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1 Introduction

An important source of examples of non-commutative manifolds in the sense of A.
Connes (spectral triples, [8]) relies on 2-cocycle deformations. For instance, the so-
called ‘isospectral deformations’ [9] of compact spin manifolds admitting an action of
a torus (or an action of the abelian group R?) may be seen as a by-product of Rieffel’s
machinery which, given a C* or Fréchet algebra A on which R? acts, produces a
one-parameter continuous field of C*-algebras {Ay}ycr with Ag = A. The cocycle
involved in this case is the usual Moyal 2-cocycle in RY. When A is the algebra
underlying a spectral triple (A, H, D), and the action of R lifts to an isometric action
on H, i.e. an action commuting with D, Rieffel machinery produces a new (family
of) spectral triple(s) (Ag, H, D). The paradigm there consists in the noncommutative
torus within its metric version.

In the present work, we generalize the deformation procedure through quantum
group 2-cocycles (Goswami and Joardar [14]) which is a way to produce new spectral
triples from a given one. Our procedure is based on the notion of monoidal equivalence
(introduced by Bichon et al. [6]) of (some subgroup of) its quantum isometry group
[13]. The generalized procedure here leads to examples that cannot be obtained by
2-cocycle deformations.

The paper is structured as follows. In the first section, we recall some basic material
and in the second we describe the deformation procedure. In the third section, we
show that 2-cocycle deformations are particular cases of our deformation procedure.
Moreover, not all examples are from 2-cocycles: in the fourth section, we give such
an example that is not a 2-cocycle deformation, proving our procedure is a proper
generalization of the one by Goswami and Joardar. Finally in the last section, we
prove that the quantum isometry group of the deformed spectral triple is a certain
deformation of the quantum isometry group of the original spectral triple.

Before we end this introduction, we will clarify some notation. Given a Hilbert space
‘H, the inner product (-, -) is linear in the second variable. Moreover, for &, n € H, £*
is the functional H — C : n — (&, n) and £n™* the rank one operator H — H : { —
&(n, ¢). We will denote by B(H) resp. KC(H) the bounded resp. compact operators on
‘H and for a bounded or unbounded operator D on H, o (D) will be used to denote
its spectrum. Given a C*-algebra A, the multiplier algebra of A will be denoted by
M(A), and for a subset B of A, we define (B) to be the linear span of B, [B] the
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closed linear span, S(B) the *-algebra generated by the elements of B and C*(B)
the C*-subalgebra of A generated by the elements of B. Furthermore, we use wg ; to
denote the linear functional which maps a € B(H) to (£, an) where &, n € 'H, having
linearity in the inner product in the second variable.

An algebraic tensor product will be denoted by ©, while the minimal C*-algebraic
tensor product and a tensor product of Hilbert spaces is denoted by ®. The tensor
product of von Neumann algebras is denoted by ®. We will also use the leg numbering
notation in three and multiple tensor products: fora € A ® A, weletapp = a ®
la,a23 = 14 ®arxzand a;3 = (Id®1)(a ® 1,4), all three elementsin A @ A ® A
where 7(a ® b) = b ® a.

For a Hopf algebra H, the coproduct, counit and antipode will be denoted by A, ¢
and S resp. We also use the Sweedler notation A(h) = h(1y ® h(). A left, resp. right
H-comodule is a vector space A endowed with a linear map @ : A — H © A resp.
a:A— AQH satistying (A ®id)a = (id @ o) resp. (¢ Qid)a = (Id® A)x. If A
is an algebra and « is multiplicative, it is called a coaction of H on A and A is called
an H-comodule algebra. If A and B are a right resp. left H-comodule algebra with
resp. coactions « and 3, A % B will denote the algebra {z € A © Bl(¢ ® id)(z) =

(d ®B)(2)}.

2 Compact quantum groups and monoidal equivalences

We start this section with a short overview of the theory of compact quantum groups.
The theory is essentially developed in [24,26] and also explained in [15].

2.1 Compact quantum groups and representations

Definition 2.1 ([26]) A compact quantum group G is a pair (C(G), A), where C(G)
is a unital, separable C*-algebra and A : C(G) — C(G) ® C(G) a unital *-morphism
such that

1. (A®id)A = (id®A)A,
2. [A(CGHICG)® D] =CG) @ CG) =[ACGHA ®CG))],

implementing coassociativity and the cancellation properties.

Moreover, there exists a unique state # on C(G) which is left and right invariant in
the sense that (id @) A(x) = h(x) 1) = (h®id)A(x) forallx € C(G) [15,24,26].
This state is called the Haar state of G. In the classical case that C(G) = C(G) for a
classical compact group G, the Haar state is the state on C(G) obtained by integrating
along the Haar measure.

It is well known that, like compact groups, compact quantum groups have a
rich representation theory [15,24,26]. A right unitary representation of a compact
quantum group G = (C(G), A) on a Hilbert space H is a unitary element U of
MKH) ® C(G)) satisfying (id® A)U = UjpU;3. Analogously, a left unitary
representation of G on H is a unitary element U of M(C(G) ® K(H)) satisfying
(A ® id)U = Uy3U23. In this paper, all representations will be right representations
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unless indicated otherwise. The dimension of H is called the dimension of the rep-
resentation. Identifying M(K(H) ® C(G)) with B(H ® C(G)), the C*-algebra of
C (G)-linear adjointable maps on the Hilbert-C*-module H ® C (G), we will also see
representations as maps u : H — H ® C(G) : § — U(§ ® 1¢(q)) satisfying that
W®. ume@ = E Ml @ ® idu = (d @ A and [u@E)(1 ® a) : § €
H,a € C(G)]=HQQCG).

Moreover, there is the notion of tensor product of representations: if U and V
are representations of a quantum group G = (C(G), A) on Hilbert spaces H1, Ha,
respectively, the tensor product U @ V of U and V isdefinedas U @ V = Uj3Va3 €
MK (H; ® Hz) ® C(G)). Furthermore, we call a representation U of G on H irre-
ducible if Mor(U, U) = Cl g3y, where

Mor(U', U?) := (S € B(Ha, HDI(S @ l¢@)U? = U (S ® le(g))

for representations Uy and U on H; resp. Hz. An important result states that every
irreducible representation is finite dimensional and that every unitary representation
is unitarily equivalent to a direct sum of finite dimensional irreducible representa-
tions. Finally, for every irreducible unitary representations, there exist the notion of
contragredient representation [15,26].

For a compact quantum group G, we denote by Irred(G) the set of equivalence
classes of irreducible representations of G, and for x € Irred(G), we will always take
a unitary representative U* € B(H,) ® C(G). By ¢, we will denote the class of the
trivial representation 1¢ ().

Also for a compact quantum group G = (C(G), A) and an equivalence class
x € Irred(G), we will denote by (g, ®id ¢ (G)) U™ amatrix coefficient where &, n € H
and define O(G) to be the linear span of matrix coefficients of all irreducible (hence,
finite dimensional) representations of G:

O(G) = ((we, ® idc() U |x € Irred(G), &, n € Hy),

even more, the matrix coefficients of the irreducible representations form a basis of
O(G). Note that O(G) is a unital dense *-subalgebra of C(G) which has, endowed
with the restriction of A to O(G), the structure of a Hopf *-algebra. This is a very
nontrivial result obtained in [26]; see also [15]. Also, for ax € Irred(G), let O(G), =
((we,y ®idc)UY|E, n € Hy). Then, we have A : O(G), — O(G), © O(G), and
0G); = 0G5

Definition 2.2 ([3]) Let G be a compact quantum group. The reduced C*-algebra
C,(G) is defined as the norm closure of O(G) in the GNS-representation with respect
to the Haar state 2 of G.The universal C*-algebra C,, (G) is defined as the C*-envelope
of O(G). Note that if G is the dual of a discrete (classical) group I', we have C,(G) =
CH(I). Cu(G) = C(I).

Remark 2.3 Note that for a given compact quantum group G, we have surjective

morphisms between the different completions of O(G): C,(G) — C(G) — C,(G).
We will think of all these algebras as describing the same quantum group.
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Definition 2.4 Let G = (C,(G), Ag) and H = (C,(H), Ap) be compact quantum
groups equipped with their universal C*-norms. Suppose moreover that there exists a
surjective map 0 : C,(G) — C, (H) satistying Ay o 6 = (6 ® 8)Ag. Then we call
H a quantum subgroup of G. Equivalently, G is called a quantum supergroup of H.

Definition 2.5 ([15]) Let G be a compact quantum group. Let

0(G) = Bremea@BMy), G =[] BH..
x€lrred(G)

Then we call G the dual quantum group of G which has the structure of a discrete
quantum group (see [20] for the definition and results).

Using the notation V = @ ¢frred(G) U™, We can define the dual comultiplication
A ®(G) > 2GR (G) : (A ®@id) (V) = Vi3Va3.

2.2 Actions of compact quantum groups and the spectral subalgebra

Definition 2.6 ([18]) Let B be a unital C*-algebra and G = (C(G), A) a compact
quantum group. A right action of G on B is a unital *-homomorphism 8 : B —
B ® C(G) such that

L. (B®idcG))B = (idp ®A)B
2. [B(BY(1®C(G)]=B®C(G).

Analogously, a left action is a unital *-morphism 8’ : B — C(G) ® B satisfying
the analogous conditions. We say that the action is ergodic if B# = {b € B|B(b) =
b® 1} = Clp.

One can choose to call the map in this definition ‘a coaction’ as it is a coaction of the
C*-algebra C(G) on B. However, we choose to call it an action of the compact quantum
group to be compatible with the classical case: if C(G) = C(G) and B = C(X) with
G a classical compact group and X a compact space, it is an action of G on X.

One can prove that in the case of ergodic actions, there is a unique invariant state
on B [7], which we will denote by w.

Note that the most evident example is a quantum group acting on itself by comul-
tiplication. In that situation, one can check that w = h.

Using the intimate link between the ergodic action of a compact quantum group
on a unital C*-algebra and the representations of the quantum group, one has the
following result.

Proposition 2.7 ([7]) Let B be a unital C*-algebra and 8 : B — C(G) ® B a left
ergodic action of G on B. Define for every x € Irred(G),

K. ={t € H: ® B | U213 = (idy, ®B) ¢}

@ Springer



678 L. De Sadeleer

and
By =((§"®1p)¢ | ¢ € Ky, & € Hy).
Then, the spaces By with x € Irred(G) are called the spectral subspaces of B and
B=(¢"®1p)¢ | x € Irred(G), ¢ € Ky, § € Hy)

is a dense unital *-subalgebra of B, which we will call the spectral subalgebra of
B with respect to B. Moreover, B is an algebraic coaction of the Hopf *-algebra

(O@G), A) on B.

Remark 2.8 An action 8 : B — B ® C(G) of G on B is called universal if B is the
universal C*-algebra of B. It is called reduced, if the map (id ®%)8 : B — B onto
the fixed point algebra B? is faithful.

In Remark 2.3, we saw that a compact quantum group can be described using dif-
ferent C*-algebras, having the same underlying (dense) Hopf *-subalgebra. Similarly
here, given an action 8 : B — B ® C(G) of G on B, passing through B we can asso-
ciate to it its universal and reduced C*-completions B, and B,, and we have surjective
morphisms: B, — B — B,.

2.3 Monoidal equivalences between compact quantum groups

Definition 2.9 ([6]) Let G| = (C(Gy), A1) and G, = (C(Gy), Aj) be two compact
quantum groups. G and G» are called monoidally equivalent if there exists a bijec-
tion ¢ : Irred(Gy) — Irred(G2) which satisfies p(eg,) = &g, together with linear
isomorphisms:

¢ Mor(Xx1 ® - X, Y1 ® -+ - ® yi)
— Mor(p(x) ® -+ @ ¢(xr), (V1) @ - - - @ (yk)),

satisfying

) =1, oS®T) =9(S) ®¢(T),
(S =), @(ST) = (SHe(T) 2.0

whenever the formulas make sense. The collection of maps is called a monoidal equiv-
alence.

Note that this is indeed the usual definition of equivalence between strict monoidal
categories, but adapted to the concrete case of the category of representations of a
compact quantum group.

Definition 2.10 ([6]) Let G = (C(G), A) be a compact quantum group. A unitary
fiber functor is a collection of maps ¥ such that

o forevery x € Irred(G), there is a finite dimensional Hilbert space Hy (x),
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e there are linear maps

Y iMor(x] ® - @xk, Y1 Q- ® Ys)
= B(Hyy) ® - @ Hy(y), Hyan) ® - @ Hy ) (22)

which satisfy the Eq. (2.1) of Definition 2.9.

Remark 2.11 ([6]) To define a unitary fiber functor it suffices to attach to every x €
Irred(G) a finite dimensional Hilbert space Hy (x)(H, = C) and to define the linear
maps

Y :iMor(x1 ® - ®@xk, ) = B(Hyu), Hyo) ® - @ Hy ()
for k =1, 2, 3 satisfying

y() =1 (2.3)
V(S Y(T) = Y (S*T) if S €e Mor(x @ y,a), T € Mor(x ® y,b), (2.4)

W () ®iDY(T) = v (S®id)T) if S € Mor(x ® y,a), T € Mor(a ® z,b),
(2.5)

(d @ Y (SNY(T) = Y ((d® $)T) if S € Mor(x ® y,a), T € Mor(a ® z,b),
(2.6)

together with a non-degenerateness condition
[V (S)éla € Irred(G), S € Mor(b ® ¢, a), & € Hy )] =Hywp) ® Hy©o-

In fact, the notions of unitary fiber functor and monoidal equivalence are equivalent,
which is stated in the following proposition, taken from Proposition 3.12 in [6].

Proposition 2.12 Let G| be a compact quantum group and r a unitary fiber functor
on it. Then there exists a unique universal compact quantum group G, with underlying
Hopf algebra (O(Gy), A2) with unitary representations UV ™) e B(Hy ) ® C(Gy),
x € Irred(Gy), such that

L USOULP@($) @ 1) = ((S) @ HNUYS forall S € Mor(y ® 7, x),
2. the matrix coefficients of the UY™), x € Irred(Gy) form a linear basis of O(G»).

Moreover; the set {UY™® |x e G} forms a complete set of irreducible representations
of Gy and the unitary fiber functor ¥ on Gy will induce a monoidal equivalence
¢ .Gy — Gy

The following theorems of Bichon et al. will be crucial in our main result. They
explain what extra structure a monoidal equivalence induces.
The first theorem follows from Theorem 3.9 and Proposition 3.13 of [6].
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680 L. De Sadeleer

Theorem 2.13 ([6])! Let G| be a compact quantum group and let \ be a unitary
fiber functor on Gy. Denote with ¢ : G| — Gy the monoidal equivalence induced by
Y (see previous proposition).

1. There exists a unique unital *-algebra B equipped with a faithful state w and
unitary elements X* € B(Hy(x), Hx) © B for all x € Irred(G1) satisfying
(a) X'1V3X§3(<p(S) R = QDX forall S € Mor(y ® z, x),
(b) the matrix coefficients of the X* form a linear basis of B,
() (MRw)(X*) =0ifx #e.

2. There exist unique commuting coactions By : B — O(G1) © Band > : B —
B © O(Gy) satisfying

(d® B1)(XY) = UHXY; and (d® Bo)(X*) = X1, U

for all x € Trred(G). Moreover, w(b)1p = (h ® idp) B1 (D).

3. The state w is invariant under By and B;. Denoting by B, the C*-algebra generated
by Binthe GNS-representation associated with w and denoting by B, the universal
enveloping C*-algebra of B, the Hopf algebraic coactions By and 8, admit unique
extensions to actions of the compact quantum groups on B,., resp. B,,. These actions
are reduced, resp. universal and they are ergodic and of full quantum multiplicity
(see [6] for the definition).

Definition 2.14 In what follows, we will call B the G; — G,-bi-Galois object associ-
ated with ¢.

In the spirit of this theorem, we can introduce the notion of isomorphism of unitary
fiber functors, which will be equivalent to the isomorphism of the associated bi-Galois
objects.

Definition 2.15 (Def. 3.10 in [6]) Let ¥ and v’ be two unitary fiber functors on
a compact quantum group G. We say they are isomorphic if there exist unitaries
uy € B(Hy(x), Hy(x)) such that

Y'(S) = (uy, ® - Quy )Y (S)(uy, ® - uy )

forall S e Mor(y1 @ - ® yk, X1 @ - - @ X).

Proposition 2.16 Let vy and v’ be two unitary fiber functors on a compact quantum
group G. Let By and By, be the associated bi-Galois objects with respective coactions
By s ,31’//. Then, ¥ and V' are isomorphic as unitary fiber functors if and only if there
exists a *-isomorphism X : By, — By, satisfying (A ® id) By, = By’ A.

Moreover, De Rijdt and Vander Vennet proved in [11] that there exists a bijection
between actions of monoidal equivalent compact quantum groups. Indeed, let G| and

1 In the original statement of [6], the coaction B is a right coaction of O(G1), but for what follows, we
want a left coaction of O(G1) and a right coaction of O(G»). Applying Bichon’s theorem on the inverse
monoidal equivalence ¢’ : Gp — G, one gets the theorem stated here. Note that, when doing that, we
should write X¥©), x € Irred(G), but for notational convenience, we write X*, x € Irred(G).
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G» be two compact quantum groups, and ¢ : G; — G, be a monoidal equivalence
between them. Let B, 81, B2, X* be as in the previous theorem. Suppose moreover
that we have a C*-algebra D; and an action «; : D; — D; ® C(Gy) of Gy on Dj.
Using the dense Hopf *-algebras, we have a coaction «; : D1 — D1 © O(Gy) of
O(Gy) on Dy and we can define the *-algebra:

Dy, =Dy 0(% )B ={a € D1 © Bl(a1 ® idp)(a) = (idp, ®B1)(a)}.

Moreover, in [11], the authors prove that the same construction with the inverse
monoidal equivalence ¢~ will give D; again up to isomorphism.

Theorem 2.17 Given the data above, there exists an action o = (id ® 82) Ip, ON D:.
Moreover, if a1 is ergodic, oy is ergodic as well.

To end this subsection, we have alook at the inverse monoidal equivalence. We rephrase
Proposition 7.6 from [11] in our notations.

Proposition 2.18 Let G| and Gy be two compact quantum groups and ¢ : G| —
G» a monoidal equivalence with bi-Galois object B. Denote by ¢! : Go — G
the inverse monoidal equivalence with bi-Galois object B generated by the matrix
coefficients of unitaries Z° € B(H,-1(y), Hy) © B, y € Irred(G,) and coactions

81 : B— BO O(Gy) and §; - B — OGy) © B such that
(d@s)Z° = ZLU% O and  (d®8)ZY = UlLZ),.
Then,

7:0G)—B O B with (dem)UY) = X},Z0%Y
OG2) )

is a *-isomorphism intertwining the comultiplication A with the coaction (8 ®id) =
(id ®41).

3 Deformation procedure for spectral triples

Before we start with the description of the deformation procedure, we recapitulate the
notion of spectral triples and that of CQG acting on spectral triples.

3.1 Spectral triples and compact quantum groups acting on them

Definition 3.1 ([8]) A (compact) spectral triple (A, H, D) consists of

1. aunital *-algebra A acting as bounded operators on H,

2. a Hilbert space H,

3. an unbounded self-adjoint operator D on H with compact resolvent such that
[D, a] is bounded for all a € A.
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Definition 3.2 ([8]) Two spectral triples (A1, Hi, D1) and (A3, Hp, Dy) are called
isomorphic, if there exists an isomorphism of Hilbert spaces ¢ : H; — H> and
an isomorphism of *-algebras A : A; — Aj such that D = Dy¢ and ¢p(a§) =
Aa)p (&) for arbitrary & € Hy,a € Aj.

In [4,13], Bhowmick and Goswami described how compact quantum groups can
act isometrically and be orientation-preserving on a non-commutative manifold, i.e. a
spectral triple.

Definition 3.3 ([4]) Let (A, H, D) be a compact spectral triple, G = (C(G), A) a
compact quantum group and U a unitary representation of G on H. Then, G is said to
act by orientation-preserving isometries on (A, H, D) with U if

o for every state ¢ on C(G), we have Uy D = DUy where Uy = (id ®¢)(U),
e (Id®¢) o ay(a) € A’ for all a € A and state ¢ on C(G); where ay(T) =
U(T ® HU* for T € B(H).

This definition is a very strong one: it ensures the existence of a universal object in
the category of all compact quantum groups acting by orientation-preserving isome-
tries. However, in some cases, the second condition is too weak: the quantum group
representation on 7 may behave badly with respect to the algebra A in the sense that
the induced action of the CQG on A is not a CQG-action on the C*-closure of A. This
is in some situations a disadvantage. Therefore, we note the following proposition of
Goswami, found in [14].

Proposition 3.4 Let (A, H, D) and (C(G), A, U) be as above. Then there exists a
unital *-algebra Ay such that

1. Ay is SOT-dense in the von Neumann algebra M = A",
2. ay is algebraic on Ay, ie. (er)‘A1 A — AL O O@G),
3. [D, a] is bounded for every a € Ay,

4. (A1, H, D) is again a spectral triple.

Proof This follows from sections 4.4.3 and 4.4.4 and theorem 4.10 in [14]. m]

Driven by Proposition 3.4, we will use the following definition:

Definition 3.5 Let (A, H, D) be acompact spectral triple, G = (C(G), A) acompact
quantum group and U a unitary representation of G on H. Then, G is said to act
algebraically and by orientation-preserving isometries on (A, H, D) with U if
e for every state ¢ on C(G), we have Uy D = DU, where Uy = (id ®¢)(U),
e «ay isalgebraicon A, ie. (ay)|, : A — AQO(G) whereay (T) := U(TQ1U*
for T € B(H).

In what follows, we will always work with compact quantum groups acting alge-
braically on the algebra A.

3.2 Deformation procedure for spectral triples

In this subsection, we will describe the actual deformation procedure for spectral
triples. The deformation data to start with are:
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e aspectral triple (A, H, D) of compact type,

e a compact quantum group G; = (C(Gy), A1) acting algebraically and by
orientation-preserving isometries on (A, H, D) with a unitary representation U
and

e a unitary fiber functor ¥ on G;.

The unitary fiber functor will induce a new compact quantum group G, and a
*-algebra B with left resp. right coaction of O(Gy) resp. O((G5). Using this, one can
deform the data one by one to obtain a new, deformed, spectral triple on which G,
acts in an appropriate way.

To be more precise, consider the following:

1. As ¢ is a unitary fiber functor on G, following Theorem 2.13 there exists a
compact quantum group G, and a monoidal equivalence ¢ : G; — G2. We will
call G, the deformed quantum group.

2. Let (B, w) be the *-algebra and faithful invariant state associated with ¢ with the
coactions

B1:B— OG)OB and B :B— BO OG)).

3. Let X* € B(Hy(x), Hx) © B be the unitaries such that
(d@BNX* = UhXY; and  (d® ) X" = X,URY.

4. Letu : H—> HQ® C(Gy) : £ — U(& ® 1) be the representation of G; on H and
denoteby « =ady : A > AQ O(G)) : a — Ula ® l¢@,))U* the algebraic
coaction of O(Gy) on A.

We start by introducing the deformed data and proving some basic facts about them.

Proposition 3.6 Defining L>(B) to be the GNS space of B with respect to o and
A : B — L?*(B) the GNS map, we have that :

1. there exists a unitary representation ,Bi of C(Gy) on L2(B) such that ﬂi (A(D)) =
Id @A) (B1(b));
2. By is ergodic, i.e. if § € L*(B) such that | (£) = 1 ® £, then & € CA(1p).
3. The vector space H % L*(B) = {§ € H® L>(B)|U12é13 = (idyy @) ()} is
C(Gy)

a Hilbert space which we denote by H.

Proof 1. As w is faithful on B, A is injective and hence 8] is well defined on A (B).
Using that B is a well-defined coaction of O(G) and that  is Bi-invariant, S
can be extended to a unitary representation on L?(3).

2. Let & be an element in L%(B) satisfying ﬂi(é) = 1 ® &. Take a sequence (b,),
in B with A(b,) — & in L?-norm, then for P = (h ® id;2(5))B]| we see that
P(A(by)) - P(&) = & since P is a continuous operator on L*(B). Seeing that
P(A(D,)) = w(b,)A(18) € Clg concludes this proof.
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3. It follows directly that H X L>*(B) is a vector subspace of the tensor product
CGy)

Hilbert space H ® L>(B). As the representations u and B; of Gi on H resp.

L?(B) are continuous and H C(% ) L?(B) is the kernel of u ® id;2p) —idy ®B],
1

H K L*(B) is complete.
CGy)

Proposition 3.7 We have

1. H, X L*(B) is isomorphic with Hyx) for all x € Irred(Gy).
C(Gy)

H K LB=E v 1 LB
C@Gy) reowy  CGV

where V), is the eigenspace of A € o (D).

3. Vi, ® L%(B) is finite dimensional for each A € o (D).
Cc(Gy)

Motivated by the first fact, we will call Hy () the deformation of H, for x € Irred(Gy).
Proof 1. Analogously to H X L*(B), we define for x € Irred(G1)
C(Gy)

Hy 2 )LZ(B> = {z € H, ® L*(B)|Uz13 = (id ®B))(2)}.
1

Now note that, for x € Irred(Gy) and & € Hyn), X*'(¢ ® A(lp) €
He X L*(B), and for z € Hy K L*(B), (idy,,, ®0))(X**2) € Hywm

c@G) C@G) o
where o] : L?>(B) - C : n +— (A(1), n). Hence, we can define the follow-
ing maps:

fr 1 Homy = He R LYB) : & —> X* (¢ @ A(1p)),
C(Gy)

e Hy X L*B) — Ho) 2 (idy

Q) (X**z).
C(Gy)

@(x)

Using that ,6{ is ergodic (Proposition 3.6(2)), one can check that g, (z) @ A(1p) =
X**z which ensures that f; and g, are inverse to each other. Finally, using that
X" is unitary, it is easy to see that f, and g, are also unitary.

2. Note first that as D has compact resolvent, there exists a sequence of real eigen-
values (A,), with finite dimensional eigenspaces and such that lim,,_, oc A, = 00.
Hence, wehave = D, ., (p) Vi andalso HQL?(B) = Dico ) VAi®L2(B). As
U and D commute, there is a subrepresentation U, of U on V,, for every eigenvalue
A, such that for Vj C(% )LZ(B) = {& € Vi @ L) (B)|(Un) 12613 = (id ®B)E},

1

we have

H R LXB)= P v x L*B).
CG) reow)  CED
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3. Finally, decomposing U, into irreducible representations of G|, we have V;, =
Hy, @ - ® Hy, forsome! € N, x; € Irred(Gy). Hence,

Vi ® L’B)=Hy ®--- ®Hy) K LEB)
CGy) C(Gy)

(Hxl X L (B))ea @(Hx, (x)LZ(B))
1

= Hox) @~-~@H¢(x,), 3.1)

where we used the first statement of this proposition. This last direct sum of finite

dimensional Hilbert spaces implies V5 & L?(B) to be finite dimensional. O
C(G)

Proposition 3.8 D ® id;2 g, restricts to an unbounded self-adjoint operator D on
H =H K L%(B) of compact resolvent.
G

Proof As D has compact resolvent, its restriction D, to V; is multiplication with A for

every A in the spectrum. Therefore, D) ®id can be restricted to V), X L? By CcV®
C(Gy)
L%(B). Taking the direct sum, we get an unbounded operator DonH X L2(B)with
C(Gy)
domain {(§:)n € D;,co(p) Vin C(% : L2(B)| 3, 1a?1ElI* < oo}. By construction,
1

we have D = ZAEU(D) A(P), ® id), where P, is the projection H — V,. Hence,
it has compact resolvent by proposition 3.7(3) and self-adjoint as D is self-adjoint.
Moreover, as H @ L*(B) = @)\EU(D) Vi, ® L%(B), it is the restriction of

DRidpp = P Di®idpeg: @ Vi®L*B)—> P Vi®L*B)
reo (D) reo (D) reo (D)

toH X L?*(B), concluding the proof. O
C(Gy)

Proposition 3.9 Define A = A 0 B = {z € A0 B |(@¢ ® idg)(z) =
OGy)
(id 4 ®B1)(2)}. Then A is a *-algebra endowed with a coaction ar = (id ®,32)|A :

A— Ao ) O(G2) of O(Ga). Moreover; A acts by bounded operators on'H: for z € A,
we have L CH — H~ v > zv by multiplication on B and action of A on H as a
bounded operator on 'H.

Proof The first statement is an application of Theorem 2.17. For the second, note that
A c A® Band A B act by bounded operators on H ® LZ(B) Hence, it suffices
to prove that A leaves # invariant. Indeed, we have fora € A, & € H,

(idy ®B1)(aé) = (id 4 ®B1)(a) (idy @B (&)
= (¢ ®1dp)(@)U2&13 = U2ai3ULUé1z = Uia(aé)s.

O
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Theorem 3.10 (A, ’F(, 5) constitutes a spectral triple.

Proof Combining all the previous propositions, it suffices to prove that the commutator
of D with an element a € A is bounded. For that, we will first prove that A leaves
the domain of D invariant and secondly we will prove that the commutator of D and
an arbitrary ¢ € A is bounded. Let z be an arbitrary element in A © B and let &
be an arbitrary nonzero vector in dom(D ® id). We will prove z& € dom(D ® id).
As & € dom(D ® id), there exists a sequence &, in dom(D) © L?(B) such that
simultaneously &, — & and (D ® id)§, — (D ® id)é for n — oo. Note that as A
leaves the domain of D invariant, A © B leaves the core dom(D) ® L*(B) of D ® id
invariant and hence z&, € dom(D) ® L2(B) for all n. Moreover, as .4 has bounded
commutator with D, one can prove that [ D ®id, z] is bounded on dom(D)® L?(B) and
(D ®id)z(&), is a Cauchy sequence and thus converging. As z&, is an element of the
core converging to z&€ and (D ®id)z(&,)), converges, we know that z& € dom(D®id)
and (D ® id)z§, — (D ® id)z&. We can conclude that (A © B)(dom(D ® id)) C
dom(D ® id) and it follows directly that .A(dom(D)) c dom(D).

Finally, we prove that Dz — zD is indeed bounded on the domain of D. Let & €
dom(D) be arbitrary and take a sequence &, — & indom(D) ® L%(B). Then we know
from above that simultaneously

(D ®id)z§, — (D ®id)z¢€,
(D ®id)§, — z(D ®id)&

and that [D ® id, z] is bounded on dom(D) © L%(B). Combining that, one can prove
that indeed Dz — zD is bounded on the domain. m]

Theorem 3.11 There exists a unitary representation U of C(Gy) on H & L*(B)
Gn

such that G, acts algebraically and by orientation-preserving isometries on (A H, D)
with U.
Proof Using the coaction 8, : B — B © O(G») and the CQG-action 8, : B, —

B, ® C(Gy), one can construct, along the lines of Lemma 5 in [7] and the discussion
above it, a representation Uy € M (K(L?(B)) ® C(G3)) such that

Uo(A(b) ® a) = (A ® idc(g,) (B2 (b)(15 ® a)).
Moreover, we know this is a unitary representation and furthermore,
Ba(b) = Up(b @ id) U (3.2)

Now, one can prove that idy QUy € MK(H ® L%(B)) ® C(G»)) restricts to a
representation U € M(K(H XK L*(B)) ® C(G»)). Indeed, as B; and B, com-
C(Gy)

mute, one has (8] ® idC(Gz))Uo = (id¢(G)) ®(70)(/31 ® id¢(g,)), and hence for
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EeH X L*B)anda € C(Gy), one has
c(Gy)

(idy ®B] ® idc(G,)(idy ®Uo) (¢ ® a)
= (idy ® idc(G,) ®U)(idy ®B] ® idc(G,) (¢ ® a)
= (idy ®idc,) ®U0) (U ® id 25 @ idc(G,)) (€13 ® )
= (U ®id;2(p) ®idc(G,) ((dy ®U)E ® a)) 4,

Then it suffices to prove that U commutes with the Dirac operator of the deformed
spectral triple and that there is a coaction of O((G3) on A. As D is the restriction of
D®id;2p) and U is the restriction of idyy ®Uy, it follows directly that they commute.
Using Theorem 2.17, we know that, given the coaction

aj=ady: A— AOQOG)) :a— U(a®idy)U",

there is a coaction «y : A— Ao O(Gy) : 7z = (id4g ®B2)(z). Using (3.2), ap =
id 4 ® ad 0o and regarding elements of A as operators on 7, we have ap = adj; . O

Theorem (Main result) 3.12 Let (A, H, D) be a compact spectral triple and let
Gy = (C(Gy), Ay) be a compact quantum group acting algebraically and by
orientation-preserving isometries on (A, H, D) with a unitary representation U.
Moreover, let W be a unitary fiber functor on Gj.

Then there exist a spectral triple (A, ’H, D), a compact quantum group Gy =
(C(G2), Ay) monoidally equivalent to Gy and a unitary representation U of Gy on
H such that the monoidal equivalence is associated with  and Gy acts algebraically
and by orientation-preserving isometries on the new spectral triple with U.

Denoting B to be the (G| — G»)-bi-Galois object, one has

A=A @O B, H=H X L*B), D=D®id;2pn).. ((3.3)
0@G) c@) LB) 17

In what follows, we will call this deformation procedure ‘monoidal deformation’.
To end this section, we will show that via the inverse monoidal equivalence on the
deformed quantum group and spectral triple, one can obtain the original data again.

Theorem 3.13 Let (A, H, D) be a spectral triple, Gy a compact quantum group
acting algebraically and by orientation-preserving isometries on (A, H, D). Let Y be
a unitary fiber functor, inducing a monoidal equivalence ¢ : G| — Gy with bi-Galois
object B. Denote by ¢! : Go — G the inverse monoidal equivalence with bi-Galois
object B. Then,

A@ BE BH KR LB R LB),Deid g eid )
( OG) 0OGy) C(Gy) C(G) L*(B) 12(B)

is isomorphic with (A, H, D) as spectral triples (Definition 3.2).
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Proof From Proposition 2.18, one obtains the following *-isomorphisms:

A¥A D oGS A B B B
OGy) OGr) 0OGy)

which are all compatible with the coaction of C (G»). Furthermore, recall the unitaries

fE Hypy = Ha % L*(B) : £29 5 X* (YY) ® A(1p))
C(Gy)

for x € Irred(Gy) of proposition 3.7. Note that these unitaries intertwine the repre-
sentations of G, on the two Hilbert spaces. We then also have

—1 - 5
Fhoy Mo = Hooo B LPB) in* > 29 (" @ Al ),
C(Go)
and combining them we have a unitary:

0% H, — Hy C(% )LZ(B) C(% )LZ(B) e X520 @ A(lp) ® Alp).
1 2

Denoting by X and Z resp. @ crred(G,)X™ and @Xdrred((gl)zwm (where we take the
direct sum over the decomposition H = @y crred(G,) Hx ), We then have a unitary

0= @®rermed by - H—H K L*B) ® L*B):
C(Gy) C(Gy)
E— X1nZi3(E @A) ® A(lp)

and hence

(d®@m)(ay (@) (§) = (d@ ) (U@ ® le@))U)X12Z13¢ @ A(lp) @ A1)
=X1Zp@®1p® 15)Z5XHX12Z13¢E @ A1) ® A(ly))
= X12Z13(a€ ® A(15) ® A(1p)) = 6(ak), (34

proving that 6(a§) = (id ®m)(ay (a))(0(§)). This concludes the proof. O

4 Cocycle deformation of spectral triples

In this section, we will fix a spectral triple (A, H, D), a quantum group G acting
algebraically on it by orientation-preserving isometries and a unitary fiber functor v
on G, which satisfies dim(H,) = dim(Hy )) for every x € Irred(G). Unitary fiber
functors which satisfy this condition will be called dimension preserving and monoidal
deformation via a dimension-preserving unitary fiber functor, a dimension-preserving
monoidal deformation. Bichon et al. proved in [6] that dimension-preserving unitary
fiber functors are in one-to-one correspondence with 2-cocycles on the dual quantum
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group. Using this, we will prove that dimension-preserving monoidal deformation
is equivalent to the cocycle deformation introduced in [14]. In this section we will
frequently use slight adaptations of the work of Bichon et al. [6].

4.1 Cocycles on the dual of a compact quantum group

Let G be a compact quantum group.

Definition 4.1 2> Let G be a compact quantum group and (co (G) A) its dual. We say
a unitary element Q2 € ./\/l(co((G) ® co(G)) is a 2-cocycle on G if it satisfies

(Q® DA ®id(Q) = (1 2)(doA)(Q). “.1)
Denoting for x € Irred(G), p, to be the projection CO(G) — B(H,), we will say a

cocycle is normalized if (p, ® id)Q2 = p, ® id and (id ® p;)2 = id ® p,. From now
on, we will always assume 2-cocycles to be normalized.

Proposition 4.2 ([6]) Let Q be a normalized unitary 2-cocycle on G and denote
Q0 = (Q® DA ®iQ) = (1©(de A) Q).

Then there exists a unique unitary fiber functor ¥q on G such that
Hyo) =He,  ¥a(8) =S, yo(T)=QxT

forall S € Mor(y ® z,x) and T € Mor(x ® y ® z,a) and x,y,z € Irred(G).
Moreover, it is dimension preserving.

Proof The proof follows directly as our v satisfies the conditions of Remark 2.11.
That it is dimension preserving follows directly by construction. O

Using this unitary fiber functor, one can make a new compact quantum group

Gga = (C(Gg), Ag) [6] and a monoidal equivalence ¢ : G — GQ alopg the lines of
Proposition 2.12. Note that the dual quantum group will be (co(Gg), Ag), where

aGe)= P BH)=coG)

xelrred(G)
and
Aq(@¥a(S) = Ya(S)a

in which Ag(a) = QA(a)Q*.

2 In [6], the authors use another convention for cocycle. In fact, if € is a cocycle in our sense, * is one
in the sense of Bichon and coauthors.
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Proposition 4.3 ([6]) For every dimension-preserving unitary fiber functor ¥ on a
quantum group G, there exists a normalized unitary 2-cocycle Q on G such that

v = va.
Proof The proof is a slightly adapted version of the proof of proposition 4.5 in [6]. O

This theorem tells us that every dimension-preserving monoidal equivalence comes
from a cocycle. The next step to prove that a dimension-preserving monoidal defor-
mation of a spectral triple is a cocycle deformation is to introduce the algebraic notion
of a 2-cocycle. We will prove that every 2-cocycle on the dual of a compact quantum
group induces an algebraic 2-cocycle on the compact quantum group and that the
monoidal deformation is equivalent to a cocycle deformation of the spectral triple as
was introduced by Goswami in [14].

4.2 Algebraic 2-cocycle deformation of a spectral triple
We will start with defining the algebraic counterpart of a 2-cocycle on the dual of a
compact quantum group. In algebraic literature (for example Schauenburg [19]), the

definition and theorems are stated for Hopf algebras. We make slight adaptations to
Hopf *-algebras.

Definition 4.4 Let H be a Hopf algebra.

1. An (algebraic) dual 2-cocycle on H is a linear map o : H © H — C, such that

o(aqy, bay)o(apb), c) = o(bqy, cay)o(a, boyco))
for all a, b, c € H. Moreover, a dual 2-cocycle is called normalized if o (1, h) =
o(h,1)=¢(h)forallh € H.

2. A dual 2-cocycle is called invertible if there exists a linear map o’ : H©® H — C
such that

o(agy, bay)o'(awy, b)) = e(@)e(b) = o'(aqy, bay)o(aw), bw)).

In this case, o’ is called the inverse dual cocycle and written as o~ L. Moreover,
o~ ! satisfies

oM ambay, )0 aw), b)) = o~ @, bayeayo T by, c@)-
3. If H is a Hopf *-algebra, a dual 2-cocycle o is called unitary if it satisfies
oa,b) =0~ (S@*, SB)).
In that case, we also have

o~ Ya, b) =o(Sa)*, S(b)*).
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In the rest of the section, when we use 2-cocycles on Hopf *-algebras, we will
always assume them to be unitary.

Using such a dual 2-cocycle, we can make a new *-algebra and several new H-
comodule *-algebras. We will use the following linear maps:

e U:H—C:h o(hqay, S(he)),
e V:H—>C:h UGS Lh).

One can prove that for U~ (h) = o1 (S(h)), h2)) and V=1(h) = U~1(S~ 1 (h)),
one has U(ha))U ™ (ha) = e(h) = U~ (ha)U(hw)) and V(ha)V ' (ha) =
e(h) = V=1 (ha)V(h@y).

Definition 4.5 Given an invertible dual 2-cocycle o on a Hopf *-algebra
(H,A,¢e, 8,*), we define (H?, Ay, &5, Si,* ) to be the twisted Hopf *-algebra,
which

is isomorphic to H as a co-algebra,

has multiplication defined by g -5 h = o (g(1), h(l))g(z)h(z)ﬁ_l(g@), h@3)),
has antipode S, (h) = U(h(l))S(h(z))U_l (ha)),

has counit &, = ¢

. . - 71
and has involution h* =V (h;‘l))h?z)V(hg)).

Definition 4.6 We define

1. C#,H tobe a H® — H-bicomodule *-algebra which
e is isomorphic to H as right H-comodule,
e has twisted multiplication (1#g)(1#h) = o (g1, h())#82)h(2),
e has a coaction B1 : C#, H — H © (C#, H) : (1#h) — h1) @ (1#h(2)),
e and has involution (1#h)*CteH = l#V‘l(h’(“l))h’(“z)
and
2. H,—1#Ctobe a H — H?-bicomodule algebra which
e is isomorphic to H as left H-comodule,
e has twisted multiplication (g#1)(h#l) = g(l)h(l)#a_l(g(z), h(z)),
e has a coaction B : H,—1#C — (H,—1#C) © H? : (h#1) — (hq)#1) @ h(2),

e and has involution (h#1)*#o-1#C = hiy V (hiy)#1.

Definition 4.7 Let H be a Hopf *-algebra and o an invertible dual 2-cocycle on H.
Let A be a right H-comodule *-algebra with coaction « : A — A © H. We define
A,—1#C to be aright H?-comodule *-algebra which

e is isomorphic to A as vector space,

o has multiplication (a#1)(a'#1) = a(o)aio)#o_l(am, bay),

e hasacoaction@ : A,-1#C — (A,-1#C) © H? : (a#l) — (a@#1) ® aq),
[ ]

and has involution (a#1)*C*oH = aq)V (afy)#l.

Theorem 4.8 Let H be a Hopf *-algebra and A a right H-comodule *-algebra with
coactiona : A — A ©® H. Denote B = H,-1#C. Then,

AGB = A, 1#C.
H
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Proof We have the natural *-algebraic isomorphisms

AL ADH S A
H

Using it as vector space isomorphisms, deforming the multiplications and using that
B and H are isomorphic as left H-comodules, it is easy to check that we have a
well-defined *-algebra isomorphism

A Ag—1#C — A B : (a#l) — a@) Q (a#1).
H

O

In this paragraph, we give a slightly adapted version of a result of Goswami and
Joardar in [14].

Theorem 4.9 ([14]3) Let (A, H, D) be a spectral triple and G a compact quantum
group acting on it algebraically and by orientation-preserving isometries with the
representation U. Let o be an (algebraic) unitary dual 2-cocycle on O(G). Then,

(a) there exists a representation 7w, : A,—1#C — B(H),
(b) (A,-1#C, H, D) is a spectral triple.

Proof (a) Denote the coaction o = ady of O(G) on A,-1#C by a(a) = aq) ® aq).
Let \V be a dense subspace of H such that U(N) ¢ N © O(G), and on that
subspace, let U (§) = &) ® &(1). Then we can define for a € A,-1#C:

To(a) i H — H: & aoéoo (aq, &)-

In section 4.3 of [14], it is proved that 7, (a) is bounded for all a € A, -1#C and
that 7, is a well-defined *-morphism.
(b) This is theorem 4.10(4) in [14]. O

4.3 Linking dimension-preserving monoidal equivalences with algebraic
cocycles

In Proposition 4.3, we proved that there is an equivalence between dimension-
preserving unitary fiber functors on a compact quantum group G and cocycles on
the dual G. In the following Theorem 4.10, we will prove that there is also an equiv-
alence between cocycles on G and (algebraic) dual cocycles on O(G). Moreover, we
will show in Theorem 4.11 that the bi-Galois object B associated with the monoidal
equivalence induced by the fiber functor will be of the form B = O(G) ,-1#C.

3 We want to note that Goswami erroneously referred to [16] to explain the deformation of the Hopf *-
algebra. Indeed, Majid uses a reality condition and Goswami a unitarity condition, which makes the theory
of Majid not applicable here. We developed a new deformation of the star structure using a unitary cocycle
which results in Definitions 4.5 and 4.6.
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Theorem 4.10 Let G be a compact quantum group. If 2 is a unitary 2-cocycle on the
dual G, the formula

o ®uy) = (5 @&, QE ®E)), x,y e lred(G) (4.2)

defines a unique (algebraic) unitary dual 2-cocycle o on O(G). On the other hand, if
o is an (algebraic) unitary dual 2-cocycle on O(G), formula 4.2 uniquely defines a
unitary 2-cocycle Q2 on G.

Proof Under the first assumption, as the uf/ constitute a basis of O(G), the bilinear
map o is well defined. Using the cocycle property (4.1) of €2, one can check that o
satisfies the dual cocycle condition in Definition 4.4(1). It is normalized and unitary
as 2 is normalized and unitary. Under the second assumption, €2 is uniquely and well
defined as element of M (cg (G) ® co(@)). The dual cocycle condition in Definition
4.4(1) will imply the cocycle condition (4.1) of Q2. Again, €2 is normalized and unitary
as o is. O

Remark that, as Q* is the inverse of 2, we see that o’ associated with Q* is the
convolution inverse of o. We will denote it with o —! and we have

o~ () @ uy) = (' ®E, Q(E ®E)).

Theorem 4.11 Let G be a compact quantum group with a dimension-preserving uni-
tary fiber functor . Let B be the bi-Galois object associated with { with coaction
B1: B — O(G)) © B; let Q be the unitary 2-cocycle on the dual G associated with
Y = Y and o the algebraic dual 2-cocycle equivalent to Q2 (Proposition 4.10). Then
there exists a *-algebra isomorphism

x :B— O@G) ,-1#C,

such that id ® x)B1 = A o .

Proof Denoting ¢ : G — Gg to be the monoidal equivalence associated with v, we
can find unitaries u, = Hy — Hy(x), as dim(¢(x)) = dim(x) for all x € Irred(G) .
Fixing a x € Irred(G), we can define Y* = X*(u, ® 1) € B(H,) ® B and

Y = ®reimed@)Y* € M(co(G) ® By)

(where we take the direct sum over all classes, all of them with multiplicity one). Note
that the matrix coefficients of the X* constitute a basis of B by Theorem 2.13. As the
u, are unitaries, also the matrix coefficients of the Y* (let us call them bj‘j) and hence
of Y’ form a basis of B. As both the (u;‘j),'j,x and (bj.‘j)ij,x are bases of O(G) resp. B,
we have a vector space isomorphism

X:O(G)—)B:u;‘j »—>bz‘/,

@ Springer



694 L. De Sadeleer

which is compatible with the coactions (i.e. (id ® x)A = B; o x). Moreover, one can
prove that, analogously as in the proof proposition 4.5 of [6], ¥’ satisfies the equation

(A®id)(Y') = Y3Y53(R ® 15). (4.3)

As (A ®@ id)(Y) = (A ® x)(V) by construction and (A ® id)(V) = V3Va3 by
definition of V, one can prove that

xwhul) = (6 @5 ®id, (A @iV E @& @id)
= (& ®& ®id, (VY5 (Q®id)(E ® & ®@id))
= D x Wi x ig)o (wy;, uy,),
p.q

¥y -1
where we used Theorem 4.10. Hence, also X(ufj)x(uft) = 2l x(ufku:l)cf

(u;, uy,), which means

x (@ x () = x(aob)o " (aqy, bay). 4.4

Finally, to check that y is a *-algebra isomorphism, note that by the previous equation,
we also have

x(ab®) = x(a@) x (bp))o (aq), by)s
and hence

X)) = Zx(uzp*x(u;,(u;a)*) = > X x ) x () o (wh, h)*)

k.l.p.q
= Z X (i) )o (s p*)
by unitarity of the U* and the Y*, which implies that
X (@ = x(af)o (Sa@)*, aly) = x(@f)V (@), 4.5)

where V(a) = o (S™! (a)), aq)) as before. This proves the last statement. O

4.4 Dimension-preserving monoidal deformation is isomorphic to algebraic
2-cocycle deformation

In this last paragraph of Sect. 4, we state and prove the main result of this section: the

Goswami—Joardar cocycle deformation amounts to our deformation with a dimension-
preserving monoidal equivalence.
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Theorem 4.12 Let (A, H, D) be a spectral triple, G a compact quantum group acting
on it algebraically and by orientation-preserving isometries via a unitary representa-
tion U and let r be a dimension-preserving unitary fiber functor on G. Denoting by B
the corresponding bi-Galois object, there exists an (algebraic) unitary dual 2-cocycle

o such that (A @ B, H X L*(B), D) defined in Sect. 3 and (A,—1#C, H, D) are
OG) Cc(G)
isomorphic as spectral triples.

Remember that 13 is the bi-Galois object associated with the fiber functor i, L%(B)
the GNS-space with respect to the invariant state w = (h ® id) B and the deformed
Dirac operator D from Sect. 3. We give the proof via some propositions.

Proposition 4.13 1. There exists a unitary Y € M(K(H) ® B,) such that ¢ : H —
H X L*B): & — Y(& ® 1) is an isomorphism of Hilbert spaces.
C(G)

2. Under this isomorphism, ¢ D = qu.

3. A @O BZE A, 1#C with o the algebraic dual 2-cocycle associated with the
OG)
dimension-preserving unitary fiber functor .

Proof 1. Recall the unitaries uy : Hy — Hy(y) from the proof of Theorem 4.11 and
the mutually inverse unitaries

fr i Hoewy > He ® L2B) 1 & > X (£ ® A(1p))
Cc(G)

and

g i My B L*(B) = Hyq 1z > (idy

Rw))(X**z)
Cc(G)

@ (x)

from the proof of Proposition 3.7 point 1. Therefore, defining ¢, = fy o uy =:
He - He B L*B), ¢, = ulogy : Hy X L*(B) — Hyand ¥ =
C(G) CG)

Drelred(@) Y™, we can make ¢ = erlrred(((}) ¢, (where in both cases we take
the sum over the irreducible representations appearing in the decomposition of U)
such that ¢ (§) = Y(E ® 1) for §& € H. Y is unitary and hence ¢ is the desired
isomorphism of Hilbert spaces.
2. Wehave to prove that ¢ (D&) = D(qb (§)) for ¢ € dom(D). Denoting P;,, resp. IS;W
to be the projection onto V;, resp. Vj, % L?(B), note that, as ¥ = (id ®x)(U)
(&)

and U commutes with D, ¢ (P;,§) = 13;”1 (¢ (&)). Then,

D a1, @ ENIP =D 1Pl (P, ENNIZ = D 1M1, ()P < 00

as § € dom(D) and hence ¢ maps the domain of D into the domain of D. Also,
by the previous remark, trivially, D, = D, , .. commutes with ¢ for all n.
Vin C% )L (B)

Taking the direct sum, we can conclude that also D commutes with o.
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3. The proof follows from Theorems 4.8 and 4.11. O

Finally, it suffices to prove that the actions of the algebras on the Hilbert spaces are
isomorphic.

Proposition 4.14 The action of A ,—1#C on H is isomorphic to the action of A 1 B
OG)

on H ® L*(B), ie. ifp : H - H X L*(B) and (id®x)a : —1#C —
C(G) G)
A [ B are the isomorphisms of the prevzous proposition, we have:
O(G)

¢(a-q &) = Ad@x)a(a)p(§).

Proof Leta € A and & be the n-th basisvector in the m-th summand of 7, in the
decomposition of 7. Using the Hilbert space isomorphism ¢ : H — H K L%*(B)
C(G)

and the notation a -, &;"" for the deformed action of a#l € A ,—1#C on &, we will
prove that

$(a -5 &) = Ad®@x)a(a)p(§),

by proving
a-q&=Y"({d®y)a@(Y(E®1)).

First, we compute a - E,f’m. Writing

‘®id) = Zs* Yeuit, (4.6)

and noting that ¢y (a) = U(a ® 1)U* and thata -, £ = a(o)é(o)cr’] (aqy, &) where
UE ®1)=E&q0) ®&q), we only need a calculation to check that

ao k"= > ENE, s“'wzﬂ(u uy s, @)

x,k,i,j,q

which is a finite sum as (ay)) 4 is an algebraic coaction. Using, moreover, the cocycle
relations, we get

Z m __ Z %.)C k X k %—Z m Zo_—l((u )* uZ m) (uf]‘k, (uf;II’n)*) (48)
x,k,i,j,q
Next, we will compute Y*(id®@x)ay (@Y (ES™ @ 1). Writing Y(é;“’k ® id) =
> EXk®X(u ), we have
Y id@ar@YE" @ )= > & E aglm)
x,k,i,j,q
® > (XN x @ Wi @i (4.9)

st
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Note now that by Eq. (4.4),
X W) = X G x (@™o ey (u5g)™)

and by unitarity of the uj‘j and the x (u;‘j) and Theorem 4.11, we get

DN x @ M x @i =D o T @™ uiMe il @i,
st t,r
(4.10)

which implies that

Y Ad@x)ey @Y E" @ ) = > &N EN agim)
x,k,i,j,q

-1 z,m z,m x,k X
Do ™ ugMe i wEm).
t,r
We can conclude that

¢a - &) = 1dy)a(a)g(§),

and with this, the proof of Theorem 4.12 is completed. O

5 Constructing a non-dimension-preserving example

In this section, we will construct an example of a monoidal deformation coming from
a non-dimension-preserving monoidal equivalence. We will use the spectral triple on
the Podles spheres [17] defined in [10] and SU, (2), which acts on it in the appropriate
way.

5.1 Monoidal equivalences on SU,(2)

We look at orthogonal quantum groups and SU, (2) in particular.

Definition 5.1 ([21]) Let n € Nand F € GL(n, C) with FF = cI, € RI,. Then,
A, (F) is defined as the universal quantum group generated by the coefficients of the
matrix U € M,,(A,(F)) with relations

e U is a unitary and
e U=FUF.

Moreover, A,(F) = (C(A,(F)), U) is a compact matrix quantum group (as defined
in [24]). They are called universal orthogonal quantum groups.
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As the matrices F' are not in one to one correspondence with the universal quantum
groups (i.e. different matrices F can define the same universal quantum groups), it is
necessary (but not so hard) to classify the quantum groups A, (F'). This has been done
in [6].

Proposition 5.2 For F|, F, matrices in GL(n, C) with FiF; = %1, we say
F1 ~ F, ifthere exists a unitary v € U(n) such that F| = szvT.
Then,
Ao(F1) = Ay(F2) ifand only if F1 ~ F;.

Therefore, we will describe a fundamental domain for ~ as is done in [6].

Proposition 5.3 A fundamental domain of ~ is given by the following classes of
matrices:
0 DOy,.... ) O
o | DOy i) 7! 0 0 withk,n € N, 2k < n,
0 0 Tn—2k
O<A<--- <A <1

D()L],.(.).,)\'n/Z)) with) < Ay < --- < )‘-n/2 <1,

. ( 0
~D(\s ey Agg2) !

n € N even.

Remark 5.4 Note that for F € GL(2, C), up to equivalence, there only exists matrices

of the form
v _( 0 |q|1/2)
77\ =sgn(@)lgI7* 0

for g € [—1, 1]\{0}.

Definition 5.5 ([24,25]) Let ¢ € [—1,1],g # 0. Let A be the universal uni-

tal C*-algebra generated by two elements «, y satisfying relations such that U =
_ %

(;’j z}: ) € M>(A) is a unitary matrix. With coproduct A(U;;) = > Uix ® Uy;,

SU4(2) = (A, A) is a compact quantum group.

Proposition 5.6 With F,; defined in Remark 5.4, we have A,(Fy) = SU,(2).

Note that this last statement indeed implies that the only orthogonal quantum groups
defined through matrices of dimension 2 are the quantized versions of SU (2).

We state some results obtained by de Bichon et al. in [6] (Corollary 5.4 and Theorem
5.5).

Theorem 5.7 Let Fi € GL(ny, C) with F1F1 = c11, ¢ € R. Then,
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e a compact quantum group G is monoidally equivalent to A,(Fy) if and only if
there exist a F» € GL(n2, C) with F2F2 = ¢21,¢2 € R and
such that G = A, (Fy).

e In this case, denote by O(A,(F1, F2)) the *-algebra generated by the coefficients
of Y € My, ,(C) ® O(A,(F1, F2)) with relations

C1 — 2
T(FFFD . Tr(F; )

Y isunitary and Y =(Fy@ DY (F,'®1),

then O(A,(F1, F2)) # 0 and it is the (A,(F1)-A,(F2))-bi-Galois object with
coactions B of O(A,(F1)) and B2 of O(A,(F2)) such that

(d®pB)Y) = (Up12Y1iz and (d®B)(Y) = Y12(U2)13,

where the U; are the unitary representations of A,(F;), whose matrix coefficients
generate the quantum groups.

e The monoidal equivalence preserves the dimensions if and only if no, = ny. In
this case, we denote the unitary 2-cocycle by Q2(F2). The Q2(F3) describe up to
equivalence all the unitary 2-cocycles on the dual of A,(F1).

Remark 5.8 In [2], Banica shows that the irreducible representations of A,(F) can be
labeled by N (say r¢, k € N). Moreover, for dim(F) = n, he states that dim(ry) =
(x**+1 — yk+1y/(x — y), where x and y are solutions of X> — nX + 1 = 0 for
n > 3 and dim(ry) = k + 1 for n = 2. Hence, it is easy to show by induction that
if ¢ is a monoidal equivalence between SU,(2) and A, (F) with dim(F) > 3, then
dim(g(ry)) > dim(rx) = k + 1 for every irreducible representation ry with k > 1.

Moreover, looking at the concrete orthogonal quantum group SU, (2), it is possible
to classify all compact quantum groups which are monoidally equivalent to SU, (2):
indeed, applying the result of the last paragraph to the specific situation of F' = F, we
know exactly what the quantum groups are which are monoidal equivalent to SU,; (2).

Proposition 5.9 ([6]) Let 0 < g < 1. For every even natural number n with2 <n <
q + 1/q, there exists a monoidal equivalence on SU,(2) such that the multiplicity
of the fundamental representation is n. Concretely, SUy(2) ~mon Ao(F) with F =

S L4 =q+1/q.

Leté > q > —1. Then for every natural number n with 2 < n < |q + 1/q|,
there exists a monoidal equivalence on SU4(2) such that the multiplicity of the
fundamental representation is n. Concretely, SU4(2) ~pon Ao(F) with F =

0 D(Ay,....,x) O
DO,y M)t 0 0 ), wherek e N2k <n,0<ij <--- <
0 0 L2k

o< land 3i_ 5 +37+n—2k =g+ 1/q!.
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5.2 Monoidal deformation of the Podles$ sphere

In Sect. 4, we proved that our monoidal deformation of spectral triples is a gener-
alization of the cocycle deformation, developed in [14]. In this subsection, we will
give a concrete example to prove that our construction is a genuine generalization:
we will construct a monoidal deformation of the Podles sphere (with spectral triple of
Dabrowski et al. [10]) which is not a 2-cocycle deformation. First, we recapitulate the
definition of the Podle§ sphere S(?’ . and the spectral triple on it. Then we will use the
results of Sect. 5.1 to apply the construction of Sect. 3.

5.2.1 The Podles sphere, its spectral triple and its quantum isometry group

The Podles sphere was initially constructed by Podles in [18] as follows. Let g €
(=1, 1)\ {0} and r € (0, 1]; hence ¢ = r~' — ¢ > 0. We define O(S;yc) to be the
*-algebra generated by elements A, B which satisfy the relations

A* = A, AB = g ’BA,
B*B=A—A>+cl, BB* = ¢?A —¢*A® +cl.
One can see that forq = 1, wehave A* = A, AB = BA, B*B = BB* = A—A2+cl
and this is the classical sphere: taking A = z + 1/2, B = x + iy, r2=c+ 1/4, we
indeed have

Py = BB AT - A 1A=t 1 /A=r7

The associated quantum space is called the Podle$ sphere S;C.
Note first that for g € (0, 1), setting

1
t(1+¢?):
wo=t(— (4 =TT g a1 gdiB,
q

we see that the definition in [10] with {xo, x_1, x1} is equivalent to the original defin-
ition of Podles$ given above. Moreover, defining

1t lgyra =t p( = L+ gDyt y) + 17 ya

A
1+4?
5o 99’ +p(+aDay — g%y
t(1+4?) ’
2
(where p? m) ift #£ 1 and

A = y*y, B = qay,

if t = 1, one can prove that the unital *-subalgebra of C(SU, (2)) generated by A and
B is isomorphic to (9( o) Where c =1~ —1 — ¢, sending A to A and B to B.
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Doing as above, we have three equivalent descriptions of the Podles$ sphere.

The spectral triple on Sg we use, is the spectral triple developed by Dabrowski
et al. in [10]. The spectral triple uses the representation theory of SU,(2) described
by Banica in [2]. To be compatible with [10], we use their notation. For each n in
{0,1/2,1, ...}, there exists a unique irreducible representation D" of SU,(2) (72, in
Banica’s notation) with dimension 2n + 1. For example , we have

plia_ (o —av”
y o

and
a? (@4 Daty  —qy?
D'=| y*a* 1-(@*+y*y ay
—qy*? —(@+Dyra P

Denoting d,i’ ; to be the k, /-matrix coefficient of D", one can prove that
1
[d,?)l |n=0,§, 1,..;k,l=—n,—n+1,...,n— l,n]

form an orthogonal basis of I = L*(S U, (2), h), the GNS-space corresponding to the
Haar state i of SU,(2). Moreover, we will denote e,’z’ ; the multiples of d,i" ; such that
{e,’(’ﬁ ;} form an orthonormal basis of .

Furthermore, consider the following closed subspace of K :

M= €] =12 = 1 1
= ei%ﬂ”—z,z,-n, =-n,—n+1,...,n—1,n|.

Then, one can prove that A and B, as defined above, leave H invariant and we have a
faithful *-morphism 7 : O(S2 ) — B(H) : A > A}, B > By, which makes it
possible to identify O(S,i ) with its image.

Finally, we can define an appropriate Dirac operator by setting

D(e" ) = (cin+c)e" |
+5,1 Fa.l
where c1, cp € R, ¢1 # 0 are arbitrary constants.

In [10], the authors prove that (O(S; o). H, D) constitutes a well-defined spectral
triple. As

n _ n
AsU, @) (ei%,l) - Z €
k=—n,—n+1,..., n

n
,k®ek,l’

D=

it is easy to see that Asy, @) induces a unitary representation U of SU,(2) on
‘H. By [10], the spectral triple is equivariant with respect to this representation
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and, hence, SU,(2) acts algebraically and by orientation-preserving isometries on
((’)(Sgﬁ o)» H, D). We will use this representation and the monoidal equivalences of
Sect. 5.1 to deform this spectral triple.

5.2.2 Monoidal deformation of the Podles sphere

To conclude this section, we construct a non-dimension-preserving example. Now, we
know that there is a well-defined spectral triple (O(Sg’ &), H, D) on which SU,(2)
acts algebraically and by orientation-preserving isometries. Furthermore, we know
from Proposition 5.9 what the monoidal equivalences of SU, (2) are and we know that
those monoidal equivalences are non-dimension preserving by Remark 5.8. Putting all
this together, we can apply the construction described in Sect. 3 to get the following
theorem.

Theorem 5.10 Let g € [—1, 1]\{0} and n be a natural number with3 < n < |q +

1/ql.
If g > O and n is even, let Ay, ..., Ayj2 be strict positive real numbers not bigger

than 1 such thatkf + - —|—)»3/2 + l/)»% 4+ -+ 1/)»2/2 = q + 1/q and define F to
be the n by n matrix:

F=(O D(M,--.,)»n/z))
—D(Aq, ... ,)\n/z)_l 0 ’

If 0 > q, let k be a natural number k < n/2 and Ay, ..., A be strict positive real
numbers such thatQ) < Ay < --- < A < 1and2{-‘=1 Al_z—i—kiz—}—n—Zk: lg +1/q|

and define F to be the n by n matrix

0 D(Ay,..., ) O
F=|DO,...., 00" 0 0
0 0 Li—2k

With F defined as above, there exists a non-dimension-preserving monoidal
equivalence ¢ from SU,(2) to A,(F) (introduced in Definition 5.1). Denoting by
O(Ay(Fy, F)) the algebra constructed in 5.7, O(A,(Fy, F)) is the associated bi-
Galois object and the following triplet is a spectral triple:

OS2) [ OWU(Fy F), H R L (OA(F, F)), D).
T OBUL ) C(SU,(2))

Moreover, A,(F) acts algebraically and by orientation-preserving isometries on the
new spectral triple. As @ is non-dimension preserving, it is not a 2-cocycle deformation
a la Goswami and Joardar [14].
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6 Deformation of the quantum isometry group

The goal of this last section is to prove that the deformation (in the sense of Theorem
3.12) of the quantum isometry group of a spectral triple (defined by Bhowmick and
Goswami) is the quantum isometry group of the deformed spectral triple. We start by
recalling some concepts and results of [4].

Definition 6.1 (Definition 2.7 in [4]) An R-twisted spectral triple (of compact type)
is given by a triple (A, H, D) and an operator R on H where

1. (A, H, D) is a compact spectral triple,
2. R is a positive (possibly unbounded) invertible operator such that R commutes
with D.

Remark 6.2 We note that in Definition 2.7 in [4], there is a third condition in the
definition of R-twisted spectral triple. However in remark 2.11 of [4], the authors state
that this third condition is not necessary. Therefore, we gave the definition above.

Such an operator R is linked with the preservation of a non-commutative analogue
of a volume form.

Definition 6.3 ([4]) Let R be a positive invertible operator and (A, H, D) an R-
twisted spectral triple. Then a compact quantum group G acting on (A, H, D) by
orientation-preserving isometries is said to preserve the R-twisted volume if one has

(tr ®id)(ay (x)) = Tr(X) (@)

forall x € Ep, where g (x) = Tr(Rx) and Ep is the *-subalgebra of B(H) generated
by the rank-one operators of the form n&*, n, & eigenvectors of D.

In what follows, we will denote by Qr (A, H, D) (or just Q) the category of
all compact quantum groups acting by R-twisted volume- and orientation-preserving
isometries with the morphisms of quantum groups which are compatible with the
representations on H.

Moreover, one can prove (as is done in [12]) that for every compact quantum group
acting by orientation-preserving isometries, there exists an operator R such that the
quantum group is an element of Q.

Now, Goswami and Bhowmick proved in [4] that there exists a universal object in

Or(A, H, D).

Theorem 6.4 (Theorem 2.14 in [4]) For any R-twisted spectral triple (A, H, D),
there exists a universal (initial) object (QISO% (A, H, D), Uy) in the category Qg.
The representation is faithful.

For notational convenience, we will write QISO% if there is no confusion possible
about the spectral triple. However, in general oy, may not be faithful even if Uj is so.
Therefore, one has the following definition.

Definition 6.5 (Definition 2.16 in [4]) Let C = C*({(f ® id)ay,(a) | a € A, f €
A*}) be the C*-subalgebra of C (QISOOR) generated by elements of the form (f ®
id)ay,(a),a € A.
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Then, C is a Woronowicz C*-subalgebra of QISOOR and the compact quantum group

QISO(A, H, D) = (C, Agis00, )

Rl

is called the quantum group of R-twisted volume- and orientation-preserving isome-
tries or simply quantum isometry group.

In Sect. 6.3, we will prove that if (A, H, D) is an R-twisted spectral triple and
¢ : QISOR(A, H,D) — G

is a monoidal equivalence, then there exists an operator R such that (.,Zl, 7:(, 5) 1S an
R-spectral triple and G, = QISO i (./ZL ﬂ 5). But before we do that, we describe,
given a monoidal equivalence ¢ : G; — G, how to construct a monoidal equivalence
between certain Woronowicz-C*-subalgebras (Sect. 6.1) resp. quantum supergroups
(Sect. 6.2) of G; and Gy.

6.1 Inducing monoidal equivalences on Woronowicz-C*-subalgebras

Definition 6.6 ([1]) Let G = (C(G), A) be a compact quantum group and A a C*-
subalgebra of C(G) such that A(A) C A® Aand [A,(A)A® 1] =AQA =
[A,(A)( ® A)]. Then, A is called a Woronowicz C*-subalgebra. We will write
A = (A, A),) for the quantum group.

It is good to remark that the notion of compact quantum quotient group introduced
in [22] is a special case of a Woronowicz C*-subalgebra. However, it is still unknown
whether all Woronowicz C*-subalgebras are compact quantum quotient groups.

In this section, let G = (C(G), A) be a CQG and A a Woronowicz C*-subalgebra
of G. To define a unitary fiber functor on A, it is good to examine its representations. It
is easy to see that every representation U of A on a Hilbert space H is a representation
of G and that every representation V of G is a representation of A if and only if
V e M(K(H) ® A). To distinguish, we will write Ug for a representation U of A
seen as representation of G. Moreover, we have the following proposition:

Proposition 6.7 Let U be a unitary representation of A. Then, U is irreducible if and
only if Ug is irreducible.

Proof We know that U resp. Ug is irreducible if and only if Mor(U, U) = {T €
B(M)I(T ®id)U = U(T ®id)} resp. Mor(Ug, Ug) equals C1 p(3¢). As it is directly
clear that Mor (U, U) = Mor(Ug, Ug), the proposition is proved. O

Analogously as before, we will write xg if we look at the equivalence class x €
Irred(A) seen as equivalence class in Irred(G). Using this proposition, the unitary
fiber functor is easily made: let G| be a compact quantum group and ¢ : G; — Gy
a monoidal equivalence between them. Suppose, moreover, that A} is a Woronowicz
subalgebra of G1. Then, we can construct a unitary fiber functor on A = (A, A, A )
by restricting ¢ to the representations of A and prove it is a monoidal equivalence
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between A and a compact quantum group A; such that C(Aj) is a Woronowciz
C*-algebra of Go.

Proposition 6.8 Let G| be a compact quantum group, A1 a Woronowicz C*-
subalgebra of G| and  a unitary fiber functor on G1. Then there exists a unitary fiber
functor ¥ on A; = (Ay, A |A1) such that ' (x) = ¥ (xg,) for all x € Irred(Ay).

Proof Let x € Irred(A1). Define Hy/(x) to be Hy (xg) and ¥/(S) = ¥ (S) for every
SeMor(V Q- @V, XI ®++ - ®Xp), Y1y evy Vis X1»+.., X € Irred(Aj). As Y isa
unitary fiber functor, ¥ will satisfy all the necessary conditions to be a unitary fiber
functor as well.

Denoting by ¢ : G; — G, the monoidal equivalence associated with ¥; we can see
that C(Gy) as the C*-algebra generated (as vector space) by the coefficients of the
U9 x e Irred(G1). Now, we can define A; as the C*-algebra generated (as vector
space) by the coefficients of the U 9061 x e Trred(A)). Equivalently,

A = [(0 @ id)U?ED|x € Irred(A )]
and we also write
Az = (0 ® id) U™ |x € Trred(Ay)).

Note that they are indeed algebras: if x, y € Irred(A1), then the product of a matrix
coefficient of U?™) and one of U™ is a matrix coefficient of the tensor product of
them. By construction, this tensor product is a direct sum of representations ¢(z;)
where all z; are in Irred(A).

Now, it is clear that ' induces a monoidal equivalence ¢’ between A | and a compact
quantum group with algebra A,.

Theorem 6.9 Withthemap Ay = Ay, , Ay = (A2, A)) is acompact quantum group.
Moreover the monoidal equivalence ¢, induced by V, is an equivalence between A
and AQ.

e(xg))
X €

Proof Written differently, A is the closed linear span of the elements u; ; ,

Irred(Ap). For A, defined as above, we get:

;. 9Ggy) e(xgy) e(xg))
Ay =Dy @y
k

and as x € Irred(A), we see that A}(A2) C Ax ® Az. Now, denote by ¢’ and §’
the restrictions of the counit ¢ and antipode S of G defined on O(G») to Ay. Then,
A = (0 ® idU?YE) |x € Irred(A1)) = O(A») is a Hopf *-algebra which is
dense in A. This proves that Ay = (A3, A}) is indeed a compact quantum group. By
construction of ¢/, it is evident that it is a monoidal equivalence between A and A,.

O
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Before we go the next paragraph, we want to explore how the (G| — G;)-bi-Galois
object behaves with respect to the (A — Ay)-bi-Galois object .

Theorem 6.10 Let Gy, Gy, A be compact quantum groups such that C(A) is a
Woronowicz C*-subalgebra of C(Gy) and such that ¢ : Gy — Gy is a monoidal
equivalence. Let B be the G| — G,-bi-Galois object with By : B — O(Gy) © B. Let
¢’ be the monoidal equivalence between A1 and A, as defined above and define B’ to
be the A| — Ay-bi-Galois object with yy : B — O(A) © B'. Then we have

B' = {b € BIp1(b) € O(A1) © B}

and y1 = Bi|-

Proof From the original proof of Theorem 2.13 (which is theorem 3.9 in [6]), we
know that B’ = Bretrred(h) B(Hypx)s Ho)* and B = D etrredG) B(Hpx)» Ho*.
Hence, B’ C B. Also, X* € B(Hy(x), Hx) © B is defined such that (v, ® id)(X*) =
(8x,y®x) yelrred(Gy) for all oy € B(Hy(x), Hx)*. By definition, we see that for x €
Irred(A1), X* = X'C1. As By resp. y; are defined by (id ®81)(X*) = U, X{s
(x € Irred(Gy)) resp. (id ®@y1)(X*) = Ui, X7; (x € Irred(Ay)), it follows directly
that y; = (B1)),,,. Moreover, if x € Irred(A1), U, X7; € B(Hy), Hy) ©O(A) OB
and hence for b € B, B1(b) € O(A}) © B. If x € Irred(Gyp) but x ¢ Irred(A),
ULhX1y ¢ B(Hyx), Hx) © O(A1) © B and hence for b € Bbut b ¢ B, p1(b) ¢
O(A1) © B. This concludes the proof. O

Remark 6.11 In the special case of compact quantum quotient groups, a compact
quantum quotient group of G will be monoidally equivalent to a compact quantum
group which has as algebra a Woronowicz C*-subalgebra of G;. Whether that compact
quantum group is a compact quantum quotient group as well is still unknown [22].

6.2 Inducing monoidal equivalences on supergroups

In this subsection we describe, given a monoidal equivalence ¢ : G; — G, how to
construct a monoidal equivalence between certain quantum supergroups of G and
Ga.

So, let G; and G, be two compact quantum groups and let ¢ : G; — Gy be
a monoidal equivalence. Moreover, suppose G is a compact quantum subgroup of
a compact quantum group H;. As we have done in Sect. 6.1 for Woronowicz C*-
subalgebras, we will describe a method to construct a unitary fiber functor on H; from
the monoidal equivalence ¢.

Letw : C,(H;) - C,(G)) be the surjective morphism which is compatible with
the quantum group structure. Now note that for a representation U of H on a Hilbert
space H, (idy ®m)U is a representation of G1. Therefore, for x € Irred(H;), define
X, to be the equivalence class of (id @)U~ as representation of G and

e if (id ®m)U~ is irreducible, let Hm1 = Hy;
o If (id ®m)U* is reducible, say (id ®7)U* = @f_,U”, y; € Irred(Gy), then let
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i
Ifx!, ..., x", yl, ..., y¥ are classes of irreducible representations of H with U'c =
D Ui and U¢1 = Dy, Utki, we denote for a morphism S € Mor(x| ® -+ ®
X1 ® .., ¥5), Sg, = @jl,---,jr,klsmkx S,fllk{’ to be the morphism S, but seen
1 s 1 r : J1seees Jr
as element of @, 4 Mor(zy @ -~ ®z; .1}, ® - ®1]),ie S €
Mor(z, ® -+ ®zj , 1), ® - ®1}).
Then, we can define the following map:

Proposition 6.12 Let G, Go, H and ¢ be as above. For x € Trred(H,) with U"¢1 =
(de@m)U* = @_UY, y; € Irred(Gy), define Hy'(xy = B Ho(y,) and for S €

o
=
=4
24
&
&®
=
2
=
&®
<
=)
N
z
=
o5
&
|
o
<
Ky
=2
—
)
]
<
=
[9%)
p—
I

@jl ikt <p(S,f:k{’) Then the collection of maps

He > Hy'ry SEMor(x1 @ @ X, y1 Q...,¥5) > ¥'(S)

constitutes a unitary fiber functor ' on Hj.

The proof follows directly by construction of 7, and ¥'(S). By Theorem 2.12, there
exists a compact quantum group Hy and a monoidal equivalence ¢’ : H; — Hj. In
Theorem 6.13, we will describe the bi-Galois object associated with ¢ and the compact
quantum group H, explicitly.

Theorem 6.13 Let Gy, Gy, H| be compact quantum groups such that G is a compact
quantum subgroup of Hy with surjective morphism «© : C,(H;) — C,(Gy). Let
¢ : Gy = Gy be a monoidal equivalence as above and let Hy and ¢’ : Hy — H), be
the compact quantum group and monoidal equivalence induced by ¢ by Propositions
6.12 and 2.12. Denoting by B the (G1-G3)-bi-Galois object associated with ¢, by B
the (G2-G )-bi-Galois object associated with ¢~' and by B’ the (H;-H,)-bi-Galois
object associated with ¢', we have

B=ZOM) 0 B (6.1)
O(Gy)
and
OMH) =B [ OM) @O B 6.2)
O(Gy) OGy)

using the right resp. left coactions (id @) Ay, : O(H;) — OMH;) © O(Gy) resp.
(r ®i1d)Ag, : O(Hy) — OG) © OHY) of O(Gy) on O(HY).

Proof Let X*, x € Irred(Gy) be the unitaries from Theorem 2.13 associated with
. Define for x € Irred(Hy), X*¢1 = @7_ XY if U1 = (id®@m)U* = &!_, U,
y; € Irred(G). Moreover, define for x € Irred(H),

Y¥ = Uh X5 € By, He) © OH)) O B. (6.3)
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We claim that the Y* with the functional ' = hpy, ® @ (hy, is the Haar state of
H) satisfy the properties 1(a), 1(b) and 1(c) of Theorem 2.13 applied to ¢’. Indeed,
we have for x, y, z € Irred(H;) and S € Mor(y ® z, x),

Y Ya (@' (S) ®id) = Ul X1y Ui Xa3' (¢ (S) @ id)
= U U5X74" X50' (¢ (9) @ id)
= UL UL(S® 1d)X1§1
= (S@iDUHX 3!
= (S®id)Y~.

Moreover, (id ®)Y* = (id ®hy, ® a))(Uszfg") =0ifx #e.
Hence to prove (6.1), it suffices to prove that the matrix coefficients of the Y*

constitute a linear basis of O(H;) [ B. Note first that the matrix coefficients of the
O@Gy)
Y™ are elements of O(H;) [ B.Indeed,
OGy)

(id ®(id(9(H1) ®7T)A]HI1 ® idB)lez
= U12U1G1X14 = (ld®ldO(H1>®5l)U12X13 .

Moreover, as every irreducible representation of G is a subrepresentation of some
XG,»x € Irred(H), the matrix coefficients of the X1 resp. the U* form a basis of B
resp. O(Hy). Hence, the matrix coefficients of the Y* are linearly independent. Finally,

we prove that they are also generating. Let z be an arbitrary elementof O(H;) & B.
oG

Then, z is of the formZ)»” * ®b), where the u?; j Tesp. bst are the matrix coefficients

of the U* resp. X7, x € Irred(Hl) y € Irred(Gl)andk eC. Asze OH)) @ B,
O@Gy)

> )‘stulk ®m(uy;) ® b, = Z A i ® u3- ® b),, hence z is a linear combination of

matrix coefficients of Uj, X 13 S As the unitaries satisfying properties 1(a), 1(b) and
1(c) of Theorem 2.13 are unique, the Y* are those unitaries and B’ = O(H) O«DG : B.
This concludes the proof of the first result (6.1). 1

For the second result 6.2, let Z”, y € Irred(G;) be the unitaries from Theorem
2.13 associated with ¢!, If U1 = (id @n)U* = @; U for x € Irred(H)), y; €
Irred(Gy), we will denote U?“®) = @;U?07) and Z¢9%) = @20 ¢
B(Hx, Hy(x)) © B.

Therefore, we can define

! (XG ) XG
v — U]3 I

Then, one can prove analogously as above that for x,y,z € Irred(H;) and S €
Mor(y ® z, x),
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( .

VEOVED ((8) @id) = 207 U, XI5 205 U, X35 (¢(S) @ id)
( ( . .

— zw Yer) ‘“Gl UL U3, X' Xoe (<p’(S)®1d)

( ( '
= 20V 2 vs (s @ 1d)X
w()Gl (Z(z;,1 (S®1d)U
= (S ® d)z“’(ml Uz XXGI

= (¢/(S) @ id)V¥' @,

=7,

The argument to prove that the matrix coefficients of V¢ ™ form a linear basis of
C(Hy) is the same as in the first part of the proof. m]

Moreover, the newly constructed compact quantum group Hj, is a supergroup of G;.

Proposition 6.14 We have a surjective morphism of compact quantum groups 7'
C,(Hy) — C,,(Gy) such that

(id @r) V'™ = yete) (6.4)

for every x € Trred(Hy), implying that G, is a quantum subgroup of H.

Proof The map 7’ is well defined by (6.4) as the matrix coefficients of the ve'
constitute a linear basis of O(Hj,). Moreover, it is a linear surjection and it follows
directly that itis coalgebra map. It suffices to prove that 7’ is an algebra map. Therefore,

denoting by f : O(Gy) — B [J B the isomorphism of Proposition 2.18 (applied
OGn

to 9~ : G» — Gy) such that (id ® Y UY™) = Z‘p(x)X’l‘3, x € Irred(G) it is easy to
see that

®f iy, ®idg®e@idg) V™

@'(x)
x
®f )id®id; ®e @ idp) (25 UL XS
®f Nz,
= ®i(idy,,, @ NZH X
— @iUfﬂ(yz) = UvUe) — (ide/m ®71’/)V¢/(x)

(dn,,

(ld'Hw/ )

= (idy ,

exg)) XGI)
@' (x)

if U1 = @;U” . Hence, (d®f~H(d® idg ®e®@idp) = (id ®n'), proving that 7
is multiplicative as composition of algebra maps. This concludes the proof. O

Finally, we prove that the two monoidal equivalences ¢ and ¢’ make isomorphic
deformed spectral triples.

Proposition 6.15 Let Gy, Gy, H| be compact quantum groups such that G| is a com-
pact quantum subgroup of H; with surjective morphism & : C,(H;) — C,(Gy)
and let ¢ : Gy — Gy be a monoidal equivalence as above. Let Hy and ¢’ be the
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compact quantum group and monoidal equivalence induced by ¢ as in Proposition
6.12. Suppose H resp. G| acts algebraically and by orientation-preserving isome-
tries with a unitary representation V resp. U on a spectral triple (A, H, D) such that
U = (id ® 7)V. Denoting by B the (G1-G1)-bi-Galois object associated with ¢, by B
the (G,-G1)-bi-Galois object associated with ¢~ and by B' the (H,-H,)-bi-Galois
object associated with ¢', the deformed spectral triples

(A O BH X L*B),D)
O@Gy) C(Gy)

and

(A 0 B.H KX LZ(B’LD/),
OMHy) C(Hy)

(where D' is the deformation of D along ¢') are isomorphic.

Proof 1Tt is easy to see that the map

rMA O B—-A @O OHy) O B:zr (ay ®idp)zi3
O(Gy) OHy) OGy)

is an isomorphism of *-algebras with inverse (id 4 ®ep, ® idg). Moreover, let
¢ :H X L*B) - H X L*(OM; [ B):n — Vians. Then defining
C(H) OGy)

CGy)
¢ H X L*OMH) [ B - H K L*B) : & — (d®hy, ®id)VjE,
C(Hy) OGy) C(Gy)

one can prove that ¢'(§)13 = V56 e H X L>(O(H,) @ B) as in Proposition
C(H OGy)

1)
3.7. Hence, it follows that ¢’ = ¢~'. Moreover, D = D’¢. Finally, we have for

zeA O BandneH X L*B),
O(Gy) C(Gy)

r2)p () = ViazizVi5Vianiz
= Vi2z13m3,

= ¢(zn)

completing the proof. O

6.3 Deformation of the quantum isometry group
6.3.1 Deformation of the universal object in Qr (A, H, D)

In this paragrah, we will investigate how the universal objects in the category
Qr(A, H, D) behave with respect to our deformation procedure.

Proposition 6.16 Ler R be a positive invertible operator such that (A, H, D) is a
R-twisted spectral triple. Let G| be a compact quantum group acting algebraically
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and by orientation-preserving isometries on (A, H, D) with a representation U and
suppose ¢ : G; — G» is a monoidal equivalence. Denote by (A, H, D) the deformed
spectral triple (Theorem 3.12). Then there exists a positive invertible operator R such
that (A, H, D) is an R-twisted spectral triple on which Gy acts by R-twisted volume-
and orientation-preserving isometries. Moreover, applying the same construction to

¢!, we obtain R again.

Proof We can decompose H as
H= @xelrred(Gon ® Wy

for some Hilbert spaces W,, where the direct sum is taken over all x € Irred(G), all
with multiplicity one. As D commutes with the representation U, D is of the form
D = ®ycirred(G,) idH, ® Dy where the D, are operators W, — W;. As G acts by
R-twisted volume-preserving isometries,

(tr ®id)(ay (x)) = tr(x) lc(@)

forall x € £p, where tg(x) = Tr(Rx) and &p is the *-subalgebra of B(H) generated
by the rank-one operators of the form n&*, n, & eigenvectors of D. Therefore, also
(TR ® hg,)(ay (x)) = tr(x) from which it follows (as in the proof of theorem 3.8 of
[14]) that R must be of the form R = @xemed(gl)FT ® Ry, where F) is the matrix such

that hg, (u7 (u 1) = Sy °F(F* )it (described by Woronowicz [26]) and R, : W, —

W posmve operators. As (/i “H, D) is an R-twisted spectral triple, R and D commute
and hence each D, commutes with R, forall x € Irred(G). Now, in this presentation,
H @xdmd((@,l)Hw(x) Q Wy and D = @relrred(G)) 1dH,,,) ®Dyx. Therefore, define

= Oxelred G F, p ( 0 ® R,.Then, R is again positive and invertible and it commutes

with D. Moreover, G, acts by R-twisted volume- -preserving isometries by the defining
property of Fyy). Itis clear that the inverse construction gives R again. O

Theorem 6.17 Let R be a positive invertible operator on a Hilbert space H and let
(A, H, D) be an R-twisted compact spectral triple on which QISO(I)e (A, H, D) acts
algebraically. Suppose ¢ : QISO% (A, H, D) — Gy is a monoidal equivalence with
bi-Galois object B. Then, G, = QISO% (.,Zl, 7:l, D) for R as in Proposition 6.16.

Remark 6.18 Note that the condition that QISO (A, H, D) acts algebraically
on (A, H, D) is not essential. If QISO%(.A,H D) does not act algebraically
on (A, H, D), we know from Proposition 3.4 that there exists a *-algebra A,
which is SOT-dense in A” such that (A, H, D) is a compact spectral triple
on which QISO%(A, ‘H, D) acts algebraically. Moreover, QISO%(A, H,D) =
QISO% (A1, H, D) by proposition 3.9 of [14].

Proof of theorem 6.17 By Proposition 6.4, there exists a universal object
QISO% (A, H, D) in the category Qg of compact quantum groups acting by R-twisted
volume- and orientation-preserving isometries on (A, H, D). For notational conve-
nience, we will denote this quantum group by QISO%. Now, as ¢ : QISO% — Gois
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a monoidal equivalence, G, acts algebraically and by orientation-preserving isome-

rieson (A, H,D)=(A © B,H K L%*B), D).Denoteby R the operator
O(QISO ) C(QISO

constructed in Proposition 6.16. Then G is a quantum subgroup of QISO% (A, H, D).

Moreover, the monoidal equivalence ¢! : G, — QISO(I)e (A, H, D) induces a unitary
fiber functor v’ on QISO% (A, H, D) by Proposition 6.12; we will denote the deformed

quantum group by H and the monoidal equivalence associated with ¥’ (for notational
convenience) by ¢’ -1 QISO% (A, H, D) — H] and the associated bi-Galois object
by B'. As G, is a quantum subgroup of QISO%(/\, H, D), QISO%(A, H, D) is a
quantum subgroup of H; by Proposition 6.14 and both act by R-twisted volume-
and orientation-preserving isometries on (A, H, D) by Proposition 6.15. Hence by
universality,

QISO% (A, H, D) = H; (6.5)
and also

G, = QISOY% (A, H, D).
This completes the proof. O
6.3.2 Deformation of the quantum isometry group

In this paragraph, we use Sect. 6.1 and paragraph 6.3.1 to strengthen the result of
Theorem 6.17 to quantum isometry groups.

Theorem 6.19 Let (A, H, D) be an R-twisted compact spectral triple such that
QISO% (A, H, D) acts algebraically on (A, H, D). Suppose moreover that we have
a monoidal equivalence

¢ : QISO%(A, H, D) — Gy,
Then there exists a monoidal equivalence
¢’ : QISOg(A, H, D) — QISOz(A, H, D),

where (./Zl,~ H, D) is the spectral triple obtained by deformation with ¢ by Theorem
3.12 and R the operator obtained from Proposition 6.16.

Remark 6.20 One can make again Remark 6.18 here.

Proof of theorem 6.19 Denote the universal object of Qg for notational convenience
by QISOR = (C(QISOR), Up). Analogously, QISO% = QISO%(A, H, D). As
C(QISOg) = C*({(f ® id)ay(a) | a € A, f € A*}), it is a Woronowicz C*-
subalgebra of QISOOR and hence we can apply the theory of section 6.1. We obtain
a compact quantum group Hp and a monoidal equivalence ¢’ : QISOp — H,
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and it suffices to prove H, = QISO ﬁ(.ﬂ, ’F(, ﬁ). Note now that as QISO% acts
algebraically on (A, H, D), we can decompose A into spectral subspaces A, and
define the subset I of Irred(QISOOR) by I = {x € Irred(QISO%) | Ar # 0}.
Then we have C(QISOg) = C*({ufj | x € I}) and I = TIrred(QISOg). More-

over, C(H,) = C*({uﬁ” | x € I}) and by theorem 7.3 of [11], we know
that also I = {x € Irred(QISOOR) | fl(p(x) # 0}. Hence, we can conclude that
H, = QISO4(A, H, D).

This concludes the proof. O

6.4 Deformation of the quantum isometry group of the Podles sphere

In this last subsection, we use Sect. 6.3 to find the quantum isometry group of the
newly constructed spectral triple in Theorem 5.10. Therefore, we investigate first the
quantum isometry group of the Podle§ sphere.

Definition 6.21 ([17]) Define B to be the unital *-subalgebra of C(SU,(2)) gener-
ated (as *-algebra) by the elements o, y*y, y2, ay and y*a. The closure of B is
a Woronowicz C*-algebra of SU,(2) and the associated compact quantum group is
called SO, (3).

In the classical situation, we know that SO (3) is a quotient group of SU (2); indeed,
SO3) = SU(2)/{—1, 1}. In the quantum versions this is also true: we can prove that
Z; is a normal quantum subgroup of SU,(2) and SU,(2)/Z; equals SO, (3).

Theorem 6.22 ([5]) Let S(?’ . be the Podles sphere as defined in Sect. 5.2. Then,

QISOR[O(S] ). H. D] = S0, (3).

Now, we will investigate how the monoidal equivalences of SO, (3) are induced
by those of SO, (2) to apply Theorem 6.19 to find the quantum isometry group of the
spectral triples constructed in Theorem 5.10.

We defined SO, (3) as coming from a Woronowicz-C*-subalgebra of SU,(2).
Using the theorems of Sect. 6.1, we will use the induction method to construct monoidal
equivalences on § O, (3). Therefore, fix a monoidal equivalence between SU, (2) and a
suitable A, (F') with dim(F") > 3. As SO, (3) = SU,(2)/Z>, we find a Woronowicz
subalgebra I (F') of A,(F’) such that SO, (3) is monoidally equivalent to / (F"). Now
Theorem 4.1 in [23] gives us a concrete description of 7 (F”).

Theorem 6.23 (Theorem 4.1 in [23]) Let F € GL(n, C) be such that FF = +1,.
Then every Woronowicz subalgebra of A,(F) is a quantum quotient group. Moreover,
it has only one normal subgroup of order 2 with quantum quotient group C*(ray,)
(where rapy, is as in the parametrization of Banica [2]).

Applying this theorem to ' = Fy, it affirms that SO, (3) is the only compact quan-
tum quotient group of SU,(2). Applying it to F = F’, we get a concrete description
of I(F’). By Remark 5.8, it can be seen that the induced monoidal equivalence is not
dimension preserving and hence not a 2-cocycle deformation (by Proposition 4.2).

Combining all of this, we get:
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Theorem 6.24 Let F € GL(n, C) be suchthat FF = +1I,, and ¢ : SU4(2) = Ao(F)
a monoidal equivalence with bi-Galois object B = A,(F,, F). Define I (F) to be the
C*-algebra generated by the U;j Uy where U is the unitary in M, (A,(F)) satisfying
the relation U = FUF~! as in Definition 5.1. Define P(F,, F) to be the *-algebra
generated by the Y;; Yy where Y is the unitary in My, »(C) @ O(A,(Fy, F)) described
in Theorem 5.7. Then there exists a monoidal equivalence ¢' : SO4(3) — I(F) with
bi-Galois object B' = P(Fy, F) which is not dimension preserving (by Remark 5.8).

Now, we are ready to characterize the quantum isometry groups of the spectral
triples constructed in Theorem 5.10.

Theorem 6.25 Let g € [—1, 1]\{0} and n a natural number with3 <n <|q+1/q|.
If g > 0, suppose n is even. With the matrix F defined as in Theorem 5.10, I (F) as
constructed in Theorem 6.24 is the quantum isometry group of the spectral triple

OS2,) O O(Fp F), H R’ L*O(Ay(Fy. F)), D
T OSUL(2) C(SU4(2)

from Theorem 5.10.
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