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Abstract The aim of this work is to establish in great detail The g-Fourier analysis
related to the g-cosine. The wise reader will note that the considered g-cosine co-
incides with the one given by T.H. Koornwinder and S.F. Swarttouw. Through the
q-cosine product formula, we define and analyze the properties of the g-even transla-
tion and the g-convolution. Adopting the Titchmarsh approach, we study the g-cosine
Fourier transform and its inverse formula.

The second theme of this paper is an application of the g-Fourier analysis devel-
oped earlier. We extend the heat representation theory inaugurated by P.C. Rosen-
bloom and D.V. Widder to the g-analogue. We construct the g-solution source, the
q-heat polynomials and solve the g-analytic Cauchy problem.
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444 A. Fitouhi, F. Bouzeffour

1 Introduction

During the last years, an intensive work was founded about the so-called g-basic
theory. Taking account of the well-known Ramanujan works shown at the beginning
of this century by Jackson ([9, 10]), many authors such as Askey, Gasper, Ismail,
Rogers, Andrew, Koornwinder, and others (see references) have recently developed
this topic.

The present article is devoted to the study of the g-analogue of the Fourier trans-
forms and to showing how it plays a central role in solving the g-heat equation asso-
ciated to the second g-derivative operator. The method used here differs from those
given by T.H. Koornwinder and R.F. Swarttouw, who discovered a g-analogue of
Hankel’s Fourier—Bessel via some g-analogue orthogonality relations. We note that
Ph. Feinsilver [4] gave a g-Harmonic Analysis for a g-Laplace transform with inver-
sion formula.

Without entering into a dilemma through the analysis presented here, it seems that
the point of view of T.H. Koornwinder and R.F. Swarttouw [12] is more suitable for
harmonic analysis. We take as definition of the ¢-cosine the one given by the previous
authors with a simple change and we prefer to write it as a series of functions denoted
as b, (x; ¢%). This g-cosine appears as an eigenfunction of the operator A,. Owing
to a nice paper [12], we give a product formula written with the g-Jackson integral
and we study the g-translation and the g-convolution. Next we define the g-analogue
of the cosine Fourier transform with the purpose to find the transformation inverse.
To this end, we prove the equivalent of the so-called Riemann-Lebesgue Lemma and
discover that the Titchmarsh approach holds [15].

A motivation behind this work is to state some result about the g-heat equation as-
sociated to A, operator. We attempt to extend the heat representation theory studied
in many cases ([5, 7, 14], etc.). We define the g-heat polynomials and find that they
are linked to the g-Hermite polynomials [13] and constitute with the g-associated
functions a biorthogonal system. We conclude by solving the g-analytic Cauchy prob-
lem related to the g-heat equation.

2 Notations and preliminaries

We begin by recalling some g-elements of quantum analysis adapting the notation
used in the book of Gasper and Rahman [6]. Let a and g be real numbers such that
0 < g < 1, the g-shift factorial is defined by

n—1

@q@o=1.  (@q.=]](1-aq"), n=12, ... o0 (1)
k=0

A basic hypergeometric series is

)

(@i, ...,ar; @k k, () l+s—r _k
(p‘(alv"'sa;bls"'sb‘;q’z)z (_1) q2 Z .
o ' ’ ];(bl,-u,bs,q;q)k[ ]
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A function f is g-regular at zero if lim,, . » f(xq") = f(0) exists and is independent

of x.
The g-derivative D, f of a function f is defined by
(x) — f(gx)
D, foy =L =T@0
(I—g)x

The g-derivative at zero is defined by

(xg") — f(0)
Dy £(0) = #
xq
if it exists and does not depend on x.
We introduce the set
R, = {q";:k e Z}.

The g-integral of Jackson is defined by

/O Fdgr=(1—q)ay flagh)q
k=0

f f)dgx = (1—q) Z flq

k=—o00

The g-integration by parts is given for suitable functions f and g by

/ f@)Dgg(x)dgx =[f(x)g(x)]y / fx)Dyg(q™"x) dyx.

The g-analogue of the Gamma function is defined as

45 9o 1—x
r =27 (1-
1) (q";q)oo( )

’

which tends to I"(x) when g tends to 1™

3 g-Trigonometric functions

We define the g-cosine as
cos(x; ¢%) = 1¢1(0; ¢ 4%, (1 — Z( 1)"by (x; ¢°)

where we have put

2
n(n—1) (1-¢) ann

by, (x; C]Z) = bn(l; q2)x2”l = (G5 q)2n

@

3)

“

)

(6)
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In the same way, the g-sine is given by

o0
sin(x; %) = (1 — 9)x11(0: ¢ %, (1 — )*x?) =D (=1)"eu(x: ¢7).
n=0
with

qn(n—l)(l _ q)Zn-H ot

en(x:q?) =cn(1: ¢%)x* ! =

These g-trigonometric functions differ and should not be confused with the functions
cos, and sin, considered in [6, p. 23]; but coincide with the one given in [12] and
[15] with a minor change of variable. Furthermore, we have

(q; @)ont1

Proposition 3.1 The following statements hold:

1.
bn(09q2)=8n,0a Aqbn(x;q2)=bn—1(x;q2), n>1;
2.
x2n
|bn(x2q ) = an)!’
where
Agu(x) = (Dgu)(q™"'x). ™

Proof We only prove Part 2 since Part 1 is deduced from the definition of A,.
The coefficients b, (1; qz), defined by (6), can be written as

q/+1 q/ qj+1

l_[ 2/+l 1_ 2j+2

n—1 _; —(j _j —(j
eIt — o=+t o—=jt _ ,=(+D1

1 —e—@jtht 7 1 _ o—Qj+2 ’
j=0

where we have putg = e, ¢t > 0.
Since the functions

e it — o=t e it — o=t
O =g ad 80 =T—"grm

decrease on ]0, oo[, we obtain

@ Springer



The g-cosine Fourier transform and the g-heat equation 447

As a consequence of the previous proposition, we can show that for A € C the
function

cos(Ax; q Z( Db, )AZ”,

is the unique analytic solution of the q—dlfferentlal equation

Agu(x) = —22u(x), 8)
with
u(0,q) =1, (Dqu)(0) =0. )
Proposition 3.2 For x e R, and LoL%(;(;;; ) ¢ Z, we have
1.
2
cos(x,q”)| € ————;
jeos(x.47)] (q: 93
2.
lim cos(x, qz) =0;
X—>00
3.
|sin(x,q2)| < %;
(4:97)%
4,

lim sin(x, ¢%) =0.

X—> 00

Proof To prove Parts 1 and 2, we use the properties of (¢ given in [12] and their
connection to the g-cosine. We obtain

1 1 ifn>0
14+n. 2 < - 10
hence Parts 1 and 2 follow. A similar argument shows Parts 3 and 4. g

Now we try to find a product formula for the g-cosine functions. We begin by
proving the following result.

Proposition 3.3 For reals x and y, y # 0, we have

cos(x, qz) cos(y, qz)

00 2k s=k (kfx)
N ( ) St cos(g'yg?). (D)
k=0

o (q, Dik—s(q@: Di+s

Note that this formula can be expressed in terms of 1¢1 as follows
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oo et f) = 32 ()

s=—00 Y

@ oo

(93900
142s. 2 x? .2
><1</>1(0;q g w];) cos(¢’y,q%). (12

Proof To show (11) and (12), we begin by expanding the g-cosines in series abso-
lutely and uniformly convergent on every compact of R. From the product rule of
series and the fact that

1 (q2n72k+l’q)oo

(q; @)2n—2k - (q; 9o

=0, k>n,

we obtain for y £ 0

00 k2 X 2k o0 nz—n
cos(x: g%) cos(y: ¢°) Z (—) > (=1 )”7q_2"ky2"~

= @ Du = (45 an—2k

On the other hand, we have

_ _ s=k k—s
1 _q k(2k—1)+2nk s q(2) s
(95 9)2n—2k (g5 9)2n Z__ (95 Di—s(q5 @i+s
s=—k

We deduce (11) after the interchange of summation order. To prove (12), we write
cos(x; qz) cos(y; q2) =1+J,

with
(k=) (k—s—1)
2

( l)ks
I—Zcosq yiq® Zq (y)

e (@3 Diers (@5 Di—s

(k—s)(k—s—1)
2

—1 2k k—s
-1
J=Y" cos(¢’yiq?) Zq"<£> ( ,) 1

= S\ @Dk Drs

In 7, we make the change k — s into k and use the equality

(@: Drsas = (@3 92 (q" 1 q),-

to obtain

[e9] s X (q25+1, q)oo Lias. S X
- y (@D o ’ 5 .
Zq (y) (7 D)oo 161(0: ¢ 4.4(q%/y%)) cos(q* y; ¢%)

s=0
Now we make the change k + s into k in J and use the equalities

1-2s

(@ Di—2s =(@: ) 2(q' "1 q),, —s=1,
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(k—=2s)(k—2s —1) (k—2)(k—3)

5 = 5 —2sk—|—252—1,

and
(¢"7%:9) 101(0:9" %5 q. 4" x%/y?)

=" (2 ) (050)  101(0:0 54,907 5).

This identity is easily deduced from [11]. Then we obtain
—1 142s.
25(q 7 q)
T= " q*(x*/y?) s4( —2101(0:¢' T g, gx*/y?) cos(g7yi ¢7).

§=—00 45 @)oo

We add these sums to find that (12) holds. O

Remark 3.4 (1) If we replace y by ¢”, x by ¢*, and assume the proposition the
hypothesis, we obtain from (12) that the following integral representation holds

cos(¢*; %) cos(¢”; ¢%)

2(x—y)+1.

— (q q)OO / 2(X—y)1¢1 (0; MZ(X_y)+l; q’quz) COS(qyu; q2) dqu
(4590 0

(2) The product formula (11) leads to

[e.¢]

cos(x: g?) cos(yi g?) = > bu(x: ¢%) Al cos(y: ¢%). (13)

n=0

4 g-Translation and g-convolution

We define, for x and y in R, the measure

o0

dgpeyy= Y D(x,¥:0°)q 8y, (14)

§=—00

where §,, denotes the unit mass supported at u, and

. 2 (2% @)oo 2 ‘
p(x,y;qa):(g) (qum(o;q(%) ;q,q“zé). (15)

Proposition 4.1 (1) For x and y in R,, we have

dgitix,y) = dgli(y,x)-

(2) dy 14 (x,y) 1s of bounded variation.
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3)
/dqu(x,y)(t) =1.
Proof For n, m € Z, the relation (2.3) from [12] leads to
D(¢".q":q") =D(q". q":¢"™"7").

We obtain Part 1 after the change s — n + m by s.
To prove Part 2, we suppose |§| < 1; from the formulas (2.4) in [12] we have

| <(|y|2+q|x|2>(q|§|2: ~¢, Qoo o
M(x,y =

qM(x,y) lvar |y|2—q|x|2 (G, D)oo

Finally, from (2.8) in [12], we can show that Part 3 is true. 0

We introduce the g-translation which generalizes the even translation given by
%(8x+y + ax—y)-
Let f be a function with support in R, the g-translation is defined for x and y in
R, by
q

(0.¢]
Tx,qf()’):/ f(t)dqﬂ(x,y)(t)- )
0
From the previous proposition and the g-product formula (12), we have

Proposition 4.2 Let f be a function with compact support in R,. We have
@)
T,y cos(x; g%) = cos(x; g*) cos(y; ¢%).
(i)
Tq,yf(x) = Tq,xf()’),
Tq,Of = f
(i)
AgTyyf =T4y4¢ ],
AgiyTyyf=T4,y4q,y 1.

(iv) The function u(x,y) =Ty y f (x) is a solution of the problem

Aq,xu(xa y) = Aq,y”(xa y)’
u(x,0) = f(x).
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From the relation

2—n)n ("_k)
q (g5 9)2n K g2 k
A(fHx) = (= fla"x),
1 - Z (q: Dn—k (@ Dn+i (%)
we can write the g-translation of a function f as
o0
Ty @)=Y bu(y.q*) AL f(x), (18)

n=0

and have in the limit when ¢ tends to 1~ the classical even translation cited before.
Now we denote by L}] (R,) the space of functions f defined on R, such that

I|f||1,q=/ 1£0)] dyt < 0.

Then we are able to define the g-convolution by

(1 +q—1)1/2

frq 80 = I,(1/2)

fO Teq fN8() dyy, (19)

where f and g are two functionsin L }] (R,). We can show that this space is an algebra.

5 g-Analogue of Fourier-cosine

Log(l—¢)
Log(q)

In this section, we suppose
defined for A € R, by

€ Z. The g-analogue of Fourier transform is

(d+q7H'"?

F(HR) = (172

/OO f(t)cos(rt; g%) dyt, (20)
0

where f is a function in L ; (Ry).
This definition is the same (after a minor change) as that given by T.H. Koorn-
winder and R.F. Swarttouw (see [12]).

Proposition 5.1 For f,ge L ‘11 (Ry), the following properties hold:
(1)

1
| Fa(HV| < : 1 fll1g, AeRy; 2D
[¢(d—=¢)12(q: 9)co

2
Foq(Tqx [)0) =cos(x; ¢°) Fy(/HA), ARy (22)
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452 A. Fitouhi, F. Bouzeffour

3)
fq(f*q g) qu(f)]:q(g)

Proof Part 1. The inequality (21) follows from Proposition 3.2 and the identity
(4:9%) (¢ 0%) o, = (@ Doo-

Part 2 is a direct consequence of the g-product formula (12).
Part 3 is obtained after the exchange of the integration order and taking into ac-
count the invariability of the g-integral by the g-translation. g

Now we focus our attention on the inversion of the linear map F,. We proceed
by looking at the g-analogue of the Riemman-Lebesgue Lemma, the localization

theorem, and we show that the Titchmarsh approach holds in the g-theory.

Proposition 5.2 Let f be a function in L}] (Ry), then

lim F, A =0, reR,.
Ainoo a(HR) q
Proof To prove this, first we have from Proposition 3.2

1
| f(x)cos(rx; ¢%)| < 2ﬂ|f@ﬂeL(R) x,AeR,.

(¢
And for A € R; we have

lim f(x)cos(Ax; qz) =0, reRy,,
L—00
so the result is true. O

Proposition 5.3 We have the identity

x 1 :1+q—1‘

2.1
/OO sin(x; ¢2) dox qu(i)
0

Proof This is a consequence of (2.8) in [12]. Il

Proposition 5.4 Let f : (0, 00) — C satisfy the conditions:

(1) feLy(Ry),
(2) Fora € Ry, there exists C(a) > 0 such that

| f(ag") — FO)| < C@q*, k=0,1,2,....

Then
21

o e a2 rad)
lim / f@ﬁﬂg?il%x— <2 £ (0).

r—>+00 Jo
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Proof Indeed, the first hypothesis shows that for an arbitrary ¢ > 0 we have for large
g N, N=0,1,...,that
[e¢]
.

0 . ) -N : .2
/‘ £ sin(Ax; g )dqx ) /“I £0) sin(Ax; g )dqx
0 X 0 X

N /” f(x) = £(0)
0 X

fx) dyx

X

& 2
< 5(@:4%)%

and

™

< —

=3 sin(kx; qz) dyx

The second hypothesis and Proposition 3.2 show that

f(q* N-fO _ C(N)
‘ qk=N in(rg" %) =V aq L

Since from Proposition 3.2 we have that sin(Ax; ¢?) tends to zero as A tends to oo,
the proposition is then a direct consequence. g

Theorem 5.5 (The g-cosine Fourier integral theorem) If f € L(II (Ry) is such that for
a € Ry there exist positive constants C(a) such that

|Tv.q f(ag®) — £(¢")| = C@q*, k=o0,1,..., (23)
then
dto)” Oodq%‘ /oof(t)COS(ét;qz) cos(&x; g%) dyt = f (x),
Ip(1/2) 0
xeLi(R,). 24)

6 g-Heat equation and g-heat polynomials

In this section, the two g-analogues of the elementary exponential functions are cru-
cial and they are defined by

E(x;q%) = (=(1-4a%)x.q°)

Z (1 —q ) n(n—l)xn, x e R’ (25)
@% Do
and
1
(v:4%) = (- 2)xq Z(q P

@ Springer



454 A. Fitouhi, F. Bouzeffour

These functions satisfy the identity
e(x; qz)E(—x; qz) =1,

and have as limit, when ¢ tends to 17, the classical exponential function.
Now we purpose to give the g-analogue of the heat equation associated to the
second derivative operator (even in x)

82u  Su

—_— =, eR, t>0. 27
sx2 st - @7

We consider as g-heat equation associated to the second g-derivative operator the
partial g-difference equation

(Agxu)(x, 1) = (Dy2 qu)(x,1). (28)
We take as the initial condition

u(x,0)=f(x), feLiRy. (29)
6.1 g-Solution source

To find the solution source related to the g-heat equation, we apply the Fourier
method with the adapted g-Fourier cosine studied before.
Putting

Uk, t) = F(ulx, 1)),
Eq. (28) becomes
D2, Uk, gt) = —22U (A, D),
and, taking into account conditions (29), we obtain

Uh, 1) = F(f)Me(=22t; ¢7).

The problem consists in finding the function which has e(—A2t; ¢?) as its g-Fourier-
cosine transform. For this end, we need the following lemma.

Lemma 6.1 Forn=0,1,2,...andt > 0, we have

00 )»2 ) 5
/0 e<_qt(1 +q2 ! )b”(k;q ) o

2 _14q 2 lI-g1 2
@ — Tt g — 126t D)oo @40

n

Proof From (26) we find

/oo < )LZ 2\ s St q(2n+l)k

el-—"—— g ))\ Tdgh=(1—q)y  ————.
2 _g g2k

0 qt(1+q) e O R R

@ Springer



The g-cosine Fourier transform and the g-heat equation 455

Secondly, the use of the well-known Ramanujan [8] identity

i d (b2.9/b2.9.9) b£0
—~ gt Do (b,2,9/b, @00
leads to the result after minor computation. O

Proposition 6.2

(1+q_1)1/2 OO( A2 2) 2 _ 2 2 2
Teap b g ) costr ) did = Al g)el=xa7).

where
I+q 2 l-g1 2
_ 12(_Tq t’_ﬁy’q)oo
A(t,qz)z[(l —q)q 1] / 1_;1 1+qq3 N
“Trgqr TT1=q4 14 )oo

(30)

As an immediate consequence we are now able to define the g-source solution
associated to the g-heat equation (28) by

6oa?) = (4102 e i) e

I
In the same manner as in the classical heat equation theory, we put
G(x,y,t;4%) =Ty 4G(x,1; ¢%), (32)
with Ty , being the g-translation studied in Sect. 4.

Through this approach we show that the solution of the g-Cauchy problem (28)
and (29) can been written in the form of

u(x,r>=(G(-,t;q2)*qf)(x)=/0 Gy t: ) fOdyy.  (33)

It is natural to ask how other properties such as the positivity of G(x, 1; ¢?) and the
existence of the g-semigroup can be established.

6.2 g-Heat polynomials
Proposition 6.3 It is easy to see that, for x € R and t > 0, the analytic function
A — e(—kzt; qz) cos(kx; qz),

is a solution of (28) and it has the expansion

oo
e(—2%t,q%) cos(rx. g%) =Y (=) van(x. 1, )2,
n=0
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456 A. Fitouhi, F. Bouzeffour

where
2\n—k
(1 — g Lk

V2, (X, £, Q)_Zbk (x, q° m
) n—

k=0

(34)

with the functions b, being given by (6).
From Proposition 3.1 we deduce immediately the following properties:

Aq,xv2n(x’taQ):DqZ,IUZn(x’t’él)v n>0,

UZn(xyo9 CI) =bn(-x7 qz)»
v (x,t,9) >0, ift>0.

We note that formula (34) can be inverted:

2 - n—k n—tyn—t—n A —=g»" ™ 4
ba(x:4%) =D (="M on(x, 1:9)g Eoa e
k=0 ’ -

Proposition 6.4 The qg-heat polynomials (34) possess the q-integral representation
ey
OO 2 2
vzn(x,t;q)=/ G(x.y.1.q4%)ba(y: %) dgy. (36)
0
2

o0
bn(x;qz)=/O G(x.y.t.q%)van(q " Py, 1:947 ") dyy. (37)
Proof We have

o
/ G(x, ¥, t,qz)b
0

G(v.1,4%)ba(v: ¢*) dgy

/ (v,1.¢%)Ty.xba (v ¢*) dgy
Z / G(y.1.4%)bu—i(v: q%) dyy
k=0

=v,(x,1;q)

and

o0
/0G(x,y7t,q2)vzn(q_l/2y,—t;q‘l)dqy

B I
k=0

(n—k)(n—k—l)(l —q

Z)n—k ek ooG 5 ) 5 J
T ! /0 (o, y.1,0%)bi(y. ¢°) dgy
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The g-cosine Fourier transform and the g-heat equation 457

Z )n —k (n k)(n—k—1) (1-
=0
ba(x: q

2)n—k '

"o (x, 15 q)

(q% 4®)n—k

= ) O
In [14], the authors defined the so-called associated functions by the Appell trans-
form. We extend this notion by defining for # > 0 the g-associated functions of vy,
by
n AR .2
wa(x,1;9) = (=1)" A7 [G(x,y,1: 9 )|y:0. (38)

It is easy to see that

(1+47H'2 2 2\, 2n 2
wo(x,t,q) = ————— e(—tA", g“)A " cos(Ax,q”) dyA. 39)
n qu(l/z) 0 ( ) ( ) q

Proposition 6.5 (Biorthogonality) Fort > 0 and n,m € N, we have
* 1/2
/ w2m(X,t;Q)U2n(q / x,_t;Q)dqx:(_l)msn,m~
0
Proof By (37), we have
2 * 2 1/2 1
A?bn(x;q ):/0 A;"G(x,y,t,q Jvan (g™ 2y t:q~ )dgy-

Putting x = 0, we obtain

o0
/ wzm(y,t;q)vzn(q_l/zy,t;q_l)dqy=(—1)’"8n,m.
0

6.3 Convergence of ), @, v2, (X, ; q)

Now we establish the following estimates that will be needed later

Lemma 6.6 Forn=0,1,...and0 <2 - +00, we have

(1—g%" |0]"
|U2n(x0,1‘0 6])} = (27|f0|n > P

i

Proof Indeed, the first inequality is a consequence of by(1; g%) = 1 and the hypothe-
sis, and the second follows from

1L _(U-¢»" 2)"

= @D N
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458 A. Fitouhi, F. Bouzeffour

Corollary 6.7 Forn=0,1,...and0 <X - +00, we have

ltole’\"
|van (x0, 10, 9)| = Cn~ )

where C is a constant depending on xo and tg.

Lemma 6.8 Forn=0,1,...,8 >0, andls(f—jq)l < 1, we have
(1—g%" _ 6+ 1" x?
et [ (M 1) | R e L sq). @0
(4% 4*)n n! 3(1+q)

Proof To show (40), we note that

@ D2 =(9.9% 4%,
and

(4:9%), = (@: .
For § > 0, and by using the fact that

I—*  |xP K |x[?
@r GA+af = s(1+q)
we obtain

|2k

(1—gF |x
van(Ix1, 1215 ) < ( @2, 2)n Z He 1)[ } 2 (g (l—i—q)k' ™

—yan( M 2\ (P
< On(—5:07) (57 0500)
LY (Y
( 8’q>n5<8+1)’

The inequalities

and
q(g)ng < M <nl,
I-qr
give the result. d
By the Stirling formula, we obtain
Corollary 6.9 Forn=0,1,...,8>0, and |ﬁ| < 1, we have
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n
(i n
vaa(lxl. 12l q) < Kg ™" ”<(5+'f')z) : (41)
where K is a constant depending §.

Theorem 6.10 Let (o) be a sequence of real or complex numbers such that

n 1
lim —g 2" Vg, V" = = < +o0.
n—oo e o

Then the series

ZanUZn(xs £, q),

n>0
converges in the strip
SU:{(-xst)y-xeRv |[|<U}, (42)

and converges uniformly in any region of this strip.

To prove the theorem, we adopt the same approach as in [14] by taking account of
the g-equivalent estimation (41).

Remark If we write u(x, t) as the sum of the previous series, then this function sat-
isfies the g-heat equation (28) and

o
u(x,0) =" anbu(x: g%,
n=0
where the b, (x; ¢?) is given by (6).
6.4 Analytic Cauchy problem related to the g-heat equation

Lemma 6.11 Under the hypothesis of Theorem 6.10 and putting

(e, )=y @y (x,1;9), (43)

n>0

u(x;t) is an analytic function of two variables x and t in the strip S, given by (42)
and satisfies the q-heat equation (28). Furthermore, the coefficients a,, are given by

oy = AZu(x, t)|(x’t):(0’0). (44)

Proof To show this, we note that the theorem gives that u(x, ) is analytic in the
whole strip S,. Now for a fixed integer p the series

> g pvan(x. £ q)

n>0

@ Springer



460 A. Fitouhi, F. Bouzeffour

converges uniformly in any compact region of S,. To prove (44), it suffices to see
that for integers n and p we have

(A;,x vzp(xv z; Q)) }(0’0)2 (Sn,pa

where §,, , is the Kronecker symbol. 0
Finally the following statement is established.

Theorem 6.12 Under the hypothesis of Lemma 6.11, the function u(x,t) given by
(43) has the g-Maclaurin expansion

(1=g»H" ,
u@x, 0= B, X2,
st (% qDm

where

B p = tmspbp(1,4%). (45)
If for x € R and |t| < o then function

u(x, t)—Zﬂmp((;_q )) x2Pm

satisfies the q-heat equation (28) with the coefficients By, , given by (44), then u(x, t)
can be extended to an analytic function in the strip Sy and we have

(e, )=y @y (x, 15 9).

n>0

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.
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