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Abstract We investigate a novel quantum secret sharing (QSS) based on the Chinese
remainder theory (CRT) in multi-dimensional Hilbert space with the orbital angular
momentum (OAM) entanglement analysis. The secret is divided and then allotted
to two or more participants who prepare pairs of photons in the OAM-entanglement
states. The initial secret can be restored jointly by legal participants via the OAM-entan-
glement analysis on the corresponding photons. Its security is guaranteed from the
OAM entanglement of photons that are established through the spin angular momen-
tum (SAM) entanglement analysis performed on the generated SAM-based OAM
hybrid entanglement photons. It provides an alternative technique for the QSS while
producing the OAM entanglement photons in the combined multi-dimensional OAM
Hilbert space, where the CRT is conducted properly for sharing the conventional secret
among legal participants.

Keywords Quantum secret sharing · Chinese remainder theory ·
OAM-entanglement · Entanglement swapping · Bell-state analysis

1 Introduction

Entanglement, a fascinating effect of multi-photon system that could prevent the
secret from being eavesdropped [1,2], can be executed via the spontaneous parametric
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down-conversion (SPDC). It attracts many attentions of scholars to the practical quan-
tum information and quantum computing [3–5].

Entanglement swapping, one application of entanglement, has been experimen-
tally demonstrated to transfer entanglement in the pulsed or continuous-wave source
[6–8]. It plays a significant role in long-distance quantum communications while being
implemented in terms of qubits encoded in polarization states [9,10]. Fortunately, for
a single photon, it has at least two degrees of freedom, e.g. spin and orbital angular
momentums [11]. Spin angular momentum (SAM) is associated with the polariza-
tion state that produces a qubit in two-dimensional Hilbert space [12], while orbital
angular momentum (OAM) is associated with the helical phase front eilφ , utilizing an
additional degree of freedom to allow for encoding information in qudit (state in multi-
dimensional OAM Hilbert space) [13]. Currently, entanglement swapping based on
the SAM or OAM entanglement has been developed in the theory or practice [12–15].

Quantum secret sharing (QSS), another application of entanglement, is known as
the threshold scheme [20]. Suppose a secret is divided into p pieces such that any k of
p pieces could recover it, but any sets of k − 1 or fewer pieces fail to, which is called
the (k, p)-threshold scheme. In this way, it forbids at most k −1 dishonest participants
from restoring the secret [21–23]. For example, Hillery et al. [24] implemented an ini-
tial QSS with the Greenberger-Horne-Zeilinger (GHZ) state analysis in qubits. Zhang
and Man presented the generalized multiparty QSS based on entanglement swapping
with the Bell-state analysis [25]. Moreover, an experimental QSS was shown with
generation of the four-photon-entangled states [26]. Bogdanski et al. [27] reported the
practical QSS in telecommunication fiber for five-party implementation. Han et al.
[28] illustrated an improved QSS with random phase shift operations. Markham and
Sanders [29] illustrated the extended QSS with graph states. Sarvepalli et al. [30]
proposed the QSS based on the Calderbank-Shor-Steane (CSS) codes. Furthermore,
Sarvepalli proved the entropy inequalities [31] and calculated the bounds on the infor-
mation rate of the QSS [32]. Scherpelz et al. [33] proposed a single-qubit QSS with
polarization entanglement. In brief, the above-mentioned QSS can be designed on the
basis of the qubits represented in two-dimensional Hilbert space with binary spin vari-
ables, i.e., the horizontal and vertical polarizations. In any case, the QSS has offered
a powerful approach for sharing the secret in the multi-photon-entangled channels
in polarizations. Unfortunately, the conventional processor in qubits can not always
work for participants transmitting information with large capacity in the independent
multi-dimensional Hilbert spaces simultaneously, and thus we are faced with a new
challenge that extends to the QSS with qudits in multi-dimensional OAM Hilbert
space.

In order to transmit the secret with high-rate and large-capacity in the practical
QSS, it is much convenient to deploy qudits instead of pure qubits in experiments.
This work has been devoted to the QSS with qudits generated by the OAM states in
multi-dimensional OAM Hilbert spaces. It places a particular emphasis on the emerg-
ing technological solution leading to an application of the OAM entanglement in
the QSS, where the secret is transferred without transmitting the carrier itself. After
performing the SAM entanglement measurement to create the OAM entanglement,
legal participants perform the OAM-entanglement analysis on the corresponding pho-
tons to restore the initial secret, which not only offers the high information-density
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High-efficient QSS based on the CRT via the OAM entanglement analysis 1127

coding but also enhances the security of transmissions while packing much data in the
twisted photons.

This paper is organized as follows. In Sect. 2, some notations and basic proper-
ties of the OAM Bell-states are presented. In Sect. 3, a simple (2, 2)-threshold QSS
is perfectly generated on the basis of the OAM Bell-state analysis in the combined
multi-dimensional OAM Hilbert space. In Sect. 4, we generalize the (2, 2)-threshold
QSS scheme to the (p, p)-threshold one with the p-photon OAM GHZ-state analysis.
After that, we investigate the coincidence rate of the OAM Bell-states as an example in
the combined multi-dimensional OAM Hilbert space H in order to show the efficiency
in Sect. 5. Finally, conclusions are drawn in Sect. 6.

2 Generations of the OAM Bell-states in multi-dimensional Hilbert space

As an ideal candidate to represent signals in multi-dimensional Hilbert space, the
OAM state has drawn many attentions since it creates an opportunity for increasing
the security in quantum communications.

In order to generate an OAM Bell-state, one should produce the SAM-Based OAM
hybrid-entanglement states through the Pancharatnam-Berry optical phase, known as
q plates [34–37]. It is a planar slab of an uniaxial birefringent medium. The orientation
of its optical axis is represented in a polar coordinate, i.e., α(φ) = qφ + α0, where α0
and q are constants [38,39]. It shows that input spin polarization can reshape output
orbit wavefront. As an application, Nagali et al. [36,37] performed entanglement swap-
ping to transfer the entanglement from SAM to OAM. What we are interested in is
the OAM generation in a case where only a single photon is considered with a q plate
given by

Q̂(q) = |R, l + 2q〉〈L , l| + |L , l − 2q〉〈R, l|, (1)

where |l〉 is an OAM eigenstate used for encoding qudits [40,41], while |R〉 and |L〉
are two spin eigenstates, i.e., left-handed and right-handed circular polarizations. It is
obvious that SAM can result in a qubit for the binary variables while OAM allows for
a qudit in corresponding multi-dimensional OAM Hilbert space [16,42].

The violation of the Bell inequality has been demonstrated in two-photon multi-
dimensional OAM Hilbert space [16], where an OAM Bell-state can be prepared

|Θ±〉si = 1√
2

(|m〉s | − n〉i ± | − m〉s |n〉i
)

(2)

where |m〉 and |n〉 are identical OAM states, i.e., m = n, and the subscript s
(or i) denotes the signal (or idler) photon. What we are concerned about is to create
the OAM Bell-state in two-photon combined multi-dimensional OAM Hlibert space,
where signal OAM state |m〉s and idler OAM state |n〉i are not necessarily identical,
i.e., m and n are arbitrary numbers.

A schematic diagram of the setup is sketched in Fig. 1. We employ a pulsed high-
intensity ultraviolet (uv) laser (100 MHz, 150 mW) with a central wave-length of
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Fig. 1 Schematic diagram showing the principle for the QSS based on the OAM Bell-state analysis

355 nm. The pump uv pulse is weakly passed through two barium oxide crystals,
where the type-I non-collinear spontaneous parametric down-conversions (SPDC) are
simultaneously utilized and the degenerated 710 nm signal and idler beams are sepa-
rated by the non-polarizing beam splitters (NBS). One pair of photons (1, 1′) can be
produced with multi-dimensional entanglement in the OAM degree of freedom, i.e.,

|Φ〉(0)

1,1′ =
∑

l

Cl,−l |l〉1| − l〉1′ |H〉1|H〉1′ , (3)

where Cl,−l denotes the probability amplitude of detecting a signal photon with the
OAM of lh̄ and an idler photon with −lh̄ while |H〉 represents the horizontal polar-
ization. After being reflected by a mirror, the type-I SPDC can be done again. Then
another pair of photons (2, 2′) are similarly created with the OAM-entanglement

|Φ〉(0)

2,2′ =
∑

l

Cl,−l |l〉2| − l〉2′ |H〉2|H〉2′ . (4)

It is obvious that two states in Eqs. (3,4) show the similar OAM entanglement in
multi-dimensional OAM Hilbert spaces but no SAM-entanglement between photons.
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For each pair of photons (t, t ′),∀ t ∈ {1, 2}, one implements entanglement trans-
ferring via the qt plate, denoted by QPt , and obtains

|Φ〉(1)

1,1′ =
∑

l

Cl,−l
(|R, l + a〉1|L , l − a〉1

)| − l, H〉1′ , (5)

|Φ〉(1)

2,2′ =
∑

l

Cl,−l
(|R, l + b〉2|L , l − b〉2

)| − l, H〉2′ , (6)

where |a = 2q1〉 and |b = 2q2〉 denote the OAM states in the independent multi-
dimensional OAM Hilbert spaces generated by the QP1 and QP2, respectively. The
subsequent single-mode fiber (SMF) is employed for selecting the fundamental Gauss-
ian mode with the zero OAM. According to the symmetry of the SPDC process, i.e.,
Cl,−l = C−l,l , one obtains

|Φ〉1,1′ = 1√
2

(|R〉1|a〉1′ + |L〉1| − a〉1′
)
, (7)

|Φ〉2,2′ = 1√
2

(|R〉2|b〉2′ + |L〉2| − b〉2′
)
. (8)

Combining Eqs. (7,8), one achieves the combined SAM-based OAM hybrid-entan-
glement state

|Γ 〉11′22′ = |Φ〉1,1′ ⊗ |Φ〉2,2′ , (9)

which can be rewritten in the formula

|Γ 〉121′2′ = 1

2

(|Λ+〉12|Ω+〉1′2′ + |Λ−〉12|Ω−〉1′2′

+|Υ +〉12|Θ+〉1′2′ + |Υ −〉12|Θ−〉1′2′
)

(10)

= 1

2

(|Φ+〉12|Θ+〉1′2′ + |Φ−〉12|Ω+〉1′2′

+i |Ψ +〉12|Ω−〉1′2′ − i |Ψ −〉12|Θ−〉1′2′
)

(11)

The notations |Λ±〉, |Υ ±〉, |Φ±〉 and |Ψ ±〉 denote the SAM Bell-states in different
bases, i.e.,

|Λ±〉 = 1√
2
(|L〉|L〉 ± |R〉|R〉),

|Υ ±〉 = 1√
2
(|L〉|R〉 ± |R〉|L〉),

(12)
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and

|Φ±〉 = 1√
2
(|H〉|H〉 ± |V 〉|V 〉),

|Ψ ±〉 = 1√
2
(|H〉|V 〉 ± |V 〉|H〉), (13)

while |Θ±〉 and |Ω±〉 represent the OAM Bell-states

|Ω±〉 = 1√
2
(|a〉|b〉 ± | − a〉| − b〉),

|Θ±〉 = 1√
2
(|a〉| − b〉 ± | − a〉|b〉). (14)

The key procedure in the above transformation is due to the relations of the horizontal
and circular polarizations [14,15,43], i.e.,

|H〉 = 1√
2
(|L〉 + |R〉), |V 〉 = i√

2
(|L〉 − |R〉). (15)

According to relation of the SAM and OAM states in Eqs. (10,11), it illustrates
the principle of SAM entanglement swapping when photons (1, 2) are projected onto
the SAM Bell-state, as shown in Fig. 1. In essence, an SAM Bell-state measurement
of photons (1, 2) results in another OAM Bell-state on photons (1′, 2′). The practical
difficulty of this process is to identify unambiguously four SAM Bell-states |Φ±〉 and
|Ψ ±〉. However, it is sufficient to project photons (1, 2) while superposing them at
the NBS and registering coincidence counts between outputs. After performing the
SAM Bell-state measurement, the entanglement of the OAM Bell-state is achieved in
multi-dimensional OAM Hilbert space H = Ha ⊗ Hb.

As an example, we consider a case where photons (1, 2) have collapsed into |Φ+〉12
as a result of the SAM Bell-state measurement. The remaining photons (1′, 2′) will
be correspondingly projected to the OAM Bell-state |Θ+〉1′2′ , illustrated in Eq.(11). It
shows that the emerging state of photons (1′, 2′) has an intimate relationship with the
SAM Bell-state measurement on photons (1, 2), which is the deployed OAM Bell-state
for implementing the QSS among the legally designated participants.

3 The CRT-based QSS via the OAM Bell-state Analysis

Prior to proposing the CRT-based QSS, we should briefly describe the principle of
the well known CRT over finite field [17–19], which is a result of the congruences in
number theory or abstract algebra.

Proposition 1 For the given coprime numbers in M = {mi : 1 ≤ i ≤ p}, such that
gcd(mi , m j ) = 1, where 1 ≤ j ≤ p, the system of equations
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Table 1 The secret results X
with two shadows a = s1 and
b = s2 for m1 = 2 and m2 = 3
based on the CRT

X (m1, m2) 0 1 2 3 4 5

a mod m1 0 1 0 1 0 1

b mod m2 0 1 2 0 1 2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

X = s1 mod m1,

X = s2 mod m2,
...

X = sp mod m p,

(16)

has a unique solution in ZM = {0, 1, . . . , M − 1} for M = ∏p
i=1 mi . The solution

can be calculated as follows

X =
p∑

i=1

Ti Mi si mod M (17)

where Ti and Mi are parameters satisfying constraints Mi = M/mi and Ti Mi

mod mi = 1.
According to Eq. (16), the number X ∈ ZM , which is a secret of the dealer in the

QSS, can be mapped to p shadows in S given by

S = {si = X mod mi : 1 ≤ i ≤ p}, (18)

which are then distributed to p distant participants. It is known that it is difficult for
anyone to recover X without shadows S [18]. However, when all participants exchange
their shadows, they can jointly recover X from Eq. (17).

For example, taking m1 = 2 and m2 = 3, the number X gives the value in Z6 =
{0, 1, 2, 3, 4, 5} with two shadows a and b, respectively, shown in Table 1.

According to the CRT, for the given system of simultaneous congruence equations
in Eq. (16), the solution X is unique over finite field ZM under some appropriate con-
ditions on the congruences, which can be exquisitely employed for the present QSS.
Namely, the CRT can be employed to produce several shares using different shadows
in S embedded in the OAM Bell-states in multi-dimensional OAM Hilbert space H
represented in the congruence equations where the secret could then be recovered by
solving the system of congruences to get the unique solution X .

The QSS consists of dividing and recovering the secret X from a set of shares for
two participants, each containing partial information of OAM state |a〉 or |b〉 for the
secret X . Suppose the dealer wants to distribute a secret X ∈ Z6 to two participants,
Alice and Bob, respectively. Two pairs of photons (1, 1′) and (2, 2′) are prepared in
advance, as shown in Fig. 1, where photons (1, 2) are kept by the dealer while photons
1′ and 2′ are sent to Alice and Bob, respectively. It goes as follows.

Step A1: Moduli negotiation. Suppose Alice and Bob choose two coprime numbers
m1 and m2 as their modulus, which correspond to the OAM Bell-states in H.
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Step A2: Shadows mapping. The dealer prepares the secret X on finite field Zm1m2 ,
which can be mapped to two shadows a = X mod m1 and b = X mod m2 for
m1-dimensional and m2-dimensional OAM Hilbert spaces, respectively.
Step A3: Secret distributing. The dealer performs the SAM Bell-state measure-
ment on photons (1, 2) to produce an OAM Bell-state in {|Ω±〉AB, |Θ±〉AB} in the
combined multi-dimensional OAM Hilbert space H, i.e.,

|Ω±〉AB = 1√
2

(|a〉1′ |b〉2′ ± | − a〉1′ | − b〉2′
)
,

|Θ±〉AB = 1√
2

(|a〉1′ | − b〉2′ ± | − a〉1′ |b〉2′
)
, (19)

where photons 1′ and 2′ are in the OAM states in a-dimensional and b-dimensional
OAM Hilbert spaces kept by Alice and Bob, respectively.
Step A4: Secret recovering. Alice and Bob perform the OAM-Bell state measure-
ment to sort OAM states |a〉 and |b〉 on photons 1′ and 2′, respectively. Finally,
Alice and Bob jointly recover X via the CRT.

Due to insecure channels, one may be challenged by eavesdropping. Moreover,
dishonest participants may cheat others to reveal X . According to the CRT [17–19],
the QSS is secure against dishonest participants since only authorized participants
can have access to their photons on which they perform the OAM state analysis to
achieve the respective shadows, where X appears from Eq.(17). In addition, since
all legal participants decide the joint coefficients of the OAM Bell-state, any dis-
honest participant who randomly selects one OAM state of another photon from 2m2
(or 2m1) OAM states in its own multi-dimensional OAM Hilbert space could guess the
specific OAM state with probability 1/(2m2) (or 1/(2m1)) before gathering together
to recover X . Accordingly, the probability to guess the correct basis of the OAM Bell-
state is 1/(4m1m2). Therefore, it is more difficulty for any dishonest participants to
steal X by applying the individual attack strategy on the OAM Bell-state than that of
the conventional attack strategy on the SAM Bell-state.

4 Extension of the CRT-based QSS

So far we have proposed a simple QSS with two participants based on the OAM
Bell-state analysis. Let us now show how to implement the QSS among three or more
participants who share the p-qudit OAM Greenberger-Horne-Zeilinger (GHZ) state
prepared by the dealer with p pairs of photons in the SAM-based OAM hybrid entan-
glement states.

According to the CRT, the extended QSS for p participants, Alice, Bob, . . ., Char-
lie, should be on the basis of the p-qudit OAM GHZ-states. For the given p pairs of
photons (t, t ′), 1 ≤ t ≤ p, we obtain

|Φ〉t,t ′ = 1√
2

(|R〉t |mt 〉t ′ + |L〉t | − mt 〉t ′
)
, (20)
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where mt = 2qt denotes the OAM increasing from QPt . Then we have the combined
SAM-based OAM hybrid entanglement state on p pairs of photons {(t, t ′) : 1 ≤ t ≤
p}, i.e.,

|Γ 〉11′···pp′ = ⊗p
t=1|Φ〉t,t ′ , (21)

which is rewritten as

|Γ 〉1···p,1′···p′ =
∑ (

|GHZ〉SAM
1···p ⊗ |GHZ〉OAM

1′···p′
)

, (22)

where |GHZ〉SAM
1···p and |GHZ〉OAM

1′···p′ denote the SAM and OAM GHZ states, i.e.,

|GHZ〉SAM
1···p = 1√

2

( p∏

t=1

|ω(t)〉t +
p∏

t=1

|ω̄(t)〉t

)

, (23)

|GHZ〉OAM
1′···p′ = 1√

2

( p∏

t=1

|μ(t ′)〉t ′ +
p∏

t ′=1

| − μ(t ′)〉t ′

)

. (24)

Here |ω(t)〉, |ω̄(t)〉 ∈ {|R〉, |L〉} and |μ(t ′)〉 ∈ {|mt 〉, | − mt 〉} satisfy the constraints
that if |ω(t)〉 = |R〉 (or |ω(t)〉 = |L〉), then |ω̄(t)〉 = |L〉 and |μ(t ′)〉 = |mt 〉
(or |ω̄(t)〉 = |R〉 and |μ(t ′)〉 = | − mt 〉), respectively. There are 2p SAM and OAM
GHZ-states in the sum of Eq. (22), respectively. After performing the joint SAM GHZ-
state analysis with |GHZ〉SAM

1···p on photons {1, . . . , p}, one obtains the OAM GHZ-state

|GHZ〉OAM
1′···p′ in the combined multi-dimensional OAM Hilbert space Hp = ⊗p

t=1 Hmt .

Namely, the detection of the SAM GHZ-state |GHZ〉SAM
1···p creates the OAM GHZ-state

|GHZ〉SAM
1···p in Hp, i.e.,

〈GHZSAM
1···p |Γ 〉1···p,1′···p′ = |GHZ〉OAM

1′···p′ . (25)

Based on the OAM GHZ state analysis on photons {1′, . . . , p′}, one achieves the
extended QSS in Hp.

Suppose the dealer wants to distribute a secret X ∈ ZM to p participants, Alice,
Bob, . . ., and Charlie, respectively, where M = �

p
t=1mt . There are p pairs of photons

{(t, t ′) : 1 ≤ t ≤ p} prepared in advance, where photons {1, 2, . . . , p} are kept by the
dealer and photons 1′, 2′, . . . , p′ are sent to Alice and Bob, . . ., Charlie, respectively.
This QSS can be described as follows.

Step B1: Alice, Bob, . . ., and Charlie, select p coprime numbers M = {mt : 1 ≤
t ≤ p} as their modulus, corresponding to the OAM GHZ-states in Hp.
Step B2: The dealer prepares the secret X in ZM , which can be mapped to shadows

S = {at = X mod mt : 1 ≤ t ≤ p} (26)

corresponding to the OAM state |at 〉 or | − at 〉 on each photon t ′.
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Step B3: The dealer performs the SAM GHZ-state measurement with |GHZ〉SAM
1···p

on photons {1, 2, . . . , p} to generate the OAM GHZ-state |GHZ〉OAM
1′···p′ in Hp, where

photon t ′ is in the OAM state |at 〉 or | − at 〉.
Step B4: Each participant performs the OAM state analysis in mt -dimensional
OAM Hilbert space to sort the OAM state |at 〉 or | − at 〉 on photon t ′ to obtain
shadow at on finite field Zmt . Finally, all legal participants lay heads together to
recover X via the CRT.

We note that the extension of the QSS for p participants via the CRT is in essence
based on the generation of the p-qudit OAM GHZ-state |GHZ〉OAM

1′···p′ . In order to create
the OAM GHZ state among legal participants, one has to apply p QPt to produce p
OAM states |mt = 2qt 〉t ′ on photons t ′ embedded in p pairs of the SAM-based OAM
hybrid entanglement states, which establishes the p-qudit GHZ state in Hp. As an
example, for q1 = 1/2, q2 = 1 and q3 = 3/2, one generates the three-qudit OAM
GHZ-states

|GHZ±〉OAM
1′2′3′ = 1√

2
(|1〉|2〉|3〉 ± | − 1〉| − 2〉| − 3〉), (27)

which can be elegantly employed in the CRT-based QSS in H3.
In brief, the extended QSS for p participants not only provides us an efficient

approach to share the secret in Hp, but also increases the security of the secret X since
it is more difficult for dishonest participants or eavesdropper to steal any information
on shadows S from the p-qudit OAM-entanglement states than that of the previous
QSS with the p-qubit states in 2p-dimensional Hilbert space.

5 Efficiency analysis

In what follows, we consider the efficiency of the CRT-based QSS via the OAM
entanglement analysis in the combined multi-dimensional OAM Hilbert space.

As discussed in the previous sections, it is difficult for dishonest participants who
have no knowledge of the whole shadows to recover the secret X [17–19]. Actually,
since each shadow at is kept in the t th qudit of the OAM entanglement state, it is
impossible for dishonest participants to steal the remaining shares al for l 
= t with-
out disturbing the OAM states of other photons, where each qudit works as a carrier
for the corresponding legal participant. In other words, the security of the QSS is
based on the OAM entanglement of the Bell-state (or GHZ state) in the combined
multi-dimensional OAM Hilbert space, on which the CRT is properly deployed for
the secret sharing. Borrowing the security analysis in the conventional QSS with the
multi-qubit entanglement state [28–30], we can show in a similar way that the pro-
posed CRT-based QSS with the OAM entanglement analysis is at least secure against
any dishonest participants and individual eavesdropping attack strategies.

In order to analyze the efficiency of the CRT-based QSS without loss of generality,
we consider the generation of the OAM Bell-states in H. According to Eq. (3), one can
create the OAM entanglement channel, i.e., |Θ±〉 or |Ω±〉 for given shadows (a, b)

embedded in Eq.(14), which corresponds to the secret X on finite field.
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Based on the experimental setup in Fig. 1, we need to consider the rotational effect
on QPt while showing the practical application of the QSS. After being rotated with
an arbitrary angle βt ∈ [0, 2π) of QPt represented by a suitable parameter qt ,∀ t ∈
{1, 2, 3, 4}, it can be explicitly rewritten as

Q̂(qt , βt ) = χβt |R, l + 2qt 〉〈L , l| + χ∗
βt

|L , l − 2qt 〉〈R, l|, (28)

where parameter χβt is given by

χβt =
{

ei4πqt −2(qt −1)βt , 0 < φ < βt ;
e−2(qt −1)βt , otherwise,

(29)

and its conjugation by χ∗
βt

. The yielded OAM state |2qt 〉 has a coherent decomposition
in infinite dimensional OAM Hilbert space with a fractional form

|2qt 〉 =
∑

n

ei(2qt −n)π sinc[2(qt − n)π ]|n〉. (30)

In an OAM analyzer, the interaction of the SMF and polarizer sustains the funda-
mental Gaussian mode [14,37]. Therefore, it projects the incoming photons onto the
hyper-entanglement state

|At (qt , βt )〉 = 1√
2

∑

n

Nβt (n)|L〉| − n〉 + N ∗
βt

(n)|R〉|n〉, (31)

where Nβt (n) = χβt e
i(2qt −n)π sinc[(2qt − n)π ].

In order to illustrate the effect of |Θ+〉1′2′ on the QSS, we deploy an OAM analyzer
on photons in the combined hybrid entanglement state

|T 〉12 = |A1(q1, β1)〉 ⊗ |A2(q2, β2)〉. (32)

After being performed the SAM Bell-state measurement with outcome |Ψ +〉, it pro-
duces the OAM entanglement state on photons (1′, 2′)

|Θ+(β1, β2)〉1′2′ = 1√
2

∑

a,b

[
Nβ1(a)N ∗

β2
(b)|a〉1′ | − b〉2′

+ N ∗
β1

(a)Nβ2(b)| − a〉1′ |b〉2′
]
. (33)

Suppose an OAM analyzer on photon 1′ is with q1 = −q and β1 = 0 while another
on photon 2′ is with q2 = q and β2 = β 
= 0. Photons (1, 1′) before threading this ana-
lyzer are collapsed into |A1(−q, 0)〉. Similarly, photons (2, 2′) become |A2(q, β)〉.
Therefore, the OAM entanglement state in Eq.(33) can be described as

|Θ+(0, β)〉1′2′ = 1√
2

∑

a,b

[
N ∗

β (b)|a〉1′ | − b〉2′ + Nβ(b)| − a〉1′ |b〉2′
]
. (34)
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Fig. 2 Coincidence curves for four different q plates with the rotation angle β ∈ (0, 2π)

The OAM analyzer for different q plates with β 
= 0 results in the coincidence
R(n, q, β) while detecting (1′, 2′) in state |Θ+〉1′2′ and another in state |Θ+(0, β)〉1′2′
as follows

R(n, q, β) ∝ |〈Θ+(0, β)|Θ+〉|2
= e4(q−1)β cos2(4qπ) cos2[(2q − n)π ]sinc2[(2q − n)π ]. (35)

For β = 0, one obtains

R(n, q, 0) ∝ cos2(4qπ) cos2[(2q − n)π ]sinc2[(2q − n)π ]. (36)

We plot the coincidence curves R(n, q, β) for four q plates with β 
= 0 shown in
Fig. 2, and R(n, q, 0) with β = 0 in Fig. 3, respectively. Taking q = 1, it is shown
in Fig. 2d that the coincidence curve R(n, 1, β) keeps unchanged regardless of the
rotation angular β due to the fact that it does not alter the OAM analyzer under the
circular symmetry. Taking q ∈ {0, 1/2, 1/4} for the rotation angular β 
= 0, the coin-
cidence curves R(n, q, β) are respectively illustrated in Fig. 2a–c, which indicates the
coincidence of the OAM Bell-states in the combined multi-dimensional OAM Hilbert
space H.
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Fig. 3 Coincidence curves with any q plates in q ∈ [0, 1] with the rotation angle β = 0

6 Conclusion

We have reported a creation of the CRT-based QSS on finite field via the OAM entan-
glement analysis in multi-dimensional OAM Hilbert space. It shows how to transfer
the secret among legal participants based on the generation of the multi-qudit entan-
glement OAM state with the corresponding OAM analyzers. It provides an alternative
technique for the QSS with the high-rate and large-capacity in the combined multi-
dimensions OAM Hilbert spaces, where SAM and OAM entanglement swapping serve
as two critical constituents in the SAM-based OAM hybrid entanglement quantum
system.
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