Potential Anal (2013) 39:69-98
DOI 10.1007/s11118-012-9322-9

Gradient Estimates of g-Harmonic Functions
of Fractional Schrodinger Operator

Tadeusz Kulczycki

Received: 2 August 2012 / Accepted: 22 October 2012 / Published online: 9 November 2012
© The Author(s) 2012. This article is published with open access at Springerlink.com

Abstract We study gradient estimates of g-harmonic functions u of the fractional
Schrodinger operator A%/? 4 g, « € (0, 1] in bounded domains D c R¢. For nonneg-
ative u we show that if ¢ is Holder continuous of order n > 1 — « then Vu(x) exists
for any x € D and |Vu(x)| < cu(x)/(dist(x, dD) A 1). The exponent 1 — « is critical
i.e. when g is only 1 — « Holder continuous Vu(x) may not exist. The above gradient
estimates are well known for « € (1, 2] under the assumption that g belongs to the
Kato class J*~!. The case « € (0, 1] is different. To obtain results for & € (0, 1] we use
probabilistic methods. As a corollary, we obtain for « € (0, 1) that a weak solution of
A2y + qu = 0 s in fact a strong solution.
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1 Introduction

Leta € (0,2),d € IN and g belong to the Kato class J%. We say that a Borel function
u on RY is g-harmonic in an open set D C R iff

u(x) = E* [exp (/TW q(Xy) ds) u(XTW)] , xeW, (1)
0
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70 T. Kulezycki

for every open bounded set W, with W C D. Here X, is the symmetric a-stable
process in R4, 1y the first exit time of X, from W, and we understand that the
expectation in Eq. 1 is absolutely convergent.

It is possible to express the above probabilistic definition in analytic terms.
Namely, it is known [8, Theorem 5.5] that if u is g-harmonic in open set D c R?
then u is a weak solution of

A’u4+qu=0, on D. )

Here A%/? := —(—A)%/? is the fractional Laplacian. On the other hand if D c R?
is an open bounded set and (D, g) is gaugeable then a weak solution of Eq. 2 is a
g-harmonic function on D after a modification on a set of Lebesgue measure zero
(for more details see Section 2).

It is known [8] that if u is g-harmonic in D then it is continuous in D. The purpose
of this paper is to derive further regularity results of g-harmonic functions. The main
result is the following.

Theorem 1.1 Let o € (0,1], d € N and D c R? be an open bounded set. Assume
that q : D — R is Holder continuous with Holder exponent n > 1 — «. Let u be g-
harmonic in D. If u is nonnegative in R® then Vu(x) exists for any x € D and we have

u(x)
Sp()A L’
where §p(x) = dist(x, d D) and ¢ = c(«, d, 1, q).

Ifu is not nonnegative in R¢ but ||u||, < oo then Vu(x) exists for any x € D and we
have

[Vu(x)| <c x e D, 3)

llull o

[Vu(x)| < Cm,

xeD, (4)
where ¢ = c(a, d, 1, q).

The existence of Vu(x) and similar gradient estimates are well known in the
classical case for « = 2, see e.g. [16] and for « € (1, 2), see [10]. These results for
a € (1,2] were shown under the assumption that g € J*~!. The biggest difference
between the cases o € (0, 1] and « € (1, 2] is the fact that for « € (0, 1] the function
y — |V.Gp(x, y)| is not integrable while for « € (1, 2] is integrable. Here Gp(x, y)
is the Green function for A%? with Dirichlet condition on D¢. The fact that y —
V.G p(x, y)| is integrable was widely used in [10] for & € (1, 2), see e.g. [10, Lemma
5.2]. For « € (0, 1] more complicated method must be used. Key ingredients of
the method for « € (0, 1] may be briefly described as the combination of some
estimates of the Green function and some self-improving estimates used in the
proof of Theorem 1.1. The proof of the estimates of the Green function is mainly
probabilistic. It is based on the representation of symmetric a-stable processes
as subordinated Brownian motions and the reflection principle for the Brownian
motion. This probabilistic idea is similar to the one used in the paper by B. Bottcher,
R. Schilling, J. Wang, where they study couplings of subordinated Brownian motions,
see Section 2 in [11]. More remarks about these probabilistic methods are at the end
of Section 3.

From analytic point of view Theorem 1.1 gives some regularity results for weak
solutions of Eq. 2. It is worth to notice that regularity results of weak solutions of
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g-Harmonic Functions of Fractional Schrodinger Operator 71

equations involving the fractional Laplacian have attracted a lot of attention recently,
see e.g. [21, 26].

One may ask whether it is possible to weaken the assumption in Theorem 1.1 that
q is Holder continuous with Holder exponent n > 1 — «. It occurs that the exponent
n = 1 — « is critical in the following sense.

Proposition 1.2 For any « € (0, 1], d € N and any open bounded set D C R? there
exists g : D — [0, 00) which is 1 — a Holder continuous, a function u : R? — [0, 00)
which is q-harmonic in D and a point 7 € D such that Vu(z) does not exist.

The proof of this proposition is based on the estimates of the Green function
of the killed Brownian motion subordinated by the «/2-stable subordinator. These
estimates were obtained by R. Song in [27].

When a g-harmonic function # vanishes continuously near some part of the
boundary of D and D c R¢ is a bounded Lipschitz domain then the estimates
obtained in Theorem 1.1 are sharp near that part of the boundary.

Theorem 1.3 Let o € (0, 1], d € N, D ¢ R? be a bounded Lipschitz domain and q :
D — R be Holder continuous with Hélder exponent n > 1 —a. Let V. C RY be open
and let K be a compact subset of V. Then there exist constants c = ¢(D, V, K, o, q, 1)
and ¢ =e(D,V, K, a, q,n) such that for every function u : R? — [0, 00) which is
bounded on V, q-harmonic in D NV and vanishes in D NV we have

u(x) u(x)

<|Vux)| =<c

! ,
3p(x) 3p(x)

xe KND, épx) <e.

Similar result was obtained for « =2 in [2] and for « € (1,2) in [10], see
Theorem 5.1.

As an application of our main result we obtain gradient estimates of eigenfunc-
tions of the eigenvalue problem of the fractional Schrodinger operator with Dirichlet
boundary conditions. These estimates are formulated and proved in Section 6.

As another application of our main result we show for @ € (0, 1) that under some
assumptions on g a weak solution of A%?u + qu = 01is in fact a strong solution. Note
that in the following corollary we do not have to assume that (D, q) is gaugeable.

Corollary 1.4 Let @ € (0,1), de IN and D C R¢ be an open bounded set. Assume
that q : D — R is Holder continuous with Holder exponent n > 1 — «a and either u
is nonnegative on RY or |[ullo < 00. If u is a weak solution of Eq. 2 then (after a
modification on a set of Lebesgue measure zero) u is continuous on D and it is a
strong solution of Eq. 2.

The paper is organized as follows. Section 2 is preliminary; we collect here basic
facts concerning the fractional Laplacian, the fractional Schrodinger operator and
g-harmonic functions. In Section 3 using probabilistic methods we obtain estimates
of the Green function, which will be essential in the rest of the paper. In Section 4
the main result of the paper is proved. Section 5 contains proofs of Proposition 1.2
and Theorem 1.3. Section 6 concerns applications of the main result.
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72 T. Kulczycki

2 Preliminaries

Most of the terminology and facts presented here are taken from [8, 9]. The notation
c(a,b,...) means that ¢ is a constant depending only on a, b, .... Constants are
always positive and finite. We adopt the convention that constants may change
their value from one use to another. As usual we write x A y = min(x, y), x V y =
max(x, y) for x, y € R, |[u|loc = sup,cpa [(x)| for any function u : RY > R, B(x,r) =
{(yeR¢: [x—y| <r}forxeR% r>0.Bye,i=1,...,d we denote the standard
basis in R

We denote by (X;, P*) the standard rotation invariant (“symmetric”) «-stable
process in R4, a € (0, 2] with the characteristic function E°exp(i& X;) = exp(—t|£|%),
£ e RY t>0. E* denotes the expectation with respect to the distribition P* of
the process starting from x € R?Y. We have P*(X, € A) = J4 pt. x,y)dy, where
p(t, x,y) = p:(y — x) is the transition density of Xj.

For o < d the process X; is transient and the potential kernel of X, is given by

Ald, o)

m, X,y € ]Rd, (5)

Ky(y —x) = /0 p(t, x, y)dt =

where A(d, y) =T'((d — y)/2)/" 72| (y/2)]) [5]. When « > d the process is re-
current and it is appropriate to consider the so-called compensated kernels. Namely
for o > d we put

Ka(y—x) = /0 (p(t. %, ) — p(t, 0, x0)) dt,

where xo =0fora >d=1,xg=1fora =d=1and xo = (0, 1) for « =d = 2. For
o =d = 1we have

For any open set D C R¢ we put tp = inf{t > 0: X, ¢ D} the first exit time of X;
from D and we denote by pp(t, x, y) the transition density of the process X; killed
on exiting D. The transition density is given by the formula

pp(t,x,y) = p(t,x,y) — E*(p(t — tp, X(zp), y),tp <), x,ye D, t>0.

We put pp(t,x,y) =0if x € D or y € D°. It is known that for each fixed ¢ > 0 the
function pp(t, -, -) is bounded and continuous on D x D. When d > o« and D c R
is an opensetord = 1 <« and D c R is an open bounded set we put

GD(x,y>=f polt.x.y)ydt, x.yeD.
0

Gp(x,y) =0if x € D¢ or y € D°. We call Gp(x, y) the Green function for D. It is
known that Gp(x, -) is continuous on D \ {x}. For any open bounded set D ¢ R? we
define the Green operator Gp for D by

Gp f(x) = / Gp(x. y) f(y) dy.
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g-Harmonic Functions of Fractional Schrodinger Operator 73

We assume here that f is a bounded Borel function f: D — R. We have

Gpf(x)= Ex/(; f(Xy) ds.

Now we briefly present basic definitions and facts concerning the fractional
Laplacian and the fractional Schrédinger operator. We follow the approach from
[8]. We denote by L' the space of all Borel functions f on R¢ satisfying

/ _1f@1 dx < oo.
re (1 + |x])d+e
For f € L' and x € R? we define

W P — Ald o W= 7=
AP f@ =A@ —olim | g d

’

whenever the limit exists.
We say that a Borel function ¢ : RY — R belongs to the Kato class J* iff g satisfies

lim sup / lg(y) Ko (y — x)|dy = 0.
ly—x|=<r

ri0 xeR4

For any « € (0,2), g € J* we call A%? + q the fractional Schrodinger operator.
Let « € (0,2), g€ J* and D C R4 be an open set. For u € L' such that ug e
L} .(D) we define the distribution (A%? + g)u in D by the formula

(A" +qu, ¢) = W, A9 +qp). ¢ € CZ(D),
(cf. Definition 3.14 in [8]). We will say that u is a weak solution of
(A +qu=0 (6)
on Diff u e L', uq € L} (D) and Eq. 6 holds in the sense of distributions in D. We

loc

will say that u is a strong solution of Eq. 6 on D iff u € L', ug € L} (D) and Eq. 6
holds for any x € D.
For « € (0,2), g € J* the multiplicative functional e,(¢) is defined by e,(r) =

exp (fot q(Xs) ds), ¢t > 0. For any open bounded set D R the function
up(x) = E*(e4(tp))

is called the gauge function for (D, q); when it is bounded in D we say that (D, q)
is gaugeable. There are several other equivalent conditions for gaugeability, in
particular there is a condition in terms of the first Dirichlet eigenvalue of A%/ 4 ¢
on D, see below.

Let u be a Borel function on R and let ¢ € J*. We say that u is g-harmonic in an
open set D C R¥ iff

u(x) = E* [eq(tw)u(Xy,)], xeW, 7
for every bounded open set W with W C D. u is called regular q-harmonic in D iff
u(x) = E* [eq(tD)u(XfD); p < oo], x e D. 8)

We understand that the expectation in Eqgs. 7 and 8§ is absolutely convergent.
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74 T. Kulezycki

By the strong Markov property any regular g-harmonic function in D is a
g-harmonic function in D. By [9, Theorem 4.1] any g-harmonic function in D is
continuous in D. By [9, (4.7)] any g-harmonic function in D belongs to L' (when
D # (). It follows that if u is a g-harmonic function in D then ug € L} (D).

Let a € (0,2), g € % If u is a g-harmonic function in an open set D C R¢ then
it is a weak solution of (A%? + q)u =0 on D. Conversely assume that D C R is
an open bounded set and (D, q) is gaugeable. If a function u is a weak solution of
(A%? + q)u = 0 on D then after a modification on a set of Lebesgue measure zero, u
is g-harmonic in D (see [8, Theorem 5.5]).

Itis known that if u is g-harmonic in open set D € R? then, unless u = 0 on D and
u=0a.e.on D¢, (W, q) is gaugeable for any open bounded set W such that W ¢ D
(see [9, Lemma 4.3]). We will often use the following representation of g-harmonic
functions. If u is g-harmonic in an open set D C R? then for every open bounded W
with the exterior cone property such that W ¢ D we have

u(x) = E*u(X,,) + Gw(qu)(x), x¢€ D. )

This follows from [9, Proposition 6.1] and continuity of g-harmonic functions.

By saying that g : D — R is Holder continuous with Hélder exponent n > 0 we
understand that there exists a constant ¢ such that for all x, y € D we have |g(x) —
g <clx—y|".

We finish this section with some basic information about the spectral problem
for A%? 4+ g. Assume that D ¢ R? is an open bounded set, « € (0, 2), g € J*. Let us
consider the eigenvalue problem for the fractional Schrodinger operator on D with
zero exterior condition

A9 +qp=—-rp on D, (10)

=0 on D°. (11)

It is well known that for the problem 10 and 11 there exists a sequence of eigenvalues
{An)o2, satisfying

M <t <Ai=<... lim A, = o0,
n—o0

and a sequence of corresponding eigenfunctions {¢,}° ;, which can be chosen so that
they form an orthonormal basis in L>(D). All ¢, are bounded and continuous on D
and ¢, is strictly positive on D. It is also well known that gaugeability of (D, q) is
equivalent to A; > 0 see [12, Theorem 3.11], cf. [15, Theorem 4.19]. We understand
that Eq. 11 holds for all x € D¢ and Eq. 10 holds for almost all x € D. The eigenvalue
problem 10 and 11 was studied in e.g. [12, 22] and very recently in [19].

For more systematic presentation of the potential theory of fractional Schrodinger
operators we refer the reader to [8] or to [7].

3 Estimates of the Green Function

In this section we fix i € {1, ..., d} and use the following notation

H:{(yl,...,yd)eIRd: yi > 0},

Ho={(y1,....y)) e R?: y; =0)}.
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g-Harmonic Functions of Fractional Schrodinger Operator 75

Let R : RY — RY be the reflection with respect to Hy. For any x € R we put
X = R(x).

We have % = x — 2x;e;, where (e, ..., es) is the standard basis in R? and x =
(x1,...,xq9). Wesay thataset D C R4 is symmetric with respect to Hy iff R(D) = D.
For any set D C R, which is symmetric with respect to H, we put

Dy={yi,....ya) €D :y;i>0}, D_={(y1,....,ya) € D:y;<0}. (12

Let B, be the d-dimensional Brownian motion starting from x € R¢ (with the
transition density (47r¢)~%/2¢~¥=>"/40) and 1, be the a/2-stable subordinator starting
from zero, « € (0, 2), independent of B, (E~*" = e*’sm). It is well known that the d-
dimensional symmetric a-stable process X;, a € (0, 2), starting from x € R? has the
following representation

X, =B,
Let
T =inf{s > 0: By € Hy}.
Assume that the Brownian motion B, starts from x € H. We define

R(B;,) for t<T

A

=

B, for t>T.

That is B, is the mirror reflection of B; with respect to H, before T and coincides
with B, afterwards. It is well known that B, is the Brownian motion starting from x.
Now set
)A(t = Bn/.
X, is the symmetric «-stable process starting from X. The above construction is taken
from Section 2 in [11]. When discussing probabilities of B, By, n;, X;, X; we will use
Py, Py, Py, P*, P* respectively.
Now we need to consider another process, which is a subordinated killed Brown-
ian motion. We define it as follows
% H
Xt = (B );7,’
where B is the Brownian motion B, (starting from x € H) killed on exiting H and 7,
is the &/2-stable subordinator starting from zero, independent of B,. When discussing
probabilities of B, X, we will use Py, P* respectively. The general theory of
subordinated killed Brownian motions was studied in [28].
For any open set D C R¢, which is symmetric with respect to H, we put
tp, =inf{t>0: X, ¢ D},

+

where D, is given by Eq. 12. ~
By pp, (¢, x, y) we denote the transition density of the process X; killed on exiting
D,. The idea of considering pp. (¢, x, y) comes from [1, Section 4].
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Recall that pp(t, x, y) is the transition density of the symmetric «-stable process
killed on exiting D.

Lemma 3.1 Let D C R be an open set which is symmetric with respect to Hy. Then
we have

pp,(t,x,y) =ppt,x,y) —ppt, X, y), x,ye Dy t>0.

Proof The proof is based on the reflection principle for the Brownian motion. Put
tp =inf{s > 0: (B), ¢ D}.
Note that
tp =inf{s >0: B, ¢ D},
tp, =inf{s > 0: (B"), ¢ D},
Fixx € D,,t > 0and aBorelset A ¢ D,. We have
P (Xie A tp, > 1) =E, Py ((BY), € A 7o, > 1)
=E, P} (B,,t eAn<T, 1mp> t)
=E,P3(B, €A, tp>t)—E,Py(B,, € A>T, tp>1). (13)
Note that
{B,,t € A, n > T,'L'D>t}= [Em eA,fD>t].
Hence Eq. 13 equals
E,Py(By € Atp > 1) = E, Py (B, € A2 > 1)
=PX(X,€A,‘ED>l‘)—P;C()A(,€A,fD>[)

= / po(t,x,y) — pp(t, X, y)dy.
A
|
Let D c R? be an open set which is symmetric with respect to Hy. If d =1 < &

we assume additionally that D is bounded. We define the Green function for D for
the process X; by

o0
Gp. (x,y) =/ Dp.(t,x,y)dt, x,ye D,
0

GD+ (x,y)=0if x € (D4)° or y € (D4)°. For an open bounded set D C R? which
is symmetric with respect to Hy we define the corresponding Green operator for
D, by

Gp. f(x) = /D G, (x. y) f0) dy.
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We assume here that f is a bounded Borel function f: D, — R. Clearly we have

~ oy ~
Gp, f(x) = EX/ f(X;) ds.
0
By Lemma 3.1 we obtain the following corollary.

Corollary 3.2 Let D C R be an open set which is symmetric with respect to Hy. If
d =1 < «a we assume additionally that D is bounded. Then we have

Gp,(x.y) = Gp(x.y) — Gp(R.y), x.yeD,. (14)

Lemma 3.3 Let B= B(0,r), r > 0. Assume that f: B — R is Borel and bounded.
Then we have

G f(x) — Gy f(B) = /B Gs. (x () — G dy.

Proof Note that Gg(x, ) = Gg(x, y) and Gg(x, y) = Gg(x, y) for any x, y € B,.
We have

Gy f(3) = /B Gk y) f(y) dy + /B G ) f() dy
- /B Gy, y) F(y) dy + /B Gy, 9) () dy

= GB(fc,y)f(y)dy+/B Gp(x,y) f(9) dy.

B.

Similarly, we have
Gof@ = [ Gaefrdy+ [ Gaxrsray

— [ Gsy)fordy+ /B Gs(. ) F3) dy.

By

Using the above equalities and Eq. 14 we obtain the assertion of the lemma. O

Lemma3.4 Letd > a and V. C W C RY be open sets symmetric with respect to H.
Then we have

Gy, (x,y) < Gw.(x,y), x,ye V.
Proof Let A C V, be a Borel bounded set. For any x € V. we have

- ‘L:v+ - fW+ ~ ~
/ Gy, (x,y)dy = E’“/ 1a(Xy) ds < Exf 14(X) ds = / Gw, (x,y)dy.
A 0 0 A

Now the lemma follows from Eq. 14 and continuity of Gp(x,-) on D\ {x} (for
D=V, W). ]
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Lemma3.5 Letd > o € (0,1]. Fix r > 0 and put B= B(0,r), By = B(0,r). Then
we have

|x — ]

0<Gpx,y)—Gp(X,y) <c x,ye B,

lx — yld=e|x — y|”
where ¢ = c(d, a).
Proof Using Corollary 3.2, Lemma 3.4 and Eq. 5 we obtain
Gp(x,y) = Gp&.y) = Gy, (x,y)
< Gge(x,y)

= Gra(x,y) — Gpra(, y)

s y|d—a _ _ y|d—a
=A(d’a)lx Yl |x — yl

e — yldme1x =yl
One can show that forany p > ¢ >0and 8 > 0
=g’ =@v2p)p"’ (p -

(we omit an elementary justification of this inequality). Using this one obtains for
any x,y € By

&= YT — =y < @V 2d = 2e)|x = E|IF -y
which implies the assertion of the lemma. O
Now we prove similar lower bound estimates of Gz(x, y) — Gp(%, y). These lower
bound estimates will be needed in the proof of Proposition 1.2. We prove these
estimates only for x € B (0, r/4) and y belonging to some truncated cone lying inside

B, (0, r). This will be enough for our purposes. The lower bound estimates are based
on the results of Song [27].

Lemma 3.6 Leto € (0,1], d > «. Fixr > 0and for any x € B, (0, r/4) put
Kr,x)={y= i ....ya) € R r/2 > yi > 2/xl, |y| < v2y;}.
Forany x € B;(0,r/4) and y € K(r, x) we have

. Ix — 2|
G (X, y) — GponE y) = c—
©n ©n lx — yld—|z — y|

where ¢ = c(d, a).

Proof Let BP be the d-dimensional Brownian motion killed on exiting a connected
bounded open set D C R, n, - a/2-stable subordinator starting from zero inde-
pendent of BP and put ZP = (BP),,. ZP is a Markov process with the generator
—(—=Al|p)¥/? where A|p is the Dirichlet Laplacian in D. The process Z has been
intensively studied see e.g. [27, 28]. Let G%(x, y) be the Green function of the set D
of the process ZP. Note that X, = (B"), = Z['. It follows that

Gp.0n(x.Y) > G on(x.y). x.yeBL0,r).
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Let us first consider the case r = 1. Let us fix an auxiliary set U c R? such that
U is an open, bounded, connected set with C!"! boundary satisfying B, (0,9/10) C
U c B.(0,1). We need to introduce the auxiliary set U because B, (0, 1) is not a
C"! domain for d > 2 and results from [27] which we use are for C"! domains.

By [27, Theorem 4.1] we have for any x, y € U

G, y) — Ggon@&, y) = Gg, 01X, y) (15)

> G§+(0,1)(xa y) (16)

> G{(x,y) (17)

. <5U(x)5U(2Y) N 1) c . (18)

lx — yl lx — y|4=e
where ¢ = c¢(d, o). Assume that x € B, (0, 1/4) and y € K(1, x). We have

1> IxA— X| ’
2[% -y

1
Su(x) =dp,0,1H(x) =x; = Elx — x|,
X =yl > [x—yl,

e = 2= a1y = Syl
4 1 16
It follows that
Su(x)du(y) - lx — X|
=P T RE

Using this and Eqs. 15-18 we obtain for x € B, (0, 1/4), y € K(1, x)

|x — X

_ 19
lx — yl4=*|% — y| (19)

Gponx, y) — Gpon@E, y) = ¢
where ¢ = ¢(d, «).
Now let r > 0 be arbitrary. Assume that x € B,(0,r/4) and y € K(r, x). Note that
x/r € B4(0,1/4) and y/r € K(1, x/r). By scaling and Eq. 19 we get

N o X X
Gpon(x,y) — GponX, y) =7 d (GB(O,I) (;, %) — G, (;, X))

r

= C—d— o~ .
|x — y|4=*|x — y|
O

To obtain estimates of G B, (x,y) for d=a =1 we do not use probabilistic
methods but we use the explicit formula for the Green function for an interval.
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Lemma 3.7 Letd =a = 1. Fixr > 0. Forx € Rletx = —x. Put B= (—r,r)and B, =
(0, r). Then for any x, y € B, we have

1 4 2
0<Gp(x,y)—Gp(x,y) < —min( Al ,log( e+ y|>> . (20)
7 lx — I lx — yl

For any x, y € (0,r/2) we have

1 2
Gy(x.y) ~ Gp(t.y) = — min (¢,10g< b+ 1 ))
T 15|x — y| 4)x — y|

Forany x € (0,r/4) and y € (2x,r/2) we have

. 2 x|
Gp(x,y) — Gp(X,y) > — .
157 |x — y|

Proof By scaling we have

Grn(x, y) =Gy (x y)

- =
r r

so we may assume that r = 1. We have [6]

1
Gtr.y) = —log (Ve y) + VI +w(y).
where

(A= x> =y
lx — y|?

w(x, y) =

Let x,y € By = (0, 1). Put t, = w(x, y), t; = w(x, y). Note that t, > 1. It follows
that

0< Galx.y) - Gs&.y) = llog(ﬁ’L V] +t2>

T JH+VT+1
1 Vh+/T+6 -Vt —J/T+1

= —log|1+ . (21
b4 JH+VT+0

It is elementary to show that 1+t —/1+1 < —+/f;. Hence Eq. 21 is
bounded from the above by

1o+ VT+6 - i —J1+14 2 B
- W < ﬂﬁ(«/é N (22)
_ 2x+yl ( L ) 23)
b4 lx—yl [x+yl
4|x|
- . 24
T omlx -yl 4)

Now assume that x € (0,1/4), y € (2x,1/2). We will show that Gp(x, y) —
Gp(X,y) = 2|x|/(157|x — y|). Note that 4|x|/|x — y| < 4. It is elementary to show
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that for 0 < z <4 we have log(l + z) > z/5. Using this and Eqgs. 22-24 we obtain
that Eq. 21 is bounded from below by
1 Vo+JVi+h -Vt —JVI+4
5w VO + T+ .

Note that (1 — |21 —|y|?) = 1/2 > |% — y|*>/2, so 2t; > 1, which implies 2./f; >
+/1+1t,. Hence Eq. 25 is bounded from below by

(25)

1 Vo= x4yl | o 2lx]
5t 3y 157 \Ux—y| |x+yl/) 15wlx—y|

Now again let x, y € B, = (0, 1). We have

R 1 L4+ 1+t
Gp(x,y) — GpR,y) = = log (W) (26)
L (205
T J 14+t

1 2 —_vl2 1 — 2)(1 — 2

Lioe (2 |x+y|2 (Ix )’|2+( |x|2)( |}’|2)> @)
b4 lx = yI* \Ix+ y[*+ 1 = [x[H)(A = |y*)

One can easily show that |x+ y|> 4+ (1 —|x|>)(1 —|y|>) > 1 and |x — y|* + (1 —
|x/*)(1 — |y>) < 1. Hence Eq. 27 is bounded from above by

1 (2|x+y|>

— log .

w Ix =yl
Now let x, y € (0, 1/2). By Eq. 26 we obtain

«/1+t2>
2«/14—[1

1 1 [|lx+ yP? (Ix—yI2+(1 — [x» (1 = Iy|2)>
=1 — . (28
z 8 (2\/|x —yP \lx+yP+ A =)A=y @9

One can easily show that |x+ y|>+ (1 —|x|>)(1 —|y|*>) <2 and |x — y|*+ (1 —
|x1?)(1 — |y[>) > 1/2. Hence Eq. 28 is bounded from below by

1
L og lx + yl _
b4 4lx — y

The estimates of the Green function obtained in this section are crucial in proving
the main result of this paper. To get these estimates in the transient case we used
probabilistic methods. There is alternative way of obtaining these estimates. Namely,
one can use explicit formulas for the Green function of a ball for symmetric «-
stable processes (in fact this formula was used in the case d = « = 1). We decided
to use probabilistic methods instead of explicit formulas for two reasons. First, the
probabilistic methods are much simpler. Secondly, it seems that it can be generalized

. 1
GB(X, }’) - GB(.X', }’) > ;10g<

[}
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to some other processes, which are subordinated Brownian motions. Especially in-
teresting in this context is the relativistic process, which generator is —(v/—A + m? —
m), see e.g. [13, 23, 25]. This operator is called relativistic Hamiltonian and is used
in some models of relativistic quantum mechanics see e.g. [24]. For the relativistic
process the explicit formula for the Green function of a ball is not known, but it seems
that the probabilistic methods from this paper could be used to study Schrédinger
equations based on the relativistic Hamiltonian —(v/—A + m? — m).

4 Proof of The Main Result

We will need the following technical lemma.

Lemmad.l Fix re (0,1, ie{l,...,d} and z= (z1,...,zq) € R%. For any x =
(x1,...,xq) € R? denote & = x — 2e;(x; — z;). Put B = B(z,r). Assume that the func-
tion f: B — R is Borel and bounded on B and satisfies

|f) = f®] < Alx—zI°,  x € Bz, 1/2), (29)

for some constants A > 1 and g > 0.
Ifa € (0, 1) and B € [0, 1 — ) then there exists ¢ = c(d, o, B) such that for any x €
B we have

Supyes | f )]
r

|G f(x) — G f(®)] < cAlx — z//T™ + lx — z|fte. (30)

If « € (0, 1] and B > 1 — « then there exists c = c(d, a, B) such that for any x € B we
have

supycp | f()]
r

|IGpf(x) = Gpf(X)| <cAlx—z|+c Ix — z|. (31)

If o« = 1 and B = 0 then there exists ¢ = c(d) such that for any x € B we have

supyc | F(V)I
c———|x
r

|Gpf(x) = Gpf(R)| < cAlx—2|'? + — 2|2 (32)

Proof Put By ={y = (y1,...,y4) € B: y; > 0}. We may assume that z =0and x =
(x1,...,xq9) € B.. By Lemma 3.3 we have

IGBf(X)—GBf(fC)IS/B Gp, (x, MIf() = FO)dy,

where GB+ (x,y) = Gp(x,y) — Gp(x, y). We will consider two cases: case 1: d > « €
(0, 1], case 2: d = o = 1. We will often use the fact thatr € (0, 1]and |x| <r < 1.

Casel d >« € (0, 1].
Note that

|x — & < 2|x]. (33)
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For any y € B, we have
F—yl ==yl 1%yl =x-%/2 (34)

Put U, =B, |xh)N{ye By: |yl <r/2}, U, = Bx,|x)N{ye Bs: |yl <r/2},
Us; ={y e By : |y| >r/2}. By Lemma 3.5, Egs. 29, 33 and 34 we obtain

. . N [f(y) — f(D)
/ G, (e D) — Fldy < clx—3) [ TP = TP
B. B, 1X = yl47¥lx — y|
Pd Bd
< cA |y év Al Iyl dy 1
v, X =yl U, lx =yt
x —Xx|d
+csup| f(y)l T)}
yeB Uy X =yl x =yl
=1+ 11+ III,
where ¢ = c(d, a).
For y € U, we have |y| < |y — x| + |x|] < 2|x|. Hence
d
I< cA|x|ﬁ/ A, (35)
U, 1x =yl
where ¢ = c¢(d, «, ). When |x| > r/4 we get by Eq. 34
dy o oa—1
I < csup | f(y)] = csup | f(W)Ir* < csup | fF(llxlr,
yeB B(x,2r) |x - )’I yeB yeB

where ¢ = ¢(d, o). If |x| < r/4 then Us C B°(x,r/4) N B(x, 2r) and by Egs. 33 and 34
we get

III < csuglf(y)llxl

d
S < esupl FI Il
Ve yeB

Be(er/nBx,2r) X — Y197

where ¢ = ¢(d, «). Recall that r < 1. It follows that for x € B, we have

01 < fsup | FO)IIx], (36)

yeB

where ¢ = c(d, a).
For y € U, we have |y| < |y — x| + |x] < 2|y — x|. Hence

dy

y|d7a7ﬂ+l ’

II < cA|x|
U, X —

where ¢c=c(d,a, B). If o € (0,1), B €[0,1 —«) then II < cA|x|*T#, where ¢ =
c(d, a, B). This, Eqgs. 35 and 36 imply Eq. 30. If ¢ € (0,1], 8 > 1 —« then II <
cA|x|r* P! < cA|x|, where ¢ = ¢(d, , ). This, Egs. 35 and 36 imply Eq. 31. If o = 1,
B = 0 we have

d 2r
i yy|d < cAlx| p~"dp < cAlx|(|log(2r)| + |log |x]) < cAlx|"?,
U, X — x|

where ¢ = c¢(d). This, Egs. 35 and 36 imply Eq. 32.

II =cA|x|
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Case2 d=a=1.

Subcase 2a: x € (0,r/4) We have

- x| r/2 N
G, , DIf) — fPldy < AQx)! | G (x,y)dy+ A | Gy (x,y)dy

B, 0 2x

+2 (sup If(y)|> //2 G, (x. y) dy

yeB
=1+ 1T+ IIL

By Eq. 20 we have

2x 6x
I< chﬂf 10g< ) dy < cAXP (x + x| log x|),
0 [x — yl

where ¢ = ¢(8). By Eq. 20 we also have
r/2 B d r/2
II< chf y 4y < ch/ yP=Ldy,
2x |X - )’| 2x

where ¢ = c¢(B). Since x € (0, r/4) by Eq. 20 we also get

yeB /2| - |

" d
I <c (sup |f<y)|) x / Y < c(sup | F)Dx.
2 X =Y yeB

where c is an absolute constant.
Now, if 8 > 0 then

T+ 10+ 11 < cAx + ¢ sup | F(0),
I yeB

for some ¢ = ¢(B). If = 0 then

1/2
T4+ 100 < cAx'? 42— sup | fOI,
' yeB

where c is an absolute constant.

Subcase 2b: x € (r/4,r) We have

- r/2
Gy (. DIFO) — F@)dy < cAx’ fo Gs, (. y)dy

+c <sup|f(y)|) / C~;3+(x, y)dy
yeB r/2
=1+1I,

B.

where ¢ = c(B).
By Eq. 20 for any x, y € B, we have

Gp, (x,y) <c—loglx—yl, (37)

where c is an absolute constant.
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By Eq. 37 we obtain

r/2
I <cAxf (cr — / log |x — y] d)’>
0

r/2
cAxP (cr — 2/ log y dy>
0

=cAxP(cr+r— rlog(r/2))

IA

cAr? (r +r|logr]),

IA

where ¢ = ¢(8). Similarly, by Eq. 37 we obtain

M=c (Suplf(Y)l) (Cr —/ log [x — y| dY> =c (suplf(y)|> (r+rllogr|),
yeB r/2 yeB

where ¢ = ¢(B).
If 8 > 0 then

I+1II <cAr+csup|f(y)| < ch—i—cf sup | f(»)I,
yeB ¥ yeB

for some ¢ = ¢(B). If B = 0 then
x1/2
T+11 < cAG+rllogr]) + csup | f(0)] < cAxY +c— sup | F(W)l,
yeB r yeB

where c is an absolute constant. O
Lemmad4.2 Fix re (0,11, ie{l,...,d} and z= (z1,...,zq) € R%. For any x =
(x1,...,xq) € R denote ¥ = x — 2e;(x; — z;). Put B = B(z,r). Assume that a Borel
function f satisfies

[f) — fnl = Alx—yl". x,ye€B,
forsome A > 0andn e (1 —a, 1]. If d > a € (0, 1] then for any ¢ € (0, r] we have

/B(z €)

forsome c =c(d, a,n). Ifd = a = 1 then for any ¢ € (0, r] we have

/B(z €)

for some ¢ = c(n).

Gz, y)‘ F0) = FG)ldy < cAemHe,

82,

57 —Gpl(z, y)’ [f(y) = f(P)ldy < cAe"(1 + [logel),

Proof By [10, Corollary 3.3] we have

Gg(z,y) :dGB(z,y)
Z—=yIAr lz—yl~

d
‘a—ZGB(z,y)'sd| yeB, y#z

By the assumption on f we have for y € B

Lf) = fO)I < Aly = JI" =2"Aly; — zi|".
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Ifd > o« € (0, 1] for any y € B we have

Gp(z,y)

2=y = Az~ e,

9 .
’aZGB(Z’ y)‘ [f() — O <cA

for some ¢ = ¢(d, «, n).
If d = @ = 1 we obtain from [9, Corollary 3.2] that for any y € B we have

Gp(z.y)
|z — y|I=n

9
‘B—ZGB(z,y)‘ [f(y) — fO)l <cA

for some ¢ = c(n). The above estimates imply the assertion of the lemma.

<cAlz—y/" log(1+ |z —yl™"),

[m}

Lemma4.3 Leta € (0,1]. Fixre (0,11, z=(zy,....z5) € RYandi e {1, ..., d}. Put
B = B(z,r). Assume that f is bounded and Hélder continuous in B with Holder

exponentn > 1 — «, that is
|f(x)—f(}’)|§A|x—)’|na X,yEB.

Then VG f(z) exists and we have

d 0
—Gp f(Z) = / —
0z; B

57, C8@ UM - fO)dy,

+

where By ={(y1,...,ya) € B: yi—z; > 0}, and §=y—2(y;—z;)e; for y=(y1, ...

We also have
IVGp f(2)| < cAF™™ (1 + |logr|),

where ¢ = c(d, o, ).

Proof Let g(y) = f(y) — f(z). By our assumption on f we obtain
g = Aly —z|", y € B(z.r).
Let h € (—r/8,r/8). We have
Gy f(z+eh) — Gpf(z) = (Gglp(z + eh) — Gplg(2)) f(2)
+ Gpg(z + eh) — Gpg(z).

By a well known [18] explicit formula for Gglp(x) we get
o1 b
lim —(Gplp(z +eh) — Gplp(2)) f(z) = f(2) =—Gglp(z) =0.
h—0 h aZi
We also have
h
1

I J B\ Bz 21m)
=1+1II

1 1
5, (GB8(+ eih) — Gpg(2)) = */ (Gp(z +eh, y) — Gp(z, y)g(y) dy
B(z,2/h])
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We will consider 2 cases: 1:d > «,2:d = o = 1.
Casel d > «.
By Eq. 40 and the standard estimate Gg(x, y) < K,(x — y) we obtain

< A2"|h|"-'f Gu(z +eh, )+ Ga(z. y) dy
B(z,2|h|)

SCA|h|n71/ |Z+eih_y|a7d+|z_y|a7ddy
B(z,2|h)

< cAJe,

where ¢ = c(d, «, n). By our assumption on 7 it follows that lim;_,o I = 0.
We also have

G

= f % (2 + ehd, )g(y) dy, (41)
Bz\BG2h) 9%

where 0 = 0(y, z, h,i,a,d, r) € (0, ). Note that for y € B(z, r) \ B(z, 2|h|) we have

|y — (z +eih8)| > |y — z|/2. Using this, Eq. 40 and [10, Corollary 3.3] we obtain for

y € B(z,7) \ B(z,2Jh|) and @ as in Eq. 41

’8G3

< cA|y _ Z|a+n7d7],
0z;

(z+ehb, y)g(y)

where ¢ = c(«, d,n). Note that by our assumption on 5 the function y — |y —
z|*+1=4=1 is integrable on B = B(z, ). By the bounded convergence theorem we get

9
lim Il = —G dy.
lim /Bazi B(z, y)g(y) dy
It follows that

a 0

G z :/ Gp(z, dy. 42
Y B f(2) 9% B(z, y)g(y) dy (42)
Note that
0 N Gp(z+eh, y) — Gp(z,))
5, 0@ 9 = im, 7
T GB(Z—eihaY)_GB(ZJ’) _ el
= %l_r}l}) 7 = _TZ;GB(Z’ »).

This and Eq. 42 implies Eq. 38.
Case2 d=o=1.

Recall that 4 € (—r/8,r/8) and r € (0, 1]. By [9, Corollary 3.2] we have
Gp(x,y) =c(l+[loglx =y, x.y€ B, x#y, (43)

where c is an absolute constant.
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By Eq. 40 we obtain

1) < A2"|h|"—1/ Gu(z+h. )+ Gz, y) dy
B(z,2|h|)

scAlhl”"/ 14 |loglz +h — yll + |log |z — Il dy
B(z,2|h])

< cAlR|"(1 + |log |A]]),
where ¢ = c(n). By our assumption on 7 it follows that limj,_.o I = 0.

We also have

dG
= / (@4 he. )g(y) dy. (44)
B(z.)\B(z.2lh)) 42

where 0 = 6(y, z, h,r) € (0, 1). Note that for y € B(z,r) \ B(z,2|h|) we have |y —
(z + h0)| > |y — z|/2. Using this, Egs. 40, 43 and [10, Corollary 3.3] we obtain for
y € B(z,r)\ B(z,2|h|) and 6 as in Eq. 44

(z+ho, ygy| < cAly —zI" ' (1 + |logly — zI]).

dz

’dGB

where ¢ is an absolute constant. Note that by our assumption on n the function
y— |y —z|""'(1 4+ |log |y — z||) is integrable on B = B(z, r). By the bounded con-
vergence theorem we get

. d
1113%11_ /B d—ZGB(z,y)g(y) dy.

It follows that

d d
—Gpf(z) = / ——Gp(z, y)g(y) dy. (45)
dz B dz
Note that d%GB(z, y) = —d%GB(z, y), ¥ € B. This and Eq. 45 implies Eq. 38.

This finishes the justification of Eq. 38 in both cases. Inequality 39 follows from
Eq. 38 and Lemma 4.2. o

Lemma 4.4 Let « € (0,2) and D be an open set in R®. For every function f which is
a-harmonic in D we have

Il fll

\% d ,
Vil = 5 (0)

e D.

The proof of Lemma 4.4 is almost the same as the proof of Lemma 3.2 in [10] and
is omitted.

Proof of Theorem 1.1 Fix arbitrary z = (zy,...,24) € D andi € {1,...,d}. Similarly
like in Lemma 4.1 for any x = (xy,...,X4) € R4 put X = x — 2e;(x; — z;). Using [9,
Lemma 3.5] let us choose ry = ro(d, «, ||qll) € (0, 1] such that for any r € (0, ro] and
any ball od radius r contained in D the conditional gauge function for that ball is
bounded from below by 1/2 and from above by 2.

@ Springer



g-Harmonic Functions of Fractional Schrodinger Operator 89

Letr = (8p(z) Arg)/2 and B = B(z,r). By Eq. 9 we get
u(x) = f(x) + Gpgu(x), x¢€ B, (46)
where f(x) = E*u(Xz,). The function f is «-harmonic on B.

When u is nonnegative on R¢ by our choice of ry and by (2.15) in [9] we obtain
f(x) <2u(x), x € B. By [10, Lemma 3.2] it follows that

f@) _ e u)

VIl =d g =M S = AT’

x € B(z,r/2),

where ¢ = c(d, a, [|qlo0)-
If u is not nonnegative on RY but ||u]|oc < oo by Lemma 4.4 we get

Al _ Ml
§p(x) T Sp(@) AL’

Vi)l <d x e B(z,r/2),

where ¢ = c(d, o, [|qll0).
Let K = B when u is nonnegative and K = RY when u is not nonnegative in R¢
and |lu|l < oo. It follows that for any x € B(z, r/2) we have

Sup g ()] SUpye i [U(Y)]

E*u(X.,) — EXu(X,,)| < - < —zl, (47
|E"u(Xp) u(Xy)l = c 5@ A1 Ix—Xx[<c Sy @) A lx—zl, (47
where ¢ = ¢(d, a. [Iq]lc0)-
Let us consider the following inequality
~ SupyeK |U()’)| B
lu(x) —u®)| < c——————Ix—zI" x € B(z,r/2), (48)

(SD(Z) Al
for some 8 € [0, 1] and ¢ = ¢(d, «, B, q, n)-

Note that |x — X| < 2|x — z|. Recall that r < 1/2so |x — z| < 1/2for x € B(z,r). If
Eq. 48 holds then for any x € B(z, r/2) we have

lg()u(x) — g@u®)] < u()llg(x) — g®)] + lg®D)|ulx) — u@)|

. sup,c g [u(y)|
fcsup|u(y>||x—x|"+csup|q(y>|8y€7| —z|f
yek yeD p() A1
su u
cwu _ Z|5N7, (49)

Sp(2) Al

where c = c(d, «, B, g, n). Note thatif 8 <1 —athen 8 An = gandif 8 > 1 — « then
BAN>1—qa.

Assume now that Eq. 48 holds for some (« € (0, 1), 8 € [0, 1 —«)) or (« € (0, 1],
Be(l—a1))andc=c(d,a,p, q,n).

Ifa € (0,1), 8 €[0,1 — «) then by Eq. 49 and Lemma 4.1 we obtain for x € B

supy g [1(y)]

B+a
X =2 ’
Sp() A1 | |

|Gp(qu)(x) — Gp(qu)(X)| < c
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where c =c(d,a, B,q,n). lf @ € (0,1], B € (1 — , 1) then by Eq. 49 and Lemma 4.1
we obtain for x € B

sup, e [1(y)|

1G5 (x) = Gpgu) )] = ===

lx — zl,

where ¢ = ¢(d, «, B, q, n).
Joining this with Eq. 47 we obtain in view of Eq. 46 that if Eq. 48 holds for some
(¢ €(0,1),8€[0,1 —a))or(xe(0,1],8€(l—a,l))andc=cd, a,§B,q,n) then

sup e [u(y)|
yeK |x _ zl(ﬁ+a)Al

lu(x) —u(X)| <c 0@ A1

x € B(z,1/2), (50)

forc=c(d,«, B,q,n).

Note that Eq. 48 holds trivially for 8 = 0. Assume first that « € (0, 1) and ko #
1 — o for any k € IN. Then repeating the above procedure we obtain that Eq. 48 holds
for 8 =0, a, 2c, ... and finally for g = 1.

Assume now that o € (0, 1) and koo = 1 — « for some ky € IN. Then we obtain
that Eq. 48 holds for 8 =0, «, 2a, ..., koa. Then Eq. 48 holds for any g € [0, koo ].
In particular, it holds for g = koo — /2. By Eq. 50 we obtain that Eq. 48 holds for
B =koa+a/2 e (1—a,l). Then, again by Eq. 50 we obtain that Eq. 48 holds for
g=1.

Finally assume that o = 1. Eq. 32 gives that Eq. 48 holds for g = 1/2. Then by
Eq. 50 we obtain that Eq. 48 holds for g = 1.

Now let us fix arbitrary w € D and put s = (§p(w) A rp)/8. We will show that
Vu(w) exists. Let us take x, y € B(w, s). Since z € D was arbitrary one can take
z = (x+ y)/2 and choose the Cartesian coordinate system and i so that y =X =
x —2ei(x; — z;). We putr = (6p(z) Arp)/2 as before. Note that

>Ts,

8p(2) = 8p(w) — ‘Sb%iw) _ T8p(w)

<
8 =8

We also have

— B
|x—z|:|x ylSSS D(Z)/\Q -
2 7 8 2

so x € B(z,r/2). On the other hand we have §p(z) < s+ 8p(w) so

r:5D(Z)/\”0<(S+5D(w))/\rOE +51)(w)Aro:% and |w—z| <s.

s
2 - 2 2 2 2°

Hence B(z,r) C B(w, 11s/2) which gives SUP e gz [U(P)] < SUP e gy 1152) [U(D)]-
By Eq. 48 for g = 1 we obtain

su U su U
Ppexc WP suPere 4(p)]

lx — yl,
dp(z) Al Sp(w) Al

lu(x) —u(y)| <c

where ¢ = ¢(d, @, q, n) and K’ = B(w, 11s/2) when u is nonnegative in R4 and K’ =
R¢ when u is not nonnegative in R? and |u|lo < 0o. Since x,y € B(w,s) were
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arbitrary we obtain that qu is Holder continuous with Holder exponent n A 1 in
B(w, s).

Using Eq. 9 for W = B(w, s) and Lemma 4.3 for B(w, s) we obtain that Vu(w)
exists. Since w € D was arbitrary this implies that Vu is well defined on D.

Now again let us fix arbitrary z € D,i € {1,...,d}and putr = (§p(z) Ary)/2, B =
B(z,r), K = B when u is nonnegative and K = R¢ when u is not nonnegative and
llulloo < 00.

When u is nonnegative, by the Harnack principle (see [9, Theorem 4.1]) we have

sup |u(y)| = supu(y) < cu(z). (51)
yekK yeB

By the proof of [9, Theorem 4.1] it follows that ¢ = ¢(d, «, [|q]l)-
Put x = z + he;, h € (0,r/2). By Eq. 48 for B = 1 we get

su u
-+ hep — Gz — hep) < Rk

Sp(2) Al
where ¢ = ¢(d, o, q, n). Since i € {1, ..., d} is arbitrary it follows that
Sup,. ¢ [u(y)|
Vu()| < c———— 52
[Vu(z)| < 5@ A1 (52)

Of course this gives Eq. 4. When u is nonnegative Eqgs. 52 and 51 imply Eq. 3. O

5 Proof of Proposition 1.2 and Theorem 1.3

First we prove Proposition 1.2. By saying that Vu(x) exists we understand that for
each i € {1,...,d} limy_o(u(x + he;) — u(x))/h exists and is finite. We say that a
function is 0 Holder continuous if it is bounded and measureable.

Proof of Proposition 1.2 Let us choose arbitrary point w € D and r € (0, §p(w)/3).
Put

4 = 1pun@ (P = Ix —wl)' ™, xeR% (53)

It may be easily shown that g(x) is (1 — «) Holder continuous. We may assume that r
is sufficiently small so that (D, q) is gaugeable. (The fact that (D, g) is gaugeable for
small r follows by Khasminski’s lemma, see page 57 in [8].) Put u(x) = E*(e,(tp)),
x € R% u(x) is the gauge function for (D, g). By Theorem 4.1 in [9] u(x) is regular
g-harmonic in D. Note that u is continuous and bounded on D.

Fix ze€dB(w,r). We may assume that the Cartesian coordinate system
(x1,...,xq) 1s chosen so that z =(0,...,0) and w = (,0,...,0). Let B= B(0,r).
We will show that Vu(0) does not exist. On the contrary assume that Vu(0) exists. By
Eq. 9 we have

u(x) = E* (X)) + Gp(qu)(x), x € B. (54)
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Of course V E*(u(X:,)) exists for x € B (see (10) and Lemma 3.2 in [10]). Put fo(y) =
u(0)q(y) and fi(y) = (u(y) — u(0))q(y). We have

u(gy) = foy) + fiy). (55)
For any s > 0 put B.(0,5) ={(y1,...,yq) € B(0,s): y; >0}, BL = B.(0,r) and
$=y—2ey; for y=(y1,...,yqs) € R% Recall that we have assumed that Vu(0)

exists. By this and boundedness of u we get |u(y) —u(0)| <cly| for some c =
c(w, z,r, D,d,a, q) and any y € R?. It follows that for y € B, (0, r/2)

LA = A= 1AW= lu(y) —u@®llg»)| < cligllsolyl,
where ¢ = c(w, z,7, D, d, @, q). By Eq. 31 for any x € B(0, r/2) we have

supyc | f1 (1)l
r

IGefi(x) —Gpfi(X)| <clx|+¢ lx| < clx], (56)

for some ¢ = c(w, z,1, D, d, o, q).
Now let us consider the case o € (0, 1], d > «. By Lemmas 3.3 and 3.6 we get for
x € B.(0,r/4)

Gpfox) = G fo(X) = ; (Gp(x,y) — Gp&, Y)(fo(y) — fo() dy

= u(0) : (Gp(x,y) — Gp(x, y)q(y)dy
|x — X|

> cu(0) —_—
K(r,x) |x - )’|d_°‘|x - }’|

q(y)dy, (57)
where ¢ = ¢(w, z,1, D, d, «, q) and K(r, x) is defined in Lemma 3.6 for i = 1. Since u
is positive on D we have u(0) > 0.

Note that for x € B, (0,r/4) and y € K(r, x) we have |x — y| < (3/2)|y|, |Xx — y| <
(3/2)]y|. Hence Eq. 57 is bounded from below by

cu(0)|x — | / Iy~ 1q(y) dy,
K(r,x)

where ¢ =c(w, z,r, D,d, «, q). One can easily show that for any x € B, (0,r/4)
and y € K(r, x) we have q(y) > c|y|'™%, where ¢ = c(d, a, r). Let x = (x1,0...,0) €
B (0, r/4). It follows that

G fo(x) — Gp fo(X) = cu(0) - dy (58)
|)C - 5‘| - K(r,x) '

where ¢ = c(w, z,r, D, d, a, q). It is clear that if x = (x;,0...,0) tends to O then the
right-hand side of Eq. 58 tends to co. This, Eq. 54, the fact that V E¥(u(X7,)) exists
for x € B, Eqgs. 55 and 56 give contradiction with the assumption that Vu(0) exists.

Now we will consider the case d =« = 1. Recall that in this case g(y) =
1Baw.»n(¥) = 1©.2(y). By Lemmas 3.3 and 3.7 we get for x € (0, r/4)

Gp fo(x) — Gpfo(X) _ u(0) .
51009 = G5 /0@ _ 4O [ G yx, y) — Gt y)aty) dy

lx — x| 2lx| JB,
u(0) 7% dy
157 2x y ’

v

(59)
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It is clear that if x — 0 then Eq. 59 tends to oo. This, Eq. 54, the fact that
d—i E*(u(Xz,)) exists for x € B, Eqgs. 55 and 56 give contradiction with the assumption
that u/(0) exists. O

Now we will prove lower bound gradient estimates. The idea of the proof is to
some extent similar to the proof of lower bound gradient estimates in [10]. The main
difference is the use of Lemma 5.1 below instead of [10, Lemma 5.4]. There are
essential differences in proofs of Lemma 5.1 and [10, Lemma 5.4]. The key arguments
in the proof of Lemma 5.1 are based on Lemma 4.3.

We will use the notation as in [10]. For x = (x, ..., x4) € R we write x = (¥, x4),
where X = (xq, ..., x4—1). In order to include the case d = 1 in the considerations
below we make the convention that for x € R, ¥ = 0 and we set R? = {0}.

We fix a Lipschitz function I : R*"! — R with a Lipschitz constant A, so that
ID(®) — ()| < Alx¥ — 7| for %, 7 € R*!. We put p(x) = x4 — ['(¥). D denotes the
special Lipschitz domain defined by D = {x € R?: p(x) > 0}. The function p(x)
serves as vertical distance from x € D to d D. We define the “box”

Ax,a,r)=]yeR": 0<p(y) <a, |¥- 3| <r},

where x € R and a, r > 0. We note that A(x,a,r) is a Lipschitz domain. We also
define the “inverted box”

V(x,a,r):{ye]Rd: —a<py) <0, |x—Y| <r}.

The same symbol V is used for the gradient but the meaning will be clear from the
context.

Forr > 0and Q € dD we set A, = A(Q,r,r) and G, = G,,. For a nonnegative
function u we put

u®(x) = E'u(X,,,), xe€ RA.
Fix O € 9D and assume that a Borel function g satisfies

lg(x) —g(y)| < Alx — y|", (60)

forsome A > 0,n € (1 —, 1]and all x, y € A, for some sy € (0, 1].

Now we will repeat the assertion of Lemma 5.3 [10]. Note that the assertion of
Lemma 5.3 in [10] holds for all « € (0,2) under the condition that gla,, € J* for
some sy € (0, 1]. This condition follows from Eq. 60.

For every ¢ > 0 there exists a constant 7y = ro(d, A, o, 1, q, So, €) < so < 1 such that
ifre (0,ro]and u : R? — [0, c0) is g-harmonic and bounded in A, then

(1 —)ux) <u@) < (1 +eux), xeRY, (61)
and

G, (Iqluw)(x) < eu™(x), xe R, (62)

Lemma 5.1 Let o € (0, 1] and ¢ € (0, 1/2]. There exist constants ¢ = c(d, a, n, q) and
Kk =k(d, ), n,q,r0,S0,8) <rosuchthatif0 <r <, u: R? — [0, 00) is q-harmonic
and bounded in A, then

u(x)

Ia, (X)

IVG,(qu)(x)| < ec ., xeA,.
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Proof Let us choose

k = max{s € (0,7r9] : sup a1+ [logal) < e}.

O<a<s

Fix r € (0, «] and xo € A,. Note that §,,(xp) <r < 1. Let B = B(xo, 8a,(x0)/2). We
have

Gr(qu)(xo) = Gp(qu)(xo) + E* G,(qu)(Xzy). (63)

We will estimate gradient of two terms on the right-hand side of Eq. 63 separately.
Let Pg(x, 2), x € B, z € int(B°) be the Poisson kernel for B (that is the density of
the P* distribution of X (zp) [6]). By Lemma 3.1 in [10] we have

[V (E* G (qu)(Xy,)| =

v, / Pi(x0, 2)Gr(qu)(2) dz
BC

IA

/B_ IV P (x0, 2)|Gr(Iqlu)(2) dz

Cc

= 04, (x0) JBe

C
= EYG, X.,), 64
5a (o) (Igl) (Xz,) (64)

Pp(xo, 2)G,(|q|lu)(z) dz

where ¢ = c(d, a).

By Eq. 63 for |g| instead of ¢ we obtain that E*G,(|q|u)(X:,) < G,(|qlu)(xo).
Using this and Eqs. 61 and 62 we obtain that Eq. 64 is bounded from above by
ceu(xp)/8a,(x0), where ¢ = c(d, o).

By Theorem 1.1 for any x, y € B we have

c
lu(x) —u(y)| < (sup Lt(z)> lx — yl,
da, (X0) \zeB
for some ¢ = c(d, «, 1, q). Using this and Eq. 60 for any x, y € B we get

lg()u(x) — gyu)| < lgx)[ulx) —u(y)| + lg(x) — g(¥)u(y)]

c(A+1)
= da, (x0) <§le]g u(Z)> b=

for some ¢ = c¢(d, a, 1, q).
Hence by Lemma 4.3 we obtain

A+1
VG p(qu)(xo)| < «a+l) (SUP u(z)) (8a, o)™ (1 + [log(8a, (X)), (65)
SA,(XO) zeB

where ¢ = c(d, o, 1, q).
Note that 8, (xg) <r < k. By our choice of x we have

(84, (0™~ (1 4 log(8a, (x0))]) < &.

Using this and the Harnack inequality (see Eq. 51 with y changed to z and z
changed to x() we obtain that the right-hand side of Eq. 65 is bounded from above
by ceu(xo) /84, (x0), where ¢ = c(d, a, 1, q). O
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The next lemma is similar to Lemma 5.6 in [10].

Lemma 5.2 Let a € (0, 1]. There are constants ¢ = c(d, a, L), h = h(d, a, )) and ry =
ri(d,a, A, n,q, o) such that if 0 < r < ry and u is nonnegative in RY, g-harmonic and
bounded in A, and vanishes in V(Q, r,r) then

u(x)

8a,(X)

Vu)| = c

, xeA(Q,rh,r/2).

Proof The function u satisfies Eq. 9 with W = A,. Using [10, Lemma 4.5] and
scaling, Eq. 61 and Lemma 5.1 we obtain the result by an appropriate choice of ¢
in Lemma 5.1. ]

Proof of Theorem 1.3 The upper bound follows from Theorem 1.1. The lower bound
follows from Lemma 5.2 and compactness of D N K. O

6 Applications

As an application of the main results of this paper we obtain gradient estimates of
eigenfunctions of the fractional Schrodinger operator.

Corollary 6.1 Assume that o € (0,2), D C R¢ is an open bounded set, g € 3" when
a € (1,2), or q is Holder continuous on D with Holder exponent n > 1 — a when o €
(0, 11. Let {@n}32, be the eigenfunctions of the eigenvalue problem 10 and 11 for the
fractional Schrodinger operator on D with zero exterior condition. Then V¢, (x) exist
foranyn € N, x € D and we have

@1(x)
v _— D
| (/)](x)|§CSD(x)/\17 xe D, (66)
where c = ¢(D, q, «, n) and
Cn
Vo, _— D, 67
| <,0()C)|551)(x)/\1 xe (67)

where ¢, = c,(D, q, a, ). Furthermore, if additionally D C R® is a bounded Lipschitz
domain then there exists ¢ = (D, q, , ) such that

@1(x)

Vo1 (x)] > CaD(x)’

€D, px) <e, (68)
where c = ¢(D, q, a, ).

The result is new even for g = 0. In that case this is the eigenvalue problem for
the fractional Laplacian with zero exterior condition. This eigenvalue problem have
been recently very intensively studied see e.g. [1, 3, 4, 14, 17, 20].

For o = 2, under additional assumptions that d > 3, D is connected and Lipschitz,
inequalities 66 and 67 follow from [16, Theorem 1] and inequality 68 follows from [2,
Theorem 1].

Before we come to the proof of Corollary 6.1 we will need the following easy
addendum to the results obtained in [10].
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Lemma 6.2 Let o € (1,2), g € J*~' and D C R? be an open set. Assume that the
function u is q-harmonic in D and ||u||» < co. Then Vu(x) exists for any x € D and
we have

ll2¢]l oo

[Vu(x)| < Cm,

eD,
where ¢ = c¢(d, a, q).

Proof The proof of this lemma follows from the arguments used in [10]. First note
that the assertion of Lemma 5.4 in [10] remains true if we replace the assumption
that u is nonnegative in R¢ by the assumption that ||z, < oo and when we replace
u(x) by |lu]lo on the right-hand side of the estimate of |V G,(qu)(x)|. Then the proof
of Lemma 6.2 is almost the same as the proof of Lemma 5.5 in [10]. m]

Proof of Corollary 6.1 1t is clear that ¢, is not (g + A,)-harmonic on the whole D
because (D, g + A,) is not gaugeable. However by the definition of the Kato class
and standard arguments (see e.g. [9, p.299]) forany n = 1, 2, ... there exists 7 € (0, 1]
and the finite number of balls B(x;,r), ..., B(xp, r) such that x;, ..., x) € D,

M
D C Z B(x,,,r)

m=1

and each (B(x,,,2r)N D,q+ A,) is gaugeable. This means that ¢, is (g + A,)-
harmonic on each B(x,,, 2r) N D. Note that for any x € B(x,,, r) N D we have

3BGm2onD(X) A1 = 8p(X) Ar A1 = r(@p(x) Al).

Now, Eqgs. 66 and 67 follow from Theorem 1.1 for « € (0, 1] and from [10, Lemma
5.5], Lemma 6.2 for « € (1, 2). Inequality 68 follows from similar arguments and
Lemma 5.2 for @ € (0, 1] and [10, Lemma 5.6] for « € (1, 2). O

As another application of our main result we show that under some assumptions
on g a weak solution of A%2u + qu = 0 is in fact a strong solution. First we need the

following easy lemma.

Lemma 6.3 Let « € (0, 1). Choose xo € R? and r > 0. Assume that a Borel function
u: R — R satisfies

()|
—dy < 00,
/Rd (I + [yt @

Vu(x) exists and |Vu(x)| < A for all x € B(xo, r) and some constant A. Then A%?u(x)
is well defined and continuous on B(xy, r/2).

Proof Let x € B(xg,r/2). Choose ¢ € (0,r/2). We have

lu(y) — u(x)] f Aly — x|
———dy < —d 69
/|x—y|<£ |y _x|d+a Y= |x—yl<e |y - x|d+a Y ( )
= CA/ p %dp — 0, when &— 0, (70)
0
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where ¢ = c¢(d). By the definition of A%/? (see Section 2) we obtain that A%/?u(x) is
well defined.
One can easily show that for any fixed ¢ € (0, r/2) the function

lu(y) — u(x)]
L (x) = o
f (x) /lx—y>s |y - x|d+a

is continuous on B(xo, 7/2). This and Egs. 69 and 70 imply that A%/?u(x) is continuous
on B(xg, r/2). O

Proof of Corollary 1.4 Choose arbitrary xo € D. It is clear that there exists » > 0
such that B(xy,2r) CC D and (B(xy,2r),q) is gaugeable. This can be done by
Khasminski’s lemma (see [9, p. 299]). Put B = B(xo, r). By [8, Theorem 5.5] we may
assume that u is a g-harmonic function on B(xg, 2r) (after a modification on a set of
Lebesgue measure zero). By Eq. 9 we get

u(x) = E*u(X,,) + Gplqu)(x), x e R (71)

By Theorem 1.1 and Lemma 6.3 A*?u(x) is well defined and continuous on
B(xy, r/2). The function v(x) = E*u(X;,) is an «-harmonic function on B(xy, r/2),
so A%?y(x) = 0 on B(x, r/2). Hence by Eq. 71 we obtain

AYu(x) = A**(Gp(qu))(x), x € B(xo,7/2).
By Lemma 5.3 [9] we have
A (G p(qu)(x) = —q(X)u(x),

for almost all x € B(xy, r/2). But both sides of this equality are continuous so in fact
this equality holds for all x € B(xo, r/2). O
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