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Abstract

Motivated by queueing applications, we study various reflected autoregressive pro-
cesses with dependencies. Among others, we study cases where the interarrival and
service times are proportionally dependent on additive and/or subtracting delay, as
well as cases where interarrival times depend on whether the service duration of the
previous arrival exceeds or not a random threshold. Moreover, we study cases where
the autoregressive parameter is constant as well as a discrete or a continuous random
variable. More general dependence structures are also discussed. Our primary aim is
to investigate a broad class of recursions of autoregressive type for which several inde-
pendence assumptions are lifted and for which a detailed exact analysis is provided.
We provide expressions for the Laplace transform of the waiting time distribution of a
customer in the system in terms of an infinite sum of products of known Laplace trans-
forms. An integer-valued reflected autoregressive process that can be used to model
a novel retrial queueing system with impatient customers and a general dependence
structure is also considered. For such a model, we provide expressions for the proba-
bility generating function of the stationary orbit queue length distribution in terms of
an infinite sum of products of known generating functions. A first attempt towards a
multidimensional setting is also considered.
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1 Introduction

This work focuses on various stochastic recursions of autoregressive type, such as:

Wn-H Z[VnW11+Bn_An]+7 n=0,1,..., (1)
0 O
Vi 'Wn + By — Ap s By = Ty,
Wn 1= (2)
+ @ 1"
I:Vn W, +T, — Ay ] , By > T,
1" . o
W, + B, — A, , with probability (w.p.) p,
~ +
Warr =4 [ [V Wa+ B = 4] Bi=T N 3)
5 2t~ , with probability (w.p.) g := 1 — p.
[v,f W, + T, —Af,)] . B, > T,

Note that in (3), we assume that with probability ¢ := 1 — p, and when E,, < T,

Wit = [Vn(l)Wn + B, — A;zl)]—i_a while when B, > T, W41 = [Vn(Z) W, +T, —

Af,z)]+. Moreover, we also focus on:

+ 0

, wp.pi VO elar, ... am),
are (0,1),k=1,...,M,n € Ny,

I:VH(O)Wn + Bn - An]

w = + 4
Y VAW By = Au] L w2, ViV €101, n e o, @
@ " o @
VioWy+ B, — Ay , wp. 1l —p1r—p2, V,77 <0, neNp,
with Ny := N U {0}. Finally, we also consider the integer-valued counterpart,
Xy
Xyl = {Zk=l ~Uk,n +Z, — Qn+la X, >0, (5)
Yn - Qn—H’ Xn = Ov
and a two-dimensional generalization of it, where x* = max (0, x), x~ = min(0, x).

Moreover, {Vy}nen, and {B, — An}neny, (similarly {B, — Af Yuerg (T — A nery)
are sequences of independent and identically distributed (i.i.d.) random variables. For
the recursion (2), the thresholds 7, are assumed to be i.i.d. random variables with
cumulative distribution function (cdf) 7'(-) and Laplace—Stieltjes transform (LST)
7(-). Moreover, B, are i.i.d. random variables with cdf Fg(-) and LST ¢5(-).

The ultimate goal of this work is to investigate classes of reflected autoregressive
processes described by recursions of the type given above, in which various indepen-
dence assumptions of {B,},cN,, {An}nen, are lifted and for which a detailed exact
analysis can be also provided.

The stochastic recursion (1) where {V,,},en, are such that V,, = a a.s. (almost
surely) for every n, where a € (0, 1), and where {B;},en,, {An}nen, are ii.d.
sequences, and also independent on {W,},cn, has been treated in [8], i.e. the case
where W1 = [aW, + B, — A,]T,n =0,1,..., witha € (0, 1). The case where
a = 1 corresponds to the classical Lindley recursion describing the waiting time of the
classical G/G/1 queue [2, 11], while the case where a = —1 is covered in [15]. Further
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progress has been made in [6], where additional models described by recursion (1)
have been investigated. The work in [6, Section 3] is the closest to our case, where the
authors investigated a recursion where V is either a positive constant with probability
p, or a random variable taking negative values with probability 1 — p. The fact that
V is negative simplified considerably the analysis.

In [5], the authors considered the case where V,, W,, in (1) was replaced by S(W,,),
where {S(¢)};>0 is a Levy subordinator (recovering also the case in [8], where
S(t) = at). Note that in [5, 6, 8] the sequences {B,},eN,, {An}nen, are assumed
to be independent. Recently, in [7], the authors have considered Lindley-type recur-
sions that arise in queueing and insurance risk models, where the sequences { B, },,eN»
{An}neN, Obey a semi-linear dependence. These recursions can also be treated as of
autoregressive type. This work is the closest to ours. Moreover, in [1], the authors
developed a method to study functional equations that arise in a wide range of queue-
ing, autoregressive and branching processes. Finally, the author in [12] considered a
generalized version of the model in [6], by assuming V;, to take values in (—oo, 1]. In
particular, in [12], the author investigated the recursion (4) for M = 1, a; = 1.

The main contribution of this paper is to investigate the transient as well as the
stationary behaviour of a wide range of autoregressive processes described in (1)-(5),
by lifting various independence assumptions of the sequences {B;} ey, {An}nen,-
This is accomplished by using Liouville’s theorem [ 14, Theorem 10.52], and by stating
and solving a Wiener—Hopf boundary value problem [10], or by solving an integral
equation, depending on the nature of {V,},cn,. We have to point out here that to our
best knowledge, autoregressive recursions of the form (2)-(5) have not been considered
in the literature so far. We also investigate the stationary analysis of {X,},en, in (5),
which represents a novel retrial queueing model. An extension to a two-dimensional
case that describes a retrial queue with priorities is also considered.

2 M/G/1-type autoregressive queues with interarrival times
randomly proportional to service/system times

In the following, we cope with some autoregressive M /G /1-type queueing systems
where the interarrival time between the nth and the (n + 1)th job, say A,,, depends on
the service time of the nth job, or on the system time after the arrival of the nth job.

2.1 Interarrival times randomly proportional to service times

Consider the following variant of the standard autoregressive M /G /1 queue: When the
service time equals x > 0, then the next interarrival time equals B;x (with probability
pi,i = 1,..., N+M)increased by an independent additive delay J,,. In the following,
we consider the recursion (1), where P(V, =a) =1,a € (0, 1).

Let W, be the workload in the queue just before the nth customer arrival. The
interarrival time between the nth and the (n + 1)th customer, say A,, satisfies A, =
G, B, + J,, where B, is the service time of the nth customer and J,, an additive delay
or random jitter. The random variable G,, has finite support. Let 8; denote its ith value
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and let p; = P(G, = B;) denote the corresponding probability, i = 1,..., N + M
(M, N > 1), with ZlN: JEM pi = 1. We further assume that the service times and jitter
are exponentially distributed: B, ~ exp(u) and J, ~ exp(d). Extensions to the case
where J;, has arational transform will be also discussed. Thus, the sequence {W,, },.en,
obeys the following recursion:

Wyt =[aW, + 1 - Gp)B, — Jn]+s (6)

where a € (0, 1). Without loss of generality and in order to avoid trivial solutions,
assume that | < 81 < fBo < ... < Bn,and By+1 < Bn42 < ... < Bngm < L.

2.1.1 Transient analysis

We first focus on the transient distribution, and following the lines in [8], let for |r| < 1,

o o0
Zy(r,s) =Y r"E(e "V Wy =w), U, (r,s) =y r"E( ' [Wy=w),
n=0 n=0

where U, := [aW, + (1 — G,)B, — J,]1". Then, using the property that 1 + ¢* =
T 4 olx (6) leads to

E(e™*"r 11wy = w)

— E(efs(aW,,Jr(lfGn)anJn)|WO =w)+1-— E(e*SUn |Wo = w)
N+M
— E(e—saWn|WO — w)E(eSJn) Z piE(e—S(l—/S,')Bn) + 1 _ E(e—SUn|WO — w)
i=1
N+M

= B |Wo = w)="— 3" pisp(Bis) + 1= E V| Wo = w).
i=1

where Bi =1—-pi,i=1,...,N + M, and ¢p(s) being the LST of B. Multiplying
by r" and summing from n = 0 to infinity yield

5 N+M . -
Zw(r,s) —e " = o sZw(V, as) 21: pidp(Bis) + T—, rU, (r,s).
1=
(7N
Assume hereon that B ~ exp(u). Then, ¢p(Bis) = ,ufﬂs = 1_1”, where y; =
%, i=1,..., N+ M. Simple calculations imply that
N+M
Nil pi  _ Zi:—q Pi Hj;é[(l = ¥is) o f(s)
= 1-ws [TEMA — i) 8(s)
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Note that g(s) = 0 has N + M distinct and real roots yl._l, i=1,..., N+ M, where

N of them are positive and M are negative. In particular let sJ.r = yl._l = %,
j= 1,...,Nthepositiveroots,ands,:=)/,:1 = k—N+1 , N + M the

ﬂk I
negative roots, respectively, of g(s) = 0. Note that

N+M N+M
g(s) = H (1 —yis) = H vty ' -
N+M N+M
= H( m]‘[(s—s*) [T 6 =50 :=2¢")e" ),

k=N+1

where g7 (s) := ]_[;V:l(s — s}"), g (s) := l_[N+M( Vi) l'lk N+1(s s )- Now (7)
becomes for Re(s) = 0:

6 —$)g () Zy(r,s) —e™"]
629 7 as) = (5 — 5)g* () —
g (s) 1 -

—rUy(r, s)]. (8)
,

Now we make the following observations:

e The left-hand side is analytic in Re(s) > 0, and continuous in Re(s) > 0.
e The right-hand side is analytic in Re(s) < 0, and continuous in Re(s) < 0.
o Zy(r,s) (resp. Uy (r, s))isfor Re(s) > 0 (resp. Re(s) < 0) bounded by (1 —r~L

Thus, (8) represents an entire function. Generalized Liouville’s theorem [14, Theorem
10.52] states that in their respective half-planes, both the left-hand side (LHS) and the
right-hand side (RHS) can be written as the same (N + 1)th-order polynomial in s,
for large s, i.e.

B —9)8T[Zy(r,s) —e™] — S—f(( )) Ky(r, $)Zy(r, as)
N+1
= 5'Ciuw(r). Re(s) = 0. )
i=0

Note that for s = 0 (9) yields

al 1 fO) 1
P Y S _
5i|:l|( sHG— =D r8g_(0) — = Coulr).

Having in mind that i: ((8)) = 1, so that gf (?g) = ]_[7 1(—er) we easily realize that

Co,w(r) = 0. Moreover, setting s = 6, and s = s ,j =1,..., N, we obtain the
following system of equations for the remaining of unknown coefﬁcients Ciw(r),
i=1,...,N
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f(S+) N+1
—ré +Z(r as)—Z(s+)Clw(r) j=1,...,N,
g~ (s7) =
N+1
(%) ;
- 3f—(8)z (r.ad) = 3§ Cru). (10)
i=
It remains to obtain Zw(r,as;f), j = 1,...,N, and Zy(r,ad). These terms are

derived as follows: Expression (9) is now written as
le)(rvs):Kw(raS)Zw(rvas)+Lw(ras)7 (11)

where

Ky@,s):=r

—sSw

s f(s) XSG ()
—5g(s)’ w(r,s) = =G5 te

Iterating (11) yields

[e'e) n—1
Zy(r,s) =Y _ Ly(r,a"s) [ Ku(r.a"s), (12)

with the convention that an empty product is defined to be 1. Setting s = ad, and
s = as] in (12), we obtain expressions for the Z,,(r, ad), Z, (r, as; ) j=1, , N,
respectively. Substituting back in (10), we obtain a system of N + | equations for the
unknown coefficients C; ,,(r),i = 1,..., N + 1.

Remark 1 1t is easily realized in (12) that Z,,(r, s) appears to have singularities in
s =§8/a™, and s = s*/am,j =1,...,N,m = 0,1,.... We can show that these

are removable singularities. Let us show this for s = §, and s = s . We write (12) as

follows to isolate the singularities for s = § and s = s;.r.

PP SCiw) Z SN @) Cr (1)

Zulrss) = 6_— $)gt(s) (8 —as)gt(as)

Csahwm 8 f0) T 5 fa"s)
i §—s g(s) ’1:[1 8 —ams g(a™s)

—sw 1 & i f( ) N+1(a s)! Cl w(r)
IR OIS PRIy [;° Clul) 0 Z( G — a"s)g™ @)

n—1 m
e—sa”w)rn—l 1_[ 3 fla S)i|

il 8 —as g(a™s)

+ e

o I e O
=e +m ;S iw(@) +r T w(r, as)
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It is easily realized by using (10) that the term inside the brackets in the last line

vanishes for s = §, and s = s;.r, confirming that s = §,and s = sj+,j =1,...,Nare

not poles of Zy, (r, s). Similarly, we can show using (9) that Z,, (7, s) has no singularity
ats =68/a,s = sj.'/a, and so on.

2.1.2 Stationary analysis

We now focus on the steady-state counterpart of W,,, say W. By applying Abel’s
theorem on power series to (12), or by considering the relation W = [aW + (1 —
G)B—J]" (i.e. by focusing directly to the limiting random variable W), and assuming
that Z(s) := E(e~*"), we can obtain after some algebra:

i 5 fs) .

Since a € (0, 1), the stability condition can be ensured as long as E(log(1 + (1 —
G)B)) < oo; see also [6, 16].
Note also that

aW+ {1 —-G)B—J,aW+(1-G)B—-J <0,

mw+a—cw—1r={Q aW+(1—G)B —J >0,

thus,

U™ (s) = E(e*@W+1=0B=D s 4+ (1 - G)B—J <0)
PaW +(1—-G)B—J <0)+P@aW +(1—-G)B—J >0)

5
= = P@W+(1=G)B—J <0+ P@W +(1-G)B~J =0)
—
=1+?LPmW+U—GW—J<®,
— s

where we used the fact that E(e *@WHU=GB=D W + (1 — G)B — J < 0) is the
LST of the probability distribution characterized by:

PaW+ (1 —-G)B—J <xlaW+(1—-G)B—J <0)
=PUJ>aW+(1—G)B—x|J >aW + (1 — G)B)
=P(J >—-x)=P(—J <x)

and thus, E(e*@WHI=OB=Djgw + (1-G)B—J <0) = 5>~ Let P := P(aW +
(1 = G)B — J < 0). Then, (13) is now written as

_ 5 f(s) S
Z(s)_Z(as)S_sg(s) 5
_ Ps " ) f(s)[ Pas n 6 f(as) Z(azs)]

§—s 6—us5g(s) S—as 8 —as g(as)

@ Springer



74 Queueing Systems (2024) 106:67-127

Q
5y

& P 1_[1 flals)s " fads)s

50 L ¢@@is)( —als) + o, 2 S)n L ¢(ais)@ —als)

|
Q
p,

n

n. n—l j 0 j
Pas l_[ f(a’s)s n 1—[ f(a’s)é

x . : — (14)
6 —a's i glals)(§ —als) 0 glals)(6 —als)

I
WK

n=0

sincelim, .~ Z(a"s) = Z(0) = 1.Notethat P = P(W = 0). Then, P canbe derived
by multiplying (14) with § — s (i.e. the functional equation before the iterations), and
setting s = §, so that

P =7 3)&

g(%)

Setting s = aé in (14) (so that to obtain Z(ad)), and substituting back, yields,

o) l—[oo faitls)
g 11j=0 g(ui+15)(1 al+T)

f(S) an+t! f(a1+18) °
g(8) Zn =0 J—gn+l H/ =0 g(a/+15)(1—a/+T)

Differentiating the expression in the first line in (14) with respect to s and setting
s = 0 yields after some algebra,

1 K 2 1
d T2 imy PiBi — 5(1 = P)
EW) =~ —Z(s)ls=0 = © — :

where P is given above.

Remark 2 Note that the analysis can be considerably adapted to consider the case
where the random variables J, follow a hyperexponential distribution with L phases,
i.e. with density function f;(x) := Zle q;8;e %, x >0, ZJL.II g; =1, as well
as to consider the case where the service times are arbitrarily distributed with density
function fp(.), and LST ¢p(.). For convenience, and in order to make the analysis
simpler, assumethat 8; € (0, 1),i =1, ..., K,with K = N+ M (sothat Re(s,B_i) >0
for Re(s) > 0). In such a case, following similar arguments as above, we come up
with the following functional equation:

L 5 K )
2() =2G@s) Y qis—— ) pin(sh)
i=1 ! i=1

L
8.
_P(aW+(1—Q)B—J<O)(1—Zq,-8 d )
io %S

where
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P@W+(1—Q)B—J <0)

K o o0 o) L
= Z Di / fwn(w)dw/ fB(x)dx i Zq‘/g‘/e—éjydy
i—1 0 0 aw+pix 7
K L B
=30 Y a;080iB)Z@s)),
=1 j=I
so that
K ) K L
Z(s) = Z@s)V(s) Y _ pids(sB)— D> pi
i=1 =l j=l
xqj¢B(8;B)Z(@dj)(1 = V(s)), (15)

or equivalently,

L L K
[16/=92) = 2@ Y q;8; [[Gn =9 pidn(shi)
1

j=1 j=1 m#j i=

K L ~
=Y 1Y q;686;)Zs))

i=1  j=1
L L
< | []6i=9=> ai8; [[Gu—5|. 6
j=1 j=1 m#j
where
V(s) = Z}L‘zl 4j8j [TnzjOm =)
HJL‘:l(Sj =)
Note that we first have to derive expressions for the Z(ad;), j =1, ..., L. Iterating
(15) yields

K L 00 n—1 00
Z(s) =Y pi Y qo80;B)Z@s)) Yy w@s) [ ews)+ ][ @ws).
i=1 j=1 n=0 =0 =0

(17
where
K
D(s) =Y pipp(sp)V(s), W(s) 1= V(s) — 1.
i=1
Setting in (17), s = adp,, p =1, ..., L,, we obtain a system of L equations for the
unknown terms Z(ad,), p=1,...,L:

@ Springer



76 Queueing Systems (2024) 106:67-127

K

00 n—1
Z(@sp))(1 =Y pigppp(pB) Y Wia"s) [ | @(d's))

i=1 n=0 =0

—sz Y 4;j08,;B)Zas; )Z\If(a”“& )Hcp(a“rlg ) = l_lq)(al+18p)

i=l  j#p

Remark 3 Consider the case of a reflected autoregressive M/G/1-type queue where
interarrival times are deterministic proportional dependent on service times with addi-
tive delay. We consider the case where A, = bB, + J,, where b € (0,1) and
Jn ~ exp(d). The sequence {W,},cn, obeys the following recursion:

Wiy =[aW, + (1 - b)B, — Jn]+v (18)

wherea € (0, 1). Note fora = 1—b, the recursion (18) was investigated in [7, Section
2]. Here we cope with the general case (a # 1 — b), although the analysis follows the
lines in [8].

2.2 Proportional dependency with additive and subtracting delay

We now focus on the case where the interarrival times are such that A,, = [¢B, + J,]T,
with
I, = In__s W%th probab?yty P, (19)
—Jn , with probability g :=1 — p,

where jn ~ exp($), JA,, ~ exp(v). Now the sequence {Wi}nen, obeys W, =
[aW, + By — [¢By + J,171*. With probability p, J, = Ju, and thus, [cB,, + J, 1t =
cB,+ Jn, while with probability g, J, = —J,,, and thus, [c¢B,, + J,17 = [¢B, — J,,] .
Therefore,

E( 7SW11+]) — pE(e slaWy+cBy— )+qE(€ slaW,+B,—[cB,— -]n] ]) (20)

where ¢ := 1 —c. By focusing on the limiting random variable W with density function
fw(),and LST Z(s) = E(e~*"), we can obtain:

E(eslWirteB,-L 1) _ N A wydw / fa(0)dx

aw+cx _ 0
{/ 86—8}ve—s(aw+cx—y)dy+/ 5E_Bydy}
y=aw+cx

—s(aw—+cx) _ Se—c?(aw+5x)

fw(w) fe()[ . Jdwdx

w=0 x=0 s —

= 8—Z(as)¢3 (s¢) — —Z(a5)¢3 (80).
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Now

E(e=s1aWntBaleBa=Tl"] — 740\ E (e=51Br—1cBa=T1"]

00 cx ~
= Z(as)/ fB(x) |:/ e S@wFexty), o mvy gy
x=0 y

y=0

o0
+ / es(”wﬂ)ve”ydy] dx
y=cx

= Z(as) [—(¢B (s¢) — ¢p(s +vc)) + dp(s + VC)}
— Z(as) <V¢B(SC) + s¢p(s + UC)> .

vV+s

Thus, (20) reads
Z(s) = H(s)Z(as) + L(s),

where

vgq
v+
s _ s
L(s) = ———pZ(ad)pp(6c) == ———P.
§—s §—s

1)
H(s) = 9n(s0) (5 )+ ST (s 4 vo).

Iterating as in Sect. 2.1.2, and having in mind that lim,,_, o, Z(a"s) = 1, we arrive at

Z(s) = —Pia ]_[H(afs)+ ]_[H(afs)

Setting s = a4, and substituting back, we obtain

P [1520 H(@/t13)

an+t!

P = .
L+ ppp8e) 3,20 74 [T o H(a/*13)

Remark 4 One may also consider the case where the interarrival times are related to the
previous service time as follows: A, = G, B, + J;;, where J,,, as given in (19), and G,,
are i.i.d. random variables with probability mass function given by P (G, = cx) = px,
cke O, 1),k=1,...,N, Z,Icvzl pr = 1. In particular, (20) now becomes

_ _ _ it _ _ e
E(e § ”n+l) — pE(e slaWy+(1=Gp) By —Jy] ) qE(@ slaWn+Bn—(GnBn—Jn) ]),
21

and following the same arguments as above, we again have

Z(s) = H(s)Z(as) + L(s),
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where now

N s
His) =) pe [¢B(s6k><5p + 4 )+ 7 ¢B(s+vck>]
=1 — s v+ v+ s

L(s) :

N
—=—PZ(@) Y pidn(8) = -

)
5 P
k=1 -

Following the lines in Sect. 2.1.2, and having in mind that lim,,, » Z(a"s) = 1, we
obtain the desired expression for Z(s).

Remark 5 The case where fn, j; are i.i.d. random variables following a distriby—
tion with rational LST can also be treated similarly. In particular, assume that J,,,
Jy, follow hyperexponential distributions, i.e. their density functions are fj(x) :=

Zle qjéje_‘sf'x, and f7(x) == Z,Ale N vme"m*, respectively, with Z;‘:l q; =1,
ng:] h,, = 1. Then, following similar arguments as above, and assuming A, =
G, B, + J,, where J,, as given in (19), we obtain after lengthy computations:

Z(s) = H(s)Z(as) + L(s), (22)

where now

H(s) :

zpk bn () pz z ot

h
+qs Z o 1S¢B(S + Vka)] ;

L(s) := —sp Z Pr Z —Z(as )¢5 (8;k)-

k=1 ]1

Iterating (22) as in Sect. 2.1.2, and having in mind that lim, ., Z(a"s) = 1, we
obtain the desired expression for Z(s).

2.3 Interarrival times randomly proportional to system time

Consider the following variant of the standard M /G/1 queue: When the workload
just after the nth arrival equals x > 0, then the next interarrival time equals 8;x (with
probability p;) increased by a random jitter J, ~ exp(§). Thus, A, = G,(W, +
B,) + J,, where P(G, = B;) = pi,i = 1,..., K, Bi € (0, 1). Note that our model
generalizes the one in [7, Section 2], in which P(G, = ¢) = 1,ie. 1 = c € (0, 1),
Bi =0,i # 1. Then,

Wn+l = [(1 - Gn)Wn + (1 - Gn)Bn - Jn]+~ (23)
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Note that the recursion (23) is a special case of the recursion (1) with V,, :=1 — G,,.
By focusing on the limiting random variable W, we have,

K 0 oo Bi (w+x) _
Z(S) = E(e—SW) — Z Di / / an (.X)dx / e—s(lgi(w-‘rx)_y)ae—aydy
i=1 0 0 0

o0
+ f Se_aydyi| dP(W < w)

Bi (w+x)

5§ s & o
=5y ;pi¢3(slgi)z(sﬁi) iy Epicbg(aﬁi)Z(aﬁi).

It is easy to show that P(J > Bi(W + B)) = ¢p(8B;)Z(8B;). Thus, P(W = 0) =
Z,‘K:1 piP(J > B;{(W + B)), and therefore,

K
1) _ _ K}
Z(s) = 5— ;: PidBPIZ(sP) — s—P(W =0). (24)
Following [1], we can obtain

o0
Z&) =Y > PP L g OK B BEs)

k=0i1+...+ix=k
. i i
+ lim Z Pll ~--p[§Li1,...,i]((S)a

k—o00 | “
i1+...+ig=k

where K (s) := —5=P(W = 0), Lo,0.....0,1.0,...0(5) := @5 (Brs), with 1 in position

N

k,k=1,...,K,and

K
Li| ..... iK(S) = ¢B(/§il ) _l]é(s) ZLH,‘..,!’/‘*],..‘,I‘K(S)-

j=1

Remark 6 A similar analysis can be applied in order to investigate recursions of the
form W,y = [V W, + (1 — G,)B, — J,]7, where V,, are i.i.d. random variables with
PV,=vi)=gqi,yi€0,1),i=1,...,K.

2.3.1 Asymptotic expansions
In the following, we focus on deriving asymptotic expansions of the basic performance

metrics P(W = 0), E(W),1=1,2,..., by perturbing f;s, i.e. by letting in (24) S;
to be equal to B;€ with € very small. Then, (24) is written as:

K
6 —5)Z(s) =8 pidn(s(1 — fie) Z(s(1 — Bi€)) — s P(W = 0).

i=1
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Note that for € = 0, the above equation provides the LST of the waiting time (say W)
of the classical M /G /1 queue where arrivals occur according to a Poisson process
with rate §. So, when € — 0, there is a weak dependence between sojourn time and
the subsequent interarrival time. Following [7, subsection 2.3], consider the Taylor
series development of P(W = 0), E(Wl), I =1,...,Lupto €™ terms form € N.
Thus, for e — 0:

P(W=0)=P(W=0)+3), Rone" + o(e™),
EWY = EW)H 40 Riye™ +o(e™). 25)

Differentiating the functional equation with respect to s, setting s = 0 yields for
p =38E(B),

sy = PV =0 =0 =p) = pe ST, pifi
de Z,K:1 piPBi '

Simple calculations imply that

K
Ro1=GEW)+p) ) pifi.
i=1
K
8 piBiRin-1=Ron h=2.3.....

i=1

Assuming that the first L moments of W are well defined, we subsequently differentiate
the above functional equation / = 2, ..., L times with respect to s, and set s = 0.
Then, forl = 2,3, ..., L, we have:

K
81— pi(1 = i) E(W')
i=1
-1

K
=—EW'"™H 48> pil=pie) )y ({)E(WJ')E(B’—J'). (26)
J

i=1 j=0

Setting € = 0, and having in mind that Zlkz | Pi = 1, werecover the recursive formula
to obtain the moments of the standard M /G /1 queue:

-1
- l - . .
0=—IEW™H+s § <_>E(W1)E(Bl_f), 1=2,3,...,L.
J

J=0
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Then, substituting (25) in (26) we have

K m
81— pi(1—Bie)) Y Ripe"
i=1 h=1
m K -1 ! oom
= 1 Z Rioine" +8) pil=pie)) ) (J.)E(B"f) > Rine"
= i=1 j=0 h=1
+8<Zp,(1—ﬁl ) —nZ( )E(WJ)E(B’ 7). 27)

Equating € factors on both sides, we obtain R;_1 1 in terms of R;—2 1, ..., Ro 1, as
well as in terms of £(W™) obtained above. Since Ry is known, all R; 1 can be derived
by:

K 1

-2
1 é I—n _ a. l n I—n
Ri-1 = T35 0<>E(B )Ru.1 Sl;pzﬂ,;(n)E(W )E(B'=)].

n=|

Similarly, for & = 2,

/

5§ & /
Ri—1p= 8E(B) l 2(:) ( )E(Bl_”)Rn,z —7 X;Piﬂi Z(:) <n>E(Bl_")R,,,1
+ a— Zp,ﬂ Z ( )E(W”)Ewl—")].

n=0

Similarly, we can obtain Ry_; j in terms of Ry p—1 and R, ;, n+1 <1 —2 4+ h.
The procedure we follow to recursively obtain R; j, is the same as the one given in [7,
subsection 2.3], so further details are omitted.

3 The single-server queue with service time randomly dependent on
waiting time

Consider now the following variant of the M/M/1 queue. Customers arrive according
to a Poisson process with rate A, and assume that if the waiting time of the nth arriving
customer equals W,,, then her service time equals [ B,, — €2, W, 1T, with P(Q2, = a;) =
g.a € (0,1),1 =1,..., K. Moreover, {By,},cN, 15 a sequence of independent,
exponentially distributed random variables with rate u, independent of anything else.
Note that when the waiting time is very large the service requirement tends to zero,
which can be explained as an abandonment.
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We focus on the limiting random variable W, let Z(s) := E(e~*"), and assume
that A, are i.i.d. random variables from exp(A). Then,

Z(s) := E(e*W) = E(e~SIWHB-QWIT—AT"y
= E(e—S[W-I-[B—QW]"'_A]) +1-— E(e—x[W+[B_QW]+_A]—)

(28)
=YK GE@NE(@esWHB-aWI'ly L] _ E(esU),

where U := [W + [B — QW] — A]~. Note that,

E(e—s[W+[B—a1 W]+])

[o.¢] ajw o0
:/ |:/ Me—uxe—swdx_’_/
w=0 LJx=0

x=ajw

e_S(x+<l_”’)“’)/Le_‘”dx:| dP(W < w)

o0 /'L o0
= / (e — e~ @nENY P (W < w) + / e~ WSTamgp(W < w)
w=0 w~+s Jw=o

s
=7Z()— —Z(+apn).
n+s

Moreover, since
- _fW+B-aW)—A W+ B—-qW)—-A <0,
W+ (B —aW) =4l —{0, W+ (B—aW)—A=0,
we have,
E(e™ V) =E(e sWHB-aWI'™=AllA < W 4 [B— qyW]T)P(A > W +[B —aqW]")
+PA<WH+[B—aqW]h)
= P(A>W+[B- aWit) + P(A < W +[B —aqW]")
—

=1+ %P(A =~ W+[B—aW).
— S

Note that,

P(A>W+[B—aW]lH =/

[e¢] ajw [o¢]
(f ,LLe_“xdx/ re M dydx+
=0 x=0 y=w
[o¢] o0
/ p,e_”xdx/ )Le_)‘«"dydx) dP(W < w)
x=ajw y=x+(l—a))w
o0
= (e_}‘w(l — eTHawy 4 Le—“ﬂ“ﬂ“’)) dP(W < w)
w=0 nw+A
Z(A) * Z(\ + payp)
P pay).

Remark 7 Note that P(A > W + [B — QW]T) = P(W = 0) := 7.
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Thus, substituting the last expression back in (28) we arrive after simple calculations
at:

K

()= —— 3 gz +am) + € 29)
S)=—"- 814(s —aip )
/L-i-sl:1

where C = Z(}) — ﬁ ZIK:I g1 Z(h + pa;) = mo. For s = 0, (29) yields
ZlengZ(;Lal) = %(l — mo). Note also that Z(ua;) = P(B > aqW), and
Y giZ(ua) = P(B > QW).

To solve (29), we need to iterate it and having in mind that as s — oo, Z(s) — 0
(needs some work). Note that such kind of recursions were treated in [1], since the
commutativity of §;(s) := s + ajpu and &, (s) =5 + amp, i.e. {1 (G (s)) = Lm (i (s))
makes the recursion (29) relatively easy to handle, although in each iteration, any
term gives rise to K new terms; see also [7, Remark 5.3]. Extensions to the case
where service time distributions have rational LST are relatively easy to handle, e.g.
a hyperexponential distribution.

4 Threshold-type dependence among interarrival and service times
4.1 The simple case

Customers arrive with a service request at a single server. Service requests of successive
customers are i.i.d. random variables B,,,n = 1, 2, ... withcdf Fp(.),and LST ¢p(.).
Upon arrival, the service request is registered. If the service request B, is less than a
threshold 7, then the next interarrival interval, say J,§°), is exponentially distributed
with rate Ao; otherwise, the service time becomes exactly equal to 7, (is cut off at 7},),
and the next interarrival interval, say Jn(l), is exponentially distributed with rate A;.
We assume that an arrival makes obsolete a fixed fraction 1 — aq (resp. 1 — ay) of the

work that is already present, with a; € (0, 1), k = 0, 1. We assume the thresholds 7},
to be i.i.d. random variables with cdf 7'(-), with LST 7(-). Let also for Re(s) > 0

x(s) :=E(*P1(B < T)) = /OO e (1 =T (x)dFp(x),
0

Y(s) :=E@ " 1(B>=T)) = /OO e (1 = Fp(x)dT (x),
0

with

XG) + Y (s) = E(e*mED),
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Let W, be the waiting time of the nth arriving customer, n = 1, 2, . ... Then,

o1*
aoW, + B, — J, , By < Ty,

Wiyt = (30)

ot
aWy+T, —J, , By >T,,

with J,fk) ~ exp(h), k = 0, 1. Assume that Wy = w, and let E,(e~*W») =
E(e™*"»|Wy = w). Then,
Eu(e™ Wity =B, (e 10Wrt Bl 1 (B, < T,)) 4 By (et T= 1 1 (B, > T,,)
—Ey (10 BB, < T,) 4 Ey(e Mt 1B, = 1)) 41
— Ey(e Wit Bt (B, < T,)) — By (et T i1 (B, > T,))
=By (e V) E(e Y E(e B (B, < T)

4 Ey(e B VE@e T By = T) + 1 — Uy (), 31)

where U, (s) := Ew(e_s[“ow"“LB"_]"(O)]_1(Bn < T)) + Ew(e_s[“IW"+T"_J'51>]_1
(By = Ty)). Note that U, , (s) is analytic in Re(s) < 0. Let

o

Zy(r,s) := ) r"Ey(e”*""), Re(s) = 0,
n=0
o

My (r, s) :=Zr"U,;’n(s), Re(s) < 0.
n=0

Then, (31) leads for Re(s) = O to:

AO
Z )
o — SX(S) w(r, aops) -l-V)L1

b My (). (32)
1—r

Zp(r,s)—e " =r

Al
— Slﬂ(S)Zw(V,alS)

Multiplying (32) by ]_[,izo (Ak — ), we obtain

1
[T = 9)(Zw(r.5) = ™) = r(roGa — ) x () Zu (r, aos)

k=0
+A1 (Ao — )Y ($) Zy(r, ars))
1
=[] -» (L — Moy (r, s)> . (33)
bl 1—r

Our objective isto obtain Z,,(r, s), and M, (r, s) by formulating and solving a Wiener—
Hopf boundary value problem. A few observations:
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e The LHS in (33) is analytic in Re(s) > 0 and continuous in Re(s) > 0.

e The RHS in (33) is analytic in Re(s) < 0 and continuous in Re(s) < 0.

e Zy(r,s) is for Re(s) > 0 bounded by |11Tr|’ so by the generalized Liouville’s
theorem [14, Theorem 10.52], the LHS is at most a quadratic polynomial in s
(dependent on r) for large s, Re(s) > 0.

e My (r,s) is for Re(s) < 0 bounded by |ﬁ|, so by the generalized Liouville’s
theorem [14, Theorem 10.52], the RHS is at most a quadratic polynomial in s
(dependent on r) for large s, Re(s) < O.

Thus,

1
[T = $)(Zu(r.5) =€) = r (o1 = $)x () Zu (v, ags)

k=0
FX1 (ko = )Y () Zy (r, ars))

= Co,p(r) +5C1 w(r) + 52C2,w(r)s Re(s) > 0, (34)

1
[T0x - (L —er(r,s>>

1—r

k=0

= Co,u(r) + 5C1,5(r) + 5*C2.0(r), Re(s) <0, (35)

with C; (r),i =0, 1, 2, functions of r to be determined.
Taking s = 0 in (34) yields

1
e <E - 1) = () + ¥ (0D Aok - L = o).

—r

and having in mind that x (0) + ¥ (0) = 1, Cp,(r) = 0. Substituting s = A¢ in (34)
leads to

—1r(A1 = 20) X (A0) Zy (r, apro) = C1,uw (1) + Ao Co 1w (r). (36)
Similarly, for s = Aq,
=10 = ADVADZy(r, a1i1) = Cruw () + A1Co (7). 37

To obtain Cy y,(r), C2,, (1), we still need to derive expressions for Z,,(r, axAr), k =
0, 1. We accomplish this task by obtaining first Z,,(r, s) after successive iterations of
(34). Note that (34) can be written as

1

Zy(r.s) =1 hi()Zy(r, ars) + Ly(r.s), (38)
k=0

where

sC1Lw(r) +5°Cou(r) e

Ll 8 = =90 —9)

’
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A
hi(s) = ﬁS(X(S)l{kzm + ¥ () 1g=1)), k=0, 1. (39

After n — 1 iterations, we obtain

Zy(r,s) —r"ZKkn K (8)Zy (r, abal ™ s)
k=0

i
+ D Y Kiiok($)Lu(r, agai™s), (40)
i=0

where Ky ,—i(s) are recursively defined as follows: Kpo(s) = 1, K _1(s) = 0 =
K_1.(s), K1.0(s) = ho(s), Ko,1(s) = h1(s) and

Ki+1,n—k(s) =Kk,n—k(S)ho(a§a k$) + Kig1n—k— 1(S)h|(akJr1 aj” oy, n—k>k+1,
Kienit1(5) =K n—k ()1 (abal ™ s) + Kit i1 (9)ho(al " a sy, n—k <k — 1.

Therefore,

oo

Zy(r,s) =Z ZKk, ()L (r, aoa o)+ hm r"ZKkn k(8)Zy (r, aoa" —*s).
i=0 k=0 k=0
(41)

The second term in the RHS of (41) converges to zero due to the fact that |r| < 1;
thus,

00 i
Zu(r,s) =Y 'Y " Kiik($)Lu(r, agai ™ s). 42)
i=0

Setting in (42) s = ayA; we obtain expressions for the Z,, (r, axAr), k = 0, 1. Note that
these expressions are given in terms of the unknowns C; ,(r), [ = 1, 2. Substituting
back in (36), (37), we obtain a linear system of two equations with two unknowns
Crwr),l=12.

4.1.1 Stationary analysis

Using Abel’s theorem, or considering directly the limiting random variable W, which
[aoW +B—JO]", B<T

satisfies the relation W = DI+
[aW+T—-JV]", B>T

" leads for Re(s) = 0 to

E(e™V) = 2 x ()E(e ™) + 1y () E(e W) + 1 — M(s),  (43)

A.OY
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where
M(s) = E(e~*lW+B=IOT (g — T)) 4 E(e~lW+T=1"1 (B > TY)).

Setting Z(s) = E (e_‘YW), and following similar arguments as above, we obtain,

1
Z(s) =Y hi($)Z(ars) + L(s). (44)

k=0

where hi(s), k = 0, 1 as above and L(s) = —(ASOQ;(SA C2

Note that L(0) = 0, and [1, Theorem 2] applies. Thus, iterating (44), we have

Z(s) = lim ZKkn k<s>+ZZKk, k() Laga;™s), (45)

i=0 k=0

where Ky ,—k(s) as above. The coefficients C, Ca can be obtained by deriving first
expressions for the terms Z (axry) by setting s = arrx, k = 0, 1 in (45):

Z(aoro) = limy—oo D_p—o Kin—k (@oho) + > ie OZk o Ki.iz k(aOAO)L(a()+1 i753:0),
Z(@n) = limys oo 3 ko Kinei(@r) + 3520 34 _o Kii—k (@) L(akal™ "“A)
(46)

Then, by substituting these expressions in the following equations (that are derived
similarly as those in (36), (37)):

— (A1 = 20)x A0) Z(apro) = C1 + A9C2, 47
—(ho = ADY (A Z(a1r) = C1 + 1 Co, (48)

we derive a linear system of equations to obtain the unknown coefficients Cy, C».

Remark 8 1t would be interesting to consider the performance measures P(W = 0)
and E(W’), I =1,2,..., in the regime that ar — 1, k = 0, 1 (see also [7, Section
2.3]), i.e. a perturbation of the model in [9].

Differentiating (44) with respect to s and letting s = 0 yield after some algebra
that,

Xk((())) + w<0> +x'(0) + ¢'(0) - Clxtlea
1 —aox(0) — a1y (0)

’

d
E(W) = = Z(5)]i0 =

where f'(.) denotes the derivative of a function f(.) and Cy, C; are derived as shown
above.
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4.1.2 Thecaseag € (0, 1),a; =1

We now consider the stationary version of the special case where a; = 1, i.e. we
assume that when B,, > T,,, the next arrival does not make obsolete a fixed fraction of
the already present work. This maybe seen natural if we think that in such a case the
service time is cut-off, since it exceeds the threshold 7;,. Following similar arguments
as above, we obtain

Z(s) = 7 x () Z(aos) + 75U () Z(s) + M™(5) &

ro—s

(ho = $)Z(s) = hoB($)Z(a0s) = (o — ) ES M~ (s), )

where B(s) = l)gﬁﬁ,}(x), M~(s) = 1 — E(eSlaoW+B=I"T (g - T)) —
RT20)

E@eMW+T=/"T"1(B > T)). Note that f(s) is the LST of the distribution of the
random variable B, which is the time elapsed from the epoch a service request arrives
until the epoch the registered service is of threshold type:

B(s) = E(e*B1(B < T)) + E T~/ 1(B > T))B(s) & B(s)
_ E(B1(B <T))
1= E@EeTID1B >T))

Thus, following the lines in [8], Liouville’s theorem [14, Theorem 10.52] states that
(ko —$)Z(s) — XoB(s)Z(aps) = Co + sCj. (50)
For s = 0, (50) implies that Cyp = 0. Thus,

Z(s) = klﬁ(S)Z(aoS) PRSI 1)
0— S Ao — S

which has a solution similar to the one in [8, Theorem 2.2], so further details are
omitted.

4.1.3 Thecaseag =ay :=ae (0, 1)

Now consider the case where the fraction of work that becomes obsolete because
of an arrival is independent on whether B < T, or B > T. In such a scenario, for
Re(s) =0,

i
l_[(?»k —5)Z(s) — [Ao(r1 = $)x(s) + A1(ho — $)Y(s)]Z(as)

k=0

1
=[O« =)0 = M(s)). (52)

k=0

Now we have:
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e The LHS of (52) is analytic in Re(s) > 0 and continuous in Re(s) > 0.
e The RHS of (52) is analytic in Re(s) < 0 and continuous in Re(s) < 0.
e Z(s) is for Re(s) > 0 bounded by 1, and hence, the LHS of (52) behaves at most
as a quadratic polynomial in s for large s, with Re(s) > 0.
e M(s) is for Re(s) < 0 bounded by 1, and hence, the RHS of (52) behaves at most
as a quadratic polynomial in s for large s, with Re(s) < 0.
Liouville’s theorem [14, Theorem 10.52] implies that both sides in (52) are equal

to the same quadratic polynomial in s, in their respective half-planes. Therefore, for
Re(s) > 0,

1
[J0x =9)Z(s) = [ro(1 = 9)x () + 11 (o — )V ()1 Z(as) = Co + sC1 + 57Ca.
k=0

(53)

Setting s = 0 in (53), and having in mind that x (0) 4+ ¥(0) = 1, we obtain Cy = 0.
Setting s = A;, i = 0, 1, we obtain

— (A1 —20)x Mo)Z(aro) = C1 + 2oC2,
—(ko = ADV (A Z(ary) = C1 + 1 Co. (54)

We further need to obtain Z(ak;), i = 0, 1. Note that Z(ax;) = P(AD > aW),
i =0, 1. Now (53) is rewritten as

Z(s) = H(s)Z(as) + L(s), (55)

where H(s) := M?ESX(S) + A:\ls

Z(a"s) — 1, as n — 0o, we obtain,

¥ (s). Iterating (55) and having in mind that

n—1

Z(s) = ]_[ H(a"s) + Z L(d"s) ]_[ H(a’s). (56)
n=0 n=0 =0

Note that in (56), Z(s) appears to have singularities in s = Ak/aj, j=0,1,..,
k = 0, 1, but following [8, see Remark 2.5], it can be seen that these are removable
singularities.
Setting s = aAo,
=1 (= a" ) x @ o) + A (1 — a" Ty @)
Z(ako) = l_[ T 1
(A1 —a"ag)(1 —anth)

n

+
n

l:[ (M1 —a? T ) x (@) + A1 (1 — a?THy (@i T ag)
j (A1 —alTag)(1 — alth :

(ki — ™ Tag)(1 —an*T)

0

iii an+l(CH +—C2A0a”+1)
=0

1

=

(57

j=0
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Similarly, for s = ai,

oo

(o — @ MADY @A) + 2o(1 — a" Ty @ ay)
#a =[] G — @ (1 — i)

n=0
00

a"t(C) + Carja™t!
+Z (n-:—l = n+)l
2 G — a1 — )

’ﬁ (o — @t )Y (@) + ro(1 — ad Ty (@ +1ay) 58)
j=0

(Ao —alTIa) (1 —alth)

Substituting (57), (58) in (54), we obtain a linear system of equations for the unknown
coefficients Cy, C,.

Remark 9 Assume now that the interarrival times are deterministic proportionally
dependent on service times. More precisely, let J,gk) = ckU,Ek) + X,(lk), cx € (0, 1),
k=0, 1, where U” := B,, U := T,, and X ~ exp(8y). Thus,

01"
aoW, + (1 —co)B, — X , By < T,
Wn+1 = ) +
[aW,+ (=T = x|, B =T,

Following similar arguments as in the previous section, we arrive, for Re(s) = 0, at,
So
0— s

S1 r
V(s(l —c1)Zy(r,a1s) + —— —rMy(r,s),
§ 1—r

Zy(r,s) —e " =r3 x(s(1 = c0))Zy(r, aps)

+
"
where now My, (r,s) = Y 2, r"Uy ,(s) with

©0)4—
Uy (5) = Ey (e 10Wnt A= Bn=Xa Ty (B, < T3,))
(15—
+ Ew(efs[mWnJr(]*Cl)Tn*Xn I 1(B, > T)).

Using similar arguments as above, Liouville’s theorem [14, Theorem 10.52] implies
that

1
[ Gk = $)(Zu(r.5) = e™™) = r(80(81 — $)x (s(1 = €0)) Zu (7, aps)
k=0

+ 8180 — )V (s(1 — 1) Zy(r, ars))
= Co.u(r) + 5C1.(r) + 52Ca, (r), Re(s) > 0.
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The rest of the analysis follows as the one in the previous section. Similar steps as
those in the previous section can be followed to cope with the stationary analysis, so
further details are omitted.

4.2 Interarrival times random proportionally dependent on service times

Assume that J,fk) = G,gk)U,Ek) + X,(,k), k =0, 1, where U,io) = By, U,il) :=T,, and
X ,(,k) are i.i.d. random variables with distribution that have rational LST:

Ne(s)
P, (5) = Dk(s) k=01,

where Dy (s) := ]_[lek1 (s + tl.(k)) with Ng(s) is a polynomial of degree at most Ly — 1,

not sharing zeros with Di(s), k = 0, 1. Moreover, assume that Re(tl.(k)) >0,i =
1,..., Li. Thus,

+
[aoWa + (1 =GBy = X7, By < T,
Wit = (59)

+
[alwn +(1- 6T, - Xff)] . By >T,,

where P(GY) = ) = pii = 1,....K, P(G = y) =qii = 1,.... M
Assume that 8; € (0,1),i =1,..., K,y € (0,1),i =1, ..., M. Following similar
arguments as in the previous section, we arrive for Re(s) = 0, at

N
Zy(r,s) —e " DOE j;Zplx(s(l—ﬁ,))z (r, aos)
N1( s)
" S)Z v (s(1 = yi) Zu(r, ars)
+— —rMy(r,s), (60)
1—r

where now My, (r,s) =372 r"U, ,(s) with
o (5) = By (el (- GB=X1 (B, < T,))
+ Eyp(e”® lar Wa+(1—=G) T, —x V1~ 1(By > T))).
Then, for Re(s) =0,
Do(—8)D1(—=$)[Zy(r, s) — re "] — rNo(=s)D1(—s) YK | pix(s(1 — ,l?i))zw(r» aps)
—rN1(=)Do(—=) M1 i (s(1 = ) Zw (r, ars) = Do(—=8) D1 (=)= — rMy(r, s)].

(61)
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Now we have:

e The LHS of (61) is analytic in Re(s) > 0 and continuous in Re(s) > 0.
e The RHS of (61) is analytic in Re(s) < 0 and continuous in Re(s) < 0.
e For large s, both sides in (61) are O (s%0L1) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] implies that for Re(s) > 0,

K
Do(=5) D1 (=$)[Zu(r, 5) — €] = rNo(=5)D1(—5) Y pix(s(1 = Bi) Zuw(r, aps)
i=1 (62)
M Li+L;
—rNi(=$)Do(=5) Y qi¥r (s(1 =y Zy(r,a1s) = Y Ci(r)s',
i=1 =0
and for Re(s) <0,
r Li+Ly
Do(—s)D1(—s) [: - er(r,s)] = Y Gy

=0

For s = 0, (62) implies after simple computations that Co(r) = 0. For s = ¢
j=1,..., Lo, (62) implies that

©)
j >

K Li+L>
0 0 0 0 0
= rNo(=t YD1 (=1") 3~ pix (1 (1 = B Zu(roaoti”) = 3~ G
i=1 =1

(63)
Similarly, for s = tj(.l), j=1,..., L1, wehave,
M Li+Ly
— N1t ) Do(—;) i (1 (= yi)) Zu(roanty) = 37 i@,
- - (64)

Note that Nk(—t](k)) £0,j=1,...,Lg, k = 0, 1. Then, (63), (64) constitutes a
system of equations to obtain the remaining of the coefficients C;(r),l =1, ..., Lo+
L. However, we still need to obtain Z,,(r, akt;k)), k=0,1,j =1,..., Lx. Note
that (62) has the same form as in (38) but now,

L (l’ S) = ZL=1TL2 s]Cl(r) —sw
YT Do(—s)Di (=) ’
_ Ni(=s) K M _
hi(s) = Di(=s) Qoizi Pix(s(L = BiNlg=oy + 2imy @iV (s — yiNlpg=1)), k =0, L.

(65)
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Thus, the expression_for Zy(r,s) is the same as in (42), where the expressions
Kii—k(s), Ly(r, aéa’fks) are obtained analogously using (65). Having this expres-
sion, we can obtain Z,,(r, akt](.k)), j=1,..., L,k =0, 1. Substituting back in (63),
(64), we can derive the remaining coefficients C;(r),/ = 1,..., Lo+ L1.

4.2.1 A more general case

We now consider the case where the interarrival times are also dependent on the system
time. More precisely, we assume that Jn(k) = G,(,k)(U,SM + W)+ X ,(,k), k=0,1.

+
(=W, +a -G8, - X", B, < T,

Wn-H = (66)

+
[(1 — MW, + (1 -1, — X,ﬁ”] B, >T,.

Thus,

Ey(e=Witt) = B, (e—s10-G Wt (-G B,—X"T 1 (g T))
T E, (e 0-GOWt (=GO T =X"1 (B > Ty
= @) YK, piEu(e P E@ B 1(B, < T,))
HE@R )M qiEy (e Y E(e =T (B, = T,) + 1 — Uy, (9),
(67)

Then, by using (67), and similar arguments as above, we obtain for Re(s) = 0,

K
Zu(r,s) — e = roxy(—s) > pix (sB)Zu(r, sB)

i=1

M
+réx, (=) Y v (s7) Zu(r, sT)

i=1

b My (),
1—r

or equivalently,

K
Do(=5) D1 (=$)[Zu(r, s) — €] = rNo(=5)D1(=$) Y pix (sB) Zuw(r, sBi)

i=1
M

—rN1(=$)Do(=5) Y qi¥ (s7) Zu (r, s7) = Do(—=s) D1 (=9)

i=1

r
1—r

—rMy(r,s)].

(68)

Now we have:

e The LHS of (68) is analytic in Re(s) > 0 and continuous in Re(s) > 0.
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e The RHS of (68) is analytic in Re(s) < 0 and continuous in Re(s) < 0.
e For large s, both sides in (61) are O (s“0FL1) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] implies that for Re(s) > 0,

K
Do(—5) D1 (—$)[Zu(r. 5) — e "1 = rNo(—=5) D1 (=) Y _ pix (sBi) Zu(r. s i)

i=1

M Li+L>
—rNi(=5)Do(=8) Y qi¥r(s7) Zu (r, s7) = Y, Ci(r)s. (69)
i=1 1=0
For s = 0, Co(r) = 0. For convenience, set B,- =aqa,i =1,...,K, i = ag+i,

qi = px+i-i=1,..., M, and

| txo(=)x(sap), i=1,....K,
Sy = {¢X?(—S)¢(Sai), i—K+1,... K+M.

Then, (69) can be written as

K+M
Zu(r,s) =1 Y pif(@is)Zy(r,ais) + Ly(r, s), (70)
i=1
Li+Ly 4
where L, (r, s) 1= Wm + e~5¥. Therefore,

o0
Zo(ros) = r' Y P PR L i () lim Y

i=0 i1 +..Fikm=i i1+...+Hgipm=n

i i ' i
x p} o PRamLivixin ($)Zy(r, a} cag i), (71)

where Loo,...0.1.0....0(5) :== f(aks), with 1 in position k,andk =1,..., K + M,

K+M
i i
Li1 ,,,,, iKJrM(s) = f(all .. aé{iﬁs) E Li],.‘.,ijfl,‘..,i[(JrM(s)'
=1

The second term in the RHS of (71) converges to zero due to the fact that |r| < 1;
thus,

o
Zoro) =Y r 3 PN L i (5). (72)
i=0 i+ Higem=i
Setting s = t/(.k), j=1,..., L, k =0,1, in (69) we obtain a system of equations
for the remaining coefficients C;(r), ! = 1,..., Lo + L. Specifically for s = t](.o),
j=1,..., Lo,
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K Li+Ly
0 0 0) 5 5 .0 0
= rNo(=tY Dy (=) Y pix 1 B) Zu(r, it = D G,
i=1 =1

(73)
and for s = t}l), j=1,..., L1, wehave,
M Li+Ly
1 1 1) - - 1
—rNi (=i Do(—i) Y a7 Zu 7ty = Y e,
i=1 =0
(74)
where we have further used the expression in (72).
4.3 A mixed case
Consider the following recursion:
+
[aWa+ (=68, = x|, By < T
W1 = (75)

+
[VaWa + (1 = G = X)L By = T,
where V,, < 0,a € (0,1),and B; € (0,1),i =1,....,K,y; > 1,i=1,..., M.
Then, following a similar procedure as above, we obtain for Re(s) = 0,

0
Zyw(r,sy)P(V € dy)r
o0

K
_ o =
Zu(r.s) =" = Zu(r.as)r Zpix(sﬁiw/
0o— S iz _

31
81 —

M
_ r
§ qu(Syi)+__er(ras)v
5= 1—r

where My, (r,s) = > 02 r"U, ,(s) with

(0) 0)7—
Uy o(s) = Ew(e—s[aWn-i-(l—Gn )Bn—X,"] 1(By < T)))

(1 (-
+ Ew(e*s[vnwn‘k(]*Gn VT —X5'] 1(Bn > T”))

Equivalently, we have

1 K
[ 167 = 9(Zu(r, ) = ™) = Zy(r, as)rso1 — ) Y pix(shi)
Jj=0 i=1
0 M 1
= / Zy(r.sy)P(V € dy)ré1(6o — ) Y qivr(s7) + [ 65 — 5)(

- i=1 j=0

r

—rMy(r,s)).
1—r

(76)
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Clearly,

e the LHS of (76) is analytic in Re(s) > 0 and continuous in Re(s) > 0,
e the RHS of (76) is analytic in Re(s) < 0 and continuous in Re(s) < 0,
o for large s, both sides are O (s?) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] now states that
1
1_[(5,' — SN Zw(r,s) —e ") — Zy(r, as)réo(8; — s)
j=0

K
Y pix(sBi) = Co + Cis + Cas?, Re(s) = 0.

i=1

Fors = 0, wehave Cy = r16+5r1 (1—x(0)). Setting s = 81, and s = ¢, we, respectively,
have the following linear system of equations:

C287 + €181 = — Co.
C28% + C180 = — Co — r80(81 — 80) x (0)Z (r, adp),

from which
C1 = =15 (60 + 81 = x(0) + 81 x(30) (1 — 1) Zy(r, adp)), an
Cr = 15 (1 = x(0) + x(Bo)(1 — 1) Zy/(r, adp)).
It remains to find Z,, (7, adp). This can be done by iteratively solving
) K Co+sCq +S2C2
Zu(r,s) =r——X() Y Pix$P)Zu(ras) + ——— ———=+ 7"
0—§ i—1 [Tj=o(j —9)
In particular,
00 n—1
Zy(r,s) =Y Luy(r,a"s) [ Ku(r,a’s), (78)
n=0 =0
2 —
where Ly (r,s) = % + e, Ky(r,s) = rsjﬂsx(s) Zlel Dix (sBi).
j=0(0j =
Thus,
00 n—1
Z(r,ado) =Y Lu(r,a"8) [ | Kuw(r,a’so). (79)
n=0 Jj=0

Substituting (79) in (77) we obtain a linear system of equations for the unknown
coefficients Cy, C».
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4.3.1 A more general case

Assume the case where the Laplace—Stieltjes transforms of the distributions of X ,(,k),

k = 0, 1, are rational and such that:

A\O(s) Z](S)

Aop(s) = — L2 A(s) =
T152,Gs +8) [15 G + )

with Ay (s) is a polynomial of degree at most Ly — 1, not sharing zeros with the
corresponding denominators of A (s), k = 0, 1. Moreover, assume that Re(5;) > 0,
j=1,...,Lo,and Re(;) < 0,1 =1,..., L. Moreover, assume that g; € (0, 1),
i=1,...,K,yi > 1,i =1,..., M. Then, (76) becomes now for Re(s) = 0:

Lo Ly
[16; =[] =9)(Zw0r.s) —e™)

j=l I=1

Ly K
—Zu(r.as)rAo(=s) [ [@¢; =)D pix(sh)

j=l i=1
0 Lo

=/ Zu(r,sy)P(V € dy)r/?l(—s)]_[(aj — )

—00 =1

M Lo
Y aivey)+ 6 -9
i=1 j=1

Ly
[T -9 (1& — rMu(r, s)) . (80)

=1

Again, we have that

e the LHS of (80) is analytic in Re(s) > 0 and continuous in Re(s) > 0,
e the RHS of (80) is analytic in Re(s) < 0 and continuous in Re(s) < 0,
e for large s, both sides are O (sL0*L1) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] states that for Re(s) > 0,

Lo Ly . Ly
[16/ =[] =9)@Zur,s) =) = Zu(r,asyrAo(=) [ [ 51 = 5)
j=1 =1 =1

Lo+L1

K
D opixGpy= Y G, (81)
i=1 k=0
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and for Re(s) <0,

0
/ Zy(r, sy)P(V € dy)rA(— s)]‘[(a —s)Zcmﬁ(sy,

j=1 i=1

+1"[<8 —S)l_[(é“l—s) (——rM r, s))
j=1
Lo+L

= Z Cy (r)sk. (82)

Setting s = 0, and using either (81), or (82), we get after straightforward computations
that

Cor) =" X(O))l_[a 1_[;“
Jj=1 =

Fors =46, j=1,..., Lo, (81) gives,

Lo+L;

Ly K
Y sk = —rAo(=s) [ [@ =8 pix(G1B)Zu(r,a8)).  (83)
=1

=1 i=l

We further need other L equations to obtain all the coefficients Cy (r). Note that for
s=1¢,l=1,..., L, the expression (82) gives:

Lo+L

D gt = —rAi- a)]‘[(a —Cz)Zqzlﬁ(é“l)/z)/ Zy(r,sy)P(V € dy).

k=1 j=1 i=1

(84)
It is readily seen that (81) can be rewritten as
Zy(r,s)=K(r,s)Zy(r,as) + Ly, s), (85)
with
K(r,5) = r— 208 szx(sﬁl
]_[ (& —8) 5
Ly(r,s) = Tl Gost

l_[lzl & —s) l_lfil (3]‘ —5)
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Iterating (85) implies that
n—1

Zw(r,s) = ZLw(r,a”s) H K(r,a™ms), (86)
n=0 m=0

where the convergence of the infinite sum can be proved with the aid of D’ Alembert’s
test, since a € (0, 1), and

Hlell &
rx(0)

lim =
n—0oo

Ly(r,a"s)
Ly, (r,a"t YK (r, a"s)

Setting s = ad;, j = 1,..., Lo in (86), we obtain Z,,(r, ad;) that can be used in
(83). Moreover, expression (86) can be used in (84). Thus, we can construct a system
of Lo + L equations for the unknown coefficients Cx(r), k = 1,..., Lo + L.

5 The uniform proportional case with dependence
In the following, we consider recursions of the form
Wn—H =[VuaW, + B, — An]+a (87)

with V,, ~ U(0, 1), and dependence among the sequences { By },eny, {An}nen,. The
case of independent {A,},eN,, {Bnlnen, Was treated in [6].

5.1 Deterministic proportional dependency with additive and subtracting delay
We consider the case where
Wn+] = [Van + Bn - An]+a

with V,, ~ U (0, 1) and for ¢g, c; € (0, 1), fy, ~ exp(d), j;, ~exp(v):

A = A’(10) = coB, + jn W.p. P,
n = 1 ~
AW = [c1B, — T,0F, wp.qg:i=1—p.

Stability is ensured when E(log |V|) < 0; see [16]. Note that

©) )
E(e—SA,, |Bn — t) 28 e—SCot’
)
R0 ve—sclt _ se—vclt
E@ M |By=1) =——
v+
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and thus,

)

5+
_vop(z+sci) —spp(z+ver)
V—ys

E( 7SA£,0)7ZB,, .
e ) = @B(z + sco), Re(z+sco) > 0,

L
E(eA By , Re(z +scy) > 0.

Then,

Zns1 (5) =E(e Wity = E(esVaWntBa—Anl™y
_ Ot B e
=pE(e S[VaWy+B,—A, "] ) +qE(e s[VaWu+B,—A," ] ).

Note that,

[VaWy + B, — AT = [V, W, + B, — [c1B, — T,1H T
= VoW, + By — [cBy — T,]*.

Therefore, for n € N:

) 0),—
Zni1(s) =p (E(e—svnwn)E(e—sBﬁsA,, )41 — E(e—s[Van+Bn—An ] ))

1
+qE(€_SVan)E(€_SBn+SASI )
. 1) vop(scr) + sop(s + vey)
=E(e AV"W”)<p

8_S¢B(SC0)+C] m_—p

Tp (1 - [P(Van + B, — A" > 0)

©) 8
+P(Vy W, + By — AY < 0)

§—=s
1 [* ) _ vopp(scy) + sop(s + vey)
=—/ Zn(y)dy<p 5 (sC0) + g —o! 2 1
s Jo §—s v+s
_Spdn+1
§—s '

where d,, := P(W,, = 0) and we have used the fact that:

1 1 s 1 N
E(e*VnWn) :/O E(e™*""n)dv = ;/0 E(e")dy = ‘/(; Zn(y)dy-

N

If Wo = w, then E(e *"0) = ¢75"0_ and the last expression allows to recursively
determine all the transforms Z,,(s), n € N. Multiplying with § — s, and setting s = §:

8¢ S
dyir = ¢B(8C°) f Z,()dy.
0
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Let Uw(r,s) :== Y neor"Zn(s), Ir| < 1, then:

v
s(6

Uw(r,s) =r (s)s)/ Uw(r, y)dy + K (5), (88)
- 0

where
vop(scy) +sgp(s +vey)
v+ ’
K(s) =e—S%0 — %(Uw(r, 50) — po).
— 5

W (s) =pdp(sco) +q (8 — )

Letting I(s) = [ Uw(r, y)dy, (88) becomes:

W(s)

I'(s) = rs((S .

I(s)+ K(s).

The solution of such kind of first-order differential equation is obtained by following
the lines in [6, Section 5]. Note that solving this kind of differential equation with a
singularity is tricky.

5.2 Randomly proportional dependency with additive delay

In the following, we consider the case where A, = G, B,, + J,, with P(G,, = ;) =
pi.i =1,..., K, and J, are i.i.d. random variables that follow a hyperexponential
distribution with density function f(x) = Z;‘:l q.,-8.,-e_5f" . (The analysis can be
further generalized to the case of a distribution with a rational Laplace transform.)
Then,

_ _ _ _Jt
Zns1(s) = E(e SWn+1) = E(e s[VaWn+(1=Gn) By —Jnl )

L K 1 oo oo
qj ) _ P f / fB(x)
— ! lgl: v=0 Jw=0 Jx=0

vw-‘rﬁ[x

1

_ 00
e—s(vw+ﬁ1x—y)8je—6jy +/

~ 8je7%Vdy [dxdP(W < w)dv
y=vw+px

~.
)
Il
o

L K 1 00 [e'e)
=Z%Zm/ / S5

=0 Jw=0 Jx=

J
5 ,e—s(vw-&-ﬁ/x) _ se—ﬁ,-(vw-ﬁ-/g[x)
/ dxdP(W < w)dv
8.,' — S

Ny L[
_Zq‘](ﬁj—s);pl¢8(sﬂl)s/() Zy(y)dy

Jj=1
T N O
~ 2 GED Y sy [z
_ j—S =1 (Sj 0
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= Z,/L':l q;d; l_[m#(&n =) ZIK:I pl¢B(SBI) /S Zy(y)dy
K n,ﬁzl(am — ) n

_SZ C]nJrl,

whereﬁl =1-p4,l=1,...,K,and

Cjntl 1= Zy()dy = P(Wpy1 =0[Q =), j=1.....L,

YK oA /ﬁf
Y o

where Q denotes the type of the arrival process. Then, multiplying with »"*! and
summing over n (with Wy = w) results in

Uw(@r,s)=r

D( ) ZP1¢B(S/31) / U (r, y)dy + e~

—SZ [U(f)(r 00) — ¢j.0l,

where Uw (r, s) = 220:0 r"Z,(s), N(s) := 257:1 qj8; Hm#j((sm —5), D(s) =
HJL'=1(5-/ — ), and U&f)(r, $) =Yoo r"E@ " |Q = j), j = 1,..., L. Letting
1(s) = [y Uw(r, y)dy, we have,

I'(s) = - D( ) ZPZ¢B(S/31)I(S) + K(r,s), (89)

where
L q .
K(@r,s) =e "W — 1D, 00) —ciol.
(r.s)=e SE,_:(sj_s[W(’ ) = ¢l

The form of (89) is the same as the one in [6, Section 5, eq. (50)], and the analysis can
be performed similarly, although it would be somewhat more tricky, due to the zeros
of D(s).

5.3 Interarrival times proportionally dependent on system time

We now consider the case where A, = ¢(W,, + B;) + J;, ¢ € (0, 1). We assume that
(By, Jy) arei.i.d. sequences of random vectors. Thus, the quantities (¢ B, — J,,) arei.i.d.
random variables; however, within a pair B,,, J,, are dependent. Here, we assume that
a non-negative random vector (B, J) has a bivariate matrix-exponential distribution
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withLST E(e—$8-27) .= GES 2 where G(s, z) and D(s, z) are polynomial functions
in s and z. A consequence of thls definition is that the LST of the distribution of
Y := ¢B—J is also arational function; the distribution of Y is called a bilateral matrix-
exponential distribution [3, Theorem 3.1]. This class of distributions, under which we
model the dependence structure, belongs to the class of multivariate matrix-exponential
distributions, which was introduced in [4]. For ease of notation, let E (e *Y) := h(s) =
g((i)),and assume that g(s) has L zeros, say t; such that Re(t;) > 0,j =1,..., L,and
M zeros, say &, such that Re(&,) < 0,m =1, ..., M, whereas f(s) is a polynomial
of degree at most M + L — 1, not sharing the same zeros with g(s).
Then, the recursion (87) becomes

Wit = [(Va = )Wy +EBy — Jul ™,

sothat V,, —c¢ ~ U(—c,c¢). For H, = [(V, —c)W, +¢B, — J,]1~, and Re(s) = 0
we have,

E(e"r 1 Wy = w) =f—) [/ E(e*"W Wy = w)dv
/ E(e "W Wy = w)dvi| +1— E(e T wy = w).
Multiplying with 7"*! (0 < r < 1) and summing from n = 0 to infinity, we obtain

() (Zu(r,5) — ™) = rf(s) /0 Zu(r, syn)dy,

0
=rf(s) | Zu(r,syDdy + rg(s)(l

—C

ir — H(r,s)), 90)

where Z,,(r, 5) i= Y 00 o r"E(e Wi |[Wo = w), H(r,5) i= Y o g r"E(e S Hn|Wy =
w). We now have that

1. the LHS of (90) is analytic in Re(s) > 0 and continuous in Re(s) > 0,
2. the RHS of (90) is analytic in Re(s) < 0 and continuous in Re(s) < 0,
3. for large s, both sides are O (sM*+1) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] states that for Re(s) > 0,

M+L

() Zy(r,s) —e™™") —rf(S)/ Zy(r,sypdy = Z Ci(r)s', On
1=0
and for Re(s) <0,
0 1 M+L
rf6) | Zurosyndy +rg) (G~ H@rs) = Y- Gs'. (92)
—¢ 1=0
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For s = 0, (91) yields

1 ¢ dyy rc
CMH=8®XTj7—1Y—ﬁﬂDA = 8(0),

1—r 1—r

where we have taken into account that f(0) = g(0). The same value for Cy(r) can
be derived from (92) by setting s = 0. We can also obtain L other equations for the

remaining coefficients. Setting s =¢;, j =1, ..., L, in (91), we obtain:
é M~+L
. , _ l
—rf ) /O Zutrtiydyr = 3 G, ©3)
1=0

Proceeding similarly as in [6, 12],

Z BRIONE
w(re$) =r =" | Z,(r syDdy1 + L(r, ), Re(s) 20, (94)

g(s) Jo

SR st
8(s)
rel0, 1), |K(r,s)| := |r%| <r < lass — 0. Iterating (94) n times, we obtain

where L(r, s) := e 5% + . Next, we follow the lines in [12]. Note that for

n
Zu(r.s) =f/ KE [T KC s mZus )y
0.y h=1

j-1
K [[ K sy gL, syr .. ypdyr ... dy;.
0.c)/ h=1

%—L(ns)+-§:l/..:/
j=1 [

Since we will let n tend to 0o, we are interested in investigating the convergence of the
summation in the previous expression, as well as in obtaining the limit of the first term
in the right-hand side of the previous expression. Since the expressions of K (r, s),
L(r, s) share the same properties as those in [12], we can show that

o0 n—1
Zw(r,s)zL(r,s)—l—Z/.../[‘o_] K(r,s)l_[K
n=1 <l j=1

x(r,sy1...y)L, syr...y)dyr ... dy,. (95)

We still need M more equations to obtain a system of equations for the coefficients
C(r). Substituting s = &, m =1, ..., M, in (92) and using (95), we obtain

0 M+L
_ l
rf @) | Zw(r, guydyr = Y Ci(r)g,. (96)
i 1=0

—C

Finally, by using (93), and (96), we can derive the remaining coefficients C;(r), [ =
I,...,L+ M.
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Remark 10 An alternative way to solve (94) is by performing the transformation v; =
sy1, so that (94) becomes:

Zy(r,s) = r/m h(s)Zy(r,vy)dvy + L(r,s), Re(s) > 0. 97
0

Note that (97) is a Fredholm equation [13]; therefore, a natural way to proceed is by
successive substitutions. Define now iteratively the function

cs
L' (r,s) := r[ h(s)LE V" (r, v)dv, i > 1,
0

with LY (r,s) := L(r, s). Then, after n iterations we have that
n+l és

Zy(r,s) = Z L7 (r,5) +r"t! /

v1=0

=0
cvy Cup n
f / h(s) ]_[ h(V;)Zy (r, Vpi1)dvpg . .. doaduy.
vo=0 Up+1=0

j=1

Note that

cs cvy
lim 7"t} / /
n—00 v1=0 J v,=0

n

cvy
/ h(s) [ [h@)Zw (. vag1)dvpss - .. dvadvy = 0.
v,

n+1=0

j=1
To see this, observe that
Cuy
[h(vy) Zy(r, vpg1)dogg] <
Un+|=0
! 1
| Zy(r, vpp)dogyr | < ——.
Vp41=0 I—r
Thus, the above limit is less than or equal to
1
lim "t =0.
n—o00 1—r
Therefore,
o
Zy(r.s) =Yy L' (r.s). (98)
i=0
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Now for Re(s) > 0, we have M>(r, s) = maxye(o,és] |L(r, s)| < 0o. Then,
o cs . .
IL" (r, 8)] < | / LU=D"(r,5)| <& max |L(r,s)| = esMa(r,s) < oo,
0 vel0,cs]
which ensures the convergence of the infinite sum in (98).

5.4 A Bernoulli dependent structure

Consider the following (simpler) case of recursion in (2) where V,,(l) < 0 as., and

v = Uy, with U, ~ U (0, 1), a > 2:

+
[ViW, + B, = aP] wp. p,
Wn+l = (99)

+
I: l’}/aWn_‘_Tn_AElz)iI 7W'p'q:=1_p’

where the LST of By, say ¢p(s) := gﬁg; is rational with poles at s1, ..., s;, with

Re(sj) <0, j=1,...,1. Then, for Re(s) =0,

. ()]
E(e "Wy = w) = pE(e™"" W1 |Wy = w)pp(s)da, (—s)

—sUYw, _ _ B
+qE(e [Wo = w)pr (8)pa, (—s) + 1 — Ju(s),
where forn =0, 1, ...,

Wt Bu-aL"

— 1/a 4@
Ju(s) :=pE(e S[Vn Wa+T,— Ay ]

Wo = w) + g E(e V" 1Wo = w).

Note that for u = sv!/%, we have,
—sUMw,
E(e™" "Wy = w)

1 K
- / E@e™""" W Wy = w)dv = %/ uVE (e W = w)du.
0 s 0

Setting fo)(r, $) :=s"1Z,(r,s) and proceeding as in [6], we obtain,

Dp()[Z(r,5) — 5% e — rqer(s)pa, (—s) [3 ZW (r, udu]
= rs“ pNg(©)pa, (=) [ Zu(r, sv)P(VD € dy) + Dp(s) (1= — My (r, 5))],
(100)

where M, (r, s) := Z,C;o:() r’" J,(s). Note that:

e The LHS in (100) is analytic for Re(s) > 0 and continuous for Re(s) > 0.
e The RHS in (100) is analytic for Re(s) < 0 and continuous for Re(s) < 0.
e For large s, both sides are O (s") in their respective half-planes.
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It follows by Liouville’s theorem [14, Theorem 10.52] that
(a) a—1 —sw a y (a)
DyIZ,)(r,9) =™ = rq—¢r(s)pa, (—9) fo Z@(r, u)du]
1
=Y Ci(r)s*, Re(s) =0, (101)
k=0
0 1
rs® ' [pNp(s)¢a, (—s) / Zy(r,sv)P(VD e dy) + Dy(s)(;— = Mu(r, )]

Cr(r)s*, Re(s) <O0. (102)

MN

k

Il
=}

Setting s = 0 in either (101), or (102) yields Co(r) = 0. Note that for s = s;, we
have Dg(s;) =0, j =1, ...,[. Substituting in (102) yields

0 1
rsj-'_l[pNB(sj)qu,(—sj)/ Zy(r,sjp)P(VD edy) =) Cr(r)sy.  (103)
- k=1

Note that from (101)

Y et Crr)s®
Dp(s)

)

s
29(r.5) = rg 91 5)61,(~5) /O 29 (r, u)du + 5 e 4

or equivalently, if 7@ (s) := [ Z (¢ u)du, we have

Y ket Cr(r)sk

+ 597 L™, 104
Dp(s) (109

1 (5) = rg L (s —s) 1D (s
(s) QS¢T( YPa, (=) (s) +

Thus, following standard techniques from the theory of ordinary differential equa-
tions, we have for a positive number ¢, such that ¢ <'s,

1@ (5) = ele i ®rWPa, (—u)du

! ) k
<1<a)(c) N /Y o= L ra T (s, (—uw)du <Zk_l; C(Jgr)t n talelw> dt) '
c B

Note that

[ rqs¢>r(u)¢A2(—u)du = —(1+o(1))rgaln(c), as c — 0.

Since 1@’ (s) = s9=1Z,,(r, 5), we have 1@’ (0) = 0, and thus,

[ k
1@ (s) = fs ol ra i er (Wday (—u)du 2 k=1 k(D)1 T AR
0 Dp(t)
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Combining the above with (104), and having in mind that / (@y (s) = Z,(lf' ) (r,s) =
9717, (r, s), we have that

Y ket Cr(r)s*

— a
Zy(r,s) = T D) te sw_|_rqs—a¢r(s)¢A2(_s)
L k
/Seffrqwr(u)mz(—u)du > k=1 Ci(r)t Ll ) g,
0 Dp(1)

By substituting the derived expression for Z,, (r, s) in (102), we can obtain a system
of equations to obtain the remaining unknown coefficients Cr(r), k =1, ..., 1.

5.5 Another generalization
We now consider the case where
Wit = [VaWa + By — An]",

with V, ~ U(0, 1), and E(e*4"|B, = 1) = x(s)e ¥ and B, ~ exp(u). Thus,
the interarrival times depend on the service time of the previous customer, so that

ux(s)

o0
E(e S4By = / e My (s)e VO = —— 2
( = « PESTOR:

when Re(u + ¥ (s) + z) > 0. Since for s = 0 the E(e™*47|B, = 1) should be equal
to one, we have to implicitly assume that {/(0) = 0 and x(0) = 1. Therefore, by
denoting Z,,(s) = E(e~*W) we have:

Zyi1(s) 1= E(e ety =E (e Vi WakBu=An)y 4 | — p (e [Vt Bu=Anl™y
=E(e """ E@ B Ay 11— Uy, (5)

mx(=s)

:E(e_svnwn)
wA+Y(=s)+s

+ 1= Uy y, ),

where Uy, y, (s) := E (e=SVaWntBa—=Anl™y Clearly, under the transformation v = su,
we have:

1 s
1
E(e_SV”W") 2/ E(e_s”W”)du — _/ Z,(v)dv.
0 s Jo

Thus, assuming that x (s) := 5‘]((2)), Y(s) = 522((2)), with Py(s), Q1(s), Q2(s) poly-

nomials of degrees L, M, and N, respectively:
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_ Pi(-9) 102 (—s5) 5 o
L) = ) i 9) 0a(—s) + Pa(s) Jo 2= Uy, )
_ 1Ny () s

sDy(s) Jo

Z,(v)dv+1— U;an (s).

Multiplying with #"*! (having in mind that Wy = w), and summing from zero to
infinity, we obtain

sDy($)[Zy(r,s) —e*"] —ruNy(s) /S Zy(r,v)dv = rsDy(s) (% — My (r, s)) ,
0 _

where My, (r,s) = Y .2, r"Uy  (s). Note that Dy(s) = Qi(=s)((u +
§)Q2(—s) + P>(—s)) is a polynomial of degree M 4+ N + 1. Thus, following similar
arguments and Liouville’s theorem [14, Theorem 10.52], we have

sDy () Zw(r,s) —e "] = ruNy(s) fs Zy(r,v)dv
0

M+N+L+2
= Y G, Re(s) =0,
=0
1 M+N+L+2 .
rsDy (s) (: - Mw(r,s)> = IXO: Ci(r)s', Re(s) <0.

For s = 0, we can easily derive Co(r) = 0. Assuming that all the zeros of Dy (s), say
tj,j=1,...,M + N + 1 are in the positive half-plane, we can derive a system of
equations for the remaining coefficients C;(r):

M+N+L+2

tj
—mNY(;,-)/ Zyrovdv= > Gk j=1.....M+N+1
0 =1

Now for Re(s) > 0, we have,

N K A£+N+L+2 C [
r(s) Zw(r,v)dv + e — 2i=i (s

Zolr ) =1 ), Dy (s)

The form of the above equation is the same as in [6, eq. (48), p. 239], so it can be
solved similarly.

6 On modified versions of a multiplicative Lindley recursion with
dependencies

In the following, we focus on the recursion (3), which generalizes the model in [12].
More precisely, we assume that Vn(l) are such that P(V,,(]) e [0,1)) = 1, and V,fz)
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such that P(Vn@) < 0) = 1. We further use p to denote the probability measure on
[0, 1), ie. w(A) := P(V" € A) for every Borel set A on [0, 1).
Assume also that {Y,fo) = B, — Ai,o)}neNO arei.i.d. random variables and their LST,
_oy©® ; . 0
say gy (s) = E(e") = pu. with Dos) = [1i s + m) 132, + 1),
with Re(m;) < 0,i =1,...,L, Re(tj(.(?)) > 0, jo =1,..., Ko. Assume also that

{A,(,k)},,eNO, k = 1, 2, are independent sequences of i.i.d. random variables with LST

®
Ba,(s) = E(e™4n ) == g’;—g;, Dy (s) = ]_[jk (s + t(k)) with N (s) polynomial

of degree at most K; — 1, not sharing same zeros with Dy (s), and Re(tj(,]l)) > 0,
=1 K1, Re(t)) <0, jp=1,.... Ky We assume that Wy = w. Then,
_ _ 4O o) a4y~
E(e= W1y = pE (e Wt Ba= A )+q[E(e sSWVa WatBa—A 1| (B, < T,))
(2) (2) ~ (1) = (1)7—
+ E(e_S[Vn Wn+Tn_An ]I(Bn > Tn)) + 1 —_ E(e_s[vn Wn+Bn_An ] 1

= @ D= o~
X (By = 1) — B Wt hm Al 1 (B, > 7)) |

—sW, No(s) —svw, Ni(—s)
PE(e )D ®) +qE(e )X(S)Dl(—s)
+qE(e‘SV Wy (s )Nzi ;+1—J (s),

where

57 (5) s=pE(e Mt BT (e Wt B AT (B, < )

+ BVt AN (B, > 1)),

x(s) t=E(efs§"1(§n <T)) = /oo e (1 — T(x))dB(x),
0

U(s) :=E@ " 1(B, > T,)) = /Oo e (1 — B(x))dT (x).
0

Letting Z,,(r, s) := fo:o r"E(e=s"r), r € [0, 1), we have for Re(s) = 0 that

D1(=$)Da(—s$) [Zw(r, $)(Do(s) — rpNo(s)) — Do(s)e "]
g (5)Dos) Da(—5)N1 (=) /{01 Zu(r sy POV € dy)
D
= Do(s>[rqw(s)1vz(—s) Zw(r, sy)P(VP e dy)
(=00,0)

+rDi(—s)Dy(—s) <; —J (r, s))] (105)

where J = (r,s5) = Z;’;O r*J;(s). It is readily seen that:
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e The LHS in (105) is analytic for Re(s) > 0 and continuous for Re(s) > 0.
e The RHS in (105) is analytic for Re(s) < 0 and continuous for Re(s) < 0.
e For large s, both sides are O (sLTXo+K1+K2) ip their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] implies that

D1(=$)D2(=5) [Zu(r, $)(Do(s) — rpNo(s)) — Do(s)e "]

— rqx(s)Do(s)Da(—s)Ny(—s) /[O ; Zu(r,sy)P(VD e dy)

L+Ko+K1+K2
= > G5’ Re(s) =0,
[=0
Do(s) D1 (=$)[rq ¥ (s)Na(—s) /( ) Zy(r, sy)P(V® e dy)
1
+rDa(=5) (7 = 7 )]
L+Ko+K1+K>2
= Y G’ Re(s) <0,
[=0

where C;(r),l =0, 1, ..., L+ Ko+ K1 + K>, are unknown coefficients to be derived.
For s = 0, simple computations imply that

r L Ko K K>
(0) H (2)
Cor) = U =p—qxO) [m; [T [T, [T,
Jj=1 jo=1

Ji=1 2=l

Thus, for Re(s) > 0, we have
Zy(r,s) = K(r,S)/O Zy(r,synu(dyr) + L(r, s), (106)
[0.1)

where

K _ rgx(s)Do(s)Ni(—s)

(r,s) = ’
Di(—=s)(Do(s) — rpNo(s))

L5y e D@ TR s
o Do(s) — rpNo(s)

The functional equation in (106) has the same form as the one in [12, eq. (13)] and
can be treated similarly. Note that in our case, for r € [0, 1),

K (r.5)| < rglxOIDoOIM (=) rqx©) _ _rq <r <l

ID1(=9)[(|Do(s)| = rpINo(s))) ~ L—rp 1—rp
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as s — 0. Thus, there is a positive constant € such that for s satisfying |s| < €, we
have |K(r,s)| <r := % Note that K (r, s), L(r, s) satisfy the same properties as
those in [12], thus, proceeding similarly and iterating n times (106) we obtain

j—1
K(r,s) 1_[

h=1
K(r,syr...yp)L(r,syr...ypu(dyr) ... u(dy;)

n
—i—/f K(r,s) K(r,sy1...yn)
[0,1)n+l 1_[

h=1
Z(r,sy1 .. ynr)(dyn) .. (dynt1). (107)

0,1)J

Zurs) =209+ ) [ [
j=1 :

We will let n — o0 to obtain Z,,(r, s), so we need to verify the convergence of the
summation in the second term in (107), as well as to obtain the limit of the third term
in (107). Following the lines in [12, pp. 9-10], we can finally obtain,

Zw(r,s)zL(r,s)—i—Z/.../ K(r,s)
j=1 [

0,1)/
Jj—1
]_[ K(r,syr...yn)L(r,syr...yj)udyr) ... p(dyj). (108)
h=1
We still need to derive the remaining coefficients C;(r), [l = 1,..., L + Z%:o Ky:

First, by using Rouché’s theorem [ 14, Theorem 3.42, p. 116], we can show that D (s) —
rpNo(s) = Ohas Kgroots,say §1(r), ..., 8k, (r),withRe(§;(r)) = 0,j =1,..., Ko.
Thus, we can obtain K¢ equations:

—rgx(8;(r)Do(8;(r)) Da(—8;(r))Ni(—8;(r))
/ Zu(r, 8, PV € dy)
[0,1)
= D1 (=8;(r) D2 (=8, (r)) Do(8;(r))e 2 ¥

L+Ko+K1+K>2

+ Y areim).

=0

Similarly, for s = t](-ll), Ja=1..., K,

1

1 1 1 1 1
= rax Do D=t [ Zur PP e an
[0,1)
L+Ko+K1+K>2

= Y angh.

=0
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2

Fors:th ,p=1,..., K>,

2 2 2 2 2

—rqy ) Dot ) Dy (—1 2 YN (—1) Zu(r 17 )PV € dy)
(—00,0)
L+Ko+Ki1+K> 5
= Y ane)

=0

while fors =m;, j=1,...,L,
L+Ko+K1+K>
Y. Gy =o.

[=0

By inserting where is needed the expression in (108), we obtain a system of L + Ko+
K1 + K» equations to obtain C;(r),/ =1,..., L+ Ko + K| + K>.

6.1 A mixed-autoregressive case

Consider first a simple version of the recursion (4),i.e. W, 11 = [V, W, + B, — A,]T,
where now P(V,, =a) = p1, P(V,, €[0,1)) = pa,and P(V,, <0) =1 — p; — pa,
witha € (0,1),0 < p; < 1,0 < p» <1, p1 + p> < 1. (The general version of
(4) will be considered in Remark 11.) Note that the case where a = 1 was analysed
in [12]. In the following, we fill the gap in the literature, by analysing the case where
a € (0, 1), which we call mixed-autoregressive, in the sense that in the obtained
functional equation we will have the terms: Z,, (', as), and f[o,l) Zy(r,sy)P(V € dy).

Assume that v+ & VIV € [0,1)), V™ &ef (V|IV < 0). Then, for Re(s) = 0,

r € [0, 1) we have
Zy(r,s) —e " =rp1dy(8)Zy(r, as) + rpagy(s) f[o ) Zy(r,sy)P(VT e dy)

+r(1 = p1 — p2)éy(s) . Zy(r,sy)P(V™ edy)
)

(=00,
1
+r< —J_(r,5)>, (109)
1—r
where {Y, = By — Ay}uen, are iid. random variables with LST ¢y (s) := -3,

with Dy(s) = ]_[lL: (s — 1) ]_[?/l: 1 (s — 5;). Without loss of generality, we assume
that Re(#;) > 0,i =1,...,L, Re(s;) <0, j=1,..., M. Thus, (109) becomes

Dy (s)(Zy(r,s) —e™**) —rpiNy(s)Zy(r, as) — rpaNy(s) f[0,1) Zy(r,sy)P(VT e dy)
= (1= p1 = PINYO) [ s gy Zu(ro s P(V™ €d) 41Dy (o) (15 = I 9))
(110)
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It is readily seen that:

e The LHS in (110) is analytic for Re(s) > 0 and continuous for Re(s) > 0.
e The RHS in (110) is analytic for Re(s) < 0 and continuous for Re(s) < 0.
e For large s, both sides are O (s“TM) in their respective half-planes.

Thus, Liouville’s theorem [14, Theorem 10.52] implies that for Re(s) > 0,

Dy (s)(Zy(r,s) —e™*") —rp1Ny(s)Zw(r, as) — rp2Ny (s) o

M+L
Zy(r, sy)P(V+ edy) = Z Cl(r)sl, (111)
1=0
and for Re(s) <0,
r(1 —p1— p2)N(s) o) Zy(r,sy)P(V™ edy) + rDy(s)(1 — - J7(r,s))
M+L ’
= G (112)
1=0

By using either (111) or (112) for s = 0, we obtain,

L M
r(l —p1— p2)
Co(r) = =2 ]‘!n s
i=1 j

i1

Denoting by u the probability measure on [0, 1) induced by V™, the expression (111)
is written as

Zu(rs5) = pLK(r, ) Zu(r, as) + paK (-, s)/ Zu(ry syDu(dy) + Lu(r, 5),
[0,1)

(113)
where

N St Cir)s!

K(r,s) :=rpy(s), Ly(r,s):=e*" Dy (s)

Our aim is to solve (113), which combines the model in [8], with those in [5, 12], i.e.
in the functional equation the unknown function Z,,(r, s) arises also as Z,,(r, as) as
well as in f[o 1y Zuw(r,sy)u(dy). Letfori, j =0,1,...,

J
fij (&) =a' [T wes. e €10. D). k=1,.... .
k=1
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| Zu@ra's), ji=0,
Fo 11560 “{f..-f[o,1>_,- Zu(rs i DRy . ndyp), j = 1,

where fi o(s) = a's (ie. [To_; y& := 1). Moreover, fi ;(fei(s) = fitk,j+1(s) =
fi.1(fi.j(s)). Then, (113) becomes

F(r,s) =p1K@,s)F(@r, fi,008) + p2K@T, s)F(r, fo1(8)) + Ly(r,s),  (114)

where F(r,s) = F(r, foo(s)) = Zy,(r, s). Iterating (114) n — 1 times yields,

n
F(r,s) =Y p5pi *Gru ik F @, frni(s)
k=0
n—1 k

A PP Gk -m DL k- (), (115)

k=0 m=0

where Gy ,—(r, s) are recursively defined as follows (withG_; _(s) = G__1(s) =0,
Go,o(s) =1):

Gio(s) =K (r,s), Goi(s):=K(r,s),
Gii1.4—k() =G ni (KT, fin—i()) + Grp1.a-1-k KT, fetn1-k(5)),
Grnt1-k(5) =Gr—1011-k KT, frm1nt1-£(5)) + Gkn—ik (KT, frni(5)),

where also

- - . K(r,ais), Jj=0,
K@ fi.j6)) = { oSy K frjDu@yn . on@yp). j = 1,

and

= [ Ly(ra's), j=0,
L fij6) = {f.../[o,l),- Lu(r fij(sDuldyn) ... u(dyy), j = 1.

It can be easily verified that G4 ,—, (7, s) is a sum of (Z) terms, and each of them is a

product of n terms of values of K (r, f.,.(.)), which are related to the LST ¢y (.). We
have to mention that our framework is related to the one developed in [1] with the
difference that the functions f; j(s) (for j > 0) are more complicated compared to
the corresponding a; (z) in [1], and inherit difficulties in solving (114).

In what follows, we will let n — oo in (115) so as to obtain an expression for
F(r,s). In doing that, we have to verify the convergence of the summation in the
second term in the right-hand side of (115), as well as to estimate the limit of the
corresponding first term in the right-hand side of (115). The key ingredient is to show
that G ,—(s) is bounded. Similarly to [1, p. 8], Gk n—k(s) can be interpreted as the
total weight of all (}) paths from (0, 0) to (k, n — k). Let Cy,,— the set of all paths
leading from (0, 0) to (k, n — k), where a path from (0, 0) to (k, n — k) is defined as
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a sequence of grid points starting from (0, 0) and ending to (k, n — k) by only taking
unit steps (1, 0), (0, 1). Then, a typical term (one of the (Z) terms) of G, (s) should
be the following:

/ fo K(roa'yr ... yms)u(dyr) ... p(dyn—p),

l)amman

form =0,...,.n—k,andl =0, ...,k with (I, m) # (k,n — k). For Re(s) > 0,
Mi(r,s) := supyeo 17 |[K(r,sy)| < 0o, Ma(r, s) := sup,¢o 17 IL(r, sy)| < 0o, and
|[K(r,s)] <r < 1. Then, fora € (0, 1), Ml(r,ais) < Mi(r,s),i > 1,1 =1,2.
Following [12],

f K(roa'yr ... yms)u(dyr) ... (dyn—g)
(0, 1y UmEan

<E [ K¢.d'zi... zus) |,
(l;m)eck.nfk

where Z1, Z», ... is a sequence of i.i.d. random variables with the same distribution
as VT. Following the same procedure as in [12, pp. 8-9], we can show that each of the
weights of the path is bounded, implying that G ,—(s) is also bounded. This result
will imply as n — oo that the first term in the right-hand side of (115) vanishes. Thus,

oo k
Fr) =Y PV o5 " Gukm&L, fnkm(s)). (116)
k=0 m=0
We are now ready to obtain the coefficients C;(r),[ =1,...,M + L. Fors = ¢;,

i=1,...,L,in(111), we have

M+L
—rpitNy(t) Zy (r, dtz)—rpzNY(h)/ Zy(r, tiy)n(dy) = Z Cr(m.
- 117)
Setting s = s;, j = 1,..., M, in (112) yields
M+L
rA=pi=pONG) | Zulrs PV € dy) = ;0 Ci(rsh. (118)

Equations (117), (118) constitute a system of equations to obtain the unknown coef-
ficients Cy(r),[ =1,...,M + L.

Remark 11 We now return to the general case of recursion (4). The analysis is still
applicable when we assume that with probability pi, Vn(o) € {ay,...,apy}, with

@ Springer



Queueing Systems (2024) 106:67-127 17

ar € (0, 1), and P(V” = ay) = qi, k = 1, ..., M. Then, (113) takes the following
form

M

Zy(r,s) = piK(r,$) Y qiZu(r,axs) + p2K(r, S)/ Zuy(r, synpu(dyr) + Lu(r, s).
k=1
(119)

Then, by setting h; := plq], J=1....M, hyy1 == p2, fiy.ivipg 1 (5) =
” .aM HIMT yjs,and e/ M+ an 1 x (M + 1) row vector with 1 at the jth position
and all the other entries equal to zero, (119) becomes

M+1
F(r.s)=K(r.s) Y hjF(r, St () + Lu(r. ). (120)
j=1

Note that (120) has the same form as the functional equations treated in [1, eq. (2)].
After n iterations (120) becomes

i i iM+1
F(r.s) = > Wy R G i O F G firing g1 ()
i1+... iy +ip+1=n+1

n

i i iM+1 T
+) Do R MR G i L firing g (9),
k=0i1+...+ipy+ip+1=k

where now
M+1
Gi1 ..... im, 1M+1(S) Z K(r fl[, ,ijfl,A..,iMJr](s))Gi] ..... [FES T iM+1(s)a
K@, a''. s) iv+1 =0,
K@, fi 5)) 1= ' .
, fiy.... 1M+1( ) = {f f[O i K(r firoo, ,-M+](s)),LL(dy1).../L(dy,'MH), iver > 1,

L(r, ‘11 . s) iM+1 =0,
f f[() 1) L(V fll 1M+1(S))//-(dyl) .. -Vv(dyiMH)» iMyg1 =1,

with Go,...0,0(8) := 1, Gj|,....ips.ip1 (8) = 0O, in case one of the indices becomes —1.
Following the above approach and having in mind that the functions f;, ..., (s) are
commutative contraction mappings on {s € C; Re(s) > 0}, F(r,s) := Z,(r, s) can
be derived by using [1, Theorem 3].

Remark 12 Note that in this subsection we have not considered any dependence
framework among Bj, A,, since our major focus was on introducing this mixed-
autoregressive concept, and generalizing the work in [12], by assuming a € (0, 1),
instead of a = 1. However, the analysis is still applicable even when we lift the
independence assumption. For example, assume the simple scenario where now with
probability p1, we further assume A, = c¢B, + J,, i.e. the interarrival time is linearly
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dependent on the service time of the previous customer, with ¢ € (0, 1), J,, ~ exp(9).
Then, (113) becomes

Zw(rs S) = lel(r,S)Zw(r,aS)

+ K, s)/ Zu(rsyDR@y) + Lo(r ), (121)
[0,1)

where now K (r,s) :=r %q‘) p(cs). The rest of the analysis can be pursued similarly
as above. Clearly, the analysis is still applicable either if we consider J, to have
distribution with rational LST, or a more general dependence structure, e.g. A, =
G,(W, + By) + Ju, P(G, = Bi) = qi,i = 1,..., M, or the (random) threshold
dependence structure analysed in Sect.4. Clearly, we can also apply the same steps
when lifting independence assumptions for the general case analysed in Remark 11.

7 A more general dependence framework

In the following, we consider a more general dependence structure among { B, },eN>
{An}nen, - More precisely, assume that

N
E(e* "By =1) = x(s) ) pie V10, (122)

i=1

thus, the interarrival times depend on the service time of the previous customer, so
that

00 N N
E(em* ) = /0 e () Y pie” MWNAF(@) = x(9) Y pidbn(z + Yi(s)),

i=1 i=1

with Re(¢i(s)+z) > 0. Clearly x (0) = 1, ¥;(0) =0,i = 1, ..., N. The component
e~V depends on the previous service time. The component x (s) does not depend
on the service time.

Note that with the above framework we can recover some of the cases analysed
above. In particular, the case A, = ¢B,, + J, with N = 1, so that p; = 1,

E(e *M|B, = 1) = E(e* Bt |B, = 1) = E(e7In)e=cs1,

with x (s) := E(e™*’), ¥ (s) = cs.
The case A, = G, By + Jy, with P(G, = B;) = p;,i =1,..., N. Then:

x(s) = E( ™), yi(s)=PBis,i=1,...,N.

Another interesting scenario: Given B = t, A = ,ICV;(II) H; ., with probability
pi» Ni(t) ~ Poisson(y;t),i = 1,..., N, and {H; x} are sequences of i.i.d. random
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variables with a rational LST, each of them distributed like H;. Then,

Ni(t)
E(e™* "B, =1) = Y| piE(e™* Xk=1 Hik|B, = 1) =
L . .
N _ 1 ) Vit i li
= Zi:l pi ZZO=O E(g sZk=l Ht,len — [)%
=N | pien(-E@),

and thus, x(s) = 1, ¢¥;(s) = y; (1 — E(e—sHiy) i=1,...,N.

So, returning to the simpler general scenario for the stochastic recursion in (1):
Wui1 = [aW, + B, — A,]", where the interarrival times depend on the service time
of the previous customer based on (122), we have:

E(e_SW”“) — E(e—s(aW,,+B,,—A,,)) +1— E(e—s[aWn—i-B,,—A,,]_)
= E(e7 " E(e B4y 41— Uy (s)
= E(e™ W)y (=) Y1) pidn(s + i(—5)) + 1 — Un(s).

Assuming that the limit as n — o0 exists, by focusing on the limiting random variable
W, and setting Z(s) = E(e~*"), we come up with the following functional equation:

Z(s) = Z(as)x(—s) YN, pigp(s + Yi(—s)) + 1 — U(s).

._ Ai(s) . — Bi(s) : :
Let x(s) := T SEERE Yi(s) == ﬂfil(HW)’ with A(s) a polynomial of degree at

most K — 1, not sharing the same zeros with the denominator of x (s), and similarly,
B;(s) polynomial of degree at most L; — 1, not sharing the same zeros with the
denominator of ¥;(s), fori =1, ..., N. Then, for Re(s) = 0,

[T, i = $)Z(s) — A1(=s)Z(as) YN, pidp(s + Yi(—=s) = 1 = U(s).

By using similar arguments as above, Liouville’ theorem [14, Theorem 10.52] implies
that,

K

N K
[ [0u =9)2(s) = Ai(=5)Z(as) Y pips(s + (=) = Y Cjs/, Re(s) = 0.
k=1 i=1 j=0
(123)

Setting s = 0, yields Cop = 0. The other C;s are found by using the K zeros s = A,
k=1,...,K.Indeed, sets = A, k = 1,..., K in (123) to obtain the following
system:

N K
— AL(=M)Z@h) Y pidp Ok + i (=) = Y Cj. (124)

i=1 j=1
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However, we still need to find Z(a)y), k = 1, ..., K. This can be done by iterating

Z 1Cs
Z(s) = Z(as)A(—s) ) pidp(s + ¥i(— S))+—
; ’ l_[k 1()\k—S)

This will result in expressions containing infinite products of the form [ [o~_, A(—a™s)
¢p(a™s + i (—a™s)). Indeed, after the iterations we get:

oo n—1

Cj(a" DY
Z(s) = A(=a"s) Y pids(@”s + Yi(—a"s))
/2;;) [Tz G = as) 1_[ ,2; ’
+]] Aams) Zpiqu(a’”s + i (—a"s)). (125)
m=0 i=1

Note that for large m, ¢ g (a” s+; (—a™s)) approaches 1, since a™ s+1; (—a™s) — 0.

Substituting s = ary, k = 1,..., K in (125), we obtain Z(aXy). Finally, by
substituting the derived expression in (124), we get a system of equations for the
unknown coefficients C;, j =1, ..., K.

Remark 13 Note that in the independent case, i.e. ¥ (s) = 0, the situation is easy. In
the linear dependent case, i.e. A, = B; B, + Ju, ¥i(s) = Bis, the analysis is also easy

to handle. If we additionally assume that J,, ~ exp(8), then we are interested in the
S¢pp (@™ By s)

convergence of [, “*22E

, which is also easy to handle.

7.1 Interarrival times dependent on system time
Assume now that
E( ™ |Wy + By =1) = x(s)e V",

and thus, the interarrival time depends on the workload present after the arrival of the
previous customer. Therefore,

E(e st By — 3 () (z + Y () Z(z + ¥ (s)),
with Re(z + ¥ (s)) > 0. Then, for Re(s) = 0, the functional equation becomes
Z(s) = X (=9)9p(s + Y (=N Z(s + Y (=5) = 1 = U(s). (126)
Note that the case where A,, = ¢(W, 4+ By) + Ju, ¢ e 0, 1), J, ~ exp(A) was
recently treated in [7, Section 2]. For that case, x (s) = 2~ + 5»and ¥ (s) = sc. For the
general case, the functional equation (126) can be treated by following the lines in [1],

when g(s) := s + ¥ (—s) is a contraction mapping on the closed positive half-plane.
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A more interesting case arises when we assume that the next interarrival time
randomly depends on the workload present right after the arrival of the previous
customer. More precisely,

N
E(e "W, + B, = 1) = x(s)y_ pie V1", (127)

i=1

In such a case,

N
E(e M2 Wit By = () Y~ picdp (2 + i (SN Z(2 + ¥i(s)),

i=1

with Re(z + ¥i(s)) > 0,i = 1,..., N. Then, for Re(s) > 0, we have

K N K
[Tk = 9)Z(s) = A1(=) Y picpn(s + Vi (=D Z(s + Yi(—5)) = Y _ C;s7.
k=1 i=l1 j=0

(128)

A special case of the dependence relation (127) arises when A, = G, (W, + B,,) +
Jn, P(G, = Bi) = pi,i = 1,..., N; see Sect. 2.3. For such a case, x(s) = S%S,
Yi(s) = Bis,i = 1,..., N.In general, if g;(s) = s + ¢¥i(—s),i = 1,..., N, are
commutative contraction mappings on the closed positive half-plane, then following
the lines in [1], the functional equation (128) can be handled.

8 An integer-valued reflected autoregressive process and a novel
retrial queueing system with dependencies

In this section, we consider the following integer-valued stochastic process {X,; n =
0, 1, ...} that is determined by the recursion (5):

X, .
Xn+1 = { Zk:l E]k,n + Z"l Qn+]5 Xn > 07 (129)
Yn_Qn—Ha Xn=0,
where Z1, Z», ..., Y1, Ya, ..., are i.i.d. non-negative integer-valued random variables

with probability generating function (pgf) C(z), and G (z), respectively, and Q,, O,
are i.i.d. random variables such that

Xn

PO =03 Vet 20 =00 - 0 s B
n o k,n n ) n : )\’1 +a1(1 — 80,])’

Xn 011(1—501)
PQu=11Y Utn+Zn=1Xy>0) 1= —
(On |kz:; kan t+ Zn n>0) M Fa(l— 50,1)
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~ A0
P(Qn = OlYy =1 X, = 0) = 5 Si s,
= ao(l —80,1)
P = 11¥y =1 X, = 0) i= =2 s,
where 8¢ ; denotes the Kronecker’s delta function, i.e. 8o ; = 1,if/ = 0,and 6p; = 0, if
[ # 0. Moreover, Uy, are i.i.d. Bernoulli distributed random variables with parameter
&n,ie. P(Uky =1) =&, P(Urp, =0) =1 —§,. Itis also assumed that &, are also
i.i.d. random variables with P(§, = a;) = p;,i = 1,..., M, and Zf‘i] pi = 1. As
usual, it is assumed that for all n, Z,, Yy, Uk.n, O, Qn are independent of each other
and of all preceding X .

Note that (129) can be interpreted as follows: Let X, be the number of waiting
customers in an orbit queue just after the beginning of the nth service, Q1 (resp.
Qn+1) be the number of orbiting customers that initiate the (n + 1)th service when
X, > 0 (resp. X, = 0). Note that when X,, > 0 (resp. X,, = 0), the first primary
customer arrives according to a Poisson process with rate Ay (resp. Ag). Z, (resp.
Y,,) denotes the number of arriving customers during the nth service when X, > 0
with pgf E(z%") := C(z) (resp. with pgf E(z') := G(z), if X,, = 0). The orbiting
customers become impatient during the nth service. In particular, with probability
pi, each of the X, customers in orbit becomes impatient with probability 1 — a;,
i =1,...,M,ie. there are M schemes that model the impatience behaviour of the
customers in orbit during a service time, and with probability p;, i = 1,..., M, the
ith scheme is assigned at the beginning of a service. Under the ith impatience scheme,
each orbiting customer becomes impatient and leaves the system with probability
1 —a;,i =1,..., M. Therefore, with probability p;,i = 1,..., M, Ui, equals 1
with probability a;, and 0 with probability 1 — a;.

Under such a setting, the service time and/or the rate of the Poisson arriving process
of the number of customers that join the orbit queue during a service time depend on
the orbit size at the beginning of the service. Moreover, the retrieving times depend
also on whether the orbit queue is empty or not at the beginning of the last service (i.e.
the are exponentially distributed with rate o (resp. «;) when X,, = 0 (resp. X, > 0)).
We have to note that to our best knowledge it is the first time that such a retrial model

is considered in the related literature.
Then,

E(ZX11+1) =E(ZZ’21 Ukint+Zn—Qn+1 1(X, > 0)) + E(ZYH7Q11+1 1(X,, = 0))

=E(z%")( - il )E(zzfﬁl”kv"(l—l(xn=0)))

_|_
ZM H+a1) A tog
+ E@" 91 (1(X, = 0,7, > 0) + 1(X, =0, Y, =0)))
ap + A

S5 Uy _
z(k—l—al)[E(Z k=t Phn) — E(l(x,=0)]

=E(z%")

ag )
+ ]
z(ho + @) Ao+ o

+EG"1(Y, > 0)E((X, = 0)I

+ E((Y, =0)E((X, =0)
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o Zy Q1 ZAL S Ukny _ _
=E(z )7z(k+a1)[E(Z k=17kn) — E(1(X, = 0))]
a0 + zA0 Y ap(z — 1)
E((X, = N[220 gty D077 By, =0))],
+ B ))[Z()»o—i—oto) @)+ (Ao + ap) (e )]

where in the third equality we used the fact that when Y,, = 0, then Qn+1 = 0 with
certainty. Let f(z) be the pgf of the steady-state distribution of {X,},cn, we have
after some algebra,

) = % pif @i +aie) + 1O [G(mo“)“+A ) 4G - cw]
i=1

(130)

where C(z) = C (z)%, G(z) = G(z)%. After multiplying (130) with z and

letting z = 0, we obtain

M
O =CO) Y pif@). (131)
i=1
Set g(2) = €@, K (2) = L2[G(0) D 4 G (z) - C(2)), so that (130) is now
written as

M
f@) =2g@ ) pif@+az)+ K@),

i=1

which has the same form as the one in [1, Section 5, p. 19]. Note that g(1) =
K (1) = 0, thus, the functional equation in (130) can be solved by following [1,
Theorem 2]:

Theorem 14 The generating function f(z) is given by

f(2) =1lim,_ o Zi1+‘..+iM=n+1' Pil . P%Lu ..... in(2) .
+Zlfi0 Zi1+..4+iM:k 1’11l . PM ,,,,, iv(@K( —a --'a;tlxlw(l —2)),
(132)

where L;, .. i, (2) are recursively obtained by the relation (5) in [1]. The term f (0) is
determined by substituting a;, i = 1, ..., M, in (132), multiplying both sides by p;,
summing over i, and using (131).

Remark 15 Note that C (z) (resp. G (z)) refers to the pgf of the number of primary
customers that arrive between successive service initiations when X, > 0 (resp.
X, = 0). Moreover, we can further assume class-dependent service times, i.e. when
an orbiting (resp. primary) customer is the one that occupies the server, the pgf of
the number of arriving customers during his/her service time equals C,(z) (resp.
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a1Co(2)+2112Cp(2)

Cp(z)). In such a case, 6(1) = —

a0Go(2)+102Gp(2) _
T when Xn =0.

Remark 16 Moreover, some very interesting special cases may be deduced from (130).
In particular, when oy — o0, k = 0, 1, then C(z) C(z), and G(z) = G(2),
since ”;"T"kz — 1 as oy — oo. Thus, (130) reduces to the functional equation that
corresponds to the standard M/G/1 queue generalization in [1, Section 5]. Moreover,
one can further assume that one of o4s tend to infinity, e.g. g — oo and a; > 0. In
such a scenario, the server has the flexibility to treat the orbit queue as a typical queue,

when at the beginning of the last service the orbit queue was empty.

when X, > 0. Similarly, G(z) =

8.1 An extension to a two-dimensional case: a priority retrial queue

In the following, we go one step further towards a multidimensional case. In particular,
we consider the two-dimensional discrete-time process {(X1,,, X2.,);n =0,1,...},
and assume that only the component {X» ,;n = 0, 1,...} is subject to the autore-
gressive concept, i.e. we generalize the previous model to incorporate two classes of
customers (primary and orbiting customers) and priorities, where orbiting customers
are impatient.

Primary customers arrive according to a Poisson process with rate A and if they find
the server busy form a queue waiting to be served. Retrial customers arrive according to
a Poisson process with rate A,, and upon finding a busy server join an infinite capacity
orbit queue, from where they retry according to the constant retrial policy, i.e. only the
first in orbit queue attempts to connect with the server after an exponentially distributed
time with rate o.

Let X; ,, be the number of customers in queue i (i.e. type i customers) just after the
beginning of the nth service, where with i = 1 (resp. i = 2) we refer to the primary
(resp. orbit) queue. As usual, the server becomes available to the orbiting customers
only when there are no customers at the primary queue upon a service completion.
We further assume that orbiting customers become impatient during the service of an
orbiting customer, according to the machinery described above.

Let also A; ,, i = 1,2, be the number of customers of type i that join the
system during the nth service, with pgf A(z1, z2), and set A := A1 + A>. Then
X, :={(X1,n, X2.0);n =0, 1, ...} satisfies the following recursions:

Xl,n-H = Xl,n +A1,n -1, ile,n > 0, Al,n >0,
Xont1=Xin+A1p ifX2,>0, Ay, >0,
Xiny1 =A1,—1, if X1, >0, A, >0,
X2,n+1 - Xl,n + A],l’la if X2,n > Oa
Xl,n+1 = Ov if Xl,n = Al,n = O,
with probability 72—
Xony1 =Xon+ A2y, if X2, >0, Ay, >0,
Xipy1 =0, if Xy, =A1, =0,
with probability 5% .

Xa, .
X2,n+1 = kzl Yk n+ A2,n -1, if X2,n > 0, A2,n >0,
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More precisely, the value of the impatience probability equals a; := 1 — a; with
probability p;, i = 1,..., M, ie. P(§ = a;)) = pij, and P(Yr, = 1) = &,
P Yk, =0) =1 — &,. Moreover,

Xipr1 =0, if Xy, =A1, =0,

with probability 72
Xont1 = Xon + Az, if X2, =0, Az >0,
Xipny1 =0, if Xy, =41, =0,

with probability 5%,
Xopny1 =A2,—1, if Xo, =0, Ay, >0,

Xl,n—H - 01 if Xl,n - Al,n - 07
X2,n+1 = 01 if XZ,n = A2,n =0.

To our best knowledge, it is the first time that such a priority retrial model is considered
in the related literature. ¥

Let F(z1,22) == E(z] 1‘”z2 . Then, using the above recursions, and after lengthy
but straightforward calculations we come up with the following functional equation:

@ A0, 22)71 —
Fan o)l = A )l = o= EpiF(o, @i + aiz2)
F(0,22)A0, 22)(@ + A(1 — 21))
At o
F(0,0)A0,0)a(zr — 1)z
. 1
+ 20+ a) (133)

Then, it is readily seen by using Rouché’s theorem [14, Theorem 3.42, p. 116] that
71 — A(z1, z2) has for fixed |z2| < 1, exactly one zero, say z; = ¢(z2) in |z1] < 1.
Substitute z; = g(z2) in (133) to obtain:

A0, z2)(a + A(1 — q(z2)))

F(0,
©. 22) rto
M
aA(0, z2)q(z2) - F(0,0)A(0, 0)ax(z2 — 1)g(z2)
20+ a) ;Pl ( i i22) 20+ a)
or equivalently, by setting F(z2) := F(0,22), g(z2) = ——24E2)____ (7)) :=

2(a+A(1-¢(z2)))’
A@0,0)a(z2=1)g(z2)
A(0,z2)(@+A(1—g(z2)))z2°

M
F(z2) =8(2) ) piF (@i + aiz) +1(z2). (134)

i=1
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Note that (134) has the same form as the one in [1, Section 5, p. 19], and g(1) = 1,
[(1) = 0. Thus, from [1, Theorem 2], or equivalently by using Theorem 14 we can
solve (134) and get an expression for F (z2) := F(0, z2). Using that expression in
(133), we can finally get F(z1, z2). Note also that from (134), for zp = 0,

M
F(0.0) =Y piF(0.4).
i=l1

By substituting zp = a;,i = 1, ..., M, in the derived expression for F (0, z2) (i.e. the
expression that is obtained by using Theorem 14), we can finally get F (0, 0). Then, by
setting a; + a;z; instead of z5, in the expression for F (0, z2), the function F(zy, z2)
is derived through (133).

9 Conclusion

In this work, we investigated the transient and/or the stationary behaviour of various
reflected autoregressive processes. These types of processes are described by stochastic
recursions where various independence assumptions among the sequences of random
variables that are involved there are lifted and for which a detailed exact analysis can
be also provided. This is accomplished by using Liouville’s theorem [14, Theorem
10.52], as well as by stating and solving a Wiener—Hopf boundary value problem [10],
or an integral equation. Various options for follow-up research arise. One of them is
to consider multivariate extensions of the processes that we introduced. Such vector-
valued counterparts are anticipated to be highly challenging. In Sect. 8.1, we cope
with a simple two-dimensional case; however, the autoregressive concept was used
only in one component. Another possible line of research concerns scaling limits and
asymptotics. One also anticipates that, under certain appropriate scalings, a diffusion
analysis similar to the one presented in [8] can be applied.
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