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Abstract We present the analysis and computational results for the inclination relative
effect of moonlets of triple asteroidal systems. Perturbations on moonlets due to the
primary’s non-sphericity gravity, the solar gravity, and moonlets’ relative gravity are
discussed. The inclination vector for each moonlet follows a periodic elliptical motion;
the motion period depends on the moonlet’s semi-major axis and the primary’s J2
perturbations. Perturbation on moonlets from the Solar gravity and moonlet’s relative
gravity makes the motion of the x component of the inclination vector of moonlet 1 and
the y component of the inclination vector of moonlet 2 to be periodic. The mean
motion of x component and the y component of the inclination vector of each moonlet
forms an ellipse. However, the instantaneous motion of x component and the y com-
ponent of the inclination vector may be an elliptical disc due to the coupling effect of
perturbation forces. Furthermore, the x component of the inclination vector of moonlet
1 and the y component of the inclination vector of moonlet 2 form a quasi-periodic
motion. Numerical calculation of dynamical configurations of two triple asteroidal
systems (216) Kleopatra and (153591) 2001 SN263 validates the conclusion.
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1 Introduction

To study the dynamical mechanism of triple asteroidal systems can not only help us to
understand the origin of the Solar system and the formation of the asteroidal belt (Araujo
et al. 2012), but also help to design the orbit of spacecraft in the human’s future space
mission to triple asteroidal systems. The first triple asteroid (87) Sylvia was discovered in
2005 (Marchis et al. 2005), after that, there are eight such triple asteroidal systems and one
Kuiper-belt object discovered in the solar system. Table 1 shows the physical and orbital
parameters of these triple asteroidal systems. Two of them are trinary near-Earth-Asteroid
systems (NEAs), i.e. 136617 1994CC (Brozovi¢ et al. 2011; Fang et al. 2011) and 153591
2001SN263 (Fang et al. 2011; Araujo et al. 2012). Besides, 47171 1999TC36 (Benecchi
et al. 2010) and 136108 Haumea (Pinilla-Alonso et al. 2009; Lockwood et al. 2014) are
trans-Neptunian objects (TNOs). Others are main-belt triple asteroidal systems.

The calculation of dynamical parameters of triple asteroidal systems is the basis for the
study of dynamical mechanism for these systems. Marchis et al. (2005) presented the two
moonlets of (87) Sylvia orbiting at 710 and 1360 km, and the J2 of the two moonlet are
0.17 and 0.18, respectively. Ragozzine and Brown (2009) studied the orbits and masses of
satellites of 136108 Haumea and indicated that Haumea could have experienced a great
collision billions of years ago. Marchis et al. (2010) found that the inclinations of moonlets
of (45) Eugenia are quite different from other known main-belt triple asteroidal systems,
the inclinations of the two moonlets Petit-Prince and Princesse relative to the primary’s
equator, are 9°and 18°, respectively. Fang et al. (2012) found that the moonlets of (87)
Sylvia orbiting at 807.5 &+ 2.5 and 1357 & 4.0 km, and the inclinations are 7.824°and
8.293°, respectively. Marchis et al. (2013) investigated the triple asteroidal system (93)
Minerva and found that the moonlets of (93) Minerva are 3 and 4 km in diameter,
respectively. Beauvalet and Marchis (2014) analyzed the J2 of two triple asteroidal systems
(45) Eugenia and (87) Sylvia, and derived the internal structure of these two triple systems.
Jiang et al. (2015a) found that the number and position of equilibrium points around the
primary of (216) Kleopatra will vary while the rotational speed of the primary change.

The study of dynamical behaviours of triple asteroidal systems includes orbital ele-
ments, spin—orbit lock, bifurcations, resonance, stable and unstable regions, etc. Winter
et al. (2009) indicated that the longitude of the orbital nodes of the two moonlets of (87)
Sylvia, Romulus and Remus, are locked to each other. Brozovi¢ et al. (2011) found that the
inner moonlet of (136617) 1994CC is spin—orbit locked relative to the primary and the
outer moonlet is not spin—orbit locked. Fang et al. (2011) calculated the motion of
moonlets of (153591) 2001SN263 and (136617) 1994CC, examined the mean-motion
resonance, Kozai resonance, and evection resonance for these two triple asteroidal systems,
the results illustrated that the moonlets are not in these three resonance cases. Araujo et al.
(2012) investigated the stable region of the three components of (153591) 2001SN263,
they divided the region around (153591) 2001SN263 into four distinct regions and found
that the stable regions are near Alpha and Beta while resonance motion with Beta and
Gamma are unstable. Fang et al. (2012) deduced that the (87) Sylvia is not in the 8:3 mean-
motion resonance, besides, they calculated the effects of a pass through 3:1 mean-motion
eccentricity-type resonance. Frouard and Compere (2012) studied the instability zones for
moonlets of the triple asteroidal system (87) Sylvia with considering the non-sphericity of
Sylvia, and found that this triple system is in a deeply stable zone. Marchis et al. (2013)
found that the moonlets of Minerva are at 1 and 2% of the Hill radius. Jiang et al. (2015b)
found four kinds of bifurcations of periodic orbit families in the potential of the primary of
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(216) Kleopatra. Araujo et al. (2015) considered a massless particle in the vicinity of
(153591) 2001SN263 and found that the stable regions of the particle’s retrograde orbits
are much bigger that the prograde orbits.

Using the perturbation method, the motion of the moonlets relative to the primary of the
large size ratio triple asteroid system can be analyzed. Kozai (1959) derived the pertur-
bations of orbital elements of a satellite in the gravitational potential of the Earth. Cook
(1962) presented the perturbations from the Sun and Moon to the orbital elements of a
satellite in the gravitational potential of the Earth. Allan (1970) discussed the critical
inclination with the J, and J; term. For the orbits with small inclinations, the orbital
element can be indicated with the inclination vectors (Hintz 2008). The perturbation
method can be applied to analyze the motion of moonlets relative to the primary in the
binary and triple asteroid systems. Araujo et al. (2015) found that the J, term of the primary
has a significant effect to the stable retrograde orbits in the triple asteroid 2001 SN263.

In this work we focus on the moonlets’ relative effect in the triple asteroidal systems. In
Sect. 2, the perturbation on the two moonlets due to the Solar’s gravity and the primary’s
non-sphericity gravity are derived, and then the relative perturbation effects between these
two moonlets have been investigated. In Sect. 3, the primary’s J,, Solar gravity, and the
two moonlets’ relative effect are all considered to analyze the dynamical system of the
inclination vectors of the two moonlets. We find that for each moonlet, the inclination
vector forms a periodic elliptical motion.

2 Perturbation on Moonlets Due to the Solar Gravity and the Primary’s
Non-sphericity Gravity

In this section, we derive the formulas of perturbation on moonlets due to the solar gravity
and the primary’s non-sphericity gravity. Denote J, as the value of the primary’s J,
perturbation, G as the Newtonian gravitational constant, #,,qjo- as the mass of the primary,
= Gnygjor, v as the primary’s mean radius. Let a be the semi-major axis, n = \/aE; as the
mean orbit angular speed, e be the eccentricity, i be the inclination, Q be the longitude of
the ascending node, » be the argument of periapsis, M be the mean anomaly, m be the

. iy =isinQ .
mass. Denote the inclination vector ¢ ) . The subscripts M1, M2, and s represent
iy = icos Q
orbital parameters of Moonlet 1, Moonlet 2 and Sun, respectively. Denote gy = #
— myro
and om2 = my2+Mpajor”

2.1 Perturbation on Moonlets Due to the Primary’s Non-sphericity Gravity

Consider the primary’s J, perturbation acting on the two moonlets, the rates of average
change (Kozai 1959) of inclination and right ascension of the ascending node are
di
di _
dt 1
dQ 3ndopur? o (1)
—— =—————Co0si
dr 2a2(1 — ¢?)

For the orbits with small inclination, use the Lagrange’s planetary equations (Cook 1962),
we have

@ Springer
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di di dQ
M _ sinQ—lJr icos Q—
dt dt dt 2)
diy cos Q i, sin Q @
Sy 2 a5l
dt dt dt

Substituting Eq. (1) into Eq. (2) and using small angle approximations, then the inclination
vector’s secular variation for moonlet 1 can be expressed as

dix—Ml 3]2/11’2
== ly—m1
dt 2nM1af\,,] 4

dl'y,Ml 3]2#1”2
o T 5 5 kMl
dt 2mpp1azy

and the inclination vector’s secular variation for moonlet 2 can be expressed as

diy 2 3hurt
= - ly—m2
dt Zanai,Iz g @)
dl'\_Mz 3]2#?‘2
— = 5 L—M2

dt 2npnaiy,

where ny; and ny, are mean orbit angular speed for moonlet 1 and moonlet 2, respec-
tively. i, and i,_»; are components of inclination vector of moonlet 1, while i,_y, and
iy_y2 are components of inclination vector of moonlet 2. ay; and ay, are semi-major axes
for moonlets 1 and 2, respectively.

These two equations can be rewritten by

d | ix-m x—M1
J 'x = Kl .X ) (5)
L] by-m | | by-m1 |
and
d | ix-m & L—M2 (6)
7.0 . = [z, )
dt | y-m2 | | By-m2 |
where
3Jour? 3Jour?
0 - 2271”5 0 - 2271"5
nyna nya
K = M1 d K = M2 7
: 3Jour? 0 an 2 3, ur? 0 (7)
2nM| afm 2nM2a,5m
Eigenvalues of K| are + 22{421’3: j while eigenvalues of K, are + 2*;{;2’;22 j, where j = v/—1.
M1 M2

Thus we can conclude that the primary’s J, perturbation make each moonlet’s inclination
vector to be periodic motion. The motion trajectory of the extremal point of the inclination

4nnM|a[5m d 47mM2alsm
3/ ur? 3Lur?

vector is an ellipse. The motion periods are respectively.
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2.2 Perturbation on Moonlets Due to the Solar Gravity and Moonlet’s
Relative Gravity

Here we only consider the solar gravity and moonlet’s relative gravity. The rates of
average change of inclination and right ascension of the ascending node due to the third
body’s gravity (Cook 1962) are

di 3n
—="luyy
Q2 3 g B ’
di  2nsini’
where
GM,
=73 (9)
Tq
and

o = cos(Q — Q) cosuy + cosiysinug sin(Q — Q)
f = [—sin(Q — Q) cosug + cos iy sinu, cos(Q — Q;)] cosi+ sinisinigsinu, . (10)
y = [sin(Q — Q) cos uy — cos iy sinuy cos(Q — Qy)] sini + cosisin iy sinuy
Here the subscript d represents orbital parameters of the third body. u = w + f, fis the true
anomaly.

The solar gravity and moonlet’s relative gravity acting on the inclination vector of
moonlet 1 is (the derivation is presented in appendix A)

. 2 2
di,_ 3 N 3 n
L ny1 | — sin’ ,BS sin 2ig + = oppi it sin 2iyn cos Qi
dt 4 nar1 8 ny1
. 2 2 ) (] 1)
diy y1 3 ng . .. 3 m\" . .. .
——— = —mny | — | sin2fsiniy — < apypny | —— | sin2iyp sin Qyp
dt 4 Nyl 8 Ny

where ng represents the mean orbit angular speed for the Sun in the primary’s centroid
inertial coordinate system, which equals to the triple asteroidal system’s mean orbit
angular speed relative to the Sun; f§; and i, represent the true anomaly and the inclination of
the Sun in the primary’s centroid inertial coordinate system, respectively. iy and Qyp
represent the inclination and the longitude of the ascending node of moonlet 2 in the
primary’s centroid inertial coordinate system, respectively. Consider the secular item, one
can easily obtain

. 2 2
dii_y1 3 ng ... 3 m\ . .
=—my | — ) sin2i; + 3 oyt | —— | sin2iyn cos Qi
nmi

d[ 8 Ny
; 2 ) (12)
diy-yn 3 mp\ . o, .
= ——owny | — | sin2iyp sin Q0
dt 8 <nM1>

where sin® , = % and sin2f3; = 0 is applied to the above equation.
In like manner, the Solar gravity and moonlet’s relative gravity acting on the inclination
vector of moonlet 2 is
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dt 8 nyn
diy,Mz _ 3 <an

2
——ominpn | — | sin iy sin Q1
dt 8 nyn

div_yp 3 ns \° 3 '\’
: =—mwn (—) sin 2ig + = oy 2 <—> sin 2iy1 cos 21
8 Ny (13)

where iy and Q) represent the inclination and the longitude of the ascending node of
moonlet 1 in the primary’s centroid inertial coordinate system, respectively.

Consider the moonlets are in the orbit which is near the equator of the primary. This
assumption is satisfied for most of the triple asteroidal systems (Beauvalet and Marchis
2014; Fang et al. 2012; Descamps et al. 2011; Vokrouhlicky 2009). With this assumption,
in Eq. (12), one have

sin iy cos Qupy = 2 sin iy €08 iy €08 Qupr = 2iy_pp cos iy = iy (1+ 0(i3))) = 2iy—uro
sin 2iyp sin Qyn = 2 8in iyyn COS ipgp Sin Qypn = 2y a0 COSipr = 202 (1 + O(ifm)) ~2i w2
(14)
Substituting Eq. (14) into Eq. (12) yields the following equation

. 2 2
di,_py1 3 T -y +3 o\,
= [ —= ) sin2i; + = oy | — | iy
I g\ s gomtn (S ) b

. 2

dlnyl o 30_ n 10063 i

— — omim1\ T —M?2
dt 4 ny1 *

In the same way, we have

dic_apo 3 ng 2 . . 3 ny 2 .
=cnmy| — | sin2ig +—opimn | — | -m
dt 8 Yo 4 2 (16)
div_Mg 3 N 2.
- = ——oyn — ) i
ar 7 TMiTm2 g M1
From Eq. (15) and Eq. (16), we obtain two planar dynamical systems
dic_n 3 ng 2 . . 3 nar 2‘
=cny | — | sin2ig+—oppny | — | iy-m2
dt 8 N1 4 Ny (17)
dl'y,Mz 3 npi 2‘ 7
= ——oyn — ) i
ar 7 Tmi7m2 o) " M1
and
dic .y 3 n\>. .. 3 v\,
———=cmyp| — | sin2i; +—opinm | — | i—m
dt 8 naypn 4 nyn (18)
di’V*Ml:—§a P 21'
7 7 Tm2ltm ot x—M2

Equation (17) indicates that the x component of the inclination vector of moonlet 1 and the
y component of the inclination vector of moonlet 2 form a planar dynamical system, while
Eq. (18) indicates that the x component of the inclination vector of moonlet 2 and the y
component of the inclination vector of moonlet 1 form a planar dynamical system. These
two planar dynamical systems can be expressed as Eq. (19) and Eq. (21)
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d | i P
- l.x M1 —A l.x M1 4B, (19)
dr l,\’*MZ lnyZ
where
3 2
0 ZO—MZHMI (@) 3 n, 2 o
A= 2 i and B = gan n_Ml sin 2ig
3 N
— = OM1NM2 (—) 0 0
4 nm2
(20)
d | i P
e Tl Bl ) 1)
dr | iy iy
where
3 n 2
0 ZUMlan <nﬂ> 3 ng 2 o
¢= 2 M2 and D= gan % sin 2i;
3 N2
— = Op2nMm <—> 0 0
4 st
(22)

Using the theory from Strogatz (994, see page 150-151), for a two-dimensional nonlinear
system, the linear stability of the system can be determined by the linearized system. The

N g | e Ix—M1 . . .
linearized system of Eq. (19) is al. =A] , The Jacobian matrix is A, which
ly—m2 ly—m2
is a constant matrix. Eigenvalues of A are j:%(aMloManlan)%j, which means that the
planar dynamical system Eq. (19) is linearly stable. Eigenvalues of C are also

:I:f—l(aMloManlan)%j, which means that the planar dynamical system Eq. (21) is also
linearly stable.
Let K = %,/aMlaManlan, then Egs. (19) and (21) can also be expressed as

d*i,_ ,
c;tle = =K
, 23
dziy,Mzi 9 ng 2 in2i — K2 (23)
7—_3_2(7M1’1M27ZM1 n_Mz Sin 2ty — K7y
and
dzl’xf 2 .
dﬂM = —K’icin
24
d*iy i 9 n\> . . 2. @)
c;,’tz = —ﬁoManlan n_1 sin 2ig — K=iy_pn
M

The form of Egs. (23) and (24) looks like the equation of harmonic oscillator which has no
frictional damping. For instance, —Kziy,Mz is like the linear restoring force in the har-
monic oscillator. The frequency is K = %\/O'Mlo'Manll’le, and the period is T = 2K—” The
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motion of the x component of the inclination vector of moonlet 1 and the y component of
the inclination vector of moonlet 2 is periodic. The motion x component of the inclination
vector of moonlet 2 and the y component of the inclination vector of moonlet 1 is periodic.

3 Relative Effect on Inclination Vectors Between the Two Moonlets

In this section, the primary’s J,, Solar gravity, and the two moonlets’ relative effect are all
calculated. Consider the primary’s J,, Solar gravity, and moonlet 2 gravity acting on the
inclination vector of moonlet 1 as well as moonlet 1 gravity acting on the inclination vector
of moonlet 2, then combine Egs. (3), (4), (17), and (18), one can obtain the following
equation

dix_yn1 3hur? +3 ng 2@in2' +3a i\
= — Iy —-n — ] s iy +— n — ] -
ar Zanag,“ =M1 T oM — s T g om2nn ) M2
diy_yi 3hour? 30 o (12 2
- = ————— Ml — — ) i
ar 2, M1 = 7 Om2lm P~ M2 o3
dian _ 3hp? 3 (N3 ),
= — Iy— —myp | — ) sin2is + = oy | — ) iy
ar 2, y=M2 272 . s T 7 M2 ) M1
diy_ 3hLur? 3 '\,
- =——— i ——onn| — | i
ar 2ana§42 M2 T 7 M7 x—M]1
This equation can be simplified into
M1 M1
d | iy- iy
2 R I B (26)
dt | ix_pp Ly—M2
inyZ inyZ
where
i 3Jour? 3 )
0 _27#'; 0 > Gy a2
an]aMl 4 Nyt
3o 3 :
27#'; 0 — 2 Gy (@) 0
E— anlaMl 4 ny1
0 30_ Ny 2 0 3.]2,[11‘2
2 o | 2L _ e
4 M1TM2 Ny 2nM2ai,,2
3 an)2 3T, ur?
——omn | — 0 —_— 0
| 4 MITM (an 2nM2ai,,2 ]
(27)
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For the triple asteroidal systems, the influence on the inclination vector from the pri-
mary’s J, perturbation is bigger than from the Solar gravity and the two moonlets’ relative
effect. The Solar gravity and the two moonlets’ relative effect make the x component of the
inclination vector of moonlet 1 and the y component of the inclination vector of moonlet 2
form a planar dynamical system, meanwhile, they make the x component of the inclination
vector of moonlet 2 and the y component of the inclination vector of moonlet 1 form a
planar dynamical system. However, the primary’s J, perturbation make the x component
and the y component of the inclination vector of moonlet 1 form a planar dynamical
system, meanwhile, it makes the x component and the y component of the inclination
vector of moonlet 2 form a planar dynamical system.

Generally speaking, for the inclination vector, the influence from the J, perturbation of
the primary is much bigger than from the Solar gravity and the two moonlets’ relative
effect. This implies that the mean motion of x component and the y component of the
inclination vector of each moonlet forms an ellipse; however, the instantaneous motion of
x component and the y component of the inclination vector of each moonlet may form an
elliptical disc. In addition, the x component of the inclination vector of moonlet 1 and the y
component of the inclination vector of moonlet 2 form a quasi-periodic motion, and the x
component of the inclination vector of moonlet 2 and the y component of the inclination
vector of moonlet 1 form a quasi-periodic motion.

Two triple asteroidal systems, (216) Kleopatra and (153591) 2001 SN263 are taken as
examples to verify the above theory. The gravitational field and irregular shape of the
primary is computed with shape model data using the polyhedral model (Neese 2004). The
primary’s gravitational potential (Werner 1994; Werner and Scheeres 1997) can be com-
puted by

1 1
U=3Go > re-E. r. Lo —5Go > o Froxy o, (29)

ecedges fefaces

the primary’s gravitational force is calculated by

VU=-Go Y E.r.:-L+Go ) Frr oy (30)

ecedges fefaces

while the Hessian matrix of the primary’s gravitational potential can be calculated by

V(VU)=Go > E.-L —Go Y Fs-oy, (31)

ecedges [fe€faces

where G = 6.67 x 107" m? kg™ s72 represents the Newtonian gravitational constant,
represents the primary’s bulk density; r, and r, are body-fixed vectors, r, is from the field
point to the point on the edge e while ryis from the field point to the point on the face f; E,
and Frare geometric parameters, E, is related to edges while Fis related to faces; L, is the
integration factor while wy is the solid angle.

@ Springer



Relative Effect of Inclinations for Moonlets in the Triple... 75

We apply the above results to two triple asteroidal system (216) Kleopatra and (153591)
2001 SN263. Moonlets of (216) Kleopatra are Alexhelios and Cleoselene, while moonlets
of (153591) 2001 SN263 are Beta and Gamma. Table 2 shows the initial orbital parameters
for the moonlets of two triple asteroidal systems used in the calculation. To compare with
the theoretical results of the previous contents, we use the gravitational model and integrate
the dynamical equation to calculate the inclination vectors. The dynamical equations are

pk:fk
B = 2k
S M k=123, (32)
Kk:nk
Ak:'zkAk

where , = AkI,:lAZ(Kk —I; X Pg), Iy represents the position vector of the k-th body,
p; = mXy represents the linear momentum vector, f; represents the gravitational force
acting on the k-th body, K; represents the angular momentum vector, Ay is the attitude
matrix. ny is the resultant gravitational torque acting on the k-th body. All the vectors are
expressed in the inertial space. l/;k is calculated with the following method. For a vector

T .
v = [, vy, ;] , define the matrix

0 —v, v
V= v, 0 —v |. (33)
vy W 0

Descamps et al. (2011) presented the orbit parameters of two moonlets of (216) Kleopatra

Table 2 Initial orbital parame-
ters for the moonlets of two triple
asteroidal systems

Orbital parameters Alexhelios Cleoselene

(216) Kleopatra Descamps et al. (2011)

Semi-major axis: a (km) 678.0 454.0

Eccentricity: e 0 0

Inclination: i (°) 51.0 49.0

Long. of ascend. node: Q (°) 166.0 160.0

Arg. periapsis: o (°) 0 0

Mean anomaly: M (°) 0 0

Mass: (kg) 463 x 10" 467 x 10'®
Orbital parameters Beta Gamma

(153591) 2001 SN263 Fang et al. (2011)

Semi-major axis: a (km) 16.633 3.804
Eccentricity: e 0.015 0.016
Inclination: i (°) 157.486 165.045
Long. of ascend. node: Q (°) 161.144 198.689
Arg. periapsis: o (°) 131.249 292.435
Mean anomaly: M (°) 248.816 212.658
Density (g cm™>) 1.0 2.3
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76 Y. Jiang et al.

in mean J2000 equator, see Table 2. The frame used here is defined as follows, the origin is
the mass center of the primary, the xy plane is the equator of the primary, and z axis is the
spin axis of the primary. In our frame, the inclinations of Alexhelios and Cleoselene are
2.6° and 3.18°, respectively. So the inclinations of these two moonlets are small and the
results here can be used to analyze the orbits of these two moonlets. Figure 1 shows the
dynamical configuration of the two moonlets relative to the primary for the triple asteroidal
system (216) Kleopatra while Fig. 2 presents the components of inclination vectors of two
moonlets. From Fig. 2, one can conclude that the mean motion of i, and i, of each moonlet
forms an ellipse, and the amplitude of the instantaneous motion of the elliptical trajectory
for Cleoselene is bigger than for Alexhelios. Besides, Alexhelios’ i, and Cleoselene’s i,
form a quasi-periodic motion, and Alexhelios’ i, and Cleoselene’s i, form a quasi-periodic
motion.

For the motion near the surface of asteroids like Kleopatra, the perturbation method
with low Legendre coefficients can’t model the orbital motion accurately. The reason is
that the higher order terms of the Legendre coefficients need many iterations to converge
(Elipe and Riaguas 2003). Besides, there exists some orbits where the minimal distance
between the mass center of Kleopatra and the orbit is smaller than Kleopatra’s mean radius
(Jiang et al. 2015c). This means that the perturbation method with low Legendre coeffi-
cients can’t be used to model the motion near the surface of Kleopatra. However, if the
orbit is far from the surface of Kleopatra, the perturbation method with low Legendre
coefficients can also be used. The ratio of the semi-major axis of the moonlets and the
mean radius of Kleopatra are 6.7 and 10 (Descamps et al. 2011). The numerical method
uses the polyhedral model to model the gravity of Kleopatra. The numerical results fit the
theoretical results well because the orbits are far from Kleopatra, and the mass ratio of the
moonlets and Kleopatra are only 2.87 x 10~* and 1.32 x 107,

Fang et al. (2011) presented the orbit parameters of two moonlets of (153591) 2001
SN263 in mean J2000 equator, see Table 2. In our frame, the inclinations of Beta and

Velocity Magnitude

3.536e+01

3.233e-01

Fig. 1 The dynamical configuration of the two moonlets relative to the primary for the triple asteroidal
system (216) Kleopatra, the simulation duration is 28d
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Fig. 2 The numerical calculation of the components of inclination vectors of two moonlets of the triple
asteroidal system (216) Kleopatra, a the trajectory of two components of the inclination vector of moonlet 1,
b the trajectory of two components of the inclination vector of moonlet 2, ¢ the trajectory of the x
component of the inclination vector of moonlet 1 and y component of the inclination vector of moonlet 2,
d the trajectory of the x component of the inclination vector of moonlet 2 and y component of the inclination
vector of moonlet 1

Gamma are 0.33° and 13.35°, respectively. The inclinations of these two moonlets are also
small and the results here can be used to analyze the orbits of these two moonlets. Figure 3
shows the dynamical configuration of the two moonlets relative to the primary for the triple
asteroidal system (153591) 2001 SN263 while Fig. 4 presents the components of incli-
nation vectors of two moonlets. Figure 4 implies that the mean motion of i, and i, of each
moonlet forms an ellipse, and the amplitude of the instantaneous motion of the elliptical
trajectory for Gamma is much bigger than for Beta. The instantaneous motion of the
elliptical trajectory for Beta forms an ellipse while the instantaneous motion of the
elliptical trajectory for Gamma forms an elliptical disc. Additionally, Beta’s iy and
Gamma’s i, form a quasi-periodic motion, and Beta’s i, as well as Gamma’s i, form a
quasi-periodic motion. The numerical calculation validates the above theoretical
derivation.

The theoretical results say that the mean motion of x component and the y component of
the inclination vector of each moonlet forms an ellipse. From Figs. 2a, b, and 4a,b, one can
see that the inclination vector of each moonlet forms an ellipse. The relative amplitude of
the trajectory in Fig. 4b is smaller than that in Fig. 4a, because the inclinations of Beta and
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elocity Magnitude
6.561e-01
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v
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Fig. 3 The dynamical configuration of the two moonlets relative to the primary for the triple asteroidal
system (153591) 2001 SN263, the simulation duration is 600d

Gamma are 0.33° and 13.35° in the equator of the primary, respectively. Figure 4a shows
the inclination vector of Beta while Fig. 4b shows the inclination vector of Gamma. In
addition, the theoretical results say that the x component of the inclination vector of
moonlet 1 and the y component of the inclination vector of moonlet 2 form a quasi-
periodic motion, and the x component of the inclination vector of moonlet 2 and the y
component of the inclination vector of moonlet 1 form a quasi-periodic motion. From
Figs. 2c, d, and 4c, d, one can see that the component of the inclination vector between
different moonlets are coupled and form a quasi-periodic motion.

The results shown above agree with previous work based on observational data that
concluded periodical variety of the orbital parameters of different triple asteroidal systems.
Marchis et al. (2010) calculated orbital parameters of the triple asteroidal system (45)
Eugenia, and found that the inclinations of these two moonlets of (45) Eugenia are about 9°
and 18° relative to the equator of the primary, and have a periodical variety. Fang et al.
(2011) calculated the change rate of the argument of pericenter and the longitude of the
ascending node for the two moonlets of (153591) 2001 SN263. Our results also indicate
that the longitude of the ascending node have a variety. Fang et al. (2012) also investigated
the semi-major axis and eccentricity of Remus and Romulus relative to Sylvia of the triple
asteroidal system (87) Syivia, and found both of them have a periodical variety, and the
variety period are different. The previous studies only consider the inclinations of the
moonlets in the triple asteroidal system. However, the moonlets of (216) Kleopatra and
(153591) 2001 SN263 are in the orbit which is near the equator of the primary, the
inclination vector is much better to analyze the motion of these moonlets than inclination
of these moonlets (Hintz 2008). Figures 2 and 4 present the coupling motion of the
inclination vector of two moonlets in the triple asteroidal systems.
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Fig. 4 The numerical calculation of the components of inclination vectors of two moonlets of the triple
asteroidal system (153591) 2001 SN263, a the trajectory of two components of the inclination vector of
moonlet 1, b the trajectory of two components of the inclination vector of moonlet 2, ¢ the trajectory of the x
component of the inclination vector of moonlet 1 and y component of the inclination vector of moonlet 2,
d the trajectory of the x component of the inclination vector of moonlet 2 and y component of the inclination
vector of moonlet 1

4 Conclusions

The nonlinear dynamical behaviours in the triple asteroidal systems are complicated. The
primary has irregular shapes and the moonlets have relative effect. The primary’s non-
sphericity gravity, the solar gravity, and moonlets’ relative gravity are all considered in this
paper. It is found that the inclination vector for each moonlet forms a periodic elliptical
motion. The Solar gravity and moonlets’ relative gravity lead to the periodic motion for i,
of moonlet 1 and i, of moonlet 2, and the periodic motion for i, of moonlet 1 and i, of
moonlet 2. The mean motion of i, and i, of the inclination vector of each moonlet forms an
ellipse. The instantaneous motion of i, and i, may be elliptical due to the coupling effect of
these forces. The coupling effect of these forces also makes i, of moonlet 1 and i, of
moonlet 2 form a quasi-periodic motion, and i, of moonlet 2 and i, of moonlet 1 form a
quasi-periodic motion.

The numerical computation of orbital motion of two triple asteroidal systems (216)
Kleopatra and (153591) 2001 SN263 further illustrates the results. The numerical results
are compared with the research in existing literature. The moonlets of (216) Kleopatra and
(153591) 2001 SN263 motion near the equator of the primary, then the inclinations of these
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moonlets are small. To analyze the motion of these moonlet, using the inclination vector is
better than the inclination. We also compare the numerical results with the theoretical
results. It is found that the amplitude of the instantaneous motion of the elliptical trajectory
for the moonlet Cleoselene is bigger than for the moonlet Alexhelios in the triple asteroidal
systems (216) Kleopatra. The instantaneous motion of the elliptical trajectory for Gamma
looks like an elliptical disc in the triple asteroidal systems (153591) 2001 SN263.
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Appendix A

In this section, we present the derivation of Eq. (11).

For the first moonlet in the nearly circular orbit near the equatorial plane of the primary,
the perturbation force on moonlets due to the Solar gravity and the second moonlet’s
relative gravity (Tremaine et al. 2008) is

F = m’ [3 cos ¢ - (:—:) - E} , (34)

r

where all the vectors are expressed in the equatorial inertial frame of the first moonlet,r
represents the first moonlet’s position vector, r is the norm of r, r’ represents the Sun’s
position vector or the second moonlet’s position vector, 7’ is the norm of ¥/, £ represents the

angle between r and r'. For the Solar gravity, n. = ny; for the second moonlet’s gravity,
2 _ 2
I’lc = OM2MYyp-
The component of F in the normal direction of the first moonlet’s orbital plane is

J
r
2 o«
F,=F-ny =3rm;cos¢ (7 . no), (35)
where
sinisin Q COS Upg1 €OS Q1 — sin uyyy sin yr1 COS ip
.. r . . .
ng= | —sinicosQ |, —= | cosuy sin 2y + sinuy cos Qy cos iy |, (36)
r
cosi Sin uyyq SN iy
for the Solar gravity,
. cos f3,
= | sin p,cosis |, (37)

sin f3 sin i
while for the second moonlet’s gravity,

, cos Sy c0s Qun — sin fy, sin Qppp COs ipgn

r . . .
== | cos B sin Qupn + sin fiy, cos Qup cos iy |- (38)
Sin fi, sinipn

Thus the perturbation of the inclination vector due to the Solar gravity is
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di,py Fpsin(Q4 o+ M)
d My

2
= 5" sin f3; cos is(cos f3; sin i sin Q — sin ff; cos is sini cos Q + sin f3 sin i)
Ny
diy a1 Fpcos(Q+ o+ M)
dt o rny

2
= 5N — ) cos f3,(cos B, sinisin Q — sin B cosis sinicos Q + sin f, sin i)
iy

(39)
Considering that sini < 1, thus
dic 3 )\’
Mt _ —nuy . sin® B, sin 2i;
dt 4 N1 '
) ) . (40)
diy-m _ 3 s sin2f, sini
> =-n — iy
dt 4 Ml N § ’

The perturbation of the inclination vector due to the second moonlet’s gravity is

di,_pyn  Fusin(Q+ o+ M)

dt rn
2
3 Ny . .
=Smmi | — (cos Buyz sin Qyp2 + cos iy sin iy, 0S Qup2)
ny

[sinisin Q(cos fyy, cOs Qua — €OS ipra Sin By Sin Qpr)

— sinicos Q(cos By, sin Qurz + €08 ipra sin fyyn €08 Quga) + 8in iy, sinipg]
diy_y1 Fpcos(Q+ o+ M)
d

Fnyry

2
3 . .
=3 — ) (cos Byyp cOS Qura — COS ipga Sin fyyn sin Qyrr)
nmi

[sinisin Q(cos fyy, cOs iz — €08 inga Sin Py Sin Qar2)

— sinicos 2(cos B, sin Qusz + €08 ipra sin fryn €08 Quga) + 8in iy, sinipg]

(41)

Considering that sini < 1, we have

. 2
di —M1 3 . . . . P
il =—ny | — (cos Bys Sin Qurn + €08 ipra sin By €O Qppa) sin fiyy, Sinipg
dt 2 Ny
. 2 .
di —M1 3 n . . . .
ydt =3 — ) (cos Byp cOS Qur2 — COS ippa Sin Byyp SN Qprz ) S0 By siN ipgo
Ny

(42)
Neglecting the short-term of f3,,,, we have
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; 2
dir_p 3 ny2 . A
= -0y | — | sin2iyp cos Qo
: 2 : (43)
diy_m1 3 o\ . oL .
= ——amm | —— | sin2iyp sin Qypn
dt 8 1
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