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Abstract We consider a nonlinear Neumann problem driven by the p-Laplacian
and with a Carathéodory reaction which satisfies only a unilateral growth restriction.
Using the principal eigenvalue of an eigenvalue problem involving the Neumann
p-Laplacian plus an indefinite potential, we produce necessary and sufficient condi-
tions for the existence and uniqueness of positive smooth solutions.
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1 Introduction

Let @ € RY be a bounded domain with a C?-boundary d<2. In this paper we study
the following nonlinear Neumann problem:
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—Apu(z) = f(z, u(z)) in 2,
u=00n0Q, u>0.

an

(1.1)

Here A, denotes the p-Laplace differential operator, defined by
Apu = div(|VulP"2Vu) Yu e WhP (),

with p € (1, +00). Also, the reaction f(z, ¢) is a Carathéodory function, i.e., for all
¢ € R,z —> f(z,¢) is measurable and for almost all z € 2, ¢ —> f(z,¢) is
continuous.

We are interested in the existence and uniqueness of positive solutions when the
nonlinearity f(z, -) is only unilaterally restricted (only from above). Problems like this
were studied primarily in the context of semilinear (i.e., p = 2) equations with Di-
richlet boundary conditions. We mention the works of Amann [2], Brézis and Oswald
[4], Dancer [6], de Figueiredo [7], Hess [16], Krasnoselskii [19], Laetsch [20], and
Simpson and Cohen [24]. Extensions to the Dirichlet p-Laplacian can be found in the
works of Guo [14], Guo and Webb [15] and Kamin and Veron [18], but for special
classes of equations, such as logistic equations. To the best of our knowledge, there
are no such results for the Neumann p-Laplacian. Some other existence results for
Neumann p-Laplacian problems, but with no information on the sign of solutions can
be found in Gasifiski and Papageorgiou [9-11] and with some sign information on the
solution (but without uniqueness) can be found in Gasinski and Papageorgiou [12, 13].

As it is remarked in de Figueiredo [7], the problem of uniqueness for elliptic equa-
tions, is in general a difficult one and requires special structure on the reaction term.
Our work here is closely related to that of Brézis and Oswald [4]. In fact our result is
a twofold generalization of that in [4]. First, we pass from the Laplacian (semilinear
equation; i.e., p = 2) to the p-Laplacian (nonlinear equation; i.e., p € (1, 4+00)).
Second, we pass from the Dirichlet to the Neumann boundary condition. We should
mention that sufficient conditions for the uniqueness of the positive solutions of the
Dirichlet p-Laplacian were obtained by Belloni and Kawohl [3], were the authors
exploited in a direct way the convexity of the energy functional u +—— ¢ (u) in u?.

2 An eigenvalue problem

In this section we discuss the first eigenvalue of the nonlinear eigenvalue problem
involving the negative Neumann p-Laplacian plus an indefinite potential. This quan-
tity plays a central role in our subsequential considerations, but it is also of independent
interest.

The eigenvalue problem under consideration is the following:

—Apu(2) + B@) |u@)P2u(z) = A|u@)|P2u(z) in Q,

9 — 0 on 92 2.1
n
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Eroposition 2.1 If B € L*®(R), then problem (2.1) has a smallest eigenvalue 5:1 =
*1(B) € R which is simple, has a corresponding L?-normalized eigenfunction uy €
Ch*(Q),0 <a < 1withiy(z) > 0 forall z € Q.

Proof Let&: WhP(€) — R be the C!-functional, defined by

E(u) = [IVullp +/ﬂ|u|”dz
Q

andlet M € wWl» (2) be the C!-Banach manifold, defined by
M={uew"(Q):ul, =1}
We set
M=r(B) =inf {Ew): ue M} (2.2)

Because for u € M, we have

/ﬁlulpdz </|ﬂ|lu|pdz < Blloclluly = 1IBlicos
Q Q

SO

Eu) = [IVullp +/ﬁ|u|”dz > IVully = 1Blloc = —l1Blloc Yu € M.
Q

Thus /):1 > —||Blloo- We will show that the infimum in (2.2) is realized at a u; €
WLr(Q), with |7 I, = 1. To this end, let {u,},>1 € M be a minimizing sequence,
ie.,

E(p) —> A1

Clearly the sequence {1, },>1 € WP (Q) is bounded and so by passing to a suitable
subsequence if necessary, we may assume that

U, —> 1y in WhP(Q), (2.3)
u, —> u; in LP(Q). (2.4)

From (2.3) and (2.3), we have

|Vay |l < liminf || Vu, ||, and  lim /ﬂ|un|”dz=/ﬂ|ﬁ1|”dz,
n——+00 n——+00
Q Q
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SO
E@) < .

It is clear from (2.3) that ||u ||, = 1, i.e., u1 € M. Hence £(u;) = Al

The Lagrange multiplier rule (see, e.g., Papageorgiou and Kyritsi [23, p. 76]) implies
that 1| is an eigenvalue of problem (2.1), with the corresponding eigenfunction 7] €
whr(Q). Using the Moser iteration technique, we show that 7y € L*°() (see, e.g.,
Hu and Papageorgiou [17]) and the nonlinear regularity theorem of Lieberman [21],
implies that #; € C Le(Q) for some « € (0, 1). Moreover, since

E(lul) =&w) YueM,

we infer that | does not change sign and we may assume that u; > 0. Invoking the
nonlinear maximum principle of Vazquez [25], we conclude that

u1(2) >0 VzeQ.
Next, we show the simplicity of ’):1. So, let 77 € WLP(Q) be another ei genfunction

corresponding to 3:1 . As above, we show that 7] € C! () and Di(z) > Oforall z € Q.
We introduce

ETE p
R@L () = IV @I — V9117~ (vmz), V(ﬂ)) e
R

1 (z)P~!

From the generalized Picone identity of Allegretto and Huang [1] and the nonlinear
Green'’s identity (see Casas and Fernandez [5]), we have

0< /R(ﬁl,mdz

P
o~ o~ _ o~ u
”VM]”F — ||VU] ||P 2(Vv], V(Apll)) :|dZ
L vy RN

- ~p
~ —~ u

IVl + Apvl(ﬁpl_l)] dz
1

- =p
—~ A~ N p— u
IVaI? + (Bz) — a)op ' =L }dz
L U]

(V@17 + gal]dz — *ll@ 5

/
/
/
/

Q
= £(@1) — M llmlh =0,
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SO

/R(’zil,’ﬁl)dz =0
Q

and thus
R, 71) =0 VzeQ,

so finally 7} = kv; for some k > O (see Allegretto and Huang [1]). This proves that
A1 is simple (i.e., it is a principal eigenvalue). O

From the above proof, we have

71(8) = int /||w||"dz+/ﬂ|u|"dz: we W), ful, =1
Q Q

— inf /||W||sz+ / BlulPdz : ue WHP(Q), llull,=1}. (2.6)
Q {u70}

Note that in the second infimum in (2.6), the integral f{u 20} Blu|? dz makes sense
even when B is only a measurable function and there exists ¢ > 0, such that

B(z) < ¢ foralmostall z € Q
or
B(z) > —¢ for almost all 7 € .
In the first case /):1 (B) € [—00, +00) and in the second case/)zl (B) € (—o0, +0ox].

In what follows by A: W-P(Q) — WLP(Q)* we denote the nonlinear map,
defined by

(A, y) =/||W||P*2(Vu, Vy)ry dz Vu,y € WhP(Q).
Q

This map is continuous and maximal monotone (see [8] or [23]).

3 Existence of positive solutions

In this section we prove the existence of a positive smooth solution. The hypotheses
on the reaction f are the following:
Hy: f: Q x R —> Ris a Carathéodory function, such that
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(1) forallz >0, f(-,¢) € L*°(R2) and there exists ¢ > 0, such that

f(z,¢) <c(l +§”_1) for almost all z € 2, all ¢ > 0;

(i) foralmostall z € 2, the function{ —> % is strictly decreasing on (0, +00);

(iii) if (z) = lim; 4o -f;(j;ﬁ), then A1 (—n) > 0;

(iv) if 7o(z) = lim, o+ f;‘;ﬁ), then A1 (—10) < 0.

Remark 3.1 Since we are looking for positive solutions and hypotheses Hy concern
only the positive semiaxis Ry = [0, +00), by truncating if necessary, we may (and
will) assume that

f(z,¢) = f(z,0) foralmostall ¢ <O.

Note that Hy(i) is a unilateral growth condition. Hypothesis Hy(ii) implies that
both functions n and 7q are measurable. Moreover, we have

f;IZ,’_? < f D <|fe )|, =¢ foralmostallz € Q, all¢ > 1,
SO
n(z) < ¢ foralmostall z € Q
and thus

/):1(—17) € (—o0, +00].

Similarly, we have

f;;’_?) > f@)=—|fC. D], =—¢ foralmostallz € Q, all ¢ € (0, 1],
$0
n0(z) = —¢ for almost all z € Q
and thus

%1(=10) € [—00, +00).
If n, no € L°°(R2), then /):1(—77),’)':(—;70) € R and are the principal eigenvalues of
(2.1) when 8 = —nand B = —ng respectively. If f(z, ) = f(¢) (autonomous case),
then hypotheses Hr(iii) and H r(iv) are equivalent to saying that

n<ir=0<n
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(recall that the first eigenvalue of the negative Neumann p-Laplacian (i.e., problem
(2.1) with g = 0) is zero).

Example 3.2 Let
f@=a@"=¢r7) Ve o0,

with1 < p < g,A > 0.Then f satisfies hypotheses H . This function corresponds to
the equidiffusive p-logistic equation and nop = A > 0, n = —oo. More generally, let

_fept—gaml it ¢ efo, 10,

with 1 < p < ¢g. Note that this f has no polynomial growth restriction from below.

We introduce the following truncation—perturbation of f:

f(z,0) if £<0,

F o)+t i ¢ >0, G-

g(z,¢) =[

This is a Carathéodory function. We set

¢ ¢
F(z,¢) = / f(z,s)ds and G(z,¢) = /g(z, s)ds.
0 0

Note that hypothesis H ¢ (i) and (3.1) imply that
G(z,0) <ci(1+¢P) foralmostallz € 2, all € R (3.2)

and some ¢; > 0. Because of (3.2), we see that we can introduce the functional
@: WhP(Q) — R =R U {00}, defined by

1 1
o= ;nvung + ;||u||§ —/G(z, w)dz Yu e WhP(Q).

Proposition 3.3 If hypotheses Hy hold, then ¢ is coercive, i.e., p(u) —> +00 as
lul| = +oo.

Proof We argue by contradiction. So, suppose that we can find a sequence {u,},>1 €
WP (), such that

lunll — +o0 and @(u,) < My VYn > 1, (3.3)

for some M| > 0. We have

1
» (IVullp + llualp) < ea (14 llualy) Vo=1, (34
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for some ¢» > 0 (see (3.2) and (3.3)).
It is clear from (3.3) and (3.4) that [u, ||, —> +00. We set

Up

llutn “p

Vn = n>1.

Then

”)’n”p =1 Vn>1

and from (3.4), we have

1 1
=1Vl + lyallh <cz( +1),
p( Mo+ 1onlly) lunl?

so the sequence {y;},>1 € WP () is bounded.
So, passing to a subsequence if necessary, we may assume that

yn —>y in WP (Q),

yn —> y in LP(S),

hence ||y||, = 1. We have

G(z,u )
L0yl + 1ml2) +/ L
p S nnp lnllh
Q
oM / (F(z 1) 1 )d N f@Oun
T luallh w1 lun
{”n>0} Up XY

(see (3.1)). Note that

f;f)’_f) > f(z,1) foralmostallz € , all¢ € (0,1]

(see hypothesis H(ii)). Hence

(3.5)

(3.6)

3.7

(3.8)

f@0) = f@ D = —| f¢, D] P! foralmostall z € Q, all ¢ € (0, 1].

So, it follows that

f(z,0) >0 foralmostall z € Q2.
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Then

0
/ JG@Oun o s 1,

p
e llp
{un <0}

Using (3.9) in (3.8), we obtain

1 M, 1 F(z,u\)
;(IIVanIZ +lyallp) € — + ;II%TIIZ +/—"

X
llnlly llnlly

(3.9)

dz Vn>1. (3.10)

Suppose that the sequence {uj{}n>1 C LP(Q) is bounded. Then y < 0. From

hypothesis H (i), we have

F(z,0) <c3(1 +¢P) foralmostallz € 2, all¢ >0 (3.11)

and some c¢3 > 0. Then using (3.11), we have

p
+eslly I

/F(z,uf{) s < 3|y

P S P
”un”p ”un”p

(] - |n denotes the Lebesgue measure on RM), so

F(z,u’
limsup/(z—u;',)dz <0
n—+00 llun llp

(see (3.7) and recall that y < 0). So, if in (3.10) we pass to the limit as n — 400, we

obtain
1 P p
;(IIVyllp + llyllp) <0,

so y = 0, which contradicts (3.5) and (3.7).

Therefore we may assume that [|u; || p —> —+oo. From the inequality in (3.3), we

have

1 M Fzut
— vy b < —= +/ @) gy 1 (3.12)
P

" E—y
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(see (3.9)). We have

/F(z u+) / F(z, uy) u+)
2 st 15 sk 115

F(z,uF
+ #(y:)”dz Vn>1. (3.13)
uy )P

{y=>0}N{y.>0}

Since
v =y inLP(Q)
(see (3.7)), by passing to a further subsequence if necessary, we may also assume that
vy (z) — yT(z) foralmostall z € Q. (3.14)

From (3.11), we have

+
/ FGuh) / ( + oy )p)dz_m. (3.15)
) a1 L, nlip

{yt=

Note that
u;f(z) — +o00 almost everywhere on {yJr > 0} (3.16)
and
Xiy>0)n(om>0} () — Xiy=0) (z) almost everywhere in 2. (3.17)

Moreover, we claim that

lim sup
{—+00

(Zpg) —n(z) for almost all z € Q. (3.18)
p

Indeed, first let z € {n > —oo}\ D, with | D|y = 0 be such that

f(z,0)
gpl

— n(z) as¢ — +oo.

(see hypotheses H 7 (ii) and (iii)). For a given ¢ > 0, we can find My = M>(¢e, z) > 0,
such that

f(z,0) < (n@+e)eP™t Yo = My,
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)
1
F(z,¢) < ;(n(z) +¢)¢P Vi = Mo,
thus
F(z,0) _ 1
o < ;(n(z) +&) Vo= M
and so
lim sup F¢) < l(77(2) +¢).
—>+00 p

Since ¢ > 0 was arbitrary, we let ¢ N\ 0 to conclude that

. F(z,¢) 1
lim sup ———

{—>+0o0
If z € {n = —o0} \ D, with | D|y = 0 is such that

f(z0)

1 T TS n(z) as¢ — oo,

then for every & > 0, we can find M3 = M3(&, z) > 0, such that

f(z,0) < —&¢P71 Ve > M,

SO
F
S
¢P P
and thus
F(z,
lim sup 19 < —i.
(400 (P p

Since £ > 0 was arbitrary, we let £ — 400 to conclude that

F(z,¢)
im
{—+o0 (P

Therefore, finally we have proved (3.18).

< —n(z) foralmostall z € {n > —o0}.
p

= —oo foralmostall z € { = —o0}.
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Using Fatou’s lemma in (3.18) (which is legitimate because of (3.11)) as well as
(3.16), (3.17) and (3.14), we have

F(z,u} 1 1
lim sup / @(yi)”dz < = / nyPdz = — / n(yH? dz.
n——+00 Uy )p P P

{y>0}n{y,>0} {y>0} {yT#0}
(3.19)

Hence, if in (3.13) we pass to the limit as n — 400 and use (3.15) and (3.19), we
obtain

F(z,ut 1
1imsup/(z’—”")dz < - / n(yHP dz. (3.20)
p

ntoo ) lug |17
{y+#0}
Returning to (3.12), taking limits as n — 400 and using (3.6) and (3.20), we have

1
IVy*i} < » / n(yHPdz. (3.21)
+#£0)

If y* = 0, then from (3.10), we have
1 —p —p
;(HV)’ 15+ 1y~ llp) <0,

soy~ =0, 1i.e., y = 0 which contradicts (3.6).
So y* ## 0 and then from (3.21), it follows that

o~

Ai(=n) <0

(see (2.6)), which contradicts hypothesis H ¢ (iii). This proves that @ is coercive. 0O

Proposition 3.4 If hypotheses H hold, then ¢ is sequentially weakly lower semicon-
tinuous.

Proof From the expression of ¢ and since the norm in a Banach space is sequen-
tially weakly lower semicontinuous, it suffices to show that the integral functional
¥ WhP(Q) — R = R U {400}, defined by

Y(u) = —/G(z,u)dz
Q

is sequentially weakly lower semicontinuous. To this end, we need to show that for
every A € R, the sublevel set

Ly ={ueWh?(Q): y(u) <A}
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is sequentially weakly closed. To this end, let {u, },>1 € L; and assume that
Uy —> u in WhP(Q).
Then
u, — u in LP(Q)

(by the Sobolev embedding theorem) and since L”(2) is a Banach lattice, we also
have that

ut — u® in LP(Q). (3.22)
We may also assume that
uf(z) — ui(z) almost everywhere in 2. (3.23)
We have
+ Lo -
Az — [ Gizup)dz=— [ F(z,u,)dz — —llu, lp — | f(z,0(—u,)dz.
Q Q P Q
(3.24)
Note that
| Lop
—lluy ) — ;Ilu I (3.25)
and
/f(Z, 0)(—u, )dz — /f(z, 0)(—u")dz (3.26)
Q Q

(see (3.22)). Also, from (3.23) and Fatou’s lemma, we have

n—>+00 n——+00

liminf(—/F(z,u,J[)dz) = —lim sup/F(z,u;)dz > —/F(z,u+)dz.
Q Q
(3.27)

Then, from (3.24) and using (3.25) and (3.27), in the limit as n — 400, we have

1
Az —/F(z,u+>dz— ;nu*nﬁ —/f(z,O)(—u_)dz= —/G(z,wdz,
Q

Q Q

sou € L, and so ¢ is sequentially weakly lower semicontinuous. O



322 L. Gasinski, N. S. Papageorgiou

Now we are ready to establish the existence of positive solutions.

Proposition 3.5 It hypotheses Hy hold, then problem (1.1) has a positive solution
ug € CH(Q) with ug(z) > 0forall z € Q.

Proof Propositions 3.3, 3.4 and the Weierstrass theorem, imply that we can find ug €
WP (), such that

Puo) = inf {P(u) : u e WHP(Q)) = . (3.28)

Claim 1. ug =2 0, ug # 0.
Note that, if u, # 0, then

—~ 1
Plug) = IVl - / Fle.ud)d:
Q

< lIIVuollp + llllfllp —/F(z ug)dz —/f(z 0)(—uy)dz

p ollp U ) 0

p P 2 2
= @(uo)

(see (3.6) and recall that f(z,0) > 0 for almost all z € €2), which contradicts (3.28).

Therefore ug > 0.

Next we show that ug # 0. By hypothesis Hy(iv) and (2.6), we see that we can
find u € WP (), such that

IVl — / nolul? dz < 0, (3.29)
{u7#0}

with [u|[,=1. Replacing u with |u| € WP (Q) if necessary, we may assume that
u>0,u#0. Let {uy},>1 C Cl(Q)bea sequence, such that

up, — u in Wh(Q)
(see e.g., Gasinski and Papageorgiou [8, p. 189]). Since
uf — ut =u in whr(Q),
we may assume that u, > 0 for all n > 1. Let us set
U, = min{u, u,} € WHP(Q)NL®(Q) Vn > 1.

Then

Uy — u in WhP(Q)
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(see e.g., Gasinski and Papageorgiou [8, p. 198]). We may also assume that
Un(z) —> u(z) for almostall z € Q.
By virtue of hypothesis H(iv), we have
n0(2) = f(z, 1) = —|lf(, D]leo foralmostall z € Q,
SO
102D Un (D) X200 (@) = =1 f ¢ Dlloou(z)? for almost all z € 2. (3.30)
Note that || f (-, 1) ||ccu? € L'(€). Also, we have
10(2)n (2)F X1, 20) (2) — M0(Du(2)P x;,)(2) for almostall z € Q. (3.31)

From (3.30), (3.31) and Fatou’s lemma, we have

n——+00

{un7#0} {u7#0}

lim inf / nouh, dz > / nou? dz. (3.32)

Since i, —> u in WP(R), we have
IVa, |y — IVl

From (3.29), (3.32) and (3.33), we see that

Vi, |15 — / notth dz < 0 forlargen > 1. (3.33)

{11, #0}
This means that we can find u € WLP(Q) N L®(), such that
vully ~ [ o dz <0, uzo, (3:34)
{u7#0}

Moreover, dividing with ||u||ﬁ if necessary, we may assume that [|u||, = 1. For
¢ > 0, we have

1

1
d
F(Z’ é‘) Z/EF(Zﬂtg)dt Z/f(zvté‘);‘dt’
0

0
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so, using hypothesis H ¢ (ii), we have

/

1 1
F(z.0) f(Z,lC) S f@ C)/pldt:lf(z,s“)
0

[ AT ¢p! p P!
0
and thus
F
fiminf &8 S L) for almostall z € @. (3.35)
¢—0+  ¢P p

Consideru € WP (Q)NL>®(Q), lull , = 1 satisfying (3.34). Forr € (0, 1) small,
we will have ru(z) € [0, 1] for almost all z € €2. Then, using hypothesis H ¢ (iii), we
have

ru(z)
F(Z,rl’pu(Z)) / f(Z S)dS __“f( 1)”00 / SP 1dS
> ”f(’ DHOOM(Z)P > _M” ||C>o (3.36)
p p

From (3.35), (3.36) and Fatou’s lemma, we have

F(z, 1
lim inf / Mdz}— / nou? dz,
p

r—07t rp
{u7#0} {u#0}

s0, using also (3.34), we have

1 » F(z,ru)
—IVullp, — | ————dz <0 forsmallr € (0, 1),
p re

Q

thus
@(ru) <0 forsmallr € (0, 1)
(recall that ru > 0 and see (3.1)). Using also (3.28), we see that
m = @ug) <0=9(0)

and so ug # 0.
This completes the proof of Claim 1.

Claim 2. up € L>®()
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For k > 1, we introduce the truncation

f(z,0) if £<0

max { f(z, £), —keP 1} if ¢ > 0. (3.37)

Ji(z, C)=[

Evidently this is a Carathéodory function, fi (-, ¢) € L*°(€2) for all ¢ € R and
| fiz. O] <ea(1+1¢177") foralmostall z € , all ¢ € R, (3.38)

for some ¢4 > 0. We set

k .
z) = liminf
1o (2) s

fk(pzif) nd 7 (z) = lim sup fk(Z é“)
C {—>+00

Since
fi(z,¢) > f(z,¢) foralmostallz € Q, all¢ € R,
we see that 7]]5 > no and so
Ji(=ng) <hi(=no) <0 Vk =1

(see (2.6) and hypothesis Hy(iv)).
Moreover, from (3.37), we see that n* \ 7 and so

*(=n") —ki(=m) > 0
(see (2.6) and hypothesis Hr(iii)). Hence, we have
xl(—r/k) > 0 forlargek > 1

Reasoning as before, we obtain ug; € wlrp (2), uor = 0, ugr # 0 which mini-
mizes @y (here @y is defined as ¢ with f(z, ¢) replaced by f(z, ¢)). Note that because
of (3.38), we have @) € CY(wl-P(Q)) and so for k > 1 large, we have

@ (uok) =0,
)
A(uok) = N (uok)

with Ng ) () = fi(-, u(-)) forallu € WP () (recall that ug; > 0). Thus

—Apuor(2) = fi(z, uok(2)) in Q,
ag% =0on Q.
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Nonlinear regularity theory implies that ug; € C'(Q) for all k > 1 (see Lieberman
[21] and Gasiriski and Papageorgiou [8, pp. 738-739]). We set

v = min{ug, uor} € WHP(Q) N L®(Q) Vk > 1.
Since ugy is a minimizer of ¢, we have
Pr(uor) < Pi(h) Yh e WHP(Q).

So, if we choose h = max{ug, ugr} € WP (), then

1
> / [Vuoll” dz — / Fi(z, uor) dz
{uok <uo} {uok <uo}
1
< — / Vuoll? dz — / Fi(z,u0) dz,
{uok <uo} {uok <uo}
SO
! p p
» (IVuorll? = IVuoll?) dz
{uok <uo}
< / (Fr(z, uox) — Fi(z, uo)) dz. (3.39)
{uok <uo}
We have
~ ~ 1 b4 P
o(vk) —@(ug) = » (IVuoll? = I Vuoll”) dz
{uor <uo}
- / (F(z, uor) — F(z, u0)) dz
{uor <uo}
< / (Fi(z, uor) — Fi(z, uo) — F(z, uox) — F(z, u0)) dz
{uok <uo}

(3.40)

(see (3.39)).
But on {ugr < ug}, we have

uo

Fi(z, uox) — Fi(z, uo) — F(z, uor) + F(z, uo) = / (= fiz.s) + f(z,9)dz <0
Uok

(3.41)
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(recall that fx > f). Using (3.41) in (3.40), we obtain

SO
o(vp) = m.

Since v € LOO(Ql, we conclude that Claim 2 holds.
Next, leth € C'(Q) andr € (—1, 1). We set

w(h) = / (G(z,uo + th) — G(z, u0) — g(z, uo)h) dz,
Q

SO

1
lw(h)| §//|g(z,uo+th)—g(z,uo)|dt |h|dz
0

Q

1
s / | Nguo + th) = NeGuo) |, dt [,
0

where Ny (u)(-) = g(-, u(-)) forallu WP (). Here we have used Fubini’itheorem
and Holder’s inequality. Hypotheses H (i), (ii) and the fact that h € C 1(Q), imply
that

|g(z, uo(z) +th(z))| <@(z) foralmostallz € Q, allz e (—1, 1),

with @ € L (). From this it follows that
1
/ | Ng(uo + th) — Ng(uo)”pdt — 0 as || = 0.
0
Therefore

lw(h)|
171l

—> 0 as|h]| — 0

and so we see that the Gateaux derivative exists at ug in every direction h € C Q)
and is equal to A(ug) — Ny (uo) (recall that ug > 0 and see (3.1)). Moreover, by virtue
of (3.28), we have

(@6 o), h) = (A(uo) — Ng(ug), h) =0 Vh e C ().
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Since the embedding C L@Q) € WP (Q) is dense, it follows that

A(uo) = Ny (uop),
SO

—Apuo(z) = f(z,u0(2)) in 2,
90 — () on 92

on

(3.42)

(see Motreanu and Papageorgiou [22]).

Note that f (-, ug(-)) € L*(2) (see hypothesis H (i) and recall that by Claim 2,
ug € L*°(2)). So, from nonlinear regularity theory, we have that ug € C L. By
virtue of hypothesis H (ii), we have

[z, u0@) _ f(z lluolloo)

> — for almost all z € {ug > 0},
uo(@)P~! o5

SO

—I1F G lluolloo) oo

—1
lluolls

uo(z)?~" for almost all z € {ug > 0}.

f(z uo(@) >

Also, recall that f(z, 0) > 0 for almost all z € . Therefore from (3.42), it follows
that

Apup(z) < esuo(z)?~! for almost all z € €,
with ¢5 > 0 and so
upz) > 0 VzeQ

(see Vazquez [25]). m]

4 Uniqueness of positive solutions

Next we show the uniqueness of positive solutions for problem (1.1). In fact, we show
that hypotheses H(iii) and (iv) are both necessary and sufficient for the existence
and uniqueness of positive solutions for problem (1.1).

Proposition 4.1 If hypotheses Hy hold, then problem (1.1) has a unique positive
solution ug € C'(Q), such that ug(z) > 0forall z € Q.

Proof Let u, v be two positive solutions for problem (1.1). Then we have u,v €
Whr(Q) N L%®(R) (see Motreanu and Papageorgiou [22]) and moreover, as before
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through nonlinear regularity theory and the nonlinear maximum principle of Vazquez
[25], we have that u(z) > 0 and v(z) > O for all z € Q. Let

p
R(u,v)(2) = | Vu()|” - ||Vv(z)”p2(Vv(z), V( u() )) CRY
R

v(z)P~1
From Allegretto and Huang [1], we know that
R(u,v)(z) >0 VzeQ.

Using the nonlinear Green’s identity (see Casas and Ferndndez [5]), we have

f(z’f:) WP —vP)dz = _/A,,u(u - uzpl)dz
Q

ub

p

=/||W||P—2(w, W—v( ”_1)) dz

5 ub RN
vp

= \Vullh — [ 1Vul? 2 Vu, V{ — dz

Ltp_l RN
Q

= ||Vu||§ — ||Vv||§ +/R(v, u)dz. 4.2)
Q

Similarly, interchanging the roles of u and v, we also have

fv(,f’_l)(v” —uP)dz = |Vv]l} — | Vull} +/R(u, wdz.  (@43)

Q Q

Adding (4.2) and (4.3), using hypothesis H 7 (ii) and recalling that R > 0, we obtain

02/(f(z,u) _IG& U))(up—vp)dz=/(R(v,u)+R(u,v))dz>O,
Q Q

up—1 vp—l

)
/ (R(v, u) + R(u, v)) dz=0
Q
and thus
R(v,u) = R(u,v) =0 foralmostall z € 2,
thus
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for some k > 0 (see Allegretto and Huang [1]). Hypothesis H r (ii) implies that k = 1
andsou = v. O

As we already remarked, we are going to show that hypotheses H ¢ (iii) and (iv) are
also necessary for the uniqueness of positive solutions for problem (1.1).

Proposition 4.2 If f: Q xR — Risa Carathéodory function satisfying hypotheses
H (i) and (ii) and problem (1.1) has a unique positive solution ug € WLP(Q), then
A1(—no) < 0 < A1 (—n), where

~ . f@0)
no(@) = lim =0 and n@) = lim =0

Proof Note that ug € Whr(Q) N L®(Q) (see e.g., Hu and Papageorgiou [17]) and

as before via nonlinear regularity (see Lieberman [21]) and the nonlinear maximal

principle (see Vizquez [25]), we have ug € C'(Q) with ug(z) > 0 forall z € Q.
Using (2.6) and hypothesis H ¢ (ii), we have

Vuolly — [q noug dz

X1(=no) <
lluolly
o fz uo)uodz — [o noug dz
lluolly
- Jomoul dz — [o noug, dz
lluoll}

=0.
This proves that ’):1(—170) < 0.
Next, let

f@ luollos + 1)

PO = gl + DP 1

Then 8 € L°°(K2). By virtue of Proposition 2.1, problem (2.1) with this particular
weight B, has a principal eigenfunction u; € C L(Q), such that 7t} (z) > Oforall z € Q.
Let k > 0 be large enough, such that ug < ku; = u;. As before (see the proof of
Proposition 4.1), we have

f(z, uo) ~ _ _

[ RS —adz = 1Volly — 15+ [ RGundz @)
u

@ 0 Q

and

/(%(ﬁ)—ﬂ)(ﬁf—ué’)dz= Va5 — ||Vuo||§+/R<uo,ﬁl>dz. (4.5)
Q Q
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Adding (4.4) and (4.5), we obtain

/ (M +8 —Xl(ﬁ))(ug —u))dz = / (R, uo) + R(ug, 1)) dz > 0.
Q Q

ug_l
(4.6)
Note that by virtue of hypothesis H (ii), we have
9 9 1
f(z ulo) - f @ Nuolloo + 1) — B(2) foralmostallz € Q.
ub™ (lluolloe + 1P~
SO
% +B(z) > 0 foralmostall z € 2. @.7)
Uy
Also, recall that
(uf —})(z) <0 foralmostall z € Q. 4.8)

So, using (4.7) and (4.8) in (4.6), we infer that
(B > 0.

But 8 < —n (see hypothesis H(ii)) and so’)tl B) < ’):1(—17). Hence’):l(—n) > 0.
O

So, summarizing the situation for problem (1.1), we can state the following theorem.

Theorem 4.3 If f: Q x R — R is a Carathéodory function which satisfies hypoth-
eses Hy (i) and (ii), then problem (1.1) admits a unique positive solution if and only

if
*(=n0) < 0 <A1 (n),

where

f(z,0) . @O
-

= lim d = lim .
10(2) . and 1(z) A

-0+ &P

Acknowledgments The authors wish to thank the referee for his/her remarks and for bringing to their
attention Reference [3].

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.



332 L. Gasinski, N. S. Papageorgiou

References

1. Allegretto, W., Huang, Y.-X.: A Picone’s identity for the p-Laplacian and applications. Nonlinear Anal.
32, 819-830 (1998)
2. Amann, H.: On the existence of positive solutions of nonlinear elliptic boundary value problems. Indi-
ana Univ. Math. J. 21, 125-146 (1971)
3. Belloni, M., Kawohl, B.: A direct uniqueness proof for equations involving the p-Laplacian opera-
tor. Manuscr. Math. 109, 229-231 (2002)
4. Brézis, H., Oswald, L.: Remarks on sublinear elliptic equations. Nonlinear Anal. 10, 55-64 (1986)
5. Casas, E., Fernandez, L.A.: A Green’s formula for quasilinear elliptic operators. J. Math. Anal. Appl.
142, 62-73 (1989)
6. Dancer, N.: Uniqueness for elliptic equations when a parameter is large. Nonlinear Anal. 8, 835-836
(1984)
7. deFigueiredo, D.G.: Differential Equations (San Paulo, 1981), Positive Solutions of Semilinear Elliptic
Problems. Lecture Notes in Mathematics, vol. 957, pp. 34-85. Springer, New York (1982)
8. Gasinski, L., Papageorgiou, N.S.: Nonlinear Analysis. Chapman and Hall/CRC Press, Boca Raton
(2006)
9. Gasinski, L., Papageorgiou, N.S.: Existence and multiplicity of solutions for Neumann p-Laplacian-
type equations. Adv. Nonlinear Stud. 8, 843-870 (2008)
10. Gasinski, L., Papageorgiou, N.S.: Nontrivial solutions for a class of resonant p-Laplacian Neumann
problems. Nonlinear Anal. 71, 6365-6372 (2009)
11. Gasinski, L., Papageorgiou, N.S.: Nontrivial solutions for Neumann problems with an indefinite linear
part. Appl. Math. Comput. 217, 2666-2675 (2010)
12. Gasiniski, L., Papageorgiou, N.S.: Existence of three nontrivial smooth solutions for nonlinear resonant
neumann problems driven by the p-Laplacian. J. Anal. Appl. 29, 413-428 (2010)
13. Gasiriski, L., Papageorgiou, N.S.: Multiple solutions for nonlinear Neumann problems with asymmetric
reaction, via Morse theory. Adv. Nonlinear Stud. 11, 781-808 (2011)
14. Guo, Z.: On the number of positive solutions for quasilinear elliptic problems. Nonlinear Anal. 27,
229-247 (1996)
15. Guo, Z., Webb, J.R.L.: Uniqueness of positive solutions for quasilinear elliptic equations when a
parameter is large. Proc. Roy. Soc. Edinburgh Sect. A 124, 189-198 (1994)
16. Hess, P.: On uniqueness of positive solutions of nonlinear elliptic boundary value problems. Math. Z
154, 17-18 (1977)
17. Hu, S., Papageorgiou, N.S.: Nonlinear Neumann equations driven by a nonhomogeneous differential
operator. Commun. Pure Appl. Math. 9, 1801-1827 (2010)
18. Kamin, S., Veron, L.: Flat core properties associated to the p-Laplace operator. Proc. Am. Math. Soc.
118, 1079-1085 (1993)
19. Krasnoselskii, M.A.: Positive Solutions of Operator Equations. Noordhoff International Publishing,
Groningen (1964)
20. Laetsch, T.: Uniqueness for sublinear boundary value problems. J. Diff. Equ. 13, 13-23 (1973)
21. Lieberman, G.M.: Boundary regularity for solutions of degenerate elliptic equations. Nonlinear Anal.
12, 1203-1219 (1988)
22. Motreanu, D., Papageorgiou, N.S.: Existence and multiplicity of solutions for Neumann problems.
J. Diff. Equ. 232, 1-35 (2007)
23. Papageorgiou, N.S., Kyritsi, S.: Handbook of Applied Analysis. Springer, New York (2009)
24. Simpson, R.B., Cohen, D.S.: Positive solutions of nonlinear elliptic eigenvalue problem. J. Math. Mech.
19, 895-910 (1969/1970)
25. Vézquez,J.L.: A strong maximum principle for some quasilinear elliptic equations. Appl. Math. Optim.
12, 191-202 (1984)



	Existence and uniqueness of positive solutions for the Neumann p-Laplacian
	Abstract
	1 Introduction
	2 An eigenvalue problem
	3 Existence of positive solutions
	4 Uniqueness of positive solutions
	Acknowledgments
	References


