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A new framework for sequential multiblock component methods is presented. This framework relies on a new version of regularized generalized canonical correlation analysis (RGCCA) where various scheme functions and shrinkage constants are considered. Two types of between block connections are considered: blocks are either fully connected or connected to the superblock (concatenation of all blocks). The proposed iterative algorithm is monotone convergent and guarantees obtaining at convergence a stationary point of RGCCA. In some cases, the solution of RGCCA is the first eigenvalue/eigenvector of a certain matrix. For the scheme functions x, \({\vert }x{\vert }\), \(x^{2}\) or \(x^{4}\) and shrinkage constants 0 or 1, many multiblock component methods are recovered.
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Appendix: An algorithm for maximizing a multi-convex continuously differentiable function
Appendix: An algorithm for maximizing a multi-convex continuously differentiable function
We consider a multi-convex continuously differentiable objective function \(f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) :\mathbb {R}^{p_1 }\times \cdots \times \mathbb {R}^{p_J }\rightarrow \mathbb {R}\) (i.e., for each j, f is a convex function of \(\mathbf{v}_j \) while all the other \(\mathbf{v}_k \) are fixed) and the following optimization problem:
$$\begin{aligned} \hbox {Maximize }f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) \hbox { subject to }{} \mathbf{v}_j^t \mathbf{v}_j =1,\hbox { }j=1,\ldots ,J. \end{aligned}$$

                    (91)
                

We note \(\nabla _j f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) \) the partial gradient of \(f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) \) with respect to \(\mathbf{v}_j \). We assume \(\nabla _j f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) \ne \mathbf{0}\) in this paper. This assumption is not too binding as \(\nabla _j f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) =\mathbf{0}\) characterizes the global minimum of \(f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) \) with respect to \(\mathbf{v}_j \) when the other vectors \(\mathbf{v}_1 ,\ldots ,\mathbf{v}_{j-1} ,\mathbf{v}_{j+1} ,\ldots ,\mathbf{v}_J \) are fixed. Therefore, we can introduce the unit norm partial gradient \(r_j \left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) =\nabla _j f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) /\left\| {\nabla _j f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) } \right\| \). Canceling the partial gradients of the Lagrangian function of (91) with respect to each \(\mathbf{v}_j \) and taking into account the normalization constraints yields the following stationary equations
$$\begin{aligned} \mathbf{v}_j =r_j \left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_J } \right) , \quad j=1,\ldots ,J. \end{aligned}$$

                    (92)
                

Solutions of (92) are called stationary points of (91). We propose the following Algorithm 2 to solve (91):
[image: figure b]





                           Algorithm 2 Gradient algorithm for problem (91). The threshold \(\varepsilon \) is a small positive constant that determines the desired accuracy of the algorithm.
In the case of a single block \((J=1)\), Algorithm 2 is similar to the gradient-based algorithm proposed by Journée, Nesterov, Richtátik and Sepulchre 
(2010) for maximizing a convex function of several variables with spherical constraints (see Problem 27, p. 529). For studying the convergence properties of Algorithm 2, it is useful to introduce some notations: \(\Omega _j =\left\{ {\mathbf{v}_j \in \mathbb {R}^{p_j };\left\| {\mathbf{v}_j } \right\| =1} \right\} \), \(\Omega =\Omega _1 \times \Omega _2 \times \cdots \times \Omega _J \), \(\mathbf{v}=\left( {\mathbf{v}_1 ,\mathbf{v}_2 ,\ldots ,\mathbf{v}_J} \right) \in \Omega \), \(c_j :\Omega \rightarrow \Omega \) is an operator defined as \(c_j \left( \mathbf{v} \right) =\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_{j-1} ,r_j (\mathbf{v}),\mathbf{v}_{j+1},\ldots ,\mathbf{v}_J} \right) \), and \(c:\Omega \rightarrow \Omega \) is defined as \(c=c_J \circ c_{J-1} \circ \cdots \circ c_1 \). We consider the sequence \(\left\{ {\mathbf{v}^s =\left( {\mathbf{v}_1^s ,\ldots ,\mathbf{v}_J^s } \right) } \right\} \) generated by Algorithm 2. Using the operator c, the “for loop” and equations (93) inside Algorithm 2 can be replaced by the following recurrence relation:
$$\begin{aligned} \mathbf{v}^{s+1}=c\left( {\mathbf{v}^{s}} \right) . \end{aligned}$$

                    (94)
                

Note that the set of stationary points of problem (91) is equal to the set of fixed points of c. To study the convergence properties of Algorithm 2, we will consider the infinite sequence \(\left\{ {\mathbf{v}^s } \right\} _{s=0}^\infty \) generated by (94). The convergence properties of Algorithm 2 are summarized in the following proposition:

                  Proposition 1

                  Let \(\left\{ {\mathbf{v}^s } \right\} _{s=0}^\infty \) be any sequence generated by the recurrence relation \(\mathbf{v}^{s+1}=c\left( {\mathbf{v}^{s}} \right) \) with \(\mathbf{v}^{0}\in \Omega \). Then, the following properties hold:
	
                        (a)
                        
                          The sequence \(\left\{ {f\left( {\mathbf{v}^{s}} \right) } \right\} \) is monotonically increasing, and therefore, convergent as f is bounded on \(\Omega \). This result implies the monotonic convergence of Algorithm 2.

                        
                      
	
                        (b)
                        
                          If the infinite sequence \(\left\{ {f\left( {\mathbf{v}^{s}} \right) } \right\} \) involves a finite number of distinct terms, then the last distinct point satisfies \(c\left( {\mathbf{v}^{s}} \right) =\mathbf{v}^{s}\) and therefore is a stationary point of problem (91).

                        
                      
	
                        (c)
                        
                          The limit of any convergent subsequence of \(\left\{ {\mathbf{v}^s } \right\} \) is a fixed point of c.

                        
                      
	
                        (d)
                        
                          
                                          \(\lim \limits _{s\rightarrow \infty } f\left( {\mathbf{v}^{s}} \right) =f\left( {\mathbf{v}^{*}} \right) ,\) where \(\mathbf{v}^*\) is a fixed point of c.

                        
                      
	
                        (e)
                        
                          The sequence \(\left\{ {\mathbf{v}^s =\left( {\mathbf{v}_1^s ,\ldots ,\mathbf{v}_J^s } \right) } \right\} \) is asymptotically regular: \(\lim \limits _{s\rightarrow \infty } \sum \limits _{j=1}^J {\left\| {\mathbf{v}_j^{s+1} -\mathbf{v}_j^s } \right\| } =0\). This result implies that if the threshold \(\varepsilon \) for the stopping criterion in Algorithm 2 is made sufficiently small, the output of Algorithm 2 will be a stationary point of (91).

                        
                      
	
                        (f)
                        
                          If equation \(\mathbf{v}=c\left( \mathbf{v} \right) \) has a finite number of solutions, then the sequence \(\left\{ {\mathbf{v}^s } \right\} \) converges to one of them.

                        
                      


                           
                Note that points (a) and (b) concern the behavior of the sequence of values \(\left\{ {f\left( {\mathbf{v}^{s}} \right) } \right\} \) of the objective function, whereas points (c) to (f) are about the behavior of the sequence \(\left\{ {\mathbf{v}^s =\left( {\mathbf{v}_1^s ,\ldots ,\mathbf{v}_J^s } \right) } \right\} \). The results given in the following lemma are useful for proving Proposition 1.

                  Lemma 1

                  Consider the set \(\Omega \), the function \(f:\Omega \rightarrow \mathbb {R}\) and the operator \(c:\Omega \rightarrow \Omega \) defined above. Then, the following properties hold:
	
                        (i)
                        
                          
                                          \(\Omega \) is compact set;

                        
                      
	
                        (ii)
                        
                          
                                          c is a continuous operator;

                        
                      
	
                        (iii)
                        
                          
                                          \(f\left( \mathbf{v} \right) \le f\left( {c\left( \mathbf{v} \right) } \right) \) for any \(\mathbf{v}\in \Omega \);

                        
                      
	
                        (iv)
                        
                          If \(f\left( \mathbf{v} \right) =f\left( {c\left( \mathbf{v} \right) } \right) \), then \(c\left( \mathbf{v} \right) =\mathbf{v}\).

                        
                      


                           
                
                  Proof of Lemma 1

                  
                              Point (i): 
                              \(\Omega \) is compact because it is the Cartesian product of J compact sets.

                  
                              Point (ii): 
                              f being a continuously differentiable function, \(r_j \) is continuous. This implies that \(c_j :\Omega \rightarrow \Omega \) is a continuous operator. The operator \(c=c_J \circ c_{J-1} \circ \cdots \circ c_1 \) is also continuous as composition of J continuous operators.

                  
                              Point (iii): Let \(\mathbf{v}=\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_j,\ldots ,\mathbf{v}_J} \right) \in \Omega \). First, we want to find an update \({{\hat{\mathbf{v}}}}_j \in \Omega _j \) of \(\mathbf{v}_j\) such that \(f\left( \mathbf{v} \right) \le f\left( {\mathbf{v}_1,\ldots ,\mathbf{v}_{j-1} ,{{\hat{\mathbf{v}}}}_j ,\mathbf{v}_{j+1},\ldots ,\mathbf{v}_J} \right) \). For that purpose, we use the following inequality which states that a convex function lies above its linear approximation at \(\mathbf{v}_j\) for any \({\tilde{\mathbf{v}}}_j \in \Omega _j \):
$$\begin{aligned} f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_{j-1} ,{\tilde{\mathbf{v}}}_j ,\mathbf{v}_{j+1},\ldots ,\mathbf{v}_J} \right) \ge f\left( \mathbf{v} \right) +\left( {\nabla _j f\left( \mathbf{v} \right) } \right) ^{t}\left( {{\tilde{\mathbf{v}}}_j -\mathbf{v}_j} \right) =\ell _j \left( {{\tilde{\mathbf{v}}}_j ,\mathbf{v}} \right) . \end{aligned}$$

                    (95)
                

Using the Cauchy–Schwartz inequality, we obtain the unique maximizer \({{\hat{\mathbf{v}}}}_j \in \Omega _j \) of \(\ell _j \left( {{\tilde{\mathbf{v}}}_j ,\mathbf{v}} \right) \) with respect to \({\tilde{\mathbf{v}}}_j \in \Omega _j \):
$$\begin{aligned} {{\hat{\mathbf{v}}}}_j =\arg \mathop {\max }\limits _{{\tilde{\mathbf{v}}}_j \in \Omega _j } \ell _j \left( {{\tilde{\mathbf{v}}}_j ,\mathbf{v}} \right) \hbox { }=\nabla _j f\left( \mathbf{v} \right) /\left\| {\nabla _j f\left( \mathbf{v} \right) } \right\| =r_j \left( \mathbf{v} \right) . \end{aligned}$$

                    (96)
                

We deduce from (95) the following inequalities:
$$\begin{aligned} f\left( \mathbf{v} \right) =\ell _j \left( {\mathbf{v}_j ,\mathbf{v}} \right) \le \ell _j \left( {r_j \left( \mathbf{v} \right) ,\mathbf{v}} \right) \le f\left( {\mathbf{v}_1 ,\ldots ,\mathbf{v}_{j-1} ,r_j \left( \mathbf{v} \right) ,\mathbf{v}_{j+1} ,\ldots ,\mathbf{v}_J} \right) =f\left( {c_j \left( \mathbf{v} \right) } \right) .\nonumber \\ \end{aligned}$$

                    (97)
                

This implies that updating \(\mathbf{v}_j\) by \({{\hat{\mathbf{v}}}}_j =r_j \left( \mathbf{v} \right) \) increases \(f\left( \mathbf{v} \right) \) (or \(f\left( \mathbf{v} \right) \) stays the same). Moreover, the following inequality is deduced from (97) for each \(j=2,\ldots ,J\):
$$\begin{aligned} f\left( {c_{j-1} \circ \cdots \circ c_1 \left( \mathbf{v} \right) } \right) \le f\left( {c_j \circ c_{j-1} \circ \cdots \circ c_1 \left( \mathbf{v} \right) } \right) . \end{aligned}$$

                    (98)
                

This yields the desired inequalities for any \(\mathbf{v}\in \Omega \):
$$\begin{aligned} f\left( \mathbf{v} \right) \le f\left( {c_1 \left( \mathbf{v} \right) } \right) \le f\left( {c_2 \circ c_1 \left( \mathbf{v} \right) } \right) \le \cdots \le f\left( {c_J \circ \cdots \circ c_1 \left( \mathbf{v} \right) } \right) =f\left( {c\left( \mathbf{v} \right) } \right) . \end{aligned}$$

                    (99)
                


                              Point (iv): If \(f\left( \mathbf{v} \right) =f\left( {c\left( \mathbf{v} \right) } \right) \) for \(\mathbf{v}\in \Omega \), then (99) implies
$$\begin{aligned} f\left( \mathbf{v} \right) =f\left( {c_1 \left( \mathbf{v} \right) } \right) =f\left( {c_2 \circ c_1 \left( \mathbf{v} \right) } \right) =\cdots =f\left( {c_J \circ \cdots \circ c_1 \left( \mathbf{v} \right) } \right) =f\left( {c\left( \mathbf{v} \right) } \right) . \end{aligned}$$

                    (100)
                

Using (97), the equality \(f\left( \mathbf{v} \right) =f\left( {c_1 \left( \mathbf{v} \right) } \right) \) implies \(\ell _1 \left( {r_1 \left( \mathbf{v} \right) ,\mathbf{v}} \right) =\ell _1 \left( {\mathbf{v}_1 ,\mathbf{v}} \right) \) and therefore \(\mathbf{v}_1 =r_1 \left( \mathbf{v} \right) \) as \(r_1 (\mathbf{v})\) is the unique maximizer of \(\ell _1 \left( {{\tilde{\mathbf{v}}}_1 ,\mathbf{v}} \right) \) with respect to \({\tilde{\mathbf{v}}}_1 \in \Omega _1 \). From this result, we deduce \(\mathbf{v}=\left( {\mathbf{v}_1 ,\mathbf{v}_2 ,\ldots ,\mathbf{v}_J} \right) =\left( {r_1 (\mathbf{v}),\mathbf{v}_2 ,\ldots ,\mathbf{v}_J} \right) =c_1 \left( \mathbf{v} \right) \) and then, by transitivity,
$$\begin{aligned} \mathbf{v}=c_1 \left( \mathbf{v} \right) =c_2 \circ c_1 \left( \mathbf{v} \right) =\cdots =c_J \circ \cdots \circ c_1 \left( \mathbf{v} \right) =c\left( \mathbf{v} \right) . \end{aligned}$$

                    (101)
                


                           
                
                  Proof of Proposition 1

                  
                              Point (a): Point (iii) of Lemma 1 implies that the sequence \(\left\{ {f\left( {\mathbf{v}^s } \right) } \right\} \) is monotonically increasing, and therefore, convergent as the continuous function f is bounded on the compact set \(\Omega \).

                  
                              Point (b): If the infinite sequence \(\left\{ {f\left( {\mathbf{v}^s } \right) } \right\} \) has a finite number of distinct terms, it cannot be a strictly increasing sequence and consequently there exists some integer M such that \(f\left( {\mathbf{v}^0 } \right)<f\left( {\mathbf{v}^1 } \right)<\cdots <f\left( {\mathbf{v}^M } \right) =f\left( {\mathbf{v}^{M+1} } \right) \). Then, Point (iv) of Lemma 1 implies that \(\mathbf{v}^M \) is a fixed point of c.

                  
                              Points (c) to (f): They are deduced from a direct application of Meyer’s monotone convergence theorem (Theorem 3.1 in Meyer, 1976). This theorem gives quite general conditions under which a sequence \(\left\{ {\mathbf{v}^s } \right\} \) produced by an algorithm that monotonically increases a continuous objective function will converge. Meyer considered the case of a point-to-set operator \(c:\Omega \rightarrow \mathscr {P}\left( \Omega \right) \), where \(\mathscr {P}\left( \Omega \right) \) is the set of all nonempty subsets of \(\Omega \). In this paper, c is a point-to-point operator and the conditions of Meyer’s theorem reduce to the three following conditions (see Fessler, 2004): (1) c is a continuous operator; (2) c is strictly monotone (increasing) with respect to f; and (3) c is uniformly compact on \(\Omega \). Condition (2) means that points (iii) and (iv) of Lemma 1 are verified. Condition (3) means that there exists a compact set K such that \(c\left( \mathbf{v} \right) \in K\) for all \(\mathbf{v}\in \Omega \). According to Lemma 1, these three conditions are satisfied for Algorithm 2 and therefore, Meyer’s theorem can be applied to any sequence \(\left\{ {\mathbf{v}^{s}} \right\} \) produced by the recurrence equation \(\mathbf{v}^{s+1}=c\left( {\mathbf{v}^{s}} \right) \) with \(\mathbf{v}^{0}\in \Omega \). Thus, the following results are obtained:
	
                        (1)
                        
                          All subsequence limit points of \(\left\{ {\mathbf{v}^{s}} \right\} \) are fixed points of c;

                        
                      
	
                        (2)
                        
                          
                                          \(f\left( {\mathbf{v}^{s}} \right) \rightarrow f\left( {\mathbf{v}^{*}} \right) ,\) where \(\mathbf{v}^{*}\) is a fixed point of c;

                        
                      
	
                        (3)
                        
                          
                            \(\sum \limits _{j=1}^J {\left\| {\mathbf{v}_j^{s+1} -\mathbf{v}_j^s } \right\| } \rightarrow 0;\)
                          

                        
                      
	
                        (4)
                        
                          Either \(\left\{ {\mathbf{v}^{s}} \right\} \) converges or the subsequence limit points of \(\left\{ {\mathbf{v}^{s}} \right\} \) form a continuum.

                        
                      

Point (4) implies that if equation \(\mathbf{v}=c\left( \mathbf{v} \right) \) admits a finite number of solutions, the sequence \(\left\{ {\mathbf{v}^{s}} \right\} \) converges to one of them.
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