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Abstract Experimental evidence suggests that individual consumption has not only
personal value but also enters the social part of the utility. Existing models of social
preferences make ad hoc parametric assumptions about the nature of this duality. This
creates a problem of experimental identification of preferences since without such
assumptions it is impossible to distinguish whether consumption or social concerns
are driving the behavior. Given observed choice, the Axiomatic model of preferences
in this article makes it possible to unambiguously determine personal and social util-
ity without any assumptions about their relationship. The unique separation can be
achieved only if the individual choices in different subgroups of other people are avail-
able. Preferences over consumption and status are used as an example to demonstrate
how the utility is constructed. The model shows what kind of information about choice
is needed to empirically determine the nature of social preferences without making
restrictive assumptions. This can help to estimate whether personal consumption or
social value is more important in economic decisions.

Keywords Axiomatic systems - Experiments - Social preferences - Status -
Subjective probability
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1 Introduction

It is a well-established fact that people have strong tendency to compare themselves
with their social group. Deviations from selfishness due to distributional concerns
were found in many experimental settings: markets (Ball et al. 2001); public goods
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(Andreoni 1995; Fehr and Gichter 2000); Ultimatum games (Giith et al. 1982; Costa-
Gomes and Zauner 2001). One way to rationalize the behavior in these experiments is
to assume that utility is a function of the payoffs of others. This modeling technique
was used in several studies: inequality aversion, reciprocity, and fairness (Fehr and
Schmidt 1999; Bolton and Ockenfels 2000; Rabin 1993); altruism and spitefulness
(Levine 1998); status seeking (Frank 1985). The goal of this avenue of research is
to find social utility that explains the behavior in as many settings as possible. The
following principle is generally used. An assumption is made about the nature of
interdependence in preferences, for example, inequality aversion, status seeking, or
altruism; some parametric functional form is proposed and the estimates of its param-
eters are found from the data.

There are several difficulties with this approach. First, the behavior in many exper-
iments can be consistent with different assumptions on the nature of interdependence.
For example, proposing non-zero amount in the Dictator game can be explained by
inequality aversion, altruism, or even status se:eking.1 Likewise, the behavior in the
Ultimatum game can be explained by any of the three models. Second, it is impossi-
ble to pin down relative importance of personal and social utility in the environments
where personal and social incentives are aligned. For example, people’s preference for
big cars over small ones can have very different driving force: it can be simply personal
preference; it can be an attempt to “keep up with the Jonses;” or it can be the desire
for less inequality (given that your car is smaller than average). Third, the models
cited above are normally tested in experiments that involve games, thus confounding
the effects of interdependence with intentionality (McCabe et al. 2003) which plays
important role in game theoretic settings (Falk et al. 2008).?

The problems mentioned above make it hard to conclude what is the true nature
of interdependence in preferences and how to determine it unambiguously from the
observed choice. There are many reasons why knowing this is important. Sobel (2009)
and Dufwenberg et al. (2008) show that separable other-regarding preferences are
necessary to achieve market efficiency. Therefore, testing separability hypothesis is
crucial for applicability of theories based on general equilibrium. Another important
factor is the shape of social utility. Suppose that we discovered that people are more
inequality averse than status seeking. In this case, government policies directed at
more equal wealth distribution can increase social welfare. However, if the reverse is
true, such policy can lead to inefficiency as people might allocate resources away from
consumption and toward status competition. If status seeking is prevalent then taxing
consumption might be Pareto improving as it will decrease excessive spending on sta-
tus goods (Layard 1980). This is the case because utility from status does not change
if everyone decreases their status goods consumption, but personal utility increases as
the money once spent on status goods is now spent on personal consumption goods.

Another empirical question is How big is social utility comparing to the personal
one? For example, it is clear that in many environments people spend resources on

I Cummins (2005) discusses the evidence of high-status individuals proposing “gifts” or “protection” to
low-status ones without expecting anything in return.

2 Players in the extensive form game show intentionality when they try to understand others’ intentions
after some choice has been made. For example, McCabe et al. (2003) show that simple addition of an action
in the beginning of the game that is rarely taken influences the consecutive behavior of the second movers.
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status competitions. If status is relatively unimportant, then policies to reduce overcon-
sumption might not be necessary. If the opposite is true, as argued in classical studies of
Smith (1759) and Veblen (1899), then government can increase welfare by eliminating
the incentives to be involved in status seeking.® The knowledge of the structure of inter-
dependence in preferences is important in different areas of economic research. For
example, it can suggest better policies for designing incentives inside the firm (Auriol
and Renault 2008); bring better understanding of international economic migration
(Massey et al. 1993); or help explain consumption patterns (Charles et al. 2009).

This article is an attempt to develop a theoretical framework that makes it possi-
ble to uncover social preferences from the observed choices. Within this framework,
it should be also possible to make absolute quantitative comparisons between social
and personal preferences and between preferences revealed in different environments.
I show that if preferences are consistent with certain Axioms, then, in the equiva-
lent utility representation, the shape of social utility as well as its size relative to the
personal utility can be determined unambiguously. In order to achieve this unique
identification, I assume that the choices of the same person are observed in more than
one social group. The difference in preferences between the groups is then used to
determine the utility.

The search for the Axiomatic systems and equivalent representations in this article
is guided by the desire to have simple testable Axioms and tractable utility that can
be used in further research. The proposed Axioms are simple and easy to test and the
utility form that they imply has straightforward meaning with few parameters. The
framework, therefore, suggests experimental designs and points at the requirements
for the empirical data that are necessary for testing the hypotheses about the properties
of social utility. This makes it possible to find out the nature of interdependence with-
out using parametric assumptions on the shape of the utility and without confounding
it with intentionality.

The shape of the utility is limited only by assumptions and Axioms necessary for
unique separability of consumption and social utilities (see Definitions 1 and 3 and
Axioms E1-E5).* However, I use status seeking to illustrate how the model works.
There are several reasons for this. First, the desire for both status and consumption
drive the behavior in the same direction, thus making it most challenging to separate
their effects. Second, growing body of literature supports the hypothesis that envy and
the resulting desire for status are evolved traits of humans beings (Cummins 2005).
Economic experiments also confirm this (Vostroknutov et al. 2011).

Ok and Kockesen (2000) study similar model in which the agent has preferences
over her possessions and the distribution of possessions of others (though without
considering different social groups). They describe the Axioms that give rise to the
negatively interdependent preferences that depend only on the possessions of the agent
and the mean of the distribution. The authors overcome the unidentifiability problem
by assuming that personal consumption is linear in the amount of goods and inter-
dependence in preferences is negative (status). In my approach, the possibility of

3 See De Graaf et al. (2005) for a variety of anecdotal examples of overconsumption.

4 In particular, certain forms of altruistic utility cannot be covered in proposed framework (see discussion
after Axiom E4.).
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comparison between groups makes it possible to have arbitrary interdependence and
consumption parts of the utility function.

The article is organized as follows. In Sect. 2, I use examples to discuss conceptual
problems with separability of social and personal parts of the preferences. Section 3
describes the basic framework and two approaches to representing the social part of
the preferences. In Sects. 4 and 5, the models with single and multiple distributions
are described. Section 6 contains discussion on why group size might matter for social
preferences. Proofs of the theorems and lemmata can be found in Sects. 7 and 8.
Section 8§ contains some additional results.

2 Separability of consumption and status

People choose to buy some goods purely for consumption purposes, for example cheap
food. Other goods are bought for status reasons. However, some goods are chosen for
both reasons at once. A good example is cars. People like cars because they are con-
venient. However, it can hardly be denied that certain cars are produced and bought
for status reasons as well.

In order to model social preferences, it is, thus, important to have consumption
and social parts of the utility intertwined. How should these parts be represented?
The consumption part of the preferences should be independent of anything related
to others. Consider a man stranded on an island alone with a luxurious car. We can
find out the utility U.(xo) that the man derives from the car since it can still be used to
take him from point A to B.> This utility is pure consumption utility, independent of
anything related to others since there is no one else on the island. Now suppose that
suddenly a group of tourists arrive together with their cars. If the man is status seeking,
he would compare his car to other cars and prefer his car to be better than as many
of them as possible. Thus, the utility of the car might change to, say, U (xo, 1) where
wu represents the characteristics of all other cars. However, it is still safe to assume
that the man keeps liking his car as a mean of transportation. Therefore, I assume
that U (xg, i) = Uc(x0) 4+ Us(x0, ) where Ug(xg, p) represents the social utility that
“appeared” once others have arrived.®

Now, suppose we can only observe the man in the presence of others. We deduce
his utility to be Uc(xo) + Us(xg, ). But can we claim that U, (x¢) is the consumption
utility and Us(xp, ) is the social utility? Here is a problem. Choose any function
g(x0) and redefine the utility as U (xg, 1) = g(xo) + Us (xo, i), where U (x, n) =
U (x0, ) + Uc(xg) — g(x0). So, now g becomes the utility for consumption! This
shows that it is impossible in principle to separate status or any other social preference
from consumption in a unique way when we observe individual choices that conform
with utility U.

One way around this is to assume that we can observe the choices of the agent inside
different social groups as well as between the groups. Consider another example of

5 X0 represents some characteristics of the car.

6 Similar additive structure is used in Maccheroni et al. (2008). Bell and Keeney (2008) also use additive
utility.
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preferences of a game theorist over the number of publications in top economics
journals and two social groups: “economists” and “biologists.” Assume that, if the
game theorist has any social preferences at all, she cares more about economists than
biologists. This means that there are distributions of possessions of others such that
she is not indifferent to which group to belong (given some fixed number of personal
publications).”

If game theorist reveals that she prefers to have more publications than everybody
else while being among economists and she does not care about the number of her
publications while being among biologists (regardless of their publications in top eco-
nomics journals), then we can conclude that she does not derive any personal utility
from the number of publications, and that her true social preferences are revealed
through the comparisons with other economists. Such relations of preferences inside
different social groups therefore can uncover the shape of social utility.

Another important piece of information about preferences can be elicited from the
choices between groups. Imagine that game theorist reveals that she cares about rela-
tive number of her publications among economists as well as among biologists but to
lesser extent. Also suppose that, when asked to which group she wants to belong, game
theorist is indifferent as long as all economists and biologists do not have any publi-
cations. This means that for the specific distribution of publications of others (nobody
has any) game theorist chooses as if groups do not exist. This information can be used
to reconstruct the personal part of her preferences which is the same across two groups.
The answers to the questions like “Do you prefer to have a or b publications given
that no one else has any?” thus reveal her personal preference for own publications.
After that, social preferences in each group can be found by “subtracting” the unique
personal preferences.’

I show that it is possible to construct utility, unique up to a positive affine trans-
formation, as long as the comparisons like the above can be made. In the example,
preferences can be represented by two functions: Uj(xo, ) = Uc(xo) + Us1(x0, 1)
and Uz (xo, ) = Uc(x0) + Usa(xo, ;) which correspond to the two groups. Notice
that the personal utility U, is group independent. The pivotal assumptions that are
necessary for this result are (1) preferences are observed inside different groups and
between them; (2) there are distributions of possessions of others such that the agent
cares to which group to belong; (3) there are distributions of possessions of others
such that the agent does not care to which group to belong.

3 The framework

The world consists of agent 0 and a finite set S of other agents with |S| > 1 and
{0} ¢ S. We are interested in modeling the preferences of agent 0. Agent 0 has the

7 In this example, I assume that the game theorist has intrinsic preferences over the number of publications.
Another valid approach is to see the desire to have more publications than others as means to achieving
more personal consumption (Postlewaite 1998).

8 If there are more than two groups, then, as long as the game theorist is indifferent between any two groups
given the same possessions of others (no one has any publications), the same argument can be used to find
social preferences in all groups.
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measure of possessions and social status xo € X, where X is any non-empty set with
|X| > 2. This measure can be some aggregate that is calculated using the possessions
or some qualities of the agent, depending on the social group of interest. For example,
it can be the money value of all the goods that the agent has (X = Ry), or it can be
the possessions themselves (X = Rﬁr).9 The crucial assumption is that xo plays dual
role of bringing not only consumption but also social benefit.

Think of S as a “big” set of all people that agent O can possibly care about. This
can be, for example, people of the same profession, like all economists, or any other
big social group. It is realistic to assume that at any given time agent 0 does not take
into consideration everybody in S, but only some subset 7 € S. This subset can be,
for example, the people that are geographically close to agent O (economists on the
same economics department). An intuition behind this assumption might be like this:
everybody in T observes the possessions (social status) of agent 0, because they are
close to him and everybody else in S\T" does not directly see agent 0’s possessions
(status); agent 0 does not take into account the people who do not see his possessions,
but can potentially do so if they become aware of them (for example, if agent 0 moves
to different city, or another economics department).

The final assumption that I am making is that agent 0 observes the possessions
(status) of other agents in T'. In particular, he sees the distribution of possessions of
others in set X and can express preferences over his xo € X and distributions over
statuses of others in a given subgroup. In addition, I assume that agent O can report to
which of the two groups of others he would like to belong, given proposed levels of
his status and the distributions of possessions of others in both groups.

In principle, it is possible to have the utility representation for the preferences which
are defined only on elements of X without any uncertainty. However, this approach
faces a problem of multiplicity of utility functions (not up to a positive affine transfor-
mation). The assumption that preferences are defined over distributions of possessions
eliminates this problem making utility representation unique (up to a positive affine
transformation).

In the following two sections, I explore two different ways in which agent 0 can see
the distributions of others. One possibility is that for any group 7 C S agent O regards
the possessions of each individual in 7' as coming from a single distribution (Sect. 4).
Another possibility is that agent 0 considers separate distribution for each individual
agent in 7 (Sect. 5). The goal for both cases is to find a simple utility representation
and the set of simple Axioms equivalent to this representation that would allow for an
intuitive way of separating consumption and status preferences.

4 The model with single distribution

Assume that there are two fixed subgroups of others S1 and S,.'% Suppose that agent 0
has information only about distributions of possessions of others in these two groups
and no information about particular individuals inside the groups. From the empirical

9 The set X can be any set. Analogy with reals is brought only for illustration.

10 The axiomatization below can be easily generalized to any number of groups with minor modifications.
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perspective this situation happens, for example, when agent 0 faces a decision to which
neighborhood to move in and he has information about income distributions in each of
them. From the individual or game theoretic perspective, S and S can be thought of
as two individuals. In this case, agent O considers the distributions of their possessions.
Regardless of the interpretation, the important assumption here is that agent O thinks
of only one distribution of possessions attached to each group.

The preferences of agent 0 are defined over two separate sets A(X?) of simple
lotteries over X2.!! The two copies of A(X?) represent agent 0’s possessions and his
possible observations of the possessions of others in groups S; and ;. For any fixed
group and lottery, the first component of X2 represents the possessions of agent 0. The
conditional distribution of the second component given fixed xo from the support of
the first component represents agent 0’s possible observation of possessions of all other
agents in Sy or S». For example, the degenerate lottery (xo, x) € A(X?) represents
the situation in which agent 0 has possessions xo and each agent in, say, S; has pos-
sessions x. I assume that agent O might not know his own possessions with certainty,
but he knows the probabilities of realizations of his possessions and the observations
of the possessions of others, given those realizations. Let us assume that we observe
agent 0’s preferences over all lotteries &g, = €5, := A(X 2) in both groups of others.
Let £ := €5, U Eg, be the set of all possible lotteries over agent 0’s possessions and
possessions of others in both groups and let = be a preference relation over € with ~
and > being its symmetric and asymmetric parts.

The following notation will be used in this section. Let § = {Sj, S2} be a two
element set. For T € 8 write (xg, n)7 € Er as an element of A(X 2y such that the
possessions of agent O are fixed at xp and the possessions of all other agents in 7" are
distributed according to n € A(X). The expectation of a function with two arguments
is written as Ep[v(xg, x)] for h € A(Xz), oras Ey[v(xo, -)] for n € A(X), with first
argument fixed.

4.1 Separation of consumption and status

In this section, the minimal number of Axioms is given that allows for the intuitive sep-
aration of consumption from status. The first set of Axioms are the standard conditions
necessary to obtain expected utility representation for the preferences.

E1 = is reflexive, transitive, total,!? and non-trivial:

1.1 For all T € S, there are xg € X and n,v € A(X) such that (xg, n)7 >
(x0, V)T
1.2 There are x; € X and n* € A(X) such that (x3, n")s, > (x5, n%)s,
E2 Independence. Forall T € §,allh,z, w € Er and all @ € (0, 1)

h>7 = ah+ (1 —-—a)w>az+ (1 —a)w

1 get A(Xz) consists of all distributions ((xp;, x;) o pj)i=1...ny With finite support. Here x; is the pos-
sessions of agent 0, x;—possessions of others in one of the two groups, and p;—the probability of the
occurrence of the pair (xg;, X;).

12 Totality: a # b = [a =b Vv b = al.
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E3 Continuity. Forall T € §, all h, z, w € E7 there exist «, 8 € (0, 1)
h>=z>w —= ah+ {0 —-—a)w>z>Bh+(1—pw

Apart from the standard weak order assumptions, Axioms E'1 requires that >= is non-
trivial in two different ways: E1.1 asks for agent O to care about what others have; E1.2
asks for the existence of a pair (xj, n*) such that agent 0, given the choice between
two groups, prefers being in group S rather than S, with the same level of his and
others’ possessions. Throughout the exposition, the asymmetry between S; and S
will be maintained: agent 0 will be assumed to care more about Sj.

Axioms E2 and E3 are standard requirements for = to have expected utility rep-
resentation. Notice that these Axioms restrict »> only inside each fixed group and
they say nothing about the choices between groups. When eliciting preferences from
choices between lotteries, it might happen that E2 and/or E3 are violated (e.g., com-
mon ratio effect). However, the meta-analysis of many decision making experiments
(see Starmer (2000) for overview) shows that EU violations become salient only for
choices close to the border of the probability simplex. Thus, eliciting EU preferences
with lotteries in the middle of the simplex should be possible.

The next two Axioms are the minimal conditions that allow for the intuitively sen-
sible way to disentangle consumption part of the preferences from the status part (or
many other types of interdependency).'? The main idea is to fix agent 0’s possessions
xp € X and the possessions of others n € A(X) and see how he chooses between
the two groups. There are two possibilities: (1) agent O prefers one group to the other:
(x0, m)s; > (x0,1)s,; (2) agent O is indifferent: (xo, n)s; ~ (X0, n)s,. In the former
case, since everything but the group identity is fixed, agent 0’s choice must have been
influenced only by the properties of the groups. In the latter case, there are two pos-
sible explanations: agent O is indifferent, because he does not care at all to which
group to belong (which is ruled out by E1.2); or he does care about the groups, but
is indifferent in this particular case because of some property of 1 (for example, as
long as everybody has the same amount as agent 0, he does not care which group
to be with). This last possibility gives us the way to reveal the consumption part of
agent (’s preferences. Suppose that we somehow established that agent 0 is indiffer-
ent between (xo, 17)s; and (xo, 7)s, because of some property of 1 and that the same
holds for some (yop, v)s, and (yo, v)s,. For these two pairs, the effects of differences
between groups are offset by the special properties of 1 and v. Therefore, agent 0’s
preferences over (xo, n)s, and (yo, v)s, are influenced only by the consumption ben-
efits of xo and yg. The following Axioms make sure that comparisons like this can be
made.

E4 Group Indifference.
4.1 For all xg € X, there is x* € X such that (xg, x*)s, ~ (x0, x™)s,
4.2 Forany ¢, m € A(Xz) and «a € [0, 1], it is true that

[ls, ~ s, N mg ~mg] = (al+(1—a)m)s, ~ (@l+(1—a)m)s,

13 Certain types of social preferences cannot be represented in this framework. See explanations after
Axiom E4.
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Axiom E4.1 requires that for any xo, we can find some level of possessions of
others x* € X such that agent 0 is indifferent between the groups. If such element
does not exist for some xg, then we cannot use the procedure described above to sep-
arate the consumption effect. Indeed, suppose that for any n € A(X) we have strong
preference between (xg, n)s, and (xo, 1)s,. Assume that = can be represented by
some utility function. Then, the utilities of (xo, n)s, and (xo, n)s, have to depend on
some properties of the groups all the time, thus making it impossible to disentangle
the consumption part (see Sect. 4.2 for the additional discussion). This creates certain
restrictions on the types of social preferences that can be studied in this framework.
For example, if S; is an in-group and S, is an out-group and agent O has altruistic
preferences for the in-group but not for the out-group, then he will always have pref-
erence (xo, n)s, > (xo,n)s, for all xo and 5. Here, in-group has special meaning to
agent 0 which makes it impossible to fit into this framework.

E4.2 asks for some consistency when the mixtures of indifferent pairs are consid-
ered. Given two indifferent pairs, the same mixture of them in both groups keeps agent
0 indifferent.

ES Group Disparity. For all xo € X and n, v € A(X) with (xo, n)s, ~ (x0,1)s,

(x0, v)s, > (x0,1m)s, == (x0,V)s, > (x0,v)s, and
(x0, Ms, > (x0, V)5, = (x0,V)s, > (X0, V)s

Axiom ES establishes the way in which agent 0 can care differently about the two
groups. It says that agent 0 always cares more about S than about S;: for any indif-
ferent pair (xo, n)s, ~ (x0, 1)s,, if agent O prefers some (xg, v) in S> to (xp, ) in S2
then he should like it even more in S| and vice versa. This Axiom (and E5* below)
assumes asymmetry between S and S>. The Axiom could have also asked for one of
the two groups to play the role of S;. This can be done by switching the names of the
groups instead.

To illustrate the intuition think of the groups of economists and biologists, an econo-
mist would value his academic success higher if other economists know about it rather
than when biologists know about it and other way round: he would be more unhappy if
other economists get aware of his academic misfortune than when biologists find out
about it. This Axiom essentially establishes the desired property of the indifference
pairs (xo, 7)s, ~ (X0, 1)s,: the indifference between the groups can result only from
the special properties of  which are group independent (see Sect. 4.2 for the additional
discussion).

Axioms E1-ES are enough for the desired utility representation (see Theorem 2).
However, the result comes with the conditions on the utility functions that are hard
to verify (conditions (4.3) and (4.4)). Therefore, I first present a little bit less general
result which requires an additional Axiom. In this representation, the utility functions
are well behaved.

E6 Likes and Dislikes. For any T € &, xo € X and n € A(X) with (xo, n)s, ~
(XO, 7’)52

either Vv € A(X) (x0, V)7 ~ (x0, MT
or dv,veAX) (xo0,v)T > (x0,n)T > (x0, V)T
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The Axiom requires that for each xop € X only one of the two situations is possible:
(1) agent O is indifferent between any possessions of others, given x( or (2) there are
possessions of others that make agent O both happier and unhappier in both S; and S»
than his consumption level. Essentially, this rules out two unlikely cases when agent
0 just likes others to be around or hates others to be around (again, in comparison to
his consumption level, that is represented by the indifference pair). The Axiom is not
particularly demanding, but, amazingly, it allows for much nicer utility function.'#

The following Definitions and Theorem give the representation:

Definition 1 Call any v : X?> — R a status function if it is not constant and there is
an x*(xg) € X such that v(xg, x*(xg)) = 0 for all xg € X.

Status functions will play the role of the social part of the preferences representa-
tion. The condition that for all xg, there is x*(x¢) such that v(xp, x*(x¢)) = 0 might
look restrictive. However, it is just the reflection of Axiom E4.1 that asks for the
existence of x* for each xq such that (xg, x*)s, ~ (x0, x*)s,. In what follows, status
function v(xg, x*) will be zero if (xg, x*)s, ~ (x0, x™)s, (thus only personal part of
preferences matters).

Definition 2 Letg : X — Rbe any function, v : X> — R be status function such that
for all xg € X either v(xg, -) = 0 or there are x, x’ € X with v(xg, x)/v(xg, x’) <0,
and let ¥ : X — R satisfy w(xg) € (0, 1) for all xg. For T € Slet Vy : Er — R be
defined as

Vs, [h] = Eplg(x0) + v(xo, x)] 4.1
Vs,[h] = Eplg(x0) + m(xo)v(xo, x)]

Finally, let V : &€ — Rbeequal to Vy[h]forall T € Sand h € 7.1

Theorem 1 The following two statements are equivalent:

1. = satisfies EI-E6
2. = has a utility representation V : &€ — R as described in Definition 2, unique up
to a positive affine transformation.

Proof See Sect. 7. O

In the utility representation g(xg) 4+ v(xo, x), the first term is the consumption part
of the utility and the second term represents the social utility. Notice that, as desired,
g(xp) is common in both utilities. The functions v(xp, x) and m (xg)v(xo, x) satisfy
two properties: (1) they are equal to zero only when agent 0 does not care about the
two groups; (2) whenever they are not zero (there are some group effects) they are
different. This reflects the ideas about the separation of consumption described above.
In particular, it is never the case that v(xg, x) and 7 (xg)v(xp, x) are equal and not
zero. This case is not desirable because it is not clear then whether it is consumption

14 1n particular, E6 does not put any restrictions on the size of X (see Appendix 8).

15 Notation Eplg(xp) + v(xg, x)] means the expectation of g +v w.rt. i € A(Xz). xg and x show where
the first and the second components of support of  go.
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or social utility that drives agent 0’s preference. Also, in this representation, there is
essentially only one social utility function v(xo, x). For the group S», there is also a
weighting function 7 : X — R that tells how much less does agent O care about S,
than S; for each xg.

This representation is compatible with utilities that have reference points. For exam-
ple, preferences given by utilities Vg, (xo, n) = g(xo) + (xo — E;) and Vg, (xo, n) =
g(xg) + B(xo — Ey) with B € (0, 1) satisfy all the Axioms E1-E6. Here, consumption
part of the preferences is g(x() and social part is given by the difference between xg
and the mean of the distribution of the possessions of others E),.

Now we can move on to the representation result without E6.

Definition 3 Let g : X — R be any function, and vg,, vs, : X 2 5 TR be status func-
tions such that for any xp, x € X and any n € A(X)

vs, (x0, x) = vs, (x0, X) <= vg,(x0,x) =0 4.2)
Eylvs, (x0, )] # 0 <= Eylvs, (x0, )] #0 (4.3)
‘En[sz(XOa )| < |Eylvs, (xo0, ')]' < Eylvs,(x0, )] #0 4.4)

For T € §,let Vy : E7 — R be defined as

Vrlh] = Eplg(xo0) + vr(x0, x)].
Finally, let V : &€ — R be equal to Vy[h] forall T € Sand h € E7.16

Theorem 2 The following two statements are equivalent:

1. = satisfies EI-ES
2. = has a utility representation V : & — R as described in Definition 3, unique up
to a positive affine transformation.

Proof See Sect. 7. O

As can be easily noticed, Theorem 2 allows for more variation in utilities than
Theorem 1. In particular, for fixed xo, the utilities in two groups don’t have to be
multiples of one another. However, the drawback is the conditions (4.3) and (4.4). It
is not exactly obvious which functions satisfy them and which do not.

Certainty analogs of Axioms E5 and E6 can be used to show the same result in
case when preferences are defined only over possessions in X 2. This, however, is only
possible if there is some additional structure on X and = that would allow for unique
utility function (up to a positive affine transformation). It seems more attractive to
assume that preferences are defined over distributions than to add ad hoc structure
to X.

16 Notation Eylvs, (x0, -)] means the expectation of vg, (x0, ) w.r.t. n € A(X).
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4.2 The role of inter-group Axioms

I would like to discuss the relevance of inter-group Axioms E4 and ES5 to the result of
Theorems 1 and 2. Both Axioms are necessary to uniquely disentangle personal and
social part of the utility. However, ES also has some desirable normative properties.

Let us start with E4. Suppose E4 does not hold, then it is true that there exists xg € X
such that for all x* € X either (xo, x*)s, > (x0,x*)s, or (xp, x™)s, > (x0,x™)s,.
Notice that this strict preference has to come from some difference between the groups
as personal possessions x( and possessions of others x* are the same on the left and
on the right. Therefore, for x¢ and any possessions of others x* agent 0 is always not
indifferent between the two groups. But then, we cannot obtain a unique separability
of utility like in Theorem 2 simply because there is no reference point to determine
personal utility g(xg) anymore. We can choose g(xp) in any way we want and think
of the rest of the utility as social part (the same idea was used in Sect. 2). Axiom E4
is used in the proof of Theorem 2 exactly to uniquely uncover the function g(xo).
This is done in the following way. Suppose E4 holds, then for all x¢ there is x* with
(x0, x*)s; ~ (x0, x*)s,. The indifference in this case means that agent 0 is indifferent
between the two groups given some possessions of others x*. In other words, whatever
group effects there are they are nullified by the special properties of x* (for example,
agent 0 might not care about which group of others to belong to as long as xg = x™).
Now, let us look at the set

X* = {(x0, x*) € X% : (x0, x5, ~ (x0, x)s5, ).

This is the collection of all pairs of possessions that satisfy E4. The set X* has one
important property: for any pair in X*, agent 0 is indifferent between the groups.
Therefore, we can treat the restriction of = to X* as a genuine personal utility of agent
0. The fact that by E4 X* contains pairs for any xg allows us to completely determine
personal utility g(xo). This would be impossible if some x( were missing, or if E4 did
not hold.

Now let us turn to ES. Intuitively, ES says that agent O cares about group §1 more
than about group S>. This is expressed relatively to the pairs of possessions for which
agent 0 is indifferent between the groups (elements of X*). E5 says that given fixed xg
if in group S, agent O prefers (xg, y*) to (xo, x*) then he should like (xg, y*) in group
S1 even more. This condition is normative. However, it sounds appealing because it
seems unrealistic to think that agent O can switch his overall group preference depend-
ing on xg. The example can be again “all economists” and “all biologists.” Economist
would care more about academic success (misfortune) among economists than among
biologists.

Despite its normative nature Axiom, ES5 is also necessary for the unique separation
result of Theorem 2. In particular, it rules out the following undesirable case:

(x0, x*)s; ~ (x0, x™)s,
A A
(x0, ¥*)s; ~ (x0, ¥)s,
Here x is fixed, but there are two different possessions of others x* and y* for which
agent 0 is indifferent between the two groups. Also, in both groups agent O prefers
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(x0, y*) to (xg, x*). This situation is undesirable since it is not clear whether x* or
y* should be used in the construction of the personal utility as described above. ES
ensures that for any x* and y* if (xo, x*)s, ~ (x0, x™)s, and (xo, y*)s, ~ (x0, ¥*)s,
then the only situation possible is complete indifference in the diagram above:

('x()v-X*)S] ~ (XO’X*)SZ
2 2
(x0, y*)s; ~ (x0, ¥")s,

Thus, the determination of personal utility is unambiguous.

In Appendix 8, it is shown that it is possible to replace ES with the indifference
requirement above (Axiom E5°®) and to prove the theorem analogous to Theorem 2
(Theorem 5). In Theorem 5, the conditions (4.3) and (4.4) of Definition 3 are not pres-
ent anymore. Thus, it is a more general result in which vg, and vg, are only restricted
by Definition 1. However, this generality does not allow for rather appealing utility
representations given in Theorems 1 and 3.

4.3 Linear group disparity

This section is an attempt to restrict the number of parameters in utility function even
further (comparing to Theorem 1). This is done by dropping E6 and replacing ES with
something stronger.

E5* Linear Group Disparity. There is = € (0, 1) such that for all xo € X and
n,v e AX)

(x0, Ms; ~ (x0,Ms, = (w(x0,v) + (1 —m)(x0,1))s, ~ (x0,V)s,

ES5* requires that there is some fixed probability 7 such that agent O is indifferent
between having any pair of possessions in S, and having the same pair in S; with
probability 7. In terms of the weighting of the social part of the utility, this means
that the weight is always the same. Whether this assumption is reasonable or not
can be determined experimentally. The following Definition and Theorem give the
representation for this case.

Definition 4 Let g : X — R be any function, v : X 2 5 TR be status function, and let
7w € (0,1).ForT € Slet Vy : £ — R be defined as

Vs, [h] = Eplg(x0) + v(xo, x)] 4.5)
Vs, [h] = Eplg(x0) + wv(xo, x)]

Finally,let V : € — R be equal to Vy[h] forall T € Sand h € E7.

Theorem 3 The following two statements are equivalent:

1. = satisfies EI-E4, E5*
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2. = has a utility representation V : € — R as described in Definition 4, unique up
to a positive affine transformation.

Proof See Sect. 7. O

5 The model with multiple distributions

In the previous section, it was assumed that the agent cares about two groups as sep-
arate entities. In particular, he does not care how many people are in each group and
what are their personal characteristics. However, there are cases in which group size
and individualities of others can matter (see discussion in Sect. 6.1). Therefore, in this
section, the model is extended to incorporate these possibilities.

Assume that agent O considers separate distribution of possessions for each indi-
vidual in each group of others. The important difference from the previous section
comes from the possibility for other agents to belong to several subgroups simulta-
neously. I use Anscombe and Aumann (1963) framework to construct preferences that
are represented by unique!” expected utility function that is given by

U(xo, x1, ..., x7) = f(X0) + Y mita(x0, X;)
ieT

when restricted to the degenerate distributions over (x;);e7. Here xo is a measure of
possessions of agent 0, whose preferences are studied. (x;);e7 are the same measures
for other agents in subgroup 7 of some set S of all possible others. Agent O cares about
two things. First, xo has some consumption value. Second, agent 0 derives social value
from x( by comparing it to what others have. The consumption part of the utility is
represented by f(xp), whereas the status part is the weighted sum over others. The
function u(xo, x) describes the specific way agent O cares about his position rela-
tive to one other person and (71;);e7 are the weights that represent the importance or
“closeness” of each other individual to agent 0.

Notice that the desired utility form U in this case, when restricted to the single
distribution case (all others have the same distribution over possessions), corresponds
to the result of Theorem 3, which was obtained with very strong Axiom E5*. Below I
show that it is possible to obtain representation U without anything like ES*.

In order to obtain uniqueness of this representation, it is necessary that the prefer-
ences of agent 0 are observed in different subgroups of others. Moreover, in order to
obtain unique weights (7;);cs for each agent in S and unique function u, it is neces-
sary that the observed subgroups have certain degree of intersection. In case of disjoint
subgroups, it is impossible to pin down unique function u.

The following definition puts the constraints on the observable subgroups.

Definition 5 Say that the collection of observed subgroups € C 25 is connected if
{7} ¢ C, |C] > 1, UC = S, and for all T, R € C there exist Cy,...,Cg € C such
that

17 Up to a positive affine transformation.
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TNC#0, CkNCry1 #0, CkNRF#WD wherek=1...K — 1.

The first three requirements say that (1) we do not observe the behavior of agent 0
in complete solitude (the presence of observer himself makes it impossible); (2) there
is more than one subgroup (for otherwise we cannot uniquely separate status and con-
sumption); (3) subgroups cover all other agents (if not, then remove unobserved agents
from S) and (4) any two subgroups can be “connected” by the sequence of intersecting
subgroups (otherwise we would have “disconnected” collections of subgroups again
making unique identification impossible, see Sect. 2).

Next, let us define for each subgroup T C S the set of outcomes about which agent
0 cares, or has preferences. It is natural to consider

X = AKXV

the set of all simple lotteries over the statuses of agent O and all other agents in sub-
group 7.
Choose any connected collection @ C 25 of subgroups (see Definition 5) and let

A= UDCT

TeC

be the set of all lotteries in X7 in all available subsets of other agents. Consider
preference relation > over A with ~ and > being its symmetric and asymmetric
parts.

ForT € C,xg € X,and h € A(XT), write (xo, hr, h—gr)7 to emphasize the lot-
teries corresponding to agents in R € T. For xo, x € X, write (xg, x)7 for the lottery
that assigns possessions xq to agent 0 and possessions x to each other agent in 7.

Define a mixture of two lotteries &, z € X with the same domain T to be standard
lottery mixture. This turns X7 into a mixture set as defined in Herstein and Milnor
(1953).1

The following notation is used in the description of the Axioms below. For 4 € X7
or p € AXT), ui(h) (or u;(p)) stands for the ith marginal distribution. ITu; (p) €
A(XT) is the distribution obtained from p € A(XT) by taking all marginals and
treating them as independent.

Suppose that the following Axioms hold:

A0 Self-Comparison. Forall T € €, all xg € X and all p € A(XT)

(xo0, p)T ~ (x0, i (P))7

Al = is reflexive, transitive, total, and non-trivial: for any 7 € C, there are
X0, x, x’ € X such that

(x0, )1 * (x0,x")7

18 Notice that to obtain the results in this section, it is only necessary for each separate X7 to be a mixture
set. The set A does not have to possess this property.
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A2 Independence. Forall T € C,all h, z, w € X7 and all ¢ € (0, 1)
h>z=>ah+(0—-a)w >az+ (1 —a)w
A3 Continuity. Forall T € C, all h, z, w € X7 there exista, 8 € (0, 1)
h>z>w =>ah+(1—-—a0)w >z >ph+(1-pPw
A4 Anonymity. Forall T € C,x € X7, i,jeT,and ¢, m € A(Xz)
U, x_)r = (m,x_)r <= &, x_j)7 = (m,X_j)r

A5 Unimportance. For all xo € X there exists x*(xg) € X such that for all intersect-
ingT,ReCallQCTNRandallx € X

(x0, (x*(x0)7\0, (¥) @) ~ (x0, (x™(x0)) R\ 0> (X))

A6 Group Disparity. There exist S1, S, € C such that for all xg, x, x’ € X with
(x0, x)s; ~ (x0,X)s,

(x0, x")g, > (x0,x)s;, = (x0,x")s, * (x0,x)s, and
(XOJC)SI - (XO,X/)SI = (.X(),X/)SZ - (XO,.X/)SI

Axioms A1-A3 are standard necessary conditions for existence of an expected
utility representation for each 7 € C.

Axiom A4 says that agent 0 does not care about the names of the other agents. Given

any fixed outcomes for all agents but i, if agent O prefers lottery £ to m then he will also
prefer £ to m in a situation when he faces agent j instead of i with all other outcomes
still being fixed. Together with the Axioms above, A4 implies that in each restriction
=7 agent 0 treats all other agents in 7' in the same way. The only difference comes
from the weights he attaches to different agents. These weights describe the relative
“social” closeness of others to agent 0, whereas being in subgroup 7 incorporates the
idea of “topological” closeness.

A4 puts restrictions on what can happen inside each subgroup 7. The rest of the
Axioms deal with what happens between different subgroups. Without A5-A6 any
two restrictions =7 and =g are completely unrelated. It is desirable, however, that
agent 0 choose somewhat consistently in different subgroups.

For each level of status xo of agent 0, Axiom A5 asks for the existence of spe-
cial status level x*(xg) of any agent i, such that agent 0, when facing the outcome
(x0, x*(x0), h—;), does not care about i and chooses as if i does not exist. For example,
agent 0 might not care about others as long as they have no status or possessions at all
(x*(xp) = 0), but he starts taking them into account once they have more than that.

Axiom A6 requires that there exist two subgroups 7, R € C to which agent 0
attaches different total social weight. In particular, if for some (xg, x) it so happens
that (xg, x)7 ~ (x0, X)g, then if agent O prefers having (xg, x’)7 to (xg, x)7 then he
prefers it also over (xo, x")g. This means that subgroup T is preferable to subgroup
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R only because agent 0 likes having agents 7T around more than agents R. A coun-
terexample might be the situation when all subgroups in € have the same number of
others and the same social weights are attached to all of them. In this case, we will
have hy ~ hg forall h € X7 and any T, R € C, which leads to the indeterminacy of
status component of the preferences. Axiom A6 is necessary when there are no two
subgroups in C such that one is the strict subset of the other. If such subgroups exist,
then A6 can be dropped without consequences.

Definition 6 Let f : X — R be any function, u : X 2 _ R be status function, and let
(7;)ies be positive numbers. For T € C, let Uy : X7 — R be defined as

Urlh] = Exlf (x0) + D miu(xo, xi)]

ieT
Finally, let U : A — R be equal to Ur[h] forall T € Cand h € Xr.

Theorem 4 The following two statements are equivalent:

1. = satisfies AO-A6
2. %= has a utility representation U : A — R as described in Definition 6, unique
up to a positive affine transformation.

Proof See Sect. 7. O

6 Discussion
6.1 Group size matters

In this subsection, I discuss why it is intuitive to assume that people have preferences
over the group they belong to. In many theoretical and empirical papers which include
social preferences (Bolton and Ockenfels 2000; Luttmer 2005), it is assumed that
agents care about their own possessions and the mean of the distribution of the pos-
sessions of others. This assumption implies that the size or the identity of the group
to which the agent compares herself become irrelevant. There are at least two good
reasons why the agent might care about the size or the identity of the reference group.

The first reason is that larger groups of people will most likely have more diverse
distribution of skills. Thus, being average among some big group of others should
not be indifferent to being average among the group’s subset. Suppose that the game
theorist from the previous example has average number of publications among people
on her department (which is, say, ranked 100). It seems very plausible that when
she is asked a question “Do you prefer to have average number of top publications
among people on your department or average number of top publications among all
economists?”” she would opt for the latter. The same idea can be applied to any environ-
ment in which agents are competing with each other. For example, in soccer players
care about in which league their team is playing. They would definitely prefer to
be in average team of the first league rather than second. In general, the same effect
should be observed in environments where people care about their reputation: it would
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be desirable for people with good (bad) reputation to have more (less) others know
about it.

The second reason is that if the agent cares only about the mean of others’ posses-
sions it is impossible to separate consumption from status for the reasons described
in the beginning of this section. Given fixed possession of the agent and the distribu-
tion of possessions of others, the agent is indifferent which group to belong to. This
removes the leverage that allows to uniquely separate consumption and status.

7 Proofs

Proof of Theorem 1 Theorem 2 shows that = can be represented by expected utility
functions Vr(xg, x) = g(xo) + vr(x0, x) where vr(xg, x) are status functions sat-
isfying Definition 3. By E6, for any xo € X either 1) vy (xg, -) = 0 or 2) there are
x,x" € X with vyr(xg,x) > 0 > vr(xg, x’). Consider any x¢ for which the latter
holds. Let * be such that 8*vs, (xo, x) + (1 — B*)vs, (x0, x') = 0. Then by E5

Bel0,") = Bus (x0,x)+ (1= Bus, (x0, x') < Bus, (x0, x) + (1 — Bvg, (x0,x") <0
B e (B*, 11 = PBus (x0,x) + (1 — B)vs, (x0, x) > Bus, (x0, x) + (1 — Bug, (x0, x) > 0

This implies that

ngfél* Bus, (xo. x) + (1 = B)vs, (x0, x") =0
lim Bvg, (xo, x) + (1 — B)us, (xo, x") > 0.
BlB*
Since Bus, (xo, x) + (1 — B)vg, (x0, x") is a continuous function of B, the only way

both inequalities can hold is if 8*vg, (xo, x) + (1 — B*)vg, (x0, x") = 0. This, together
with analogous equality for vg, lets us conclude that

vs, (x0, x") v, (x0, x)
vs; (X0, x")  vs, (x0, X)

=:1m(xg) € (0, 1)

This definition of 7 (x() is unambiguous since the above equality holds for any x and
x’ for which vy (xg, x) > 0 > vr(x9, x). Therefore, vs, (x0, x) = 7 (x0)vs, (X0, X).

In the other case, when vt (xg, -) = 0 set 7w (xg) to be any number between 0 and 1.

O

Proof of Theorem 2 [1 — 2] By Theorem 8.4 of Fishburn (1970), Axioms EI1-E3
together with mixture set structure on A(X?) generated by compound lottery rule
imply that for all 7 € 8, preference relation »= restricted to E7 has expected utility
representation

hwz < Vrlhl > Vrlz]

for some functions V7, fixed up to a positive affine transformation.
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Let

X* = {(x0, n) € AX?) : (x0, m)s, ~ (x0, N)s, }

and consider the set A(X*). By E4.1, A(X™) contains elements of the form (xg, x*)
for any x9 € X and by E5, for all xg € X, T € 8 and all (xq, ), (xg, v) € A(X™),
(x0, M) ~ (x0,v)r. To see that the latter statement holds, suppose, by contradic-
tion, that there are (xo, 1), (x0, v) € A(X*) such that (xo, v)s, > (x0, n)s,. Then, ES
implies that (xo, v)s, > (X0, v)s,, which contradicts the assumption that (xp, v) €
A(X™).

The consequences of E4.1 and E5 imply that for any T € $ the restriction of V7 to
A(X*) can be written as

Vrlh] = Enlgr(xo)]

for some function g7 : X — R. E4.2 implies that for any £ € A(X™) it is true that
Ls, ~ Us,. Therefore, for any £, m € A(X*)

KS] Fms 652 mms,

since all similar elements in the two copies of A (X™*) are connected by the indifference
relation.

This means that the restriction of = to A(X™), viewed as a subset of either £, or
Es,, induces the order, independent of the group. A(X*) is a mixture set with mix-
ture structure inherited from A (X?). In addition, properties E1-E3 transfer to A(X™).
Therefore, by Theorem 8.4 of Fishburn (1970), gs, and gg, are positive affine transfor-
mations of one another. This makes it possible to apply positive affine transformation
to \752 obtaining Vs, (which still represents = on Eg, ) so that

Vs, [(x0, m)s,1 =: Vs, [(x0, m)s,1 = Vs, [(x0, 1) s,] =: g(x0)

whenever (xo, 7)s; ~ (X0, 1)s,.

Letvr (xg, x) := Vr(x0, x)—g(x0). We canrewrite Vr (xg, x) = g(xo)+vr (x0, X).
Condition (4.2) for functions vy is satisfied since the set X* contains all elements
(x0, x*) for which agent 0 is indifferent between the two groups. Conditions (4.3) and
(4.4) follow from ES. A

[2 = 1] E1-E3follow from the only if part of Theorem 8.4 of Fishburn (1970). E4.1
is a consequence of vs, and vg, being status functions. E4.2 is obvious. ES directly
follows from the properties (4.2-4.4). O

Proof of Theorem 3 [1 = 2] By the same argument as in the proof of Theorem
2, we can construct the utility representation 7 = z <= Vrlh]l > Vrlz]
for some functions Vi, fixed up to a positive affine transformation. Let A(X*)
be as in the proof of Theorem 2, then by E4.1, A(X*) contains elements of the
form (xg,x) for any x9o € X and by E5*, for all xp € X, T € § and all
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(x0, M), (x0, v) € A(X™), (x0, n)T ~ (x0, v)7. To see that the latter statement holds,
consider any (xq, ), (xg, v) € A(X™). Then by E5* and the construction of A(X*)

(7w (x0, m) + (1 — ) (x0, V)5, ~ (X0, M), ~ (X0, M)s,-

This implies that (xp, v)s, ~ (xp,n)s, since otherwise Independence Axiom (E2)
would be violated. (xg, v)s, ~ (x0, 7)s, now follows from the transitivity of ~.

Now, by the same argument, definitions and notation as in the proof of Theorem 2
we can rewrite Vr (xg, x) = g(xgp) + vr(xg, x). By E5*, there exists 7 € (0, 1) such
that for all xg, x € X

(g (x0) + vs; (x0, X)) + (1 = m)g(x0) = g(x0) + vs, (x0, X).

This implies wvg, (xo, x) = vs, (xo, x) =: wv(xp, x), whichis exactly the requirement
of Definition 4. The functions v and 7 v are status functions by E4.1. A

[2 = 1] E1-E3 follow from the only if part of Theorem 8.4 of Fishburn (1970).
E4.1is a consequence of v being status functions. E4.2 is obvious. ES* directly follows
from the property (4.5). O

Proof of Theorem 4 [1 = 2] The idea of the proof is to establish the existence of
the weighted-additive utilities Ur for all T € C, then show that a unique function f
can be constructed in a way that is consistent with each of the utility functions, and,
finally, rescale the now redefined utility functions to show that all the utilities can have
the specific form described in the Theorem.

1. Fix any T € C. Then A1-A3 and the fact that X7 is a mixture set imply the
existence of the expected utility Ur : X7 — R, unique up to a positive affine
transformation (Theorem 8.4 of Fishburn (1970)). Lemma 1 shows that U7 is the
weighted-additive expected utility:

Urlh]l = ) 7} Enlitz (x0, )]
ieT

where n% > 0.

2. Lemma 3 says that for any xo there exists a non-empty set X which consists of
all the points x € X;O such thatforall T, R € C (xg, x)7 ~ (x0, x)g. Moreover,
forallx,y € X;"O and all 7 € € we have (xg, x)7 ~ (x0, y)7.'° The pairs in Xj:o
are perfect candidates for the representation of the pure consumption value of xg:
agent 0 does not care to which subgroup he belongs when choosing among pairs
from sets X7 . Let

X* = U {(x0,x) € X? : x € X5t

x0eX

19 Lemma 3 makes sure that there are no other points outside on that satisfy these conditions. Thus, X;"O
is the biggest “unique” set with these properties.
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Notice that the choice between any two pairs (xg, x), (yo, ¥) € X* depends only
on xo and yo and nothing else. In terms of the utilities defined on the previous
step, we have

Url(xo, x)7]1 = Url[(x0, y)11 = Ur[(x0, X)R]

for all (xq, x), (x0,y) € X*,all T, R € C.
Define f : X — Rtobe

f(x0) :== Url(x0, x)7]

for any x € X7 and any 7' € C and rewrite Ur as

Url(xo, (xi)ier)] = f(x0) + D wpur (xo0, x;) (7.1)

ieT
where ur (xo, x) = ur (x9, x)— f(x0)/ Zi 71} and ut (xg, x) = Oforall (xg, x) €
*

3. l):(ix.i € § and consider all subgroups Cy, ..., Cy € C to which i belongs. Then

AS with Q = {i} implies that for all (xp, x) € X 2

(x0, Xi, (x*(x0))—i)c; ~ -+ ~ (x0, Xi, (X" (x0))—i)cy
Therefore,
f@x0) + g ue (x0, X) = -+ = f(x0) + 7¢, e, (X0, X)
implying

e ucy (X0, X) = o uc, (X0, X) = -+ = 7p, ucy (X0, X) (7.2)

for all (xg, x) € X2.
Now fix some T, R € C such that there are i, j € T N R. Then by the above

mhur (xo, x) = wRUuR (X0, X) (7.3)
Tpur (X0, X) = TRUR (X0, X) (7.4)
By Al, the preferences =are non-trivial on all subgroups. So, there s (yo, y) € X 2
such that u7 (yo, y) # 0. The connectedness of €, positiveness of (77}.) and (7.2)

implies then that uc(yg, y) # 0 forall C € C.
The Eqgs. 7.3-7.4 hold for (yp, y). So, by dividing them we obtain

o
L =L =Lrg (7.5)
TL’R nIJ?

for all intersecting 7, R and all i, j € T N R. If T N R has only one element i,
then set
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— ='L1Rr

Notice as well that for L > 0

f0) + 3 wpur o, x) = f(x0) + X - (LurGo. ) (76)

ieT ieT

For intersecting 7', R, we can rescale all the weights (n}) and ur using Lt g
in place of L in (7.6). This makes the weights for all i € T N R equal in both
subgroups. Also, rescaled ur becomes equal to ug. Denote this rescaled Ur by
Lt r(Ur).

4. Ccan be represented as a graph. Let all elements of C be nodes. Two nodes Cy, Ca
are connected by an edge if C1 N C2 # @. By definition of C, the resulting finite
graph G is connected.?’

For each node C € G, there corresponds a collection of weights (né) and a status
function u¢. Call (G, {(Tl’é), uclceg) a graph structure.

Choose any nodes (7, (n}), ur)and (R, (”;e)’ u ) connected by an edge. Rescale
Ur to L r(Ur) and contract the two nodes into one node (T UR, (n}UR), UTUR),
where UTUR = UR.

This turns the structure (G, {(né), uc}ceg) into the structure

(G1, {((ThR)s uTUR), (L), uC)}ce\iT.RY)

where G is a minor of G obtained by the contraction of an edge between T and
R.

Continue contracting edges until there are none left. The sequence of graph struc-
tures thus obtained is finite and its last element (G y, (ng), us) has one node and
no edges. By construction, for any agent i € S the weight ng is the same in all
subgroups i belongs to. The status function u g is also same in all subgroups. Let
o= Jfg and u = ug, then we obtain desired utility U : A — R defined on
X7 as

Urlh] = Elf (x0) + > miu(xo, xi)]

ieT

Each Ur is unique up to a positive affine transformation. In addition, all functions
Ur are restricted by A5 (AF5) to have the same weights and status functions.
Thus, the whole U is unique up to a positive affine transformation. A

[2 = 1] Al holds since u is a status function, which is assumed to be not constant.
For any T € €, A2-A3 hold by the “only if” part of the Theorem 8.4 of Fishburn
(1970). Additivity of Ur immediately implies AO and A4. The assumption that « is a

20 See the definitions of all graph theoretic terms in Diestel (2000).
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status function implies that for each x( there is x*(xg) such that u(xg, x*(xg)) = 0,
so A5 follows. It is left to show that A6 holds. Without loss of generality assume
that

I

ieS] ieS

where S| and S, are as in the description of this Theorem. Suppose for some (xg, x) €
X2 we have U[(xo, x)s,]1 = U[(xo, x)s,]. Then

Z Tiu(xg, X) = Z i u(xg, X)

ieS; i€$

can happen only when u(xg, x) = 0. Now, take any x’ such that U[(xo, x")s,] >
Ul(x0, x)s, 1. This implies that u(xo, x") > u(xo, x) = 0. But then

Z wiu(xg, x') > Z iu(xg, x')

ieS; i€

and therefore U[(xo, x")s,1 > Ul[(x0, x")s,]. This is the first part of A6. Second part
is proved by the exactly same argument. O

8 Lemmata

Lemma 1 Suppose that = satisfies AO-A4. Then for any T € C, preference relation
= restricted to X7 has expected utility representation of the form

Urlhl = D mj Enlitr (x0, i)
ieT

where JT% > O foralli € T. Moreover, Ut is unique up to a positive affine transfor-
mation.

Proof Fix any T C C and consider the restriction of 3= to X7. A1-A3 hold for = on
Xr. Standard compound lotteries rule turns X7 into a mixture set. Thus, by Theorem
8.4 of Fishburn (1970), = on X7 has expected utility representation

Urlh] = Eplur (xo, (xi)ier)]-

unique up to a positive affine transformation.>!

Now fix any xo € X and consider the set

Xy = {(xo, p):pE A(XT)}.

21 1 abuse notation by having two functions u7 (xg, x;) and 7 (xo, (xj)je7) With the same name but
different arguments. It is always clear from the exposition which function is considered.
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Let ~, be the equivalence relation on X, defined by
(x0, p) ~x (x0,q) < Tui(p) = Hui(g).
Let
My, := Xxy/ ~x
be the set of equivalence classes of ~,. My, can be described as
My, = {(ier = mi € ACO} = AT(X)

where element (;);er corresponds to (xg, ITn;) € X,,. Let us also use notation
I (p) € My, to emphasize that ITu; (p) = (u;(p))ier is the equivalence class of
(x0, P) € Xxo-

Notice that by A0 h ~,z = h ~ z. Thus, we can view M, as (almost) a set of
equivalence classes of ~ with some elements still being indifferent under ~.>? It is
therefore natural to extend = to My, by setting

Mdier = Wiier & (x0, [In;) = (x0, [v;)

The set My, also naturally inherits the mixture set structure from X,, (which
inherits it from X7) by associating the mixture of two indifference classes with the
indifference class of the mixture of any two elements inside those indifference clas-
ses.”? This mixture set structure will play the pivotal role in the proof, thus it is
necessary to show first that this procedure indeed generates mixture set structure on
My,.

Define a mixture on M, by

allpi(p) + (I —a)ui(g) = Oui(ap + (1 —a)g).
The first task is to show that this definition is independent of the choice of p and g:
any p’ with TTu; (p') = Mu;(p) and g’ with Tl (¢") = Mu;(g), used in the above

definition, should generate the same mixture. Indeed, it is a straightforward property
of marginal distributions that

wilap + (1 —a)g) =ap;(p) + (1 —a)u(q).
Therefore,

allp;(p) + (I — o) pi(g) = M(apmi(p) + (1 —a)ui(g)).

2 Xxo/ ~ is a partition of Xx,. My, is weakly finer partition.

23 Mixture set structure on some set Z is a mapping 72 x [0, 1] — Z which defines a “mixture” of two
elements with coefficient @ € [0, 1] in Z. The mapping satisfies simple Axioms like associativity and
compound lottery rule (Herstein and Milnor 1953).
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This formula depends only on individual marginals w;(p) and u;(q) and thus is the
same for any choice of p’ and ¢’.

The second task is to verify that the mixtures thus defined satisfy the definition
of mixture set structure. It is trivial to see that all the assumptions are satisfied
(see Definition 8.3 of Fishburn (1970)) since mixture is defined as a function of
a mixture of simple lotteries (p, g € A(X')) which does possess the mixture set
structure.

The resulting formula for the mixture has one important property. When My, is
viewed as a product space AT (X) the definition is essentially a component-wise mix-
ture:

amier + (1 —a)(Wier = (@n; + (1 —a)v;)ier,

which gives us all the ingredients to use additive utility representation result
like Theorem 13.1 of Fishburn (1970). At first, My, is a component-wise mix-
ture set. At second, > on M,, inherits the properties AI-A3 of > on Xy,
thus satisfying all the requirements of Theorem 13.1 of Fishburn (1970).2* This
is easy to see since preferences and mixing on M,, were defined through their
counterparts on X,. Therefore, any properties of preferences are transferred. All
this implies that = on M,, can be represented by an additive expected utility

Dier wr(xo, x):

(ier & Wier & D Eylug (o, 0] = D Ey uy(xo, 1)1,
ieT ieT
unique up to a positive affine transformation.?’
Since = on My, and > on X, are essentially the same orders, we can define the
utility of = on Xy, by

(X0, P) = (x0,9) & D Epplur (o, )] = D Epyqluy (xo, )]
ieT ieT

This means that if AO-A3 hold, then it is possible to represent preferences
restricted to Xy, for any xo by an additive expected utility function. X,, is a
mixture set and thus by the only if part of Theorem 8.4 of Fishburn (1970) any
utility that represents = on X, is a positive affine transformation of any other
utility. This implies, in particular, that representation u7(xg, (x;);er) for = on
X7 obtained in the beginning of this proof should be positive affine transforma-
tion of some additive utility function for any xg, since ur (xg, (x;);jer) restricted
to any Xy, still represent > on it. Therefore, for all x, it is possible to write

2 To verify that > is a weak order see Proposition 2.4 of Kreps (1988).

25 The expectation in this expression is taken with respect to the second argument of the functions u’T (x0, x).
The first argument is fixed.
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- : . b
iir (X0, (xi)ier) = @y D ulp(x0, %) + byy = D | (axoulT(xo, xi) + ﬂ)

, , T
ieT ieT

= D it (x0, )

ieT
where ay, > 0 and by, is some number. _
To finish the proof of this Lemma it is left to show that all functions it/ are multiples

of one another. We use A4 to achieve that. Indeed, by A4, for all i, j € T and any
2, m € A(X?) itis true that

Eqlith (x0, X)] > Enlitly (x0, x)] & Eglit}(x0, x)] > Enlit) (x0, x)1,

which can happen only if L_liT and ﬁj} are positive affine transformations of one another.
This implies that for all i € T we can write

it (x0, X) = a;ity (xo, X) + b;

where {1} € T, a; > 0 and b; is some number. Let uu7(xg, x) = itlT(xo,x) +
> bi/ > ; ai and denote n} = q;. Then

ur(xo, x) = Zn’TﬁT(XO, Xi)
ieT

and Ur[h] = ZieT n;Eh[ﬁT(xo, x;)] represents = as desired. O

Lemma 2 Suppose A5-A6 hold. Then for all C;,Cy € C, all xo € X and all
x*(x9) € X satisfying A5

(x0, x*(x0))c, ~ (x0, x(x0))c,

Proof Let us first assume that C; N Cy # @. Then, by putting x = x*(xg) in the
definition of AS, we get the desired

(x0, x*(x0))c, ~ (x0, x"(x0))c,
Now, € is the connected collection of subsets (see Definition 5). Therefore, any two

disjoint subgroups can be connected by the sequence of intersecting ones. Therefore,
by transitivity of ~ the result above holds for all Cy, C, € C. O

Lemma 3 Suppose A5-A6 hold. Then for all xo € X, there exists a non-empty set
X;‘O ={xeX:VT,R c€C (x9,x)7 ~ (x0,x)Rr}.
Moreover, forall xg € X, x,y € X;O andall T € G

(.X(), x)T ~ ()C(), )’)T
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Proof A5 says that for all xg € X there is x*(x(), which by Lemma 2 satisfies the
condition for being a member of X7 . Therefore, we have shown that non-empty X7
exists for all x.

Now suppose that the second condition of the Lemma does not hold. In other words,
there is xgp and x, y € X;“O such that for some T € €

(x0, X)1 > (X0, V)T
Let S1, S2 € C be the two subgroups satisfying A6. Then, by definition of y

(x0, ¥)s, ~ (x0, ¥)s,
Moreover, the definitions of x and y and the assumption give

(x0, x)s; ~ (x0, X)1 > (X0, Y)T ~ (X0, ¥)S$

The two conditions above and A6 imply that

(x0, x)s; > (x0, X)s,
which contradicts the fact that x is an element of X7 . O
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Appendix
Theorem 2 with modified E5
ES5°® Forall xo € X and n, v € A(X)
[(x0, Ms; ~ (x0,m)s, A (x0, V)5, ~ (x0,V)s5,] = (x0, s, ~ (x0, V)5,

Definition 7 Let g : X — R be any function, and vg,, vs, : X 2 _ TR be status func-
tions such that for any xo, x € X

vs, (x0, X) = v, (x0, x) <= vs, (x0,x) =0 (A.D)
For T € §,let Vy : E7 — R be defined as

Vrl[h] = Enlg(x0) + vr(x0, x)].
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Finally,let V : € — Rbeequal to Vr[h]forall T € Sand h € E7.

Theorem 5 The following two statements are equivalent:

1. = satisfies EI-E4, E5*®
2. = has a utility representation V : & — R as described in Definition 7, unique up
to a positive affine transformation.

Proof [1 — 2] By the same argument as in the proof of Theorem 2, we can con-
struct the utility representation h = 7 <= Vr [h] > Vr [z] for some functions Vr,
fixed up to a positive affine transformation. Let A(X*) be as in the proof of Theorem
2, then by E4.1, A(X™) contains elements of the form (xg, x*) for any xo € X and by
E5°, forall xg € X, T € 8 and all (xq, n), (x0, v) € AX™), (x0, )T ~ (x0, V)T.
Now, by the same argument, definitions and notation as in the proof of Theorem 2
we can rewrite Vr(xg, x) = g(x9) + vr(xg, x). Condition (A.1) for functions vr is
satisfied since the set X* contains all elements (xg, x*) for which agent 0 is indifferent
between the two groups. A

[2 = 1] E1-E3 follow from the only if part of Theorem 8.4 of Fishburn (1970). E4.1
is a consequence of vs, and vg, being status functions. E4.2 is obvious. ES directly
follows from the property (A.1). O

E6 and finiteness/compactness of X

It might look like that the requirements of E6 are not compatible with the set X being
finite or compact. Here is an example with X = {1, 2, 3}. Suppose, (x, x)s, ~ (x, X)s,
forall x € X. Let =5, be defined, for example, by

(1,3) ~(1,2) ~ (1, 1)
Y
2,3) > (2,2) >~ (2,1
Y
3,3)~3,2)~@3, 1

For each x € X this satisfies E6.
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