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Abstract

In this paper, a finite element analysis to approximate the solution of an obstacle
problem for a static shallow shell confined in a half space is presented. To begin
with, we establish, by relying on the properties of enriching operators, an estimate
for the approximate bilinear form associated with the problem under consideration.
Then, we conduct an error analysis and we prove the convergence of the proposed
numerical scheme.

Keywords Shallow shell - Enriching operator - Nonconforming finite element
method - Obstacle problems - Elliptic variational inequalities

1 Introduction

The study of unilateral contact problems in elasticity arises in many applicative fields
such as structural mechanics and civil engineering. Obstacle problems have lately
been studied in, for instance, [20, 21, 23, 24, 36, 40].

The numerical analysis of obstacle problems has been arising the interest of many
scientists since the late 1990s. In this direction, a very direct and mathematically ele-
gant approach is the one making use of enriching operators, the properties of which
were studied by S. C. Brenner and her collaborators in the seminal papers [1-3, 5].
These general theoretical results were then used to study finite element methods for
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obstacle problems, which can be found in [7] and [6]. Nonconforming finite element
methods for obstacle problem were also studied in [11].

In this paper, we study the displacement of a static shallow shell lying over a
planar obstacle from the numerical point of view, using a suitable finite element
method. Shallow shells theory, which is extensively described, for instance, in the
books [16] and [44], is widely used in engineering (see, e.g., the papers [31, 4143,
46]). According to this theory, the problem under examination is modelled in terms
of a fourth-order differential operator (cf., e.g., [16]). The theory of finite element
methods for fourth-order problems governed by variational inequalities has been
investigated, for instance, in the references [8, 25, 30, 32].

Our mathematical model of an obstacle problem for a linearly elastic shallow shell
in the static case is inspired by that of Léger and Miara (cf. [34] and [35]). To our
best knowledge, there is no reference on the study of numerical analysis of obstacle
problems for linearly elastic shallow shells.

In this paper, we extend the method proposed in [7] and [6] to derive error esti-
mates for the solution to the obstacle problem under for linearly elastic shallow shells
under consideration. The fact that the unknown is a vector field is the main difficulty
to cope with in order for proving that the residual of the difference between the exact
solution and the approximate solution approaches zero as the mesh size approaches
Zero.

In order to derive the sought convergence, it was necessary to improve and gen-
eralize a number of preparatory results for enriching operators (cf., e.g., [1-3, 5]),
and another number of preparatory results related to the convergence analysis of the
scheme (cf., e.g., [7]).

The paper is divided into five sections (including this one). In Section 2, we
present some background and notation. In Section 3, we establish some properties
of the enriching operator associated with the variational formulation of the problem
under consideration and an estimate for Morley’s triangle, used to approximate the
transverse component of the displacement. In Section 4, following [7] and [6], we
introduce an intermediary problem and we prove some technical preparatory lem-
mas. Finally, in Section 5, the error estimate is derived as a result of an application
of the previous results.

2 Background and notation

For an overview about the classical notions of differential geometry used in this
paper, see, e.g., [17] or [18] while, for an overview about the classical notions of
functional analysis used in this paper, see, e.g., [19]. Latin indices, except h, take
their values in the set {1, 2, 3} while Greek indices, except v and ¢, take their values
in the set {1, 2}. The notation §,g designates the Kronecker symbol. Given an open
subset £2 of R", where n > 1, we denote the usual Lebesgue and Sobolev spaces by
L*(2), H'(2), H}(£2), H*(2), or H}(£2); the notation D(£2) designates the space
of all functions that are infinitely differentiable over §2 and have compact supports in
£2; the notation PP, (£2) designates the space of all polynomials of degree < k defined
over §2; and the notation [Py designates the space of all polynomials of degree < k
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defined over R”. The Euclidean norm of any point x € §2 is denoted by |x|. In what
follows, the compact notation || - ||;n, p,s2, Where m > 1is an integer and p > 1, desig-
nates the norm of the Sobolev space WP (£2). The special notation || - ||,,.2, Where
m > 1 is an integer, denotes the norm of the space H" (£2). If m = 0, then

I llo. =1 22

and, more generically,

I~ llo,p.2 == Il - lr(2y  forall p = 1.

The special notation | - |,,, 2, where m > 1 is an integer, denotes the standard
semi-norm of the space H™ ($2).

Let o C R? be a convex polygonal domain, namely a non-empty bounded open
connected subset of R? with Lipschitz continuous boundary y := dw and such that
w is all on the same side of y. Let y = (y,) denote a generic point in @ and let
g := 8/yy and dgp = 3%/3y4dyp.

Referring to [22] (see also Section 3.1 of [16] and see also [44]), we recall the
rigorous definition of a linearly elastic shallow shell (from now on shallow shell). We
assume that for each ¢ > 0, we are given a function 6° € c3 (w). We can then define
the middle surface of the corresponding shallow shell having thinness equal to 2¢ as
follows:

O ={(y.0°(»); y € @}
A rigorous criterion for defining a shallow shell is provided by the existence of a
function 6 € C3(5), independent of ¢, such that

0% (y) = 6(y) forall y € . )

This means that, up to an additive constant, the mapping 6° : @ — R, measuring
the deviation of the middle surface of the reference configuration of the shell from a
plane, should be of the same order as the thinness of the shell. The shallow shells here
considered are made of a homogeneous and isotropic material, they are clamped on
their lateral boundary, and they are subjected to both applied body forces and applied
surface forces. The elastic behavior of the shallow shell is then described by means
of its two Lamé constants A > O and p > 0 (cf., e.g., [15]).

In what follows, v denotes the outer unit normal vector field to the boundary y
and 0, denotes the outer unit normal derivative operator along y .

The function space over which the problem is posed is the following:

V()= {n= @) € H (@) x H (@) x H*(@); n; = 8,73 =0 on y}.
We equip the space V (w) with the norm || - ||y () defined as follows:
111V = l&ilhe+ 15201e + 1820 forall§ € V(o).
The corresponding semi-norm | - |y () is defined by
v = Imhe+ e+ n3le forally e V(o).

The obstacle problem studied in [34] and [35] is modelled by a set of variational equa-
tions and a set of variational inequalities and, besides, its solution is a Kirchhoff-Love field
(see, for instance, Section 3.4 of [16]). As a result, we can “separate” the transverse
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component of the displacement vector field from the tangential components of the
displacement vector field. We thus define the space associated with the tangential
components by

V() :={ny = () € H (@) x H'(®): na =0 0n y},
and the space associated with the transverse component by
Vi(w) := Hj (o).

Observe that
V(w) = Vg(w) x V3(w).

The “physical” obstacle is here represented by the plane x3 = 0 and, in what
follows, we assume that & > 0 in . This implies 6° > 0 in w, i.e., the middle surface
of the considered shallow shell is assumed to be above the obstacle and not in contact
with the obstacle.

In what follows, we state the scaled two-dimensional limit problem, which slightly
differs from the one obtained in [34] and [35] as a result of a rigorous asymptotic
analysis, where only the transverse component of the displacement is subjected to the
geometrical constraint associated with the obstacle. More specifically, the transverse
component of the displacement field belongs to the following non-empty, closed, and
convex set of the space V3(w) (see [34]):

K3 (w) = {n3 € V3(w); 6 + n3 > 0 almost everywhere in w}. 2)

By virtue of the Rellich-Kondrachov theorem, the compact embedding
H?(w) << C%@®) holds (the symbol “«<"" denotes a compact embedding and
the space C%(@) is equipped with the sup-norm). Hence, by virtue of the fact that
6 € C3(®), the set K3(w) defined in (2) also takes the following form:

K3(@) = {n3 € V3(@); 0 + 13 > 0 in w}. 3
Let
2 =wx]-1,1[,

and let x = (x;) denote a generic point in the set 2. With each point x = (x;) € 2,
we associate the point x* = (x;) defined by

X5 = Xq = Yo and x3 := ex3,
1
so that 9, = 0y and 95 = —03.
g
We assume that the shallow shell under consideration is subjected to applied body
forces whose density per unit volume is defined by means of its covariant components
ff e L*(w x (—¢, ¢)) and applied surface forces whose density per unit area is
defined by means of its covariant components g;r’g € L*(w x {&}). Applied surface
forces associated with the lower face of the reference configuration of the shallow
shell are not to be considered since the obstacle is assumed to be rigid.
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We also assume that there exist functions f; € L?(£2) and g € L*(» x {1})
independent of ¢ such that the following assumptions on the data hold:
FE(x®) = & fy(x) ateach x = (x;) € £2,

() = & f3(x) ateach x = (x;) € 2,

gt (xf) = egf

g;”s(x‘g) = 84g;r(x) ateach x = (x;) € w x {1}.

(x) ateach x = (x;) € w x {1},
We are now ready to state the scaled limit problem P(w), which slightly differs
from the one found in [34] and [35].

Problem P(w) Find ¢ = ($y.83) € Va(w) x Kz(w) satisfying the following
variational inequalities

—/ Map(£3)0up (M3 — £3)dy +f nzﬁ(i)aa%ﬂ(ns — 3)dy

> / p3(n3 — &3)dy — / Sq0q(n3 — &3)dy
w w
for all n3 € K3(w),

and the following variational equations
/nzﬂ(C)aﬁnady = / Pallady  forallny = () € Vu(w),
w w

where
A>0,u >0 arethe Lamé constants,

(©5) = — e NS — S0
myg(§3) 1= 30+ 210 £3008 gM B (3,
eap(§) = 5 Bulp + Ipla) + 5 (Bu09pLs + 0p00at3),
4x
n05(§) i= b el (§)dap + utely (£),
A+2u p
pi ‘= f_Il fidxz + g7,
So = f—l x3 fadxs +g;—' |

Likewise, since 8¢ € C3(@), we define the non-empty closed convex set K5 (w) by
K3 (w) := {n3 € V3(); 0° +n3 = 0in w}. (4)

The next step consists in de-scaling Problem P (). More specifically, the solution
(& gy &3) is de-scaled as follows (cf. [16])

¢ =¢%y o,
{3 =¢e53  ino.

Thanks to (1), if ¢3 € K3(w), then ¢5 € K3 (w). The de-scaled problem P*(w)
can be thus stated and constitutes the point of departure of our numerical analysis.
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Problem P¢(w) Find ¢ = (§%,¢3) € Vu(w) x K5(w) satisfying the following
variational inequalities:

—/ Meg(83)3ap (13 — ¢3)dy + f ng}f(ia)@a@g)aﬂ(nz — ¢3)dy

> [ pion = ey = [ stouim — ey
w w
for all n3 € K5 (w), %)

and the following variational equations:

/”3}5@6)3ﬁnady=/p2nady forallny = (ny) € Vy(w), (6)
w w

where

A >0,u >0 arethe Lamé constants,

4rm 4
— o3 _
mzﬂ(ff) =€ {3()» 20 A{gs(saﬁ + 3Maaﬂ§§} )

o (5%) = 2 (Bt + 9p55) + 5 (0ub 0585 + 056°3ut3).

(M
4rm
M @) = {k A € b + 4M€2};(c*’)} ,
ppi= [l frS g
sg o= [T x5 fEdxf +eghe. ]

Clearly, (5) and (6) can be combined into a single system of variational equations,
whose left-hand side is associated with the symmetric bilinear form b(-, -) given by
(cf. Sections 3.5, 3.6 and 3.7 of [16])

bt ) = — [, mEs (&) 0upmady + [, nis (£°)(3a6°)dgm3dy
+ [, s (£9)0pnady.

A straightforward computation shows that

®)

4 3
b(n. ) = / - +’;M {%(An3)2+8(6§’§(ﬂ))2}dy

3
€ 6
4 T 3 oepmslf, e Y ||ea;§(n)||3,w} ,
a,B a,B

for all p € V(w).
Likewise, we associate the sum of the right-hand sides of (5) and (6) with a linear
and continuous form £ defined as follows:

£(n) :zfpfmdy—/s(ii?anzdy forallp € V(). )
w w

The energy functional associated with the variational formulation in Prob-
lem P¢(w) takes the following form:

1
Je(n) = Eb()], ) — L), forally e Vy(w) x K5 (w).
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As a result, Problem P¢(w) is equivalent to finding ¢* = (£%.¢;5) €
V i (w) x K5 (w) such that

JE(&®) =min{J*(n); n € Va(w) X K5 (w)}.
The bilinear form b(-, -) is continuous, i.e., there exists a constant M > 0 such that

b, m = Ml§llvwlnlve forallé neV(iw).

By Theorem 3.6-1 of [16], such a bilinear form b(-, -) is V(w)-elliptic, i.e., there
exists a constant « > 0 such that

b, m) = alnlly, forallye V(o).

As aresult, Problem P (w) admits a unique solution ¢* = (£%, ¢3 ) which belongs
to V(o) x K5 (w) and satisfying

b, n—¢%) =L —¢°) forally =y, m) € Vi(w) x K3 (o) (10)
or, equivalently, there exists a unique {® = (£%, ¢5) € Vg (w) x K5(w) such that

JO(&) =min{J*(n); 1 € V(o) x K5(w)}.

3 A finite element method for the obstacle problem

In this section, we present a suitable finite element method to approximate the solu-
tion to Problem P¢ (w). Following [14] and [4] (see also [12], [13], [29], and [37]), we
recall some basic terminology and definitions. In what follows, the letter 4 denotes
a quantity approaching zero. For brevity, the same notation C (with or without sub-
scripts) designates a positive constant independent of /z, which can take different
values at different places. We denote by (75)n=0 a family of triangulations of the
polygonal domain @ made of triangles and we let T denote any element of such a
family. Let us first recall, following [14] and [4], the rigorous definition of finite ele-
ment in R", where n > 1 is an integer. A finite element in R" is a triple (T, P, N)
where:

(1) T is a closed subset of R" with non-empty interior and Lipschitz continuous
boundary,
(i) P is a finite dimensional space of real-valued functions defined over T,
(iii) A is is a finite set of linearly independent linear forms N;, 1 < i < dim P,
defined over the space P.

By definition, it is assumed that the set N is P-unisolvent in the following sense:
given any real scalars «;, 1 < i < dim P, there exists a unique function g € P which
satisfies

Ni(g) =a;, 1<i<dimP.

It is henceforth assumed that the degrees of freedom, Nj , lie in the dual space of a
function space larger than P like, for instance, a Sobolev space (see [4]). For brevity,
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we shall conform our terminology to the one of [14], calling the sole set T a finite
element. Define the diameter of any finite element 7 as follows:

hrt = diam T := max |x — y|.
x,yeT

Let us also define
por = sup{diam B; B is a ball contained in T'}.
A triangulation 7}, is said to be regular (cf., e.g., [14]) if:

(1) There exists a constant o > 0, independent of /4, such that

h
forall T € Ty, il <o.
PT

(i) The quantity & := max{hy > 0; T € 7T} approaches zero.

A triangulation 7}, is said to satisfy an inverse assumption (cf., e.g., [14]) if there
exists a constant ¥ > 0 such that

h
foral T € 7,, — <k.
hr

There is of course an ambiguity in the meaning of &, which was first regarded as
a parameter associated with the considered family of triangulations, and which next
denotes a geometrical entity. Nevertheless, in this paper, we have conformed to this
standard notation (see [14]). In the rest of this section, the parameter h is assumed to
be fixed and we also assume that the triangulation 7, under consideration is regular
and satisfies the aforementioned inverse assumption. Let V), be the set of all of the
nodal points of Ty, let p denote any point of V;, and let &, be the set of open edges
of 73, in the sense that

any edge e € &, is isomorphic to the open interval (0, 1).

The forthcoming finite element analysis will be carried out using triangles of type
(1) (see Figure 2.2.1 of [14]) to approximate the tangential components of the dis-
placement vector field and Morley’s triangles (see [39] and also [14]) to approximate
the transverse component of the displacement vector field. In this case, the set V),
consists of all the vertices and all the midpoints of the triangulation 7j,. Let V; , and
V> 1 be two finite dimensional spaces such that Vi, x Vo, C V g(w) and let (see,
e.g., [14] and [6])

Vap i=1{ne L?*(w); nt € P»(T), n is continuous at the vertices,

d,n continuous at the midpoint of the edges}
be the finite dimensional space associated with Morley’s triangle. Define
Vi=VipxVopxVa.

We henceforth denote bX nr the restriction of any function n € L?(w) to the finite
element 7. We denote by V3 j the subspace of V3 j for which n(ax) = 0, for all the
vertices a; € y and d,n(by) = 0, for all the edges midpoints b such that by € y.
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Define the space
Vii=VipxVorx Vi

Since \73,;, is not contained in CO(E) (see, e.g., [33] and [29]), we have
Vi ¢ Va(w).
Define the space
H*(w,Tp) = {n € L*(w); ny € HX(T) forall T € T;}

and introduce the semi-norm
1/2

neHw, T =Y .| .
TeTh

which becomes a norm over the space \73,;, (cf. [6]). As a result, the mapping

M € Vi Il == Inalle + 124l + 1030000,

is a norm over the space V.
Define the space

Vi(@) + Vs i={& =03 + 35 13 € Va(w) and 3., € V3 ).

Following [7] and [14], we define the approximate bilinear form by, (-, -), associ-
ated with the bilinear form b defined in (8), as follows:

b (Vi) x (Vs@) + Van) x (V@) x (Va(@) + ) > R

is such that by, |V(w)><V(w) =b,ie.,

bp(§,n) =b(&,n) forallg, ne V(o)
and such that

bh(Epmp) = — ) fT mg (€ 1) dapnzndy + /T ngs (€1,)(020°)9p 73 1 dy

TeT, TeT,
+> / nis (€5)0pnandy,  forall &,.q;, € V).
TeT) T

Therefore, the bilinear form by(-,-) is continuous over f/h, i.e., there exists
M > 0, independent of /4, such that

by(&,m) < M|&|llnll forall& n e V.

Besides, in view of Theorem 3.4-1 of [16] and the theory presented in [14], the
bilinear form by(-, -) is Vh-elliptic, namely, there exists « > 0, independent of &,
such that

bu(,m) = «lln))>  forally € V.

Let us now define the V, interpolation operator IT;, : CO(@w) x C%(@) x H?*(w) —

V, as follows

¢ .= (I &1, opka, T3483)  forall § € CO@) x C°(@) x H? (),
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where I1; j, is the standard V; j interpolation operator (cf., e.g., [14] and [4]). It thus
results that the interpolation operator IT, satisfies the following properties

(I1;,6;))(p) =&;(p) forallintegers 1 < j < 3 and all vertices p € V,

/8Vg(173,h$3)ds = /8U6$3ds foralle € &,

e e

where v, is outer unit normal vector to the edge e. Define the space
H(w) := H*(0) x H*(0) x H>(w)
and equip it with the norm

1€llw = l&1ll2,0 + I1E2112,0 + 1&3]l3,»  forall § € H(w).
An application of Theorem 3.2.1 of [14] (see also Theorem 4.4.20 of [4]) yields

1§ — Mpéll < Chllé]lw, (In

forallé € H(w) NV (w).

In order to provide the required estimates for the convergence of the numerical
scheme, we make use of enriching operators. Enriching operators were first intro-
duced in [2] (see also [1], [3], and [5]) and they play a key role in the study of obstacle
problems for clamped plates (see [7] and [6]). Following Example 2.2 of [7], we
recall that any enriching operator associated with conforming finite elements coin-
cides with the canonical injection. We are going to connect Morley’s triangle to the
Hsieh-Clough-Tocher macro-element (from now onwards HCT macro-element), that
we sketch below for sake of clarity, via an ad hoc enriching operator (for a complete
overview on the properties of these finite elements and the meaning of the graphi-
cal symbols used for representing the various degrees of freedom, see Figures 6.1.3
and 6.2.3 of [14]).

The relation between the elements in Figs. 1 and 2 is due to the disposition of
the vertices at which the pointwise evaluation of the shape functions occurs. Let us
denote W3 j the finite element space associated with the HCT macro-element and let
us observe that, by the unisolvence of the HCT macro-element (cf. Theorem 6.1.2
of [14]), the elements of W3 j are completely determined by their values at the ver-
tices, the values of their first derivatives at the vertices and the values of their normal

Fig.1 Morley’s triangle. Figure 6.2.3 of [14]
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ay

I Q23

as v as

Fig.2 HCT macro-element. Figure 6.1.3 of [14]

derivatives at the midpoints of the sides of the triangular element. The reason why
we have to make use of a nonconforming finite element to carry out the numerical
analysis of the considered obstacle problem is due to the fact that it is not natural
to assume the transverse component of the solution, i.e., the one which is affected
by the geometrical constraint associated with the obstacle, to be more regular than
H3(a)) (see, for instance, [26] and [27], [9], [10], [28], and [7]).

Let us thus define the enriching operator Ej;, : V3, — W3, by (cf. formula (3.2)
of [5])

[N(Ewm] = — > (Nur), (12)

1

7l
where p € V), is any nodal point of the triangulation 75, N is any degree of freedom
of the HCT macro-element associated with the nodal point p and 7, is the set of
triangles in 7, sharing the nodal point p.

Next, following [3], we organize the proof of the already well-known properties
of enriching operators in a series of lemmas (Lemmas 1-4).

Let us recall the definition of jump of the normal derivative across the edge e. Let
n € H*(w) and let e € &, such that e C w. The jump of the normal derivative of 1
across the edge e is defined as follows

an
Havnﬂ = a

AV

an—

(13)

9
e Ove |,

where T and T_ are elements of 7, that share the edge e, n+ is the restriction of n
to T+ and v, points from 7. to 7_ (see Fig. 3 below).
If e C y, then we define the jump in this fashion:

an
oV,

The proof of the next lemma relies on standard inverse estimates (cf., e.g., [14])
and inverse trace inequalities (cf. formula (10.3.9) of [4]).

[8vn] := — (14)

e

Lemma 1 There exists a positive constant C such that

In — Ennllo.w < CHZlinlly  foralln € Vs, (15)
lEnnl2,0 = Clinllr, foralln € V3. (16)
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Fig.3 Configuration associated with the jump of the normal derivative across the edge e

Proof Let us fix an arbitrary T € 7T, and let A/ denote the set of degrees of freedom
of the HCT macro-element T (cf. Fig. 2). For any n € V3 ;,, we have that (n—Epn) |k,
is an element of P3(K;), for all 1 < i < 3, where K; is a sub-triangle of the HCT
macro-element 7' (cf. Fig. 2). Using the same argument as in Theorem 3.1.5 of [14],
we infer the existence of a positive constant C for which

IE115.7 < CRAITIND N N @), (17)
NeN

for all £ € C'(T) such that Elg, € P3(K;), forall 1 < i < 3, where K; is a
sub-triangle of the HCT macro-element T (cf. Fig. 2) and |N| denotes the order
of differentiation of the corresponding degree of freedom. In view of Remark 3.1.3
of [14], it results that the diameter of T is of order O (h) and, therefore, |e| = O (h)
as well. By (12) and the continuity of n at the vertices of the triangulation, it results

N(n) = N(Epn) if [N|=0.

Therefore, letting &€ = n — Epn in (17) yields

ln — Ennllg.y < Ch* Y IN(n — Exn)I*. (18)

NeN
IN|=1

Let us observe that if N is associated with the degree of freedom corresponding
to the outer unit normal derivative at the midpoint of a side of the boundary y then
N — Epn) =0.

Let N denote the degree of freedom corresponding to the evaluation of the outer
unit normal derivative at the midpoint m, of an edge ¢ C w and let v, denote one
of the outer unit normal vectors to the edge e. By virtue of (12), a standard inverse
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estimate (Theorem 3.2.6 of [14] with ¢ = 0o, m =1 = 2 and r = 2) and an inverse
trace inequality, we obtain

INO — Exm > = |8y, (1 — Enn) (mo)|*
= [Bo.n(me) — 3y, Exn(me)]

1 1 2
= Eav2n+(me) - Eaugnf(me)
le]
< S wnllloe<C Y 137 (19)

€T,
Let N be the degree of freedom associated with the evaluation of any first-order
derivative at any vertex p € V. An arithmetic-geometric mean inequality yields

IN( — Exp)|> < |V(n — Exn)(p)I?

=C Z [Vaor(p) — VTIT”(P)Iz. (20)
T'.T"eTy
T’and T" share an edge

An application of the mean value theorem (cf., e.g., Theorem 7.2-1 of [19]) like
on page 915 of [2], standard inverse estimates (Theorem 3.2.6 of [14] withr = m =
| =2 and g = 00), an inverse trace inequality, and the regularity of the triangulation
gives

IVar (p) = Varn(p)I* < Claunz(p) — dynr (p)I
+C|dz,n7/(p) = denr (P)I
Clel™"[avn]II3 .
+Clel* (713 007 + 117713, 00, 7)

C > 3 1)

T €T,

IA

IA

where 7, is the set of triangles sharing the edge e. Combining (18)—(21), we obtain
ln — Exnlig 7 < Ch* > i3 1. (22)
T'eTr

Estimate (15) follows by summing up (22) over all the triangles of 7. Esti-
mate (16) follows by standard inverse estimates (Theorem 3.2.6 of [14] with m = 2,
[ =0, p=r =2)and (22): Indeed,

|Ennl3, <C Y In—EmBr+ Y s

TE77, T€771
= Y [W =l + ol 1 | < Clmi.
TeTh
This completes the proof. 0

By virtue of an interpolation estimate (see, for instance, Theorem 3.1.5 of [14]
withm = g = p = k = 2), which holds by the fact that Morley’s triangle is almost
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affine (cf., e.g., [33]), and the standard trace theorem for Sobolev spaces defined over
domains, we deduce that, for all T € 7,

IV = I3 nmllo,or < Chinla,r, (23)

where n € H3(T) N V3(w). By (12), we deduce that Eyn = n at the internal nodes
of the triangulation (see also formula (6.11) of [3]). As a result,

I pEyn=n foralln e V3.

The next preliminary result is inspired by Lemma 2 of [5], which is itself based on
the unisolvence of the HCT macro-element (see, for instance, Theorem 6.1.2 of [14])
and Bramble-Hilbert lemma (cf., e.g., Theorem 4.1.3 of [14]). For convenience, we
provide a complete proof.

Lemma 2 There exists a positive constant C solely depending on the regularity of
the triangulation Ty, such that
2

> h¥Mn = EpITz iy, < ChOlnl3 g, . (24)

m=0

forall T € Ty and all n € H3(S7) N H?*(w), where St is the polygon formed by all
the triangles of Ty, sharing a vertex with T (cf. Fig. 4 below).

Proof Let T € 7Ty be an arbitrary element. Then, we observe that (see Lemma 2
of [5]) the expression (EII3 ,n)|r is completely determined by n|s, and that the
mapping

nlsy = (1 — Exllz p)lr,
is bounded from H3(S7) into H*(T).

Fig.4 The polygon Sy made of all the triangles of 77. Figure 9 of [1]
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Moreover, (12) and the unisolvence of the HCT macro-element give
q — Exllz ng =0 forall g € Po(T). (25)

Thanks to (25), we can apply the Bramble-Hilbert lemma and infer the validity
of (24). The proof is thus complete. O

We now modify the definition of the enriching operator E}, in order to incorporate

the boundary conditions. As a result, we obtain the corresponding enriching operator

Vi — W3 n, wWhere V3 » denotes the subspace of V3, whose degrees of free-

dom vanish along y and W3 ni= Wi N H (w), i.e., the subspace of W3 whose

degrees of freedom vanish along y (cf. Example 6.1 of [3] and [6]). Observe that

Eyn € H*(w) by the properties of the HCT macro-element. We now define Ej as
follows, in such a way that Ehr} € H 2(a)) foralln € V3 he

(i) The degrees of freedom of Ejn and Ejn coincide in o,
(i) The degrees of freedom of Ejn vanish on y.

_ In the next lemma, we prove the first properties of the modified enriching operator
E},. The proof resorts to standard inverse estimates (cf., e.g., [14]), an inverse trace
inequality (cf. formula (10.3.9) of [4]) and Lemma 1.

Lemma 3 Foreachn € ‘73, n, there exists a positive constant C such that

In — Ennllo.w < Ch2|nll, (26)
IEnnl2.e < Clinla. 27)

Proof Let us fix an arbitrary element € \73,;1 and let N be any degree of freedom
associated with the HCT macro-element. Let us observe that if N is not related to
any nodal point of y, then, by property (i) in the definition of E},, we obtain

N(Eyn — Epn) = 0.

On the other hand, forall T € 7y, if [N |~ = 0 and N is related to a nodal point of y,
then, by property (i) in the definition of Ej and the fact that n € V3 p, it follows that

N(Exn — Exn) = N(Epn) = 0.

Let m, be the midpoint of an edge ¢ C y. By (14) and standard inverse estimates
(Theorem 3.2.6 of [14] withm =1 = 0, ¢ = oo and r = 2), we obtain

0. (Enn = B me) = v nme) < 7 |||[[avn]]||w <C Y By, @8
T €T,

where the latter inequality holds true by virtue of an inverse trace inequality and the
regularity of the triangulation 7.

Let p be a vertex on y. Then, p is the endpoint of an edge ¢* C y. Let T™* be
an element of 7j such that e* C T*. By (20), (21), an arithmetic-geometric mean
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inequality, standard inverse estimates (Theorem 3.2.6 of [14] withm =1 =r =2
and g = 00), and the regularity of the triangulation, we get

IV(Exn — Exm)(p)I* = IV(Exn)(p)I?
< CUV(Enn = )PP+ 1Var=(p)P) (29
<C ZT 13 7>
T eTr

where &, is the set of edges of £, sharing p as a common vertex.
In conclusion, for all T € 7y,, a combination of (22), (28), and (29) yields

In = Ennli§r < Ch* >~ i3 7 (30)
T'eTr

which implies the inequality (26) after a summation over all the elements of 7j,.

Using the Poincaré-Friedrichs inequality, an arithmetic-geometric mean inequal-
ity, (26) and standard inverse estimates (Theorem 3.2.6 of [14] withm = 2,] = 0,
q = r = 2), we infer the validity of (27). Indeed,

VEwnl., < ClEwnB, = 3 [In— Ewnld.r + 3.7
TeT

> [H i = Eanlid 7 + 8.1 | = Clni,
TeTy

A

which completes the proof. O

By property (i) in the definition of Ej, we can easily observe that the following
holds (cf. [5]):

H3’hE~'h77 =n forallne ‘N/3,h.

The next step consists in incorporating the boundary conditions into the above
estimates.

Lemma 4 There exists a positive constant C solely depending on the regularity of
the triangulation Ty, such that

2
> 1My — ExIT il ¢ < ChOInl3 . 31)

m=0

forall T € Ty, and all n € H3(S7) N V3(w).

Proof Let us fix an arbitrary element € \73,;1 and let N be any degree of freedom
associated with an internal vertex of the triangulation made of HCT macro-element.
Like in Lemma 3, we have

N(Exn — Epn) = 0.
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Let e € &, be an edge contained in y and let m, be the midpoint of e, at which
the normal derivative of 7 is evaluated. By virtue of (14), (23), (28), and a standard
inverse estimate (Theorem 3.1.5 of [14] withm = g = k = p = 2), we obtain

|8y, (EnIT3 5 — EpIT3 5m)(me) 1> = |8y, (EnIT3 4m) (m,)|*
|8y, (IT3 ) () |
Clel™ 1 [8u T3 mn]IIG .

Ch* >~ i3 g (32)
TeT,

Al

IA

forall n € H3(S7) N V3(w).
Similarly, for any vertex p € y, we have, by (29), standard interpolation estimates
(Theorem 3.1.5 of [14]) and an inverse trace inequality (formula (10.3.9) of [4])

nd13,p1 — ~h 3R TP = o \Lp L3 p 1T )P
|V (EnTT EpIT3 1) (p))* < |0, (Ex T3, 5m7) (p)|?
TeT,
+ > 18w (EnIT3 i) ()]
T<T),
< C Y 10, UTsunr — nr)(p)?
TeT,
+C Y lel™ 8w T3 ] 15
ec&,
=C Z \IT3.nnr — 715 7
TeT,
+C > lel™ I8y (T3.0m — ]G,
eek)
<ch Yy iy (33)
TeTy

Summing over all the triangles of 7, we obtain the following estimate

2
> B2y — EpIT3 pnl% p < Ch* Y IN(p — EpITz o))
m=0 NEN
IN|=1 (34)
2
+ 21 h*™|n — EpIT3 pnly, 7 < Chnl3 g, »
m=

where the first inequality holds by (18) and the latter inequality holds by (32)
and (33). This completes the proof. O
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As a consequence of Lemmas 1-4 and standard inverse estimates (Theorem 3.2.6
of [14] with m = 1~, | = 0,9 = r = 2), we obtain the following estimates for the
enriching operator Ej, (cf. Corollary 1 of [5]):

1/2
ln—Ennllow+h | D In—Emis | +h1Emle
T<T,
< Ch*|nllx  foralln € V3, (39)

2
> W™ = ExIT3 pnlmw < Ch’[nl3.0  foralln € H (w) N V3(w). (36)
m=0
Define the space . .
Wy i=Vip x Vo x Wap,

and let us define the enriching operator E h 1% hn = Wh as follows:
Ejg = (51,6, Ex&)  forall§ e V). (37)
A direct application of (35) and (36) to (37) yields

1/2
In = Ennllow+h| X ln—Emi ;| +h*Enhe 18
T€771 ’ ( )

< Ch?||y| forally e V.

Next, we prove a crucial estimate for by, (-, -) in the case where the transverse com-
ponent of the displacement is approximated via Morley’s triangles. The assumption
that the solution £° to Problem P¢(w) is “more regular” is of paramount importance.

By virtue of the results proved in [9], [10], [27], and [28] and in order to make our
analysis more general, we will derive the sought error estimate under the constraint
that the transverse component of the solution of Problem P?(w) cannot be more
regular than H 3 (w).

In order to derive error estimate, we will have to assume that the solution of
Problem P?(w) is more regular (cf., e.g., [14]); in particular, we will assume that

¢ e Hw) N V(o).

The augmented regularity result for the tangential components is studied, for
instance, in Section 8.7 of Chapter 2 of [38], while the augmented regularity result
for the transverse component is given for solutions of some fourth-order variational
inequalities on pages 323-327 of [30], and is also recalled in [45].

To prove the next result we follow Appendix B of [7] and Lemma 4.2 of [6]. Asa con-
sequence of the trace properties (cf., e.g., Theorem 6.6-5 of [19]), we can take into
account the average along any edge e € &, of a function f € H'!(w) and denote it by f,
Viz.,

— 1
f.:m/efdseR.

Lemma S5 There exists a positive constant C such that the following estimate holds

bi(E5,n — Exm)| < ChIEE lolnll  foralln € V), (39)
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where £¢ € H(w) N V(w) is the solution to Problem P®(w).

Proof Observe that if n3 € \73, » then V3 is continuous at the midpoints of the edges
e € &, and vanishes at the midpoints of the edges along y. Indeed, after fixing an
edge e € &, consider the restrictions 3|7, and n3|7_ to the edge e, where T are,
again, the elements of 7, that share the edge e. Then, (n3|7, — m3l7_) € P> (R2) and
(n3|r, —n3l|r_) vanishes at the endpoints of the edge e. As a result, by the mean value
theorem and the properties of quadratic polynomials, we deduce that the rangential
derivative along the edge e 9, (3|1, —n3|7_) vanishes at the midpoint of e. By virtue
of the decomposition of the gradient in terms of tangential and normal derivatives
we get the continuity of the gradient at the midpoint of any edge e € &,. The other
property follows from the boundary conditions.

Combining the definition and the properties of Ej,, Green’s formula, the midpoint
rule, the Cauchy-Schwarz inequality, inverse trace inequalities (formulas (10.3.8)
and (10.3.9) of [4]), the Poincaré-Friedrichs inequality (Theorems 6.5-2 and 6.8-1
of [19]), and (38), we obtain

bu(E5,n — Epn)

= 3 [ mip(etupn = By

TeTh
+ % [ Guot i €350 - By
TeTh r
= 3 [ tniy 0350 - By
TeTh r
- Z/ mé(£5)9p(n3 — Ennz)veds
TeT) aT
+ % [ Guot i €0930m By
TeTh r
= 3 [ [tutmptes + @0y )] g0 — Eunaray
TeTh r
= % [ (mpte) = 5 @D) 950 — Byl
€E€h ¢
= 2 (Mm@ + @b s €0, 195ns = Enn)llo.r)
TeT,
172
D0 lel limEg(5) — mig @ lo.e
L’Egh

1/2
x (Z lel1[dp (n3 — E"hna>va}]|o,e)

eEgh

1/2
< CliEt o (Z I3 — Ehmﬁ,r) < Chlig® oIl

TeTh
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where, in analogy with (13) and (14), we have

[0 (3 — Ennz)ve] := (8 (13 — Exn3)va,4) + Bp(13 — Exn3)va,-).
which completes the proof. O

Let us observe that, by virtue of the definition of E}, (cf. (37)), the variational
equations (6) do not give any contribution in the previous proof .

Having extended the properties of the enriching operator to our problem, we now
prove, following [7], a series of preparatory lemmas. Let us recall that, for all 4 > 0,
the symbol V), designates the set of all of the nodal points of the triangulation 7.

Let us define the functional J; and the set K 38 ; as follows:

1
Jn(mp) - Ebh(ﬂha n,) —£(my,) forally, € Vy, (40)

K5, = {m3. € Van: 0°(p) + n3n(p) = Oforall p € V), (41)

and let us then state the approximate problem P;; corresponding to Problem P* (w).

Problem P; Find ¢j € V1, such that the transverse component (S‘?’ , belongs to K § "
and such that

Jn(&y) = inf  Ju(yp). (42)
Vi
'73,h€K3gyh |

Since the bilinear form by, (-, -) is symmetric and continuous over the space V), and
it is V-elliptic, we infer that Problem 7P} has a unique solution ¢}, which satisfies
the variational inequalities

b (S — &p) = Ly — &5). (43)

for all , € V}, such that 3, € K3,

Lemma 6 Let §° and & respectively denote the solutions to Problem P*(w) and
Problem Pfl. There exist two constants C1 > 0 and C, > 0 such that

185 =& 17 < Cillg® —=Mag® 1+ C2 [bn(6°, Mat® — &) — LATRE* = ¢)]. (44)
Proof Observe that IT;¢* belongs to the space V5. By the continuity and the
V ,-ellipticity of by (-, -) and Young’s inequality (see [47]), we get

alllyg — ¢olI> < by(Mpg® — &5, Mpgt —&5)
< MIIpge — 5L — &5 + by (L8, Mgt — &) — LR — &5)

IA

M| M o
I, € — ¢¢ 2 I, € — &€ 2
> [; MTRg™ = &5+ 5 HTRg = &l }

+bp (88, Myg® — &) — LTS — &),
Letting C1 :=M 2 /oz2 and C; := a1, we obtain inequality (44). O
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4 An intermediary problem

In what follows, we shall estimate the term [b; (¢, T3 $° — &5) — LT85 — &3)]
in order to apply the interpolation estimate (11). To this aim, we introduce an inter-
mediary problem, since it is not easy to directly connect K§(w) to K3 ;. Define the
set

K5 (@) = {13 € H (@); 0°(p) + n3(p) > O forall p € V) 45)
and define
V(o) = Hy(w) x Hy (@) x K , ()

as to define the functional J : Vj;(w) — R by

1
J() = Eb("’ n) — £(n). (46)

Let us state the intermediary problem P} (w) establishing the connection between
Problem P*(w) and Problem Py

Problem P} (w) Find Z Z € Vi (w) such that the transverse component 238 , belongs
to 15; 4 (@) and such that

J@&) = inf J(@. (47)
neVy(w)
n3€ks (@) m

Using properties (i) and (ii) of the enriching operator Ep, we immediately obtain
that

Eh’?S,h € k;h(a)) forall 3 4 € K;,h'

Using the symmetry and the continuity and the V (w)-ellipticity of the bilinear
form b(-,-), we infer that Problem P}f (w) admits one and only one solution I;Z
satisfying the following variational inequalities:

by n—2y) = t—2&y) forally e Vi(w). (48)

The aim of the next lemma, whose formulation is inspired by Lemma 3.1 of [7], is
to prove that the uniform boundedness of the family (EZ) h>0, Where Z‘Z denotes the
solution to Problem P, (w). The argument resorts on Cauchy-Schwarz’s inequality,
Poincaré-Friedrichs’s inequality (Theorems 6.5-2 and 6.8-1 of [19]), and Young’s
inequality (see [47]).

Lemma 7 There exists a constant C > 0 such that

IEllvw) < C  forallh > 0. (49)

Proof Fix h > 0. Since K5(w) C I€§’h(a)), we infer that J(ZZ) < J(&%), where
Ez and ¢° are respectively the solutions to Problem P (w) and Problem P*(w).
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Using Cauchy-Schwarz’s inequality, Poincaré-Friedrichs’s inequality, and Young’s
inequality, we obtain

~& 1 ~& <& ~& ~& ~& ~&
SN = 56@0 80 = JE) + €@y < JE) + CEilvi)

IA

- 1 o -
JE) + —C2 4 J 18,

which in turn implies that

4 C?
1311y ) < (J(ch) + —)

from which the estimate (49) immediately follows. O

The purpose of the following lemmas, whose formulations are respectwely
inspired by those of Lemmas 3.2-3.4 of [7], is to estimate the distance between I; h
and ¢f € Vy(w) x K3 ®(w). In what follows, the symbol — denotes weak conver-

gences as h — 0. Strong convergences in the space C°(@) are meant with respect to
the sup-norm.

Lemma 8 The following convergences take place

&, =t inV(w), (50)
&, > inC@). (51)

Proof The uniform boundedness of (EZ) n>0 proved in Lemma 7 yields the existence
of an element ¢* € V(w) such that, up to passing to a subsequence, still denoted

@n=0
¢, —~¢* inV(o).
The functional J is clearly sequentially weakly lower semi-continuous. Hence,
J (") <liminf J(Z}) < T,

where the latter inequality is derived in Lemma 7. By the Rellich-Kondrachov
theorem, we infer that {§ € C%(w) and that

By~ inC@).

It remains to prove £* = ¢°. To this end, by the uniqueness of the solution to
Problem P*(w), it suffices to show that ¢3* € K§(w). Since ¢35, € K5, (w), then

0% (p) + fgs,h(l?) >0 forall p e V).
Besides, the following density with respect to the Euclidean norm

Utha,

h>0
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yields, in conjunction with the previous inequality, that
6@)+5i(@ = Jim (6(q0) +¢3(g0) = Jim Tim (00 + E.4(0)) 2 0
k— 00 k—o00 h—0
qkEViy, qkE€Vi,
for all ¢ € . We have thus shown that ¢§ € K3 (w). The convergences (50) and (51)

immediately follow. O

Let us denote € the contact zone for Problem P¢ (w), i.e.,
¢ ={y ew;0°(y) +¢5(y) =0}.

The set ¥ is compact in w. Since the transverse component of ¢, solution to
Problem P¢(w), belongs to the space Hg (w) and since 8¢ > 0 in o, it follows that
% Ny = (. For any p > 0, define the set

tp = {y € w; dist(y, ©) < p},
where dist(y, €’) denotes the distance of any point y € w from the set %, i.e.,
dist(y, ¥) := )1(1;1(2 ly — x|.
The set €, is compact and such that, for sufficiently small p, €, Ny = 0.
Moreover, we can choose p sufficiently small so that 62, Ny = .
Lemma 9 There exist positive numbers hy and B1 such that
05 + 55,0 =B ify €ewanddist(y, €) > p,
forall h < hy.
Proof Since (6° + ¢§) > 0 outside the contact zone, then it is a fortiori > 0 in the
compact set {y € w; dist(y, €) > p}. By virtue of (51), we immediately infer that
O +55,) —> 0°+¢5)  inC@).
As a result, there exists i > 0 such that
0°+5,>0 infy€w;dist(y, %) > p},
and there thus exists 8; > 0 such that
0°+5, > P in{y€wdist(y, ) > p}.
forall i < hy. O
Following the ideas of [7], we introduce the nodal interpolation operator for the
conforming IP; finite element associated with the triangulation 7, and we denote it

by Zj. By definition of 7, it follows that §3 , and Zy, 4“3 , agree at the vertices of the
conforming P; finite elements. By the hneanty of 7, we get

7,6° +Ih§§,h >0 inw, (52)
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since, again by the properties of 7, the functions Z,6° and Z g:f ,, are affine over
. By standard interpolation estimates (Theorem 3.1.5 of [14] withm = 0, p = 2,
q = 00, and k = 1), we infer

I — Znnllo,co.0 < Chinla,w forall n € H*(w). (53)
An application of (53) and (49) yields
125 4 = Zng§ 4 ll0.00.0 < Ch. (54)

Since 6° € C*(w), we deduce, by Taylor’s theorem with integral remainder that
there exists a positive constant C such that

sup |60° — T,6°| < Ch?, (55)
yE®
and such an estimate a fortiori holds for the norm || - || 7.00(4).

Define
8n =15, — Tnks ) + 0 — Zy0%)llo, 0000
In view of (54) and (55), it is straightforward to verify that there exists a positive

constant C such that
8, < Ch. (56)

The proof of the next result is obtained by Lemmas 7-9.

Lemma 10 There exists a positive constant C such that
8° = Eylviw < Ch. (57)
Proof Let hy and B be as in Lemma 9 and let us assume, without loss of generality,
that 4 < hg. By the property (52) of the nodal interpolation operator Zj, we have
0° + 5, = 0°+ 05, —ITnb° —Inl5, = —8 in%,.

By virtue of (56), it is also licit to assume 8, < B. Let f be a continuous function
defined over w as follows

f=1 in%, (58)
=0 inw\%,. (59)

Let ¢ denote a mollifier whose support is a subset of %3,. Define the function
¢ € D(w) by

p:=0x%f.
It follows that
0<¢ < lino, (60)
— 1in%), ©61)
¢ =0inw\ %p. (62)

We claim that the function 835 n = 238 5 1 Sne belongs to the set K5(w). It is
straightforward to verify that 2'38 n = Oy 238 » = 0on y. It thus remains to show that

(6% + ff =0 in w. To this aim, we will distinguish three cases:
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Case 1 (x € w\ 63p) In this case, by virtue of (62), we get 538 p = g:f ,, and the
conclusion immediately follows by Lemma 9.

Case 2 (x € 62, \ 6,) In this case, by virtue of (60) and Lemma 9, we get
0° +238,h =0° + th +8hp = B1 > 0.
Case 3 (x € 6,) In this case, by virtue of (61), we get
0° + 85, =0 +15, 46 = 0.

In conclusion, we have shown that Z‘f , belongs to the set K5 (w). An application
of (49) gives

1 (@B ) = 30 (8 + 0.0.00).8)+ 0.0.00) ¢ (5 + 0.0.8,0))
- Eb@;, &) - z(ZZ)] +6 (£, 0.0.510))

1
+50((0.0.8,9). 0.0, 8,9)) — £((0, 0, 319))

@) +b (), 0.0.619)) = €00, 819))
l €
+35(0.0,809), (0,0,8,9)) = JE}) + Cy.

By the V(w)-ellipticity of b(-, ) (cf. Theorem 3.6-1 of [16]), the intermediary
inequality (48), and the fact that {fy , isin K38 (w) (see Lemma 10), we obtain

o e ~& 1 e =& e e
18" = Ellvi = 366" 858" = 5

<
2
1 e e ~& e ~& 1 e -
= Eb@ 8 = by, & = &) — Eb(Ch»Ch)
1 ~& 1 e -
= Eb@'e» $) — L& =&y — Eb(;h’ $n)
= @) = JE) = I (E 8 i) — I @)
< Céy.
The conclusion immediately follows by (56). O

5 Convergence analysis

The next lemma, inspired by Lemma 4.2 of [7], provides an estimate for the term
[(bn($%, M8 —&5)— €T, 5 —& )], which thus allows us to complete the error anal-
ysis. The proof relies on Lemma 5, Lemma 10, and standard interpolation estimates
(see, e.g., [14]).
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Lemma 11 There exists a positive constant C such that

b8 Mhg® = £5) = Lhg® = £5) < VI (Vi + Mg = 5l1) . (63)

Proof Observe that we can write

bi(&® Mps® = ¢5) = ba(6®, Exllyg® — Entj) +bp (@ Mps® — &, — En(Ips® = ¢7)
= b, En(pg" = £5)) + by @ H" — & — En(ig" — &)
b@E, En(IIngt — &5)) + ChlIEf ol ng® — 5l

where the latter inequality holds by (39). We have thus shown that there exists a
constant C > 0 such that

ba(8®, Mpt® = &) < b(&®, En(Ipg® = 7)) + ChIE® oI Tng® — &5l (64)

Let us now estimate the term b(¢¢, E,(IT,¢¢ — ¢7)). We first notice that we can
write it in the more suitable equivalent form

b(&®, Ex(38° — ¢5)) = b(&),, Ex(ig® — £5)) + b(&° — &, Exn(ig® — &)

(65)

Using (38), (57), the continuity of b(-, -), and the Poincaré-Friedrichs inequality

(Theorems 6.5-2 and 6.8-1 of [19]), we can estimate the second term in the right-hand
side of (65) as follows

IA

bt — &y En(3g® — £5) < CIE° — Eplvim En(Tng® — E)lvw) < CVRITREE — L5 l.

As a result, we obtain
b(&® — &y En(M8° — 7)) < CVRIIRE® — & . (66)
Regarding the first term in the right-hand side of (65), we observe that (48) yields

b@y. En(Mt —85)) = b, &) — Engs) + by, Epdl e — ¢5)

S En gty - 67
< 0E, — Ent) 1 bE, EyIIpgt — £, 7

We note that
b(Zy, Exllng® = 8)) = b(&), — &°, Enlng® — &) + b(@*, EplTjg® — ¢°)
+b(EE, 8 — ). (68)
We estimate the sum of the first two terms of the right-hand side of (68) as follows
b(E, — &5, ExlTng® — ) +b@°, Epllig® — &)
< CIE* = 8 lviw| €y — &) + €° — ExlTig) v
+ClIE 0lE® — EnT1E° v ()
<C (ICS — 8y 185 = Ehlvi|t® — ExIRgt |y w)

+||§8||w|§£_EhHh§€|V(a))) < Ch, (69)
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where the latter inequality is obtained by virtue of (36) (for the transverse component
only), the Poincaré-Friedrichs inequality (Theorems 6.5-2 and 6.8-1 of [19]), and
standard interpolation estimates (Theorem 3.1.5 of [14] withm = k = l and p =
q = 2). Let us assume, without loss of generality, that 4 is sufficiently small so that
the definition of 235 5 18 justified (see Lemma 10).

An application of (10), (36) (for the transverse component only), and standard
interpolation estimates (Theorem 3.1.5 of [14] withm = 0,k = 1,and p = g = 2)
yields

b(&E,¢f — &)

b (658" = @y B E50)) + b (2% 0.0,80))
(8" = G B E50) + 810 (25, 0.0, 9))
= C(E Iy —E)) + £ — Epyg®)
_(Sh [E ((07 Os (P)) - b (;8’ (09 07 QO))]
< WE Iu8° —E) + Chllg® o
_8/1 [e ((07 0’ ‘P)) —b (;8’ (07 0’ (P))]
< UEMLE° = )) + Ch.

IA

In conclusion, we have shown that there exists a constant C > 0 such that
b(ef. ¢ — &) < ((EpIye® — &) + Ch. (70)
An application of (64)—(70), Holder’s inequality, and (38) yields

b (§* Thg" = 85) — TRg" — &) < b (¢ Enlig® = ¢5))
+CIE ol T8* = &5 = LUThg" = &)

= b (& Bt —£7) +b (67 = &, Ba(Tng® — ¢5)
+CRITRE" = &5 = LCTng" = &5)

< b (&, Eng = £5) + CVRITAE® — &5l — T — 85)
= 6@, — Engy) +0 (8, Ballig® — &) + CVRILE = 5l — eT* = &)
= [p (& - ¢ Ballig® = &) + b (57 Eullig - 7))

+b(E°, 87 = 8)) + L&, — Ent})

+HCVRIILE® = g4l = LUTRE" = &)

< Ch+ CVRIIAE® = &1+ b 6" = T))

(&, — Ent) — 58— &)

< Ch+ CVRIIAE® = &Gl = Lg® = &) + LER(TE° — £5)
< Ch+ VR = &l

To sum up, we have shown that there exists C > 0 such that

bu(88, My —¢5) — e —¢5) < CVR(Wh + IR — g5,
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which completes the proof. O

We are now in a position to recover the error estimate in terms of the norm || - ||,
whose definition is recalled here below:

Iall = Imalltw + 124010 + In3all,  forally, € V.

The proof of the error estimate, which constitutes the main result of this paper,
resorts to Lemma 6, Lemma 11, and Young’s inequality (cf. [47]).

Theorem 1 There exists a positive constant C such that

Ig° = ¢ < CVh. (71)

Proof An application of Lemma 6, Lemma 11, (11), and Young’s inequality yields
187 = &5I1° < CUllIRE® = &°17 + Ca [b@°, Mig® — ¢f) — LUTRE* — &5)]

2

In conclusion, we obtain

< Ci I — 517 + CVR(Vh + 1T et — &5 )
< Ch+ CVR(WI + IMpe® — &5 + 125 — ¢l
<cC (h +Vh)eE — chl)
Ch 1 1
<C (h +—+ %H;E - ;ZIIz) <Ch+ zllé‘s - &P

1g° = ¢4 < Ch,
and (71) is thus proved. O]
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