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Abstract In this paper, we considered four two-level atoms coupled with a microwave
cavity via stimulated Raman adiabatic passage in quadrapod linkage pattern. Engineering
Rabi frequencies of a system with suitable pulse orders, results in entangled W states of
four atoms. We also compared the theoretical results with the numerical solutions of the
Schrödinger equation in the adiabatic limit which shows the creation of W states at the end
of dynamics.
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1 Introduction

In the past few years, several quantum coherence and interference effects have been studied
theoretically and experimentally (Scully and Zubairy 1997; Ficek and Swain 2004). Some
of these phenomena are reservoir induced transparency (Paspalakis et al. 1999; Angelakis
et al. 2000), electromagnetically induced transparency (Harris et al. 1990; Boller et al. 1991),
EIT-enhanced four-wave mixing (Wu et al. 2003; Deng and Payne 2003), gain without inver-
sion (Imamoglu and Ram 1994; Kitching and Hollberg 1999), coherent population trapping
(Vanier et al. 1998; Michaelis et al. 2006), and so on.

Quantum entanglement, one of the most striking features of quantum mechanics, has
become an essential element in quantum information processing. Two-mode optical entan-
glement has already been produced experimentally via an optical parametric oscillator in
optical crystals (Ou et al. 1992; Zhang et al. 2000; Villar et al. 2005) and four-wave mixing
(Ding et al. 2011; Pooser et al. 2009). Stimulated Raman adiabatic passage of STIRAP is a
high qualified method used to completely control population transformation between levels at
several atomic systems (Bergmann et al. 1998; Unanyan et al. 1998; Amniat-Talab et al. 2011).
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In this method, the complete population transfer occurs between the ground states, without
populating the intermediate excited state. The ground state has a relatively high lifetime of
spontaneous emission, so decoherence effects resulted from spontaneous emission of atoms
are negligible and this is the advantage of the stimulated adiabatic passage.

There are two entangled states: the first one is GHZ-state (Greenberger et al. 1989) and
the second is W-state (Dur et al. 2000).

One of the most striking features of W quantum state (e.g. entanglement state) is:
(|0, 1, 0〉 + |1, 0, 0〉 + |0, 0, 1〉)/√3, If we trace the state of one particle, the state of the
system will be remain entangled, or if we measure a particle at {|0〉, |1〉} other particles
would be remain in maximally entangled state.

In this paper, we derive the corresponding propagator in the adiabatic limit and show that it
allows the generation of any coherent superposition of the ground states in quadrapod system
by adiabatic passage in a single step with the use of pulses of Gaussian forms. In Sect. 2,
we determine the effective Hamiltonian of the quadrapod system to an effective system. We
show that one can then transfer the population to any superposition of four ground states. In
Sect. 3 we introduce time evolution. Section 4 provides a summary of the results.

2 Construction of the effective Hamiltonian

In this paper, to understanding of basic concept of the cavity-laser interaction, which is
achieved between four atoms by excited states, we have to analyze this coupling by four
pulsed fields denoted by. G1(t),G2(t),G3(t) and G4(t), as shown in Fig. 1.

The initial and final atomic states of the system take the form of:

|�(ti )〉 = |e, g, g, g, 0〉 (1)
∣
∣�(t f )

〉 = 1

2

( |e, g, g, g, 0〉 + |g, e, g, g, 0〉
+ |g, g, e, g, 0〉 + |g, g, g, e, 0〉

)

(2)

where, subscribes i and j showing the atomic states of the system at before and after of inter-
action with pulsed fields, respectively, with e and g being atoms excited and ground states,
respectively.

We assume the fields have a Gaussian form as:

Gi (t) = Gi0 exp

[

(t − τi )
2

T 2
i

]

, i = 1, 2, 3, 4 (3)

where, τi and Ti are the time delay between the pump and stokes pulses, and the pulse
duration, respectively.

For four identical atoms, the evolution of the coupled atoms-cavity-laser system is
described by the Hamiltonian

Fig. 1 Linkage pattern coupling
four two-level atoms via cavity
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H(t) =
4

∑

k=1

{

ωe |e〉k k 〈e|
+[Gk(t)a |e〉k k 〈g| + H.c.]

}

+ ωca+a (4)

where, the summation in the first term describes four atoms and their interaction with the
laser and cavity, and the second term describes the cavity energy, with a and a+ being the
annihilation and creation operators for a cavity photon acting upon the states, respectively,
and ωe being the frequency of the coupling excited states.

Assuming:

|1〉 = |e, g, g, g, 0〉
|2〉 = |g, e, g, g, 0〉
|3〉 = |g, g, e, g, 0〉
|4〉 = |g, g, g, e, 0〉
|5〉 = |g, g, g, g, 1〉

(5)

effective interaction Hamiltonian of the system becomes

Hef f = h̄

2

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 0 G1(t)
0 0 0 0 G2(t)
0 0 0 0 G3(t)
0 0 0 0 G4(t)

G1(t) G2(t) G3(t) G4(t) 0

⎞

⎟
⎟
⎟
⎟
⎠

(6)

Detuning of the frequency has been neglected.

3 Adiabatic time evolution operator

Diagonalizer matrix of the effective Hamiltonian is

T (t) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

G1G2
χ1χ2

G1G3
χ2χ3

G1G4
χ3χ4

1√
2

G1
χ4

1√
2

G1
χ4

−χ1
χ2

G2G3
χ2χ3

G2G4
χ3χ4

1√
2

G2
χ4

1√
2

G2
χ4

0 −χ2
χ3

G3G4
χ3χ4

1√
2

G3
χ4

1√
2

G3
χ4

0 0 −χ3
χ4

− 1√
2

1√
2

G4
χ4

0 0 0 0 1√
2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(7)

where, we defined

χi =
√

G2
1 + G2

2 + · · · + G2
i (8)

Hence, the Hamiltonian in the basis of adiabatic states can be written as:

Had = T + H T − iT + ∂T

∂t
(9)

In order to obtain the Hamiltonian of the system in terms of adiabatic bases we considered
the adiabatic approximation condition as:

|〈dφi (t)/dt |φ j (t)〉| ≤ |E j − Ei | (10)

123



100 R. Naderali et al.

where, |φi 〉, |φ j 〉 are eigenstates of the Hamiltonian and Ei , E j are eigenvalues of energy.
So, we have obtained the adiabatic Hamiltonian of the system as:

Had =

⎛

⎜
⎜
⎜
⎜
⎝

0 i sin θ1 i sin θ2 sin θ3θ̇1 0 0
−i sin θ1 0 i sin θ1θ̇2 0 0

−i sin θ2 sin θ3θ̇1 −i sin θ1θ̇2 0 0 0
0 0 0 	k 0
0 0 0 0 	k

⎞

⎟
⎟
⎟
⎟
⎠

(11)

where, 	 = χ4.
By definition of mixing angles as

tan θi = Gi+1

χi
, (i = 1, 2, 3) (12)

the time evolution operator is given by

U ad(t, t0) = exp

⎛

⎝−i

t∫

t0

Had(t ′, t0)dt ′
⎞

⎠ (13)

Substituting adiabatic Hamiltonian from Eq. 11 into the Eq. 13 gives

U ad(t, t0) =
⎛

⎝

M 0 0
0 e−iδ 0
0 0 e+iδ

⎞

⎠ (14)

where, M is a 3 × 3 matrix with matrix elements given by

Mii = 1 + (Cosγ − 1)

(

1 − γ 2
i

γ 2

)

(15a)

Mi j = γiγ j

γ 2 (1 − Cosγ )− εi jk
γi

γ
Sinγ (15b)

where, γi can be interpreted as the geometric phase as:

γ1(t) = −
t∫

t0

Sinθ3θ̇2dt ′ (16a)

γ2(t) =
t∫

t0

Sinθ2Sinθ3θ̇1dt ′ (16b)

γ3(t) = −
t∫

t0

Sinθ2θ̇1dt ′ (16c)

γ 2 = γ 2
1 + γ 2

2 + γ 2
3 (16d)

and δ is defined as dynamic phase of the system as:

δ(t) = 1

2

t∫

t0

	(t)dt ′ (17)
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Now, by the use of following equations

|�(t)〉 = T (t)U ad(t, t0)T
+(t0) |ψ(t0)〉 (18a)

|�(t)〉 = U ef f (t, t0) |ψ(t0)〉 (18b)

and by means of the initial state of the system and engineering suitable pulse orders (accord-
ing to Eq. 2), we can calculate the final state of the system. In the W state, the final state of
the system should take the form of

∣
∣�(t f )

〉 = 1√
4
(|1〉 + |2〉 + |3〉 + |4〉) (19)

We have used Gaussian pulses, satisfying the following conditions before and after inter-
action with the fields, which they are calculated using mixing angles

⎧

⎨

⎩

G1 = Gmeiπ

Ti = Tm

τ1 = τ2 = τ3 = τ4

(m = 2, 3, 4) (20)

t → ti ⇒
{

G1 > G2 	 G3(= G4)

G2
3

(= G2
4

) 	 G2
1

(= G2
2

) (21a)

t → t f ⇒
{

G1 > G3(= G4) > G2

G2
1

(= G2
2

) 	 G2
3

(= G2
4

) (21b)

So, we can write geometrical phases in Eqs. 16 as:

γ1 = π

4
, γ2 = γ3 = 0 (22)

Then, by substituting results in Eqs. 15, the matrix elements are given

⎧

⎨

⎩

M11 = M22 = M33

M12 = M13 = 0
M32 = M23 = −√

2/2
(23)

At the initial and final interaction times, T(t) can be found by applying pulse conditions as:

T (ti ) =

⎛

⎜
⎜
⎜
⎜
⎝

1/
√

2 1/
√

2 0 0 0
−1/

√
2 1/

√
2 0 0 0

0 0 1/
√

2 1/2 1/2
0 0 −1/

√
2 1/2 1/2

0 0 0 −1/
√

2 1/
√

2

⎞

⎟
⎟
⎟
⎟
⎠

(24)

T (t f ) =

⎛

⎜
⎜
⎜
⎜
⎝

1/
√

2 0 0 1/2 1/2
−1/

√
2 0 0 1/2 1/2

0 −1 0 0 0
0 0 −1 0 0
0 0 0 −1/

√
2 1/

√
2

⎞

⎟
⎟
⎟
⎟
⎠

(25)
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Fig. 2 a Plots of Rabi frequencies of the laser fields with the Gaussian pulse parameters of G01 = G02 =
G03 = G04 = 40/T and with the widths of T1 = T2 = T3 = T4 = 1s and with τ3 = τ4 = 1s τ1 = τ2 = 0.
b Plots the time evolution of the populations. c Plots the fidelity of the populations, in different levels as a
function of time

Substituting results in Eq. 18, we have

|�(t)〉 = R(t)U ef f R+(t)

⎛

⎜
⎜
⎜
⎜
⎝

1
0
0
0
0

⎞

⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎝

[ 1
2 (M11 + M12)

]

[− 1
2 (M11 + M12)

]

e−iθ21
[− 1

2 (M21 + M22)
]

e−iθ31
[

− 1√
2
(M31 + M32)

]

e−iθ41

0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(26)

Finally, by substituting results into Eq. 26, the state vector of the system can be found as
Eq. 19. The results of numerical calculations are shown in Fig. 2.

4 Conclusion

In conclusion, we have studied a stimulated Raman adiabatic passage in quadrapod linkage
pattern driven by three pulses by deriving the corresponding propagator in the adiabatic limit.
Engineering Rabi frequencies of the system with a suitable pulse orders allows us to transfer
the population to a desired superposition of ground states with final equal populations. It can
be seen from Fig. 2c that at final state fidelity of desired state explained Eq. 19 equals to one.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source
are credited.
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