iterative updating scheme is then
OX = (C(X,) + AK(X,) 'Ry (X])
AX] = AXI! 4+ 5XY (47)
X/ =X, | +AX/

where superscript j indicates the iteration number. During
the iteration process within each time step, the displace-
ments, pore pressure and electric potential are continuously
updated, with the iterations terminating once the unbal-
anced forces are small enough. Moreover, due to the
nonlinear geometric stiffness matrix K, and global con-
ductivity matrix K, the overall matrix system to be solved
is non-symmetric, so that a non-symmetric matrix solver
must be employed.

5 Numerical simulations

In this section, the proposed formulation is validated and
tested in the analysis of several numerical examples.
Firstly, the proposed large strain model is validated against
experimental data. As mentioned previously, no suitable
numerical solutions exist for the problem of large strain
electro-osmosis consolidation, and few analytical solutions
and documented experiments have been developed or
performed. However, one example is the 1D electro-
osmosis consolidation cell test reported by Feldkamp and
Belhomme [19]. The experimental cell contained a col-
loidal silica column that was subjected to large strain
electro-osmosis consolidation. The numerical results of an
elasto-plastic simulation at large strain, with evolving
hydraulic conductivity and electro-osmosis permeability,
are here validated through comparison with the experi-
mental results.

In a second numerical test, another large strain 1D
model is investigated. This example highlights the differ-
ence between small and large strain analyses of elastic
electro-osmosis consolidation. Then, in a third numerical
test, the elasto-plastic behaviour of a 2D plane strain model
employing the Modified Cam Clay constitutive model, as
well as void ratio-dependent hydraulic conductivity, elec-
tro-osmosis permeability and electrical conductivity, is
investigated for a large strain electro-osmosis consolidation
problem. The results illustrate the importance of the elasto-
plastic formulation and void ratio-dependent electrical
conductivity in the simulation of electro-osmosis consoli-
dation. Finally, a field test of electro-osmosis treatment is
simulated for further verification; this example demon-
strates that the current intermittence and current reversal
which were used during the field test can be simulated by
the proposed approach.

In all examples, an eight-node quadrilateral finite ele-
ment is adopted for displacements, and this is coupled to a
four node quadrilateral element for modelling excess pore
water pressure and electrical potential. The flow due to
gravity is neglected in the first three examples, since the
problem size is small in each case.

5.1 Electro-osmosis test on a colloidal silica column

Feldkamp and Belhomme’s [19] experiment comprised a
column of Plexiglas, 30.5 cm in length and of 7.5 cm
internal diameter, packed with colloidal silica. Figure 1
shows a cross section through the silica specimen, as well as
the assumed boundary conditions used for the present
analysis. Displacements are prevented at the bottom of the
sample, the left and right boundaries are restrained only in
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top surface, whereas the remaining boundaries are imper-
meable. The cathode is the top boundary, the anode is the
bottom boundary, and the left and right boundaries are
impermeable with respect to electrical potential. As in the
experiment, the electric current is fixed at 0.104 A (corre-
sponding to a current density of 23.5 A/m?), although it was
reported that the applied voltage dropped from around 44 to
39.5 V during the experiment which lasted approximately
50 min. From the known current and initial voltage, the
initial electrical conductivity is calculated to be 0.163 S/m.
Also, as in the experiment, a back pressure of 179 kPa is
applied throughout the test to avoid possible cavitation
issues during negative pore pressure development.

With regard to the material properties, the hydraulic
conductivity and electro-osmosis permeability of the col-
loidal silica were reported to be [19]:

o254
kw = 1.4 x 107" —— (m/s)

1+4+e
(48)
1+e
15.89

1.36

keo = 3.0 x 108( ) (m?/V s)
in which e = 15.0 at the start of the test. Feldkamp and
Belhomme [19] obtained the relationship for ky, through
direct experimentation, whereas the relationship for k., was
derived by curve-fitting against the experimental results.
The Modified Cam Clay model is used here to describe the
constitutive relationship, and the following parameters are
used: plastic compression index, 4 = 3.87, which has been
back-calculated from the test results; unloading—reloading
index, k = A/5 = 0.774; friction constant, M = 0.772,
which corresponds to an assumed friction angle of 20°; and
Poisson’s ratio, v = 0.3.

The computed development of negative excess pore
pressure at the anode, during electro-osmosis consolidation,
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Fig. 2 Numerical results and experimental measurements of excess
pore pressure at the anode versus time

is compared with the experimental results of Feldkamp and
Belhomme [19] in Fig. 2. There is excellent agreement,
indicating that the proposed numerical model is correctly
modelling the coupled problem.

5.2 One-dimensional electro-osmosis consolidation

The second example involves the 1D elastic consolidation
of a vertical soil column due to an applied electrical
potential at the bottom boundary. This is presented to
further verify the proposed numerical model, by comparing
the simulation results with small strain results. The soil
column is 1 m high and is subjected to an electrical
potential of 10 V at the anode. The boundary conditions are
the same as for the first example (Fig. 1). The material
parameters used for the large strain and small strain models
are listed in Table 1 and are based on the initial conditions
for Mohamedelhassan and Shang’s [33] tests.

Figure 3 shows the average degree of consolidation
versus the time factor, defined by T, = k, - /(yy - m,, - L?),
in which m, is the coefficient of compressibility and L is
the drainage path length. The large strain model predicts a
faster rate of consolidation than the small strain model,
partly due to it considering the geometric stiffness matrix
which makes the stiffness strain dependent, but mainly
because geometry changes are taken into account so that
the drainage path length reduces with time (i.e. in contrast
to the small strain model in which it remains constant).

The excess pore pressure distributions with depth
(where the deformed mesh has been normalized against the
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Table 1 Material parameters used in second example (based on 0
B3 N e small strain
i I trai
Property Variable Value arge stram
Initial void ratio e 3.95 02}
Young’s modulus E 2.0 x 10° Pa
Poisson’s ratio v 0.3 =
Hydraulic conductivity ky, 1.72 x 1078 m/s _5' 0.4
Electro-osmosis permeability keo 147 x 1078 mzl(V s) < \\
N
Electric conductivity koe 0.802 S/m = ‘\‘
= \
5 06
4 ‘\
N
\\
0% N
N
----- small strain 0.8 \ \\\
\\ \\
large strain \\ \\
N
20% 1 0.05 0.2 0.6 ™\ o
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<
= Excess pore pressure (kPa)
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§ Fig. 4 Excess pore pressure versus normalized depth for various
) time factors
D
@
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D
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/
1
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Time factor, 7, =
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S 0.4 /
Fig. 3 Average degree of consolidation versus time factor for 1D =
consolidation by electro-osmosis =
<
: o £
current column height), for various time factors, are pre- K 0.6 -
sented in Fig. 4. The large strain model predicts a faster
development of the excess pore water pressure than the
small strain model. This is due to both the strain-dependent 08 1
stiffness of the large strain model and the geometry change | [ J »~2~ .. small strain
accounted for in the large strain model that makes the Jarge strain
electrical gradient greater than that in the small strain 1

model (in which the geometry is constant). As can be seen
in Fig. 4, although the pore pressure distributions for both
models are similar near the start of the consolidation (i.e.
T, = 0.05), as the consolidation progresses the large strain
results deviate from the small strain model (i.e. T, = 0.2,
0.6). However, both models predict the same excess pore
pressure profile at the steady state, since, as explained by
Yuan and Hicks [49], the final excess pore pressure is
controlled only by the voltage applied if the hydraulic
conductivity and electro-osmosis permeability remain
constant. Moreover, because of this, both models predict

Fig. 5 Settlement versus normalized depth for various time factors

a linear final pore pressure distribution between the
electrodes.

The settlements show similar changes with time factor
to the excess pore pressure, due to the coupling of the pore
water and soil skeleton; that is, the decrease in pore pres-
sure coincides with an increase in effective stress and so to
an increase in soil deformation. As shown in Fig. 5, the
large strain model gives smaller final settlements than the

@ Springer



136

Acta Geotechnica (2016) 11:127-143

0
----- small strain
large strain
0.2 1
=
=
="
= 0.4
=
o
N
=
£
S 0.6
V4
0.8 1
'l
T,= © 0.6
7’
’I
'I
1 .
2.5 4

Void ratio

Fig. 6 Void ratio versus normalized depth for various time factors

Free, drained

Anode, impermeable, roller
Cathode, free drained, roller

Fixed, impermeable

/1SS

Im

|l |
< g

Fig. 7 2D electro-osmosis consolidation model

small strain model, because the large strain model takes
account of the geometry-dependent nonlinear stiffness as
reported by Yuan and Hicks [49].

The changes in void ratio result from the increase in
effective stress in the soil sample. Figure 6 shows that the
void ratio decrease occurs mainly near the anode, as this is
where the largest negative pore pressures develop. Notice
that the final void ratios are the same in both models, due to
the final pore pressure profiles being the same for the two
models.

5.3 Two-dimensional elasto-plastic electro-osmosis
consolidation

A square domain of side length 1 m is presented in Fig. 7
and is used here to investigate elasto-plastic clay behaviour

@ Springer

during electro-osmosis consolidation. The boundary con-
ditions are as follows: the left edge is impermeable and on
rollers allowing only vertical movement; the right edge is
free draining and on rollers allowing only vertical move-
ment; the bottom boundary is impermeable and fixed; and
the top surface is free draining. In terms of electric
boundary conditions: the anode is along the left edge, the
right edge is the cathode and the horizontal boundaries are
impermeable to electric current. An electric potential of
5 V is applied at the anode. The material parameters are
selected from laboratory tests on the electro-osmosis of a
marine sediment, carried out by Mohamedelhassan and
Shang [33], including the following empirical expressions:

log ky = 1.1075¢ — 11.297
koo =327 x 108 —1.14 x 1078

o — 0.42(1 +e)
%7 1.29 + 0.33¢

(49)

The material parameters for the Modified Cam Clay
model are listed in Table 2 and are also derived from
Mohamedelhassan and Shang’s [33] laboratory tests. The
initial effective stresses have been assigned using the
effective unit weight of the soil and the coefficient of earth
pressure at rest. However, to avoid potential numerical
problems at very low stresses, a minimum effective stress of
1 kPa is assumed. The initial yield surface location is then
determined according to the effective pressure and assumed
over-consolidation ratio (OCR). Finally, the electric
potential is applied at the anode, and the displacements
and pore water pressure changes due to the consolidation
processes are computed.

The excess pore pressure versus time relationship at the
base of the anode is shown in Fig. 8. (Note that the current
model formulation does not set a limit on the tensile pore
pressures generated; for example, to account for the effects
of cavitation). The development of negative pore pressure
changes results in an increase in the effective stress, which
causes a decrease in the void ratio. Theoretically, the
magnitude of the electro-osmosis consolidation is governed
by the ratio of the electro-osmosis permeability and
hydraulic conductivity (k../k,,) of the soil, it being greater
for larger values of k.,/k,. Normally, the decrease of
hydraulic conductivity is much faster than the decrease of
electro-osmosis permeability with void ratio. Therefore,
the ratio k./k,, increases with the decrease in void ratio, so
that larger excess pore pressures develop (albeit more
slowly) than for a constant key/ky.

Figure 9 illustrates the evolution of settlement at the top
of the anode. It shows that large settlements are observed,
even though the equilibrium state has not been reached
after 60 days, demonstrating that large deformation theory
is necessary for electro-osmosis consolidation. Figure 10
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Table 2 Material parameters for the Modified Cam Clay model 0.00
(based on [33])
Void ratio at p’ = 1 kPa e 3.95 0.05 -
Poisson’s ratio v 0.3
Plastic compression index A 0.547 010
Unloading-reloading index K 0.064 '
Critical stress ratio M 1.172 T
Over-consolidation ratio OCR 1.0 w 0151
Coefficient of earth pressure at rest K 1.0 g
Total unit weight of soil v 14 kN/m* £ 0201
wn
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=
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5 Fig. 9 Settlement versus time at the top of the anode
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Fig. 8 Excess pore pressure versus time at the base of the anode ° 0.20 4
g o
€
shows the settlement profiles of the top surface for different a
times. The settlements are mainly developed near the 0.251
anode and, as the time increases, the difference in settle-
ment between the locations of the two electrodes becomes 0.30 3
. . . —6—25 days
larger. As already mentioned, the deformation is controlled
by the excess pore pressure due to the coupling behaviour 035 =50 days
between the pore water and soil skeleton, and the largest o 02 04 06 08 1

negative excess pore pressures are developed near the
anode. Similarly, Fig. 11 shows that the void ratio decrease
mainly occurs near the anode. In contrast, the void ratio
decrease near the cathode is negligible. Note that the initial
void ratio is larger at the top of the domain than at the
middle and bottom, and that the final void ratios at the
middle and bottom of the layer near the anode are almost
the same. This is because the region with the maximum
negative excess pore pressure extends from the bottom to
the middle of the soil domain, in the region near the anode,
which means that the effective stresses are almost the same
in that region.

Distance to anode (m)

Fig. 10 Surface settlement relative to the anode at different times

The electric current through the sample is plotted as a
function of time in Fig. 12, revealing that the current
reduces from around 3.9 to <2.8 A during the simulation
period. This is due to the void ratio decrease, during con-
solidation, causing an increase in the sample’s resistance to
the flow of electrical current. Figure 13 shows the initial
and final voltage distributions along the bottom boundary
between the two electrodes. The voltage drop near the
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Fig. 11 Final void ratio profile relative to the anode at different
depths
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Fig. 12 Electric current versus time relationship

anode is due to the electrical conductivity decreasing with
the increase of effective stress and is consistent with the
findings of laboratory investigations [23, 32]. However, the
voltage loss is not that significant, because, according to
Eq. (49), the electric conductivity does not decrease rap-
idly with decreasing void ratio.

Figure 14 presents the initial and final pre-consolidation
pressure distributions through the specimen, in which the

@ Springer

initial profile
N\
* --®--final profile
4 .
~ 3
3 3
D
50
S
S
2 4
1 4
0 T T T T
0 0.2 0.4 0.6 0.8 1

Distance to anode (m)

Fig. 13 Voltage profile along the bottom boundary relative to the
anode

pre-consolidation pressure is defined by p. in Eq. (22). It is
seen that the gain in pre-consolidation pressure is much
higher near the bottom of the anode than elsewhere. As the
total vertical stress was kept constant during the electro-
osmosis consolidation, the increase in pre-consolidation
pressure is approximately equal to the negative excess pore
pressure developed. It is also noted that the increase in pre-
consolidation pressure near the top of the anode is much
bigger than near the cathode where only a slight increase is
observed. It is found that, by applying electro-osmosis
consolidation, the strength improvement is not uniform; in
this illustration, it is very efficient near the anode, but has
almost no effect near the cathode.

5.4 Numerical study of a field test

A field test involving the electro-osmosis treatment of a
Norwegian quick clay, reported by Bjerrum et al. [7], is
simulated using finite element analysis to further verify the
proposed numerical model. The test site was located in As,
30 km south of Oslo, Oslofjord, Norway. The test involved
the installation of electrodes, of 10 m length and 19 mm
diameter, arranged in 10 rows spaced 2 m apart. In each
row, the electrodes (anodes or cathodes) were positioned at
a spacing of 0.6-0.65 m. They were pushed into the ground
to a depth of about 9.6 m, leaving 0.4 m above the ground,
and three displacement gauges (S1, S2 and S3) were
installed between the 4th and 5th electrode rows at depths
of 1, 4 and 8 m, respectively. The DC voltage was applied
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Fig. 14 Pre-consolidation pressure distributions: initial (leff) and final (right)

for 120 days, but with current intermittence and polarity
reversal.

The entire treatment area was subdivided into isolated
repetitive areas, and so a 2D plane strain model is here
adopted to simulate one repetitive area, as shown in Fig. 15.
Note that the consolidation in the weathered crust making
up the top 2 m is neglected, since it is a fairly stiff layer due
to drying and weathering effects. Therefore, a rectangular
domain of 2 m width and 7.6 m depth is simulated, with one
impermeable anode and one drained cathode, as seen in the
figure. The geotechnical properties of the soft clay, given in
Table 3, are obtained directly from Bjerrum et al. [7], as are
the electro-osmosis and hydraulic properties. Although
Modified Cam Clay parameters were not stated in the paper,
the plastic compression index 4 has been back-calculated
from the given compression index, C. = 0.4, using the
relationship 4 = C./2.3 = 0.174. Moreover, the ratio 1/k
generally varies in the range 5-10; in this analysis 6 is
chosen, so that k = 0.029. For triaxial compression, the
friction constant M is calculated from the relationship M =
6sin¢/(3 —sin ¢); by assuming a friction angle of 15°,
M = 0.567. The Poisson’s ratio is assumed to be 0.3,
whereas the initial effective stress and approximated pre-
consolidation pressure were given by Bjerrum et al. [7] and
are shown in Fig. 16.

The applied voltage was not constant during the field
test, since current intermittence and polarity reversal were
considered. The applied voltage in the field test and the
approximated input voltage are shown in Fig. 17. The
voltage between the electrodes was measured on days 8, 52
and 80, and revealed a considerable potential drop within
10 cm of the electrodes. During the numerical simulation,
the efficiency of the input voltage is considered to be
approximately 75 % before day 52, and 50 % during days
52-120, based on the field measurements.

A
7|

2m Weathered crust

|
7K

Impermeable

7.6 m

Cathode, free drained, roller
Anode, impermeable, roller

Fixed, impermeable

|l 2m N |
'~ !

Fig. 15 Geometry and boundary conditions of the 2D model

The settlements at depths of 1, 4 and 8 m, computed in
the large strain and small strain numerical analyses, as well
as the field data from settlement gauges S1, S2 and S3
installed at the corresponding locations, are shown in
Fig. 18. The results show that consideration of geometrical
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Fig. 16 Approximated initial effective stress and pre-consolidation
pressure profiles (based on [7])

nonlinearity causes a reduction in the settlements relative
to the small strain simulation and that this effect increases
with time as the consolidation progresses. However, the
differences between the two solutions are relatively small
in this example. This is because, although the settlements

are as high as 0.6 m, the strains are only moderate due to

the overall thickness of the layer.

Figure 18 shows excellent agreement between the
computed and measured settlements, especially for the first
70 days of the treatment period, at depths of 1 and 8 m.
However, the computed settlement at 4 m depth is smaller
than the measured settlement. The computed settlements
are larger than the measured values between days 70 and
120, at both 1 and 8 m depth. Finally, current intermittence

and current reversal are considered in the analysis. As can
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Fig. 18 Computed and measured settlement versus time at different
depths

be seen in Fig. 18, the impact of the current intermittence
between days 37 and 43, and the current intermittence and

reversal between days 51 and 58, have been well repro-
duced by the numerical simulation.

6 Conclusions

A formulation for the consideration of large strain elasto-
plastic electro-osmosis consolidation has been presented.
Three coupled governing equations for force equilibrium,
pore water transport and electrical transport are derived and
solved using finite elements. The elasto-plastic behaviour
of clay is considered by employing the Modified Cam Clay

constitutive model, and nonlinear variations in soil trans-
port parameters are incorporated by introducing a depen-
dence of the absolute soil conductivity or permeability
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(with respect to hydraulic, electro-osmosis and electrical
model components) on void ratio.

The proposed approach has been verified against a 1D
large strain electro-osmosis consolidation test, and the
numerical results show good agreement with the experi-
mental data. Following the verification, the performance
and applicability of the approach has been demonstrated via
three further numerical examples. A simple 1D numerical
simulation was conducted and evaluated, to highlight the
influence of considering large strain during electro-osmosis
consolidation. An idealized 2D electro-osmosis consolida-
tion problem, using the Modified Cam Clay constitutive
relationship, was then investigated. Changes in void ratio,
and consequent changes in the coefficients of hydraulic
conductivity and electro-osmosis permeability during the
electro-osmosis consolidation, could not be neglected,
because the coefficients of hydraulic conductivity and
electro-osmosis permeability are two of the dominating
factors in the consolidation process. Furthermore, the
voltage and current distributions were investigated, by
considering the change in the electrical conductivity. It was
demonstrated that the voltage drop near the anode, and the
current decrease during electro-osmosis which has been
found in many laboratory tests, can be simulated by the
proposed model. Moreover, the strength improvement in the
clay during the electro-osmosis was quantified. A signifi-
cant improvement in the pre-consolidation pressure was
found in the vicinity of the anode. Finally, a field test of
electro-osmosis treatment was analysed, to further demon-
strate the capability of the proposed numerical model. The
computed settlement at different depths showed good
agreement with the measured data.

The presented numerical examples have demonstrated
that the modelling of electro-osmosis consolidation has to
be performed carefully, according to realistic conditions.
Hence the consideration of large strain elasto-plastic
mechanical behaviour and nonlinear soil transport proper-
ties is often necessary.
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Appendix

The coefficient matrices in the set of discretized governing
equations, Eq. (42), are defined as follows:

Elasto-plastic stiffness matrix for small deformation:

K, = / B/ DB .dV (50)
Vv

where V is the volume.
Geometric stiffness matrix:

K, = / B/ 6B dV + / B pBy dV + / B}, ¢'BxLdV
Vv 14 Vv

(51)

where By, By and By, are the strain—displacement opera-
tors, and 6, ¢’ and p are the stress matrix caused by rota-
tion, the effective stress matrix and the pore pressure
matrix, respectively.

Global coupling matrix:

L= / B/IN,dV (52)
Vv

External loads vector:

F = / NjtdS + / NibdV (53)
S Vv

where t are the prescribed surface tractions, b are the body
forces and S is the surface.
Hydraulic flow matrix:

K.=— / 7w B kyB,dV (54)
v

where B, is the matrix containing the gradients of the pore
pressure shape functions N,,, and K,, is the hydraulic con-
ductivity matrix.
Electro-osmosis flow matrix:
Keo = — / B K.,BydV (55)
14

where By is the matrix of the gradients of the electric
potential shape functions Ny, and k., is the electro-osmosis
permeability matrix.

External fluid supply vector:

Q" = [ Nia,as (56)
S

where q,, is the prescribed surface flux.
Current flux matrix:

K, = / Bl k,.BydV (57)
\4

where k.. is the electrical conductivity matrix.
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External current supply vector:

Q' = / N7 q.dS (58)

N

where (. is the prescribed surface current flux.
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