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Abstract We study complementation in bounded posets. It is known and easy to see that
every complemented distributive poset is uniquely complemented. The converse statement
is not valid, even for lattices. In the present paper we provide conditions that force a uniquely
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1 Introduction

It is well-known and a fairly elementary result that every complemented distributive lat-
tice is uniquely complemented and hence Boolean. For finite or even atomic lattices the
converse assertion is valid, i.e. every atomic uniquely complemented lattice is distributive.
However, in 1945 R. P. Dilworth ([6]) disproved the conjecture that every uniquely com-
plemented lattice is distributive by showing that every lattice is, indeed, a sublattice of
a uniquely complemented lattice. In other words, no lattice property which is preserved
under the formation of sublattices will be valid in all uniquely complemented lattices.
In particular, there exists a uniquely complemented lattice containing Ns as a sublattice
and hence it must be non-modular. A construction of such a lattice was presented by
V. N. Salii ([14]). A number of conditions forcing a uniquely complemented lattice to be
distributive was formulated by several authors. One of the most profound is the Birkhoff-
Ward Theorem ([1, 7]). A necessary and sufficient condition formulated in the form of
an identity in two variables was presented in [4], for several other such identities see
e.g. [3].

The natural question arises if the aforementioned results and methods can be trans-
ferred also to posets. An important progress in this direction was already obtained by
B. N. Waphare and V. V. Joshi in [15]. They formulated such conditions by means of
pseudocomplements and so-called regular elements.

Our approach is different. We are going to introduce simple LU-identities in two
variables which are satisfied in every complemented distributive poset such that every
uniquely complemented poset satisfying one of these LU-identities must be distributive.
Several other results concerning uniquely complemented posets are obtained in the case of
atomicity.

2 Basic Concepts

In this section we summarize all concepts used throughout the paper and also some results
which can be found in the references. All posets considered in this paper are assumed to
be bounded having 0 as least and 1 as greatest element. Let P = (P, <, 0, 1) be a bounded
poset. For each subset A of P let

UA) ={yeP|x<yforalx e A}
denote the upper cone of A and
L(A):={yeP|y<xforalxe A}

the lower cone of A. We write U (a, A) instead of U ({a}U A), U (a) instead of U ({a}), L(a)
instead of L({a}) and so on. Then we have

A C Bimplies U(B) € U(A) and L(B) € L(A),

U(L(U(A))) = U(A) and L(U(L(A))) = L(A),

U(L(a)) = U(a) and L(U (a)) = L(a),

U(a, A) =U(L(a), A) and L(a, A) = L(U(a), A),
UAUB)=UA)NU(B)and L(AUB) = L(A) N L(B),

the following are equivalent: a < b; U(a) 2 U (b); L(a) € L(b),
the following are equivalent: a = b; U(a) = U(b); L(a) = L(b).

If P is a lattice (P, Vv, A) then U(a, b) = U(a Vv b) and L(a,b) = L(a A b).
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Lemma 2.1 In every poset the following conditions are equivalent:

@ UL(x,y),2)  U(L(U(x,2), U(y, 2))),
(1) L(U(L(x,y),2)) =~ L(U(x,2), U(y, 2)),
(i) L(U(x,y),2) = LU(L(x,z), L(y, 2))),
iv) U(LU(x,y),2)) = U(L(x,2), L(y, 2)).

Proof Obviously, (i) and (ii) are equivalent and so are (iii) and (iv). The equivalence
of (i) and (iii) was shown in [5]. For the reader’s convenience we provide a proof. We
show that (i) implies (iii). The converse implication follows by duality. Hence assume (i).
Then

L(U(L(x,z), L(y,2))) = LUULU(x, L(y,2), U(z, L(y, 2)))))

L(U(x, L(y, 2)), U(z, L(y, 2))) ® L(U (x, L(y, 2)), U (z))
LU(L(y,2),x),U(z)) = LIU(L(U(y, x),U(z,x))), U(2))
LULWU(x,y),U(x,2))VU(2))
LULU(x,y),U(x,2))) N LU )

LU(x,y)UU(x,2) NLU(z)

~ L((U(x, y) UU(x,2)) UU(2)

~ LUx, y)UUx,2) UU(2)) = L(U(x, y) UU(2))

~ LUK, y), U@)~ LU, y),2). O

&

P

A

4

%

Recall from [10] or [13] that a poset (P, <) is called distributive if it satisfies any of
the equivalent conditions (i) — (iv) of Lemma 2.1. Distributive posets were investigated
in [5].

In what follows, expressions like (i) — (iv) of Lemma 2.1 will be called LU-identities.
They replace in a certain sense lattice identities for posets that are not lattices. In particular,
every poset satisfies the following LU-identities:

Ux,x)=Ux), L(x,x)=L(x)

Ux,y) =U(y, x), L(x,y)=L(y,x)
UUx,y),2) =U, Uy, 2)), L(L(x,y),z) = L(x, L(y, 2))
Ux, L(x,y)) = U(x), L(x,U(x,y)) = L(x)

which can be considered as a generalization of the identities defining lattices.
Moreover, every poset obviously satisfies the following inclusions:
U(L(x,y),z) 2 ULWU(x,2),U(y, 2)),
LU (L(x,y),2)) € L(U(x,2),U(y,2)),
L(U(x,y),z) 2 L(U(L(x,2), L(y,2))) and
ULU(x,y),2) € U(L(x,2), L(y, 2)).
Hence for proving distributivity of a poset it suffices to prove the converse inclusion of one
of the above inclusions.

The connection between distributive posets and distributive lattices is described by the
following lemma:

Lemma 2.2 A lattice is a distributive poset if and only if it is a distributive lattice.
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Proof Let L = (L, Vv, A) be a lattice. Then L is distributive if and only if it satisfies the
identity (x V y) Az &~ (x A z) V (¥ A z) which is equivalent to the LU-identity

Ulxvy)A)=U(x A2) V(¥ A2)). (¢))]
Now we have
U(xvy)ng) U(L((xVy)A2) RU(L(xVy, 2)) RU(L(U(xVy), 2) = U(L(U(x, y), z))
and
Ulxn)vVyn) = U@ Az, yAz) UL Az), L(y A2)) = U(L(x, 2), L(y, 2)).

Hence LU-identity (1) is equivalent to (iv) of Lemma 2.1. O

The following concept was introduced in [5]: A poset (P, <) is called modular if it
satisfies the implication

x<z=LWU,y),2) =LU(x, L(y, 2)))

(x,y,z € P).Itis easy to check that every distributive poset is modular.

Let P = (P, <,0,1) be a bounded poset and a, b € P. P is said to be a De Morgan
poset if it is equipped with a unary operation ’ on P such that (x’)’ = x and such that
x < y implies y/ < x’ for all x,y € P. Recall from [2] that b is called a complement
of a if U(a,b) = {1} and L(a,b) = {0}. The poset P is called complemented if every
element of P has at least one complement and uniquely complemented if every element
of P has exactly one complement. A unary operation ’ on P is called a complementation
of P if x” is a complement of x for all x € P. A complementation ' of P is called an
orthocomplementation of P if P is a De Morgan poset. In such a case, P will be called an
orthocomplemented poset. If P is uniquely complemented then the mapping ' assigning to
each element of P its complement is in fact a complementation and, moreover (x’)’ = x
for every x € P. An element b is called the pseudocomplement of a if L(a, b) = {0} and
if x < b for each x € P with L(a, x) = {0}. The poset P is called pseudocomplemented if
each element of P has a pseudocomplement.

Proposition 2.3 ([2]) Every element of a distributive poset has at most one complement.

Proposition 2.4 ([11]) Every uniquely complemented pseudocomplemented poset is dis-
tributive.

In accordance with Propositions 2.3 and 2.4 we present the following examples.

Example 2.5 The poset given by the Hasse diagram

is distributive and pseudocomplemented, but neither a lattice nor complemented.
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Now we present some examples of uniquely complemented posets.

Example 2.6 The posets given by the Hasse diagrams

are distributive and uniquely complemented, but not lattices.

Uniquely complemented posets were treated by B. N. Waphare and V. V. Joshi ([15]).
We will use different tools and methods and state other conditions formulated in a different
language. In the following we need some more concepts.

Let P = (P, <,0, 1) be a bounded poset. An element of P is called an atom of P if it
covers 0 and it is called a dual atom of P if it is covered by 1. The poset P is called atomic
if for each a € P \ {0} there exists an atom p of P with p < a and it is called atomistic if
every of its elements is a supremum of atoms. Of course, every atomistic or finite bounded
poset is atomic. On the other hand, a finite atomic bounded poset need not be atomistic.

For a bounded poset P = (P, <,”, 0, 1) with unary operation and a subset A of P put
A ={x"|x €Al

A poset P = (P, <,/,0, 1) with complementation is said to satisfy the De Morgan laws
if it satisfies the LU-identities

(Ux, y))' ~ L(x',y") and (L(x, y))" = U, y).

The following result was proved in [2]:

Proposition 2.7 A uniquely complemented poset P = (P, <,’,0,1) satisfies the De
Morgan laws if and only if x < y implies y' < x' (x, y € P).

It should be mentioned that in a poset with complementation satisfying the De Morgan
laws every LU-identity is equivalent to its dual obtained by interchanging L and U as well
as x and x'.

3 Two LU-identities

According to Proposition 2.3, every complemented distributive poset is uniquely comple-
mented. It is evident that the converse does not hold, i.e. there exist uniquely complemented
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posets (even lattices, see [6] or [14]) which are not distributive. On the other hand, every
uniquely complemented atomic lattice (in particular, every finite lattice) is distributive, see
the so-called Birkhoff-Ward Theorem ([1, 7]). Hence the question arises if a similar result
holds also for uniquely complemented posets.

For bounded posets P = (P, <,”,0,1) with a unary operation
following two LU-identities:

" we introduce the

UG, L(x,y) = U, y), (@3]
L\ U(x,y) ~ L', y). 3)

It is evident that for De Morgan posets these LU-identities are equivalent.
Now we can prove the following:

Theorem 3.1 Every complemented distributive poset satisfies both LU-identities (2) and (3).

Proof In a complemented distributive poset we have
UG’ L(x, ) = U(L(x,y), x) * U(LU(x,x"), Uy, x") = U(L(1, U (y, x")))
~ ULU @y, xM = Uy, x)~ UK, y)
and
LG, U(x,y) & L(U(x, ), x") ~ L(U(L(x, x"), L(y, x'))) & L(U(0, L(y, x")))
~ LU(L(y,x)) & L(y,x") & L(x', y). O

Now we are going to show that, conversely, bounded posets with a unary operation
satisfying both LU-identities (2) and (3) have some interesting properties.

Lemma 3.2 For a complemented poset P = (P, <, , 0, 1) the following hold:

(1) If P satisfies LU-identity (2) then it is pseudocomplemented.
(ii) If P satisfies one of the LU-identities (2) and (3) then’ is antitone, i.e. x < y implies
y <x'(x,y € P).

Proof Leta,b € P.
(i) We have L(a, a’) = {0} and if L(a, b) = {0} then
adelU@)=U@W,0)=U@, L(a,b) =U(d,b) CUDb),

ie.b<a.
(i) Assume a < b. Then L(b,b’) = {0} and U(a,a’) = {1} and hence L(a, b") = {0}
and U (b, a’) = {1}. Now LU-identity (2) implies

adelU@)=U@,0)=U@,La,b)=U@,b)cU®)
whereas LU-identity (3) implies
beL®)=L0M,1)=L0,UMbB,d)=L0M,d) <L),
i.e. b’ < a’ in both cases. 0
In the following lemma we do not assume that the unary operation ' on P is a comple-
mentation. Nevertheless, we show that if P satisfies both LU-identities (2) and (3) then ’ is

not only a complementation of P, but P is even uniquely complemented. This demonstrates
the crucial role of these LU-identities.
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Lemma 3.3 Every bounded poset P = (P, <,/ ,0, 1) with a unary operation satisfying
both LU-identities (2) and (3) is uniquely complemented and hence ' is an involution, i.e.
the identity (x") =~ x holds.
Proof Leta,b € P. Then
U, x) = UK, x)~ U, Lx)) = U, Lx, D) = UG, 1) ~ {1}
and
L(x,x") ~ L(x', x) # L(x', U(x)) ® L(x', U(x, 0)) ~ L(x', 0) ~ {0}.
Hence ’ is a complementation. Now assume U (a, b) = {1} and L(a, b) = {0}. Then
aeU@)=U@,0)=U(d,L(a,b) =U(d',b) CUDb)
and hence b < a’. Moreover,
a elL@)=L,1)=L', U(a, b)) =L, b) C L(b)
and hence a’ < b. This shows b = a’ and hence P is uniquely complemented. Since a is a
complement of @’ we obtain (a’)’ = a. O

Lemma 3.4 For a uniquely complemented poset LU-identities (2) and (3) are equivalent.

Proof First observe (x’) &~ x. If LU-identity (2) holds and z € L(x’, U(x, y)) then ' is
antitone according to Lemma 3.2 and hence it is a De Morgan poset, i.e. LU-identities (2)
and (3) are equivalent. O

Summarizing the previous lemmata we obtain

Theorem 3.5 Every uniquely complemented poset P = (P, <,,0,1) satisfying LU-
identity (2) is distributive.

Proof Lemma 3.2 and Proposition 2.4. O

Corollary 3.6 Every bounded poset P = (P, <,’,0, 1) with a unary operation satis-
Sfying both LU-identities (2) and (3) is uniquely complemented, orthocomplemented and
distributive.

Proof Lemma 3.3, Lemma 3.2 and Theorem 3.5. O
Now we are able to present a solution of the problem mentioned at the beginning.

Corollary 3.7

(i) A complemented poset is distributive if and only if it satisfies both LU-identities (2)
and (3).

(i) A uniquely complemented poset is distributive if and only if it satisfies LU-identity
2).

Proof
(i) Theorem 3.1, Lemma 3.3 and Theorem 3.5.
(i) Theorem 3.1 and Theorem 3.5. O
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4 Distributivity of Uniquely Complemented Posets

As shown above, every distributive complemented poset is uniquely complemented. In this
section we provide conditions forcing a uniquely complemented poset to be distributive. It is
not surprising that atomicity will play an essential role in this context because of the role this
property plays within uniquely complemented lattices. We start with two preliminary results.

Lemma 4.1 IfP = (P, <,/,0, 1) is a uniquely complemented atomic poset and A denotes
the set of its atoms then the following hold:

(O1) Ifa,b e P anda > b then there exists an atom p of P with p < aand p A b = 0.
(02) The complement of an element of A is a coatom of P.
(03) Ifp,ge Aand p # qtheng < p'.

Proof (O1) Evidently, a > b yields b’ v a = 1. We therefore cannot have ' Aa = 0
by the uniqueness of complements. It follows that there exists an atom p of P with
p<b and p <a.Since p < b wehave p Ab=0.

(02) Let p € A. Then p’ # 1 since otherwise we would have the contradiction p = 0.
Suppose that p’ < a < 1 forsomea € P.Then pva = 1.Now p < a would imply
a = p Va =1, acontradiction. Hence p £ a whence p A a = 0 and consequently
a = p’ by the uniqueness of complements. Hence p’ is a coatom of P.

(03) By condition (02), both p’ and g’ are coatoms of P. Now ¢ £ p’ would imply
gVvp =landg A p' =0,ie. p=gq,acontradiction. O

In the next proposition we show when a uniquely complemented atomic poset P satisfy-
ing a particular condition can be embedded into the Boolean algebra 24 where A denotes
the set of all atoms of P.

Proposition 4.2 IfP = (P, <,/,0, 1) is a uniquely complemented atomic poset, A denotes
the set of its atoms and the following condition holds:

(O4) IfpeAanda € Pthen p Aa=0ifandonlyifa < p'.

then f : P — 24 defined by f(x) :== {p € A | p < x) forall x € P is an injective
mapping of bounded posets preserving complementation as well as existing joins and meets.

Proof Let a,b € P and p € A. Note first that a < b implies f(a) € f(b) and that
f(©0) = ¥ and f(1) = A. We establish the proof by means of the following sequence of
observations:

(0O5) If p € A and S is a non-empty subset of P then p € L(U(S)) ifandonly if p < s
for some s € S.

Suppose that p < s for some s € S. Then p € L(U(s)) € L(U(S)). Conversely, let
p € L(U(S)). For each s € S we have either p < s or p £ s, i.e., either p < s or, by
condition (04), s < p’. Now we cannot have s < p’ for all s € S since then p’ € U(S),
which gives p < p’,i.e.,, p = p A p’ = 0, a contradiction. Hence there exists some s € S
with p <s.

Now assume that S is a non-empty subset of P and \/ S exists. From condition (O5) we
obtain that p < \/ S if and only if p < s for some s € S, i.e., fF(\/S) = J{f(s) | s € S}.
If A\ S exists then, obviously, f(AS) = ({f(s) | s € S}. Moreover, for all x € P,
f0) =0 = f(x)N f(x) and, according to condition (05), f(1) = A = f(x) U f(x).
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This yields f(x') = A\ (f(x)) for all x € P. Hence f is a morphism of bounded posets
preserving complementation and arbitrary existing joins and meets.

(06) Ifa € Pthen \/(f(a)) = lifandonlyifa = I.

Assume first \/(f(1)) # 1. Then there exists some b € (U(A)) \ {1}. Now we have
fb) = A\ (f(h)) = A\ A = and hence b’ = 0, i.e. b = 1, a contradiction. Hence
V(f(1)) = 1. Now assume a # 1. Then a’ # 0. Hence there exists an atom p € P
with p < a’ whence p A a = 0 which implies a < p’ according to condition (04). Now

p" € (U(f(a))) \ {1} and hence \/(f(a)) # 1.
(O7) f isinjective.

Suppose that f(a) = f(b). Let us check that b is a complement of a’. We have from
conditions (06) and (05) that 1 = \/ A = \/(f(a) U f(a")) = \/(f (D) U f(a’)) and hence
U(b,a’) = {1}. Assume L(b,a’) # {0}. Then there exists an element ¢ of P \ {0} with
¢ < bandc < d'. Since P is atomic there exists an atom p of P with p < ¢. Now we have
p € f(b)N f(@) = f(a)N f(a’) = @, a contradiction. Hence L(b,a’) = {0} and b is a
complement of @’. But P is uniquely complemented and therefore a = b. O

Although it was shown that every uniquely complemented atomic poset P satisfying
condition (O4) can be embedded into a distributive complemented lattice, P need not be
distributive. On the other hand, it was proved by R. Halas (see [8] and [9]) that if P is a finite
poset and DM (P) denotes its Dedekind-MacNeille completion of P (which is a lattice) then
P is distributive if and only if DM(P) has this property. Unfortunately, we do not know if
the Dedekind-MacNeille completion of a uniquely complemented poset is again uniquely
complemented. Hence we will use a different method in order to obtain our result.

According to Lemma 3.2, a uniquely complemented poset satisfying LU-identity (2) is a
De Morgan poset. A morphism g between De Morgan posets is an order preserving mapping
satisfying g(0) = 0, g(1) = 1 and g(x’) = (g(x))’ for all x. A morphism g between
De Morgan posets is called order reflecting if g(x) < g(y) implies x < y. We have the
following theorem:

Theorem 4.3 IfP = (P, <,, 0, 1) is a uniquely complemented atomic poset satisfying LU-
identity (2) and A denotes the set of its atoms then P is atomistic, and f : P — 24 defined
by f(x):={p € A| p < x}forall x € P is an order reflecting morphism of De Morgan
posets preserving existing joins and meets.

Proof Leta,b € P and p € A. Note first that P is a distributive De Morgan poset. Let us
check condition (O4). Clearly, if @ < p’ then p A a = 0. Conversely, if p A a = 0 then
using LU-identity (2) we obtain

a' €U, 0)=UW, L@, p)=U@,p) cUp),

i.e.,, p < a'. Since P is a De Morgan poset we have a < p’. Let us show that P is atomistic.
Assume b € U(f(a)). Then from LU-identity (2), from f(a) € f(b) and from condition
(06) we obtain

U(a',b)y=U(d', L(a,b)) CU(f(a)V f(a)) = U(A) = {1}.
Hence U (d’, b) = {1}. According to Theorem 3.5, P is distributive. Therefore we have
aelL(a) = L(a,1)=L(a,U(d,b)) = LWU(L(a,a’), L(a, b))) = L(U(0, L(a, b)))
= L(U(L(a,b))) = L(a,b) < L(b)
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Hence a < b,i.e.,a = \/ f(a). Since f(a) C f(b) impliesa = \/ f(a) <\ f(b) = b,
f is order reflecting. O

Now we will assume that the poset considered is even atomistic. Under this rela-
tively strong condition we can prove the following lemma which yields a connection to
LU-identities (2) and (3).

Lemma 4.4 Every uniquely complemented atomistic poset P = (P, <,’,0, 1) satisfies
condition (04) and both LU-identities (2) and (3).

Proof Let A denote the set of all atoms of P and leta, b € P and p € A. First we check
condition (O4). Clearly, if a < p’ then p A a = 0. Conversely, assume p A a = O.
Let ¢ € A with ¢ < a. Then g # p. Hence ¢ < p’ according to condition (O3). This
yields a = \/{x € A | x < a} < p’. Now we will check LU-identity (3). Evidently,
L(d’,b) C L(a’, U(a, b)). Conversely, assume ¢ € L(a’, U(a, b)) and p < c.Then p <d’
and p € L(U(a,b)). According to condition (O5) we obtain that p < a or p < b.
Since p < o’ we have p < b. Hence p € L(a',b),ie,c = \/{x € A | x < ¢} €
L(a’, b). Since LU-identity (3) implies LU-identity (2) according to Lemma 3.4 we are
finished. O

Although the following theorem was already proved by B. N. Waphare and V. V. Joshi
([15], Theorem 8), it also follows immediately from Lemma 4.4 and Theorem 3.5.

Theorem 4.5 Every uniquely complemented atomistic poset is distributive.

The previous theorem enables us to formulate a nice result where the strong assumption
of atomisticity is replaced by an essential weaker one. For this purpose we need the fol-
lowing definition: An element a of a poset (P, <) is called completely join-irreducible if
it is not the least element of (P, <) and if the following holds: If a is the supremum of a
non-empty subset B of P thena € B.

Theorem 4.6 Every uniquely complemented poset P = (P,<,,0,1) satisfying the
descending chain condition such that its completely join-irreducible elements are atoms is
distributive.

Proof Since P satisfies the descending chain condition it is atomic. From [12], Proposi-
tion 2.2, we know that every element of P is a join of completely join-irreducible elements.
Since every completely join-irreducible element is an atom we get that P is atomistic. From
Theorem 4.5 we have that P is distributive. O

Applying LU-identity (2), assumptions can be further simplified as the following
theorem shows.

Theorem 4.7 Every uniquely complemented poset P = (P, <,’,0,1) satisfying the
descending chain condition and LU-identity (2) is atomistic.

Proof Let A denote the set of all atoms of P. Since P satisfies the descending chain condi-
tion it is atomic. Let j be a completely join-irreducible element of P and suppose j ¢ A.
Then there exists an atom p of P with p < j. From LU-identity (2) we have

Ulp, L(p', j) =U(p, j) =U()).
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This shows j = \/(L(p', j) U {p}). Since j is a completely join-irreducible and p < j,
we have p < j < p’, a contradiction. Hence j € A. Using again [12], Proposition 2.2, we
know that every element of P is a join of completely join-irreducible elements and hence
of atoms. O

We conclude our investigations with a theorem connecting modularity and distributivity
in uniquely complemented posets satisfying the descending chain condition.

Theorem 4.8 Every uniquely complemented modular poset P = (P, <,’,0, 1) satisfying
the descending chain condition is distributive.

Proof Let A denote the set of all atoms of P. Since P satisfies the descending chain condi-
tion it is atomic. Let j be a completely join-irreducible element of P and suppose j ¢ A.
Then there exists an atom p of P with p < j. Since P is modular, we have

LWU(p,L(p', j)) = LWU(p, p'), j) = L(1, j) = L(j).
This shows j = \/(L(p’, j) U {p}). By the same argument as in the proof of Theorem 4.7
we get a contradiction. Hence j € A. According to Theorem 4.6, P is distributive. O
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