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Abstract. Adler, Shiota and van Moerbeke observed that a tau function of the Pfaff lattice
is a square root of a tau function of the Toda lattice hierarchy of Ueno and Takasaki.
In this paper, we give a representation theoretical explanation for this phenomenon. We
consider 2-BKP and two-component 2-KP tau functions. We shall show that a square of
a BKP tau function is equal to a certain two-component KP tau function and a square
of a 2-BKP tau function is equal to a certain two-component 2-KP tau function.
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1. Introduction

Sato and Sato [27] and Date, Jimbo, Kashiwara and Miwa [4] introduced and
described in the beginning of the 1980s the KP hierarchy in various setting. They
introduced a tau function, which is a fundamental object in this theory. It is an
element in a GL∞ group orbit and as such a solution of the KP hierarchy. Around
the same time Date, Jimbo, Kashiwara and Miwa introduced in [5] also a new
hierarchy of soliton equations, which they called the KP hierarchy of type B or
BKP hierarchy. The corresponding tau function is an element of the B∞ group
orbit and hence a solution to this new BKP hierarchy. In a straightforward cal-
culation, they show that this BKP tau function is the square root of a certain
KP tau function. Their proof of this phenomenon is fundamental for the contents
of this paper. Here, we show that this method is also applicable for the observa-
tion of Adler, Shiota and van Moerbeke [1,2], that a tau function of the Pfaff lat-
tice is a square root of an Ueno, Takasaki [32] Toda lattice tau function. In this
introduction, we will recall the work of Date, Jimbo, Kashiwara and Miwa [4] and
explain the relation BKP versus KP. The involutions that are used in their work,
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which provide the relation between the two tau functions of KP and BKP, also
give the relation between the various tau functions of the Pfaff and Toda lattice.
This means that the construction of the KP group element out of the BKP group
element is the same. One finds in both cases that gKP =hBKPĥBKP, where ĥBKP is
constructed out of hBKP using one of the involutions.
The Pfaff lattice of Adler and van Moerbeke [1,2] was discovered by Jimbo and

Miwa ([10], section 7) it was rediscovered by Hirota and Ohta [13] as the coupled
KP hierarchy and studied in a paper by Kac and one of the authors [15] as the
charged DKP hierarchy. The Pfaff lattice studied in [16] is slightly bigger than the
one studied by Adler, Shiota and van Moerbeke in [2] it is the charged BKP hier-
archy of [15], called the large BKP in [25] to make difference to the small BKP of
[5]. Here, we study this charged or large BKP.

In addition, we also consider the large 2-BKP which is two-sided evolution (via
positive and negative parts of current modes, like the Toda lattice hierarchy of
Ueno and Takasaki [32] in contrast to the one-sided KP). There we have two sets
of higher times, t and t̄ . This is the B-analog of Takasaki’s 2-DKP of [29] (which
he called the Pfaff lattice by analogy with Pfaff lattice of Adler and van Moer-
beke). Also, we use two discrete variables for BKP (and also for 2-BKP): τm,n(t, t̄).
In this introduction and the first 5 sections we will only describe the one-sided

case, to avoid technicalities. In Section 6 we will introduce the two-sided case,
which will be important for matrix models.
For matrix models, we need the semi-infinite Toda and Pfaff lattices. The fermi-

onic expressions for the related tau functions is considered in the Appendix A.1
where a set of examples is written down. In this Section, we generalize the obser-
vation of Adler, van Moerbeke and Shiota [1,2] about the relation between Toda
and Pfaff lattices.
But, first, we will start with the recollection of the work of Date, Jimbo, Kashi-

wara, and Miwa, on KP and BKP hierarchies.

Fermions and KP hierarchy Consider, following [4] and [10] charged fermions
{ fi , f †i }i∈Z, satisfying

[
fi , f

†
j

]
+ = δi j ,

[
fi , f j

]
+ =0=

[
f †i , f †j

]
+ , i, j ∈Z (1)

where [x, y]+ = xy+ yx is anticommutator. The elements fi and f †i form the basis
of a vector space, which we denote by V . Introduce the spin modules (right and
left Fock spaces) with vacuum vectors, |0〉, 〈0|, such that

fi |0〉= f †−1−i |0〉=0=〈0| f †i =〈0| f−1−i , i <0 (2)

Let g∈GL∞ which may be written as

g= exp
∑
i, j∈Z

ai j : fi f †j : (3)
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where : fi f †j : denotes fi f
†
j −

〈
0| fi f †j |0

〉
, and ai j are some complex numbers. The

elements : fi f †j : together with 1 form a basis of the Lie algebra gl∞, see [4], [10]
for more details.
Then,

∑
i∈Z

fi g|0〉⊗ f †i g|0〉=0 (4)

is the KP hierarchy in the fermionic form, see [4].
One turns this equation into a hierarchy of differential equation using the

boson–fermion correspondence, see, e.g., [14] for more details.
However, the tau function can be be calculated in a different way, define the

oscillator algebra

V =
{

αn =
∑
i∈Z

: fi f †i+n :
}

(5)

We have

[αn, αm]− =nδn+m,0 (6)

where [x, y]− = xy− yx is commutator. Define

f (z)=
∑
i∈Z

fi z
i , f †(z)=

∑
i∈Z

f †i z
−i , (7)

then,

[αk, f (z)]= zk f (z) and [αk, f
†(z)]=−zk f †(z) (8)

Now,

αn|0〉=〈0|α−n =0, n≥0. (9)

Then τKP(t), defined by the following expectation value

τKP(t)=〈0| exp
( ∞∑
k=1

tkαk

)
g|0〉, (10)

is a solution of the KP hierarchy.

Neutral fermions and the BKP hierarchy. Following [10], we introduce an involution
ω on the Clifford algebra, defined by

ω( fi )= (−)i f †−i , ω( f †i )= (−)i f−i (11)

The fixed points of ω in the vector space V with basis fi , f
†
i are the elements

b j =
f j + (−) j f †− j√

2
. (12)



1502 JOHAN W. VAN DE LEUR AND ALEXANDER YU. ORLOV

The elements

b̂ j = i
f j − (−) j f †− j√

2
(13)

are elements in the −1 eigenspace of ω. b j and b̂ j form a new basis of V , we have

[bi , b̂ j ]=0, [bi ,b j ]= [b̂i , b̂ j ]= (−)iδi,− j . (14)

The fixed points in gl∞ are 1 and the elements

(−)k : f j f †−k :−(−) j : fk f †− j : . (15)

These elements form a Lie algebra of type b∞. If one considers the action of these
elements on the vacua of the spin modules, one obtains a level two representation
of b∞ (Note that here we allow also certain infinite sums of these elements).
Note also that only the αk for k odd are fixed by ω.
It is straightforward to check that

(−)k : f j f †−k :−(−) j : fk f †− j :=:b jbk :+ : b̂ j b̂k : . (16)

The following observation is crucial. The elements : b jbk : together with 1, or the
elements : b̂ j b̂k : together with 1, separately form the Lie algebra b∞. These two
Lie algebras that have C1 as intersection, commute. If one considers the action of
these elements separately on the vacua, one obtains a level one representation. The
corresponding module in terms of the b j or b̂ j is called the spin module of type
B. One has

b j |0〉= b̂ j |0〉=〈0|b− j =〈0|b̂− j , j <0. (17)

and

b0|0〉=−i b̂0|0〉= 1
2

√
2 f0|0〉, and 〈0|b0 = i〈0|b̂0 = 1

2

√
2〈0| f †0 , (18)

hence

〈0|b0b0|0〉=−i〈0|b0b̂0|0〉= i〈0|b̂0b0|0〉=〈0|b̂0b̂0|0〉= 1
2
. (19)

As in the KP case we now consider an element in the group h ∈ B∞, such an
element may, e.g., be written as

h= exp
∑
i, j∈Z

ai j :bib j : (20)

Then,
∑
i∈Z

(−)i bi h|0〉⊗b−i h|0〉=hb0|0〉⊗hb0|0〉 (21)
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is the BKP hierarchy in the fermionic form, see, e.g., [10]. One turns this into a
hierarchy of differential equations using twisted vertex operators, see [15] for more
details. The corresponding BKP tau function can be obtained as follows. Define
the twisted oscillator algebra

γn = 1
2

∑
i∈Z

(−)i+1 :bib−i−n : . (22)

Then, γn =0 if n is even. We have

[γn, γm]− = n

2
δn+m,0 (23)

and

γn|0〉=〈0|γ−n =0, n≥0. (24)

Let

b(z)=
∑
i∈Z

bi z
i , (25)

then,

[γk,b(z)]= zkb(z). (26)

The BKP tau function τBKP(t) is defined by the following expectation value

τBKP(t)=〈0| exp
⎛
⎝

∞∑
k=1, odd

tkγk

⎞
⎠ h|0〉 (27)

and is a solution of the BKP hierarchy. A crucial observation is the fact that in
this construction we could have replaced the bn by b̂n and in this way would have
obtained the same result.

A relation between KP and BKP tau functions We follow Jimbo and Miwa [10] or
rather You [34] and define an isomorphism ˆ on the B-type Clifford algebra

ˆ(bn)= b̂n . (28)

Now,

:bnbm : +̂ (:bnbm :)=:bnbm :+ : b̂n b̂m := (−)m : fn f †−m :−(−)n : fm f †−n : (29)

and

γn +ˆ(γn)=γn + γ̂n =αn, n odd. (30)

Let g = hĥ, where ˆh = ĥ and h ∈ B∞, then h and ĥ commute, Now consider the
expression
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τ(t, t̂)=
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

(
tkγk + t̂k γ̂k

)
⎞
⎠hĥ

∣∣∣∣∣∣
0

〉

=
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tkγk

⎞
⎠ h exp

⎛
⎝

∞∑
k=1, odd

t̂k γ̂k

⎞
⎠ ĥ

∣∣∣∣∣∣
0

〉
, (31)

where tk and t̂k are two sets of parameters, the times of the BKP hierarchy. The
above expression (31) can be reduced, i.e., one can move the exponentials to the
right such that they act as 1 on the right vacuum |0〉. Since γk commutes with ĥ
and γ̂k commutes with h and the action of γk on h is the same as γ̂k on ĥ (because
[γk,b�]=b�−k and [γ̂k, b̂�]= b̂�−k), we find that

τ(t, t̂)=
〈
0

∣∣∣∣∣

(∑
I

SI (t)bI

)(∑
I

SI (t̂)b̂I

)∣∣∣∣∣0
〉

, (32)

where bI =bi2k bi2k−1 . . .bi1 with i2k > i2k−1 > · · ·> i1 and b̂I is the same element but
then with the b j s replaced by b̂ j s. Using the action on the left and right vacuum
of the elements, we find that

τ(t, t̂)= S∅(t)S∅(t̂) (33)

Now note that also

S∅(t)=
〈
0

∣∣∣∣∣
∑
I

SI (t)bI

∣∣∣∣∣0
〉

=
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tkγk

⎞
⎠h

∣∣∣∣∣∣
0

〉
, (34)

hence

(τBKP(t))2 =
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tkγk

⎞
⎠h

∣∣∣∣∣∣
0

〉〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tk γ̂k

⎞
⎠ ĥ

∣∣∣∣∣∣
0

〉
(35)

=
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tk
(
γk + γ̂k

)
⎞
⎠ hĥ

∣∣∣∣∣∣
0

〉
. (36)

Now using (30), we find

(τBKP(t))2 =
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tkαk

⎞
⎠hĥ

∣∣∣∣∣∣
0

〉
= τKP(t1,0, t3,0, t5,0, . . .), (37)

for g=hĥ. Since h is of the form (20) we find, using (29), that

g=hĥ= exp
∑

n,m∈Z
anm(:bnbm :+ : b̂n b̂m :)

= exp
∑

n,m∈Z
anm

(
(−)m : fn f †−m :−(−)n : fm f †−n :

)
. (38)
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The element (−)m : fn f
†
−m : −(−)n : fm f †−n : is fixed by ω, hence g ∈ GL∞ is

an element in the level two representation of b∞, which one gets by con-
sidering the action of the ω invariant elements in gl∞. In other words, this
τKP(t1,0, t3,0, t5,0, . . .) is an element in the B∞ group orbit of the vacuum, where
we consider B∞ as a subgroup of GL∞ and not as a group acting on the
spin module of type B. The latter one is related to the level 1 representation of
b∞.

A relation between KP and BKP wave functions Recall from (7) the formula for
f (z), the KP wave function is defined as WKP(t, z)= wKP(t,z)

τKP(t) , with

wKP(t, z)=
〈
0

∣∣∣∣∣ f
†
0 exp

( ∞∑
k=1

tkαk

)
f (z)g

∣∣∣∣∣0
〉

. (39)

Using the boson–fermion correspondence (see, e.g., [4,14] or (67) in the next sec-
tion),

f (z)= Qzα0e−∑
k<0 − αk

k z−ke−∑
k>0

αk
k z−k

,

which is based on (8), then gives

wKP(t, z)= e
∑

k>0 tk z
k

〈
0

∣∣∣∣∣exp
( ∞∑
k=1

(
tk − z−k

k

)
αk

)
g

∣∣∣∣∣0
〉

(40)

= τKP

(
t1 − z−1

1
, t2 − z−2

2
, t3 − z−3

3
, . . .

)
e
∑

k>0 tk z
k

(41)

Recall b(z) from (25) and define analogously b̂(z)=∑
j∈Z b̂ j z j , then using (12)

and (13)

f (z)= 1√
2

(
b(z)− i b̂(z)

)
and f †(z)= 1√

2

(
b(−z)+ i b̂(−z)

)
(42)

Now let, as before, g=hĥ, then

wKP(todd, z)=wKP(t1,0, t3,0, . . . , z)

= τKP

(
t1 − z−1

1
,− z−2

2
, t3 − z−3

3
,− z−4

4
, . . .

)
e
∑

k>0 odd tk z
k

(43)

Using (26) and the known bosonization formula (6.5) of [10],

〈0|b0b(z)e
∑

k=1,odd γk tk = 1
2
〈0|e

∑
k=1,odd γk

(
tk− 2z−k

k

)
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and a similar formula with “hats” ((7.4) in [10]), we obtain

wKP(todd, z)= 1
2

〈
0

∣∣∣∣∣∣
(
b0 + i b̂0

)
exp

⎛
⎝

∞∑
k=1, odd

tk
(
γk + γ̂k

)
⎞
⎠(

b(z)− i b̂(z)
)
hĥ

∣∣∣∣∣∣
0

〉

= 1
2
e
∑

k>0 odd tk z
k

〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

(
tk −2

z−k

k

)
γk

⎞
⎠h

∣∣∣∣∣∣
0

〉

×
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tk γ̂k

⎞
⎠ ĥ

∣∣∣∣∣∣
0

〉

+ 1
2
e
∑

k>0 odd tk z
k

〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

tkγk

⎞
⎠h

∣∣∣∣∣∣
0

〉

×
〈
0

∣∣∣∣∣∣
exp

⎛
⎝

∞∑
k=1, odd

(
tk −2

z−k

k

)
γ̂k

⎞
⎠ ĥ

∣∣∣∣∣∣
0

〉

= τBKP(t)τBKP(t1 −2
z−1

1
, t3 −2

z−3

3
, . . .)e

∑
k>0 odd tk z

k
. (44)

If we now divide this by

τKP(t1,0, t3,0, . . .)= (τBKP(t))2,

we obtain an expression for WKP(todd, z). Define

WBKP(t, z)=2

〈
0|b0e

∑
k=1,odd tkγk b(z)h|0

〉
〈
0|e

∑
k=1,odd tkγk h|0

〉 = e
∑

k>0,odd tk z
k
(
1+O(z−1)

)
. (45)

Again using (26), one deduces

WBKP(t, z)= τBKP

(
t1 −2

z−1

1
, t3 −2

z−3

3
, . . .

)
e
∑

k>0 odd tk z
k
/τBKP(t) (46)

Now comparing (44) and (46), we obtain:

WBKP(t, z)=WKP(t1,0, t3,0, . . . , z). (47)

2. Another Realization of the KP Hierarchy

To describe the relation between the Toda lattice hierarchy (or two-component KP)
and the Pfaff lattice (or large BKP), we need another realization of both spin mod-
ules. We start with the KP hierarchy and relabel the fermions fi and f †i as follows

f0 =ψ, f †0 =ψ† (48)

f2i+1 =ψ
(1)
i , f †2i+1 =ψ

†(1)
i , i ≥0 (49)
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while

f2i+2 =ψ
(2)
i , f †2i+2 =ψ

†(2)
i , i ≥0 (50)

f2i =ψ
(1)
i , f †2i =ψ

†(1)
i , i <0 (51)

f2i+1 =−ψ
(2)
i , f †2i+1 =−ψ

†(2)
i , i <0. (52)

The minus sign in (52) will be convenient later on when we apply the involution ω

to this new realization. Then, for a,b=1,2
[
ψ

(a)
i ,ψ

†(b)
j

]
+ = δa,bδi, j , and [ψ,ψ†]+ =1, (53)

all other anti-commutation relations are zero. The action on the vacuum is given
by

ψ†|0〉=0=〈0|ψ (54)

ψ
(a)
i |0〉=ψ

†(α)

−1−i |0〉=0=〈0|ψ†(α)
i =〈0|ψ(a)

−1−i , i <0 (55)

Now, the KP equation (4) may be rewritten as

ψg|0〉⊗ψ†g|0〉+
∑
a=1,2

∑
i∈Z

ψ
(a)
i g|0〉⊗ψ

†(α)
i g|0〉=0 (56)

where g is the same as in (4) rewritten as

g= e
∑

a,b=1,2
∑

n,m∈Z aabnmψ
(a)
n ψ

†(b)
m +∑

a=1,2
∑

n∈Z aa0nmψψ
†(α)
n +∑

a=1,2
∑

n∈Z a0anmψ
(a)
n ψ†+a00ψψ†

.

(57)

Remark 1. One can identify Equation (56) with the Hirota equation for the three-
component KP hierarchy [4,10,14] restricted on the class of g which does not
depend on ψ

(3)
k ,ψ

†(3)
k for all k 
= i except on ψ

(3)
i :=ψ,ψ

†(3)
i :=ψ† where i is arbi-

trarily chosen.

It may also be written in the form

g= g(0) + g(1)ψ + g(−1)ψ†, g(0) = g(0,0) + g(1,−1)ψψ† (58)

where g(0,0), g(1,−1), g(1) and g(−1) do not contain neither ψ , nor ψ†. Then, g(0)

is even and g(±1) are odd in the Z2 grading of the Clifford algebra.
Define a two-component oscillator algebra (cf (5))

α(a)
n =

∑
i∈Z

:ψ(a)
i ψ

†(a)
i+n : . (59)

We have

[α(a)
n , α(b)

m ]− =nδa,bδn+m,0 (60)
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Introduce

	(a)
n =

⎧
⎪⎪⎨
⎪⎪⎩

ψ
(a)

n−1 . . .ψ
(a)

0 if n>0

1 if n=0

ψ
†(a)
n . . .ψ

†(a)

−1 if n<0

, 	†(a)
n =

⎧
⎪⎪⎨
⎪⎪⎩

ψ
†(a)

0 . . .ψ
†(a)

n−1 if n>0

1 if n=0

ψ
(a)

−1 . . .ψ
(a)
n if n<0

(61)

and introduce right and left Fock vectors

|n,m,0〉=	(2)
m 	(1)

n |0〉, 〈n,m,0|= 〈0|	†(1)
n 	†(2)

m (62)

|n,m,1〉=	(2)
m 	(1)

n ψ |0〉, 〈n,m,1|= 〈0|ψ†	†(1)
n 	†(2)

m (63)

which are highest weight vectors for the oscillator algebra (59):

α
(a)
i |n,m, k〉=0 if i >0, 〈n,m, k|α(a)

−i =0 if i >0 (64)

for any a,n,m and k=0,1.
We have the orthogonality condition 〈n,m, k|1|n′,m′, k′〉 = δn,n′δm,m′δk,k′ where

n,n′,m,m′ ∈Z, k, k′ =0,1.
Now, we can write

g|0〉=
∑
n∈Z

(
g(0)
−n|n,−n,0〉+ g(1)

−n|n−1,−n,1〉
)

(65)

Boson–fermion correspondence. Now, we set the following correspondence. The left
Fock space is isomorphic to [θ,qa,q−1

a , t (a)
i ; a=1,2, i =1,2, . . .]. Let σ be the cor-

responding isomorphism. Introduce the fermionic fields

ψ(a)(z)=
∑
i∈Z

ψ
(a)
i zi , ψ†(a)(z)=

∑
i∈Z

ψ
†(a)
i z−i−1, (66)

then,

σ(ψ)= θ, σ (ψ†)= ∂

∂θ
(67)

where θ2 =0, and

σ
(
ψ(a)(z)

)
=qaz

qa
∂

∂qa E+(a)(z), σ
(
ψ†(a)(z)

)
=q−1

a z−qa
∂

∂qa E−(a)(z) (68)

where

E±(a)(z)= e±∑∞
n=1 t

(a)
n zn e

∓∑∞
k=1

1
k

∂

∂t(a)
n (69)

Here,

qaqb =−qbqa, θqa =−qaθ (70)

for a,b=1,2 and a 
=b.
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Then, (65) turns out to be

σ(g|0〉)=
∑
n

(
τ

(0)
−n q

n
2q

−n
1 + τ

(1)
−n q

n
2q

−n−1
1 θ

)
(71)

Now, the Hirota KP Equation (4) (rewritten in form (56)) are

0=−
∑
n,m

τ
(0)
−n q

n
2q

−n
1 θ ⊗ τ

(1)
−mq

m
2 q

−m−1
1

+ res
z

(−)nz−n E+(1)(z)
(
τ

(0)
−n q

n
2q

1−n
1 + z−1τ

(1)
−n q

n
2q

−n
1 θ

)

⊗ (−)mz−mE−(1)(z)
(
τ

(0)
−mq

m
2 q

−1−m
1 + zτ (1)

−mq
m
2 q

−m−2
1 θ

)

+ res
z
zn E+(2)(z)

(
τ

(0)
−n q

n+1
2 q−n

1 + τ
(1)
−n q

n+1
2 q−1−n

1 θ
)

⊗ zm E−(2)(z)
(
τ

(0)
−mq

m−1
2 q−m

1 + τ
(1)
−mq

m−1
2 q−m−1

1 θ
)

This decomposes in a number of equations of which one is:

res
z

(
(−z)n−mE+(1)(z)τ (a)

n ⊗ E−(1)(z)τ (a)
m

+zm−n−2E+(2)(z)τ (a)

n+1 ⊗ E−(2)(z)τ (a)

m−1

)
=0 (72)

for a=0,1 which is a version of the two-component KP equation [10,14], see also
[32] and

res
z

(
z1−2δa1(−z)n−mE+(1)(z)τ (a)

n ⊗ E−(1)(z)τ (1−a)
m

+zm−n−2E+(2)(z)τ (a)

n+1 ⊗ E−(2)(z)τ (1−a)

m−1

)

= δa1τ
(0)
n ⊗ τ (1)

m (73)

which is a version of the two-component first modified KP equation [10,15].
We have

τ (0)
n =

〈
n,−n,0

∣∣∣∣e
∑∞

n=1

(
t (1)n α

(1)
n +t (2)n α

(2)
n

)
g

∣∣∣∣0,0,0
〉

and (74)

τ (1)
n =

〈
n−1,−n,1

∣∣∣∣e
∑∞

n=1

(
t (1)n α

(1)
n +t (2)n α

(2)
n

)
g

∣∣∣∣0,0,0
〉

(75)

Note, using (58), we can write g = g(0,0) + g(1)ψ + g(−1)ψ† + g(1,−1)ψψ†. Then,
(74) and (75) can be written as follows:

τ (0)
n =

〈
n,−n,0

∣∣∣∣e
∑∞

n=1

(
t (1)n α

(1)
n +t (2)n α

(2)
n

)
g(0,0)

∣∣∣∣0,0,0
〉

and (76)

τ (1)
n =

〈
n−1,−n,1

∣∣∣∣e
∑∞

n=1

(
t (1)n α

(1)
n +t (2)n α

(2)
n

)
g(1)

∣∣∣∣0,0,0
〉

(77)
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3. B-Case in this New Realization

Recall the involution ω (see (11)) on the Clifford algebra. Using the relabeling
(48)–(52), this induces

ω(ψ)=ψ†, ω(ψ†)=ψ (78)

ω(ψ(1)
n )=ψ

†(2)
−1−n, ω(ψ(2)

n )=ψ
†(1)
−1−n, (79)

ω(ψ†(1)
n )=ψ

(2)
−1−n, ω(ψ†(2)

n )=ψ
(1)
−1−n . (80)

It is straightforward to check that

ω(α(1)
n )=−α(2)

n , ω(α(2)
n )=−α(1)

n . (81)

Now define a new basis in our Clifford algebra consisting of elements that are
fixed by ω and of elements x with ω(x)=−x

ϕ = ψ +ψ†

√
2

, ϕ̂ = i
ψ −ψ†

√
2

(82)

ψ j =
ψ

(1)
j +ψ

†(2)
−1− j√

2
, ψ̂ j = i

ψ
(1)
j −ψ

†(2)
−1− j√

2
(83)

ψ
†
j = ψ

†(1)
j +ψ

(2)
−1− j√

2
, ψ̂

†
j =−i

ψ
†(1)
j −ψ

(2)
−1− j√

2
(84)

Then,

[ψn,ψ
†
m]+ = δn,m, [ψ̂n, ψ̂

†
m]+ = δn,m (85)

ϕ2 = ϕ̂2 = 1
2

(86)

all other elements anticommute.
Also,

ψ j |0〉= ψ̂ j |0〉=ψ
†
−1− j |0〉= ψ̂

†
−1− j |0〉=0, j <0, (87)

〈0|ψ†
j =〈0|ψ̂†

j =〈0|ψ−1− j =〈0|ψ̂−1− j =0, j <0, (88)

(ϕ + i ϕ̂)|0〉=0=〈0|(ϕ − i ϕ̂) (89)

Spin module for b∞. Here, we consider the elements ψ j ,ψ
†
j , ϕ, which are the ele-

ments invariant under ω. Recall

[ψ j ,ψ
†
n ]+ = δ j,n, ϕ2 = 1

2
(90)

all other elements anticommute and

ψ j |0〉=ψ
†
1− j |0〉=0=〈0|ψ†

j =〈0|ψ1− j , j <0 (91)
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The b∞ spin module splits into two parts, V0̄ ⊕ V1̄, where V0̄ has the highest
weight vector |0̄〉 = |0〉, and V1̄ has the highest weight vector |1̄〉 = √

2ϕ|0〉. Both
V0̄ and V1̄ are irreducible highest weight modules for b∞, which is formed by the
quadratic elements of the Clifford algebra together with 1.
From now, we shall focus on V0̄.
As before one can define an oscillator algebra B

βk =
∑
l∈Z

:ψlψ
†
l+k : . (92)

In V0̄, one has the following highest weight vectors if one restricts to the B

|n〉=
{

	2l |0〉 if n=2l√
2	2l−1ϕ|0〉 if n=2l −1

, 〈n|=
{

〈0|	†
2l if n=2l

〈0|ϕ	
†
2l−1

√
2 if n=2l −1

(93)

βk |n〉=0=〈0|β−k, k>0, n∈Z (94)

where similar to (61)

	n =

⎧
⎪⎪⎨
⎪⎪⎩

ψn−1 . . .ψ0 if n>0

1 if n=0

ψ
†
n . . .ψ

†
−1 if n<0

, 	†
n =

⎧
⎪⎪⎨
⎪⎪⎩

ψ
†
0 . . .ψ

†
n−1 if n>0

1 if n=0

ψ−1 . . .ψn if n<0

(95)

Let h be a group element of B∞. Then we can consider h|0̄〉, clearly such an
element decomposes

h|0〉=
∑
n∈Z

hn|n〉 (96)

As for GL∞ there is a boson–fermion correspondence given by

σB(ψ(z))= pz p
∂
∂p B+(z), σB(ψ†(z))= p−1z−p ∂

∂p B−(z) (97)

B±(z)= e±∑
n>0 sn z

n
e∓∑

n>0
1
n

∂
∂sn

z−n
(98)

for the fermionic fields (cf. (66))

ψ(z)=
∑
i∈Z

ψi z
i , ψ†(z)=

∑
i∈Z

ψ
†
i z

−i−1, (99)

and (67) induces

σB(ϕ)= θ + ∂
∂θ√
2

(100)

Then, σB (h|0〉)= τ B . And using (96) one finds

τ B =
∑
l∈Z

(
τ B
2l p

2l + τ B
2l−1 p

2l−1θ
)

(101)
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Note that pθ =−θp.
An element h ∈ B∞ is an even element in the Clifford algebra.
We have

[h⊗h, SB]− =0, SB =ϕ ⊗ϕ +
∑
i∈Z

(
ψi ⊗ψ

†
i +ψ

†
i ⊗ψi

)
(102)

Since

SB |0〉⊗ |0〉=ϕ|0〉⊗ϕ|0〉 (103)

One obtains

SB (h|0〉⊗h|0〉)=hϕ|0〉⊗hϕ|0〉 (104)

Note that h=a+√
2bϕ where a is an even element expressed in ψi and ψ

†
i , and

b is an odd element expressed in ψi and ψ
†
i . Then,

SB
(
a+√

2bϕ
)

|0〉⊗
(
a+√

2bϕ
)

|0〉=
(
aϕ + 1

2

√
2b

)
|0〉⊗

(
aϕ + 1

2

√
2b

)
|0〉
(105)

or
(
aϕ − 1

2

√
2b

)
|0〉⊗

(
aϕ − 1

2

√
2b

)
|0〉

+
∑
i∈Z

ψi

(
a+√

2bϕ
)

|0〉⊗ψ
†
i

(
a+√

2bϕ
)

|0〉

+
∑
i∈Z

ψ
†
i

(
a+√

2bϕ
)

|0〉⊗ψi

(
a+√

2bϕ
)

|0〉

=
(
aϕ + 1

2

√
2b

)
|0〉⊗

(
aϕ + 1

2

√
2b

)
|0〉

Hence,
∑
i∈Z

[
ψi (a+√

2bϕ)|0〉⊗ψ
†
i (a+√

2bϕ)|0〉+ψ
†
i (a+√

2bϕ)|0〉⊗ψi (a+√
2bϕ)|0〉

]

=√
2aϕ|0〉⊗b|0〉+b|0〉⊗√

2aϕ|0〉
Now clearly:

σ (a|0〉)=
∑
l∈Z

τ B
2l p

2l , σ
(√

2bϕ|0〉
)

=
∑
l∈Z

τ B
2l−1 p

2l−1θ (106)

σ
(√

2aϕ|0〉
)

=
∑
l∈Z

τ B
2l p

2lθ, σ (b|0〉)=
∑
l∈Z

τ B
2l−1 p

2l−1 (107)

Also,

τ B
l (s)=〈l|e

∑
l slβl h|0〉 (108)
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Equation (105) turns into the large BKP hierarchy or Pfaff lattice:

res
z

(
zn−m−2B+(z)τ B

n−1 ⊗ B−(z)τ B
m+1

+ (−1)n+m

2z
τ B
n ⊗ τ B

m + zm−n−2B−(z)τ B
n+1 ⊗ B+(z)τ B

m−1

)

= 1
2
τ B
n ⊗ τ B

m (109)

4. A Relation Between the Tau Functions

In the same way as the small BKP is related to the KP hierarchy, the large BKP
(or Pfaff lattice) is related to the two-component KP (or Toda Lattice hierarchy).
In fact, one can use the same involution ˆ of (28) on the Clifford algebra, it induces

ˆ(ϕ)= ϕ̂, ˆ(ϕ̂)=ϕ (110)

ˆ(ψi )= ψ̂i , ˆ(ψ̂i )=ψi , ˆ(ψ†
i )= ψ̂

†
i , ˆ(ψ̂†

i )= ψ̂
†
i (111)

Then,

ˆ(βl)= β̂l =
∑
j∈Z

: ψ̂ j ψ̂
†
j+l : (112)

We want to consider

e
∑

l sl (βl +̂ (βl ))h ·ˆ(h) |0〉= e
∑

l slβl h · e
∑

l sl β̂l ĥ |0〉 (113)

Now,

ψ jψ
†
k + ψ̂ j ψ̂

†
k = 1

2

(
ψ

(1)
j +ψ

†(2)
− j−1

)(
ψ

†(1)
k +ψ

(2)
−k−1

)

+ 1
2

(
ψ

(1)
j −ψ

†(2)
− j−1

)(
ψ

†(1)
k −ψ

(2)
−k−1

)

=ψ
(1)
j ψ

†(1)
k +ψ

(2)
− j−1ψ

†(2)
−k−1 (114)

Thus,

βl + β̂l =
∑
j

(
:ψ jψ

†
j+l :+ : ψ̂ j ψ̂

†
j+l :

)
=

∑
j

(
:ψ(1)

j ψ
†(1)
j+l :+ :ψ†(2)

− j−1ψ
(2)
− j−l−1 :

)

=α
(1)
l −α

(2)
j

and hence e
∑

sl (βl+β̂l ) = e
∑

l slα
(1)
l e−∑

l slα
(2)
l

First, note that

ψ = ϕ − i ϕ̂√
2

, ψ† = ϕ + i ϕ̂√
2

(115)
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ψ
(1)
j = ψ j − iψ̂ j√

2
, ψ

†(1)
j = ψ

†
j + iψ̂†

j√
2

(116)

ψ
(2)
j = ψ

†
− j−1 − iψ̂†

− j−1√
2

, ψ
†(2)
j = ψ− j−1 + iψ̂− j−1√

2
(117)

Thus,

ψ
(1)
j ψ

†(2)
− j−1 = 1

2

(
ψ j − iψ̂ j

)(
ψ j + iψ̂ j

)
= iψ j ψ̂ j (118)

ψ
†(1)
j ψ

(2)
− j−1 = 1

2

(
ψ

†
j + iψ̂†

j

)(
ψ

†
j − iψ̂†

j

)
=−iψ†

j ψ̂
†
j (119)

The following Lemma will be useful:

LEMMA 1.

〈−2n,2n,0|= (−1)n〈0|	†
−2n	̂

†
−2n (120)

〈1−2n,2n−1,0|= (−1)n+1〈0|
(√

2ϕ	
†
1−2n

)(√
2ϕ̂	̂

†
1−2n

)
(121)

Proof. Let n>0. Then,

〈−2n,2n,0|= 〈0|	†(1)
−2n	

†(2)
2n =〈0|ψ(1)

−1ψ
(1)
−2 . . .ψ

(1)
−2nψ

†(2)
0 ψ

†(2)
1 . . .ψ

†(2)
2n−1

= (−1)n〈0|ψ−1 . . .ψ−2nψ̂−1 . . . ψ̂−2n = (−1)n〈0|	†
−2n	̂

†
−2n

If n<0, then we have

〈−2n,2n,0|= 〈0|	†(1)
−2n	

†(2)
2n =〈0|ψ†(1)

0 ψ
†(1)
1 . . .ψ

†(1)
−2n−1ψ

(2)
−1ψ

(2)
−2 . . .ψ

(2)
2n

= (−1)n〈0|ψ†
0ψ

†
1 . . .ψ

†
−2n−1ψ̂

†
0 . . . ψ̂

†
−2n−1 = (−1)n〈0|	†

−2n	̂
†
−2n

Next, we consider the case

〈1−2n,2n−1,0|= 〈0|	†(1)
−2n+1	

†(2)
2n−1 (122)

If n>0, then:

〈1−2n,2n−1,0|= 〈0|ψ(1)
−1 . . .ψ

(1)
−2n+1ψ

†(2)
0 . . .ψ

†(2)
2n−2

= (i)2n−1〈0|ψ−1 . . .ψ−2n+1ψ̂−1 . . . ψ̂−2n+1

= (i)2n−1〈0|	†
−2n+1	̂

†
−2n+1

Now, use that

〈0|ϕϕ̂ = i

2
〈0|(ψ +ψ†)(ψ +ψ†)=− i

2
〈0|ψ†ψ =− i

2
〈0| (123)
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Thus,

〈1−2n,2n−1,0|=2(i)2n〈0|ϕϕ̂	
†
−2n+1	̂

†
−2n+1

= (−1)n+1〈0|
(√

2ϕ	
†
1−2n

)(√
2ϕ̂	̂

†
1−2n

)

If n<0, then

〈1−2n,2n−1,0|= 〈0|ψ†(1)
0 . . .ψ

†(1)
2n ψ

(2)
−1 . . .ψ

(2)
2n−1

= (−i)1−2n〈0|ψ†
0 . . .ψ

†
−2nψ̂

†
0 . . . ψ̂

†
−2n

= (−i)1−2n〈0|	†
1−2n	̂

†
1−2n

= (−1)n+1〈0|
(√

2ϕ	
†
1−2n

)(√
2ϕ̂	̂

†
1−2n

)

Which finishes the proof of the lemma �
Thus,

τ
(0)
−2n(s,−s)= (−1)n〈0|	†

−2n	̂
†
−2ne

∑
k skβk e

∑
k sk β̂k hĥ|0〉 (124)

= (−1)n〈−2n|e
∑

k skβk h|0〉〈−̂2n|e
∑

k sk β̂k ĥ|0〉= (−1)nτ B
2n(s)τ

B
2n(s)

(125)

and

τ
(0)
1−2n(s,−s)=〈1−2n,2n−1,0|e

∑
k skβk e

∑
k sk β̂k hĥ|0〉

= (−1)n+1〈1−2n|e
∑

k skβk h|0〉〈1̂−2n|e
∑

k sk β̂k ĥ|0〉
= (−1)n+1τ B

1−2n(s)τ
B
1−2n(s)

Thus,

PROPOSITION 1. A BKP tau function satisfies
(
τ B
n (s)

)2 = (−)
n(n+1)

2 τ (0)
n (s,−s)

Remark 2. If gi = hi ĥi , i = 1, . . . , k, then g = g1 . . . gk = hĥ where h = h1 . . . hk and
ĥ= ĥ1 . . . ĥk .

5. A Relation Between the Wave Functions

We introduce the two-component KP wave function W±(a)
n (t, z) by

W±(a)
n (t, z)= 1

τ
(a)
n (t)

(
(−z)±n E±(1)(z)τ (a)

n (t) z∓n−1E±(2)(z)τ (a)

n±1(t)

(−z)±n−1E±(1)(z)τ (a)

n∓1(t) z∓n E±(2)(z)τ (a)
n (t)

)

then (72) turns into

res
z
W+(a)

n (s, z)W−(a)
m (t, z)T =0 (126)
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and (73) turns into

res
z
W+(a)

n (s, z)

(
z1−2δa1 0

0 1

)
W−(1−a)

m (t, z)T

= δa1

τ
(1)
n (s)τ (0)

m (t)

(
τ

(0)
n (s)

τ
(0)
n−1(s)

)(
τ

(1)
m (t) τ

(1)
m+1(t)

)
(127)

We introduce next the BKP wave function V±
n (z). To do that, we first observe that

(109) can be rewritten in the matrix form

res
z
R+
n (z)S(z)R−

m (z)T = res
z
T+
n S(z)T−T

m (128)

where

R±
n (z)=

⎛
⎝
z±n B±(z)τ B

n (−1)n+1τ B
n±1 z∓n−2B∓(z)τ B

n±2
z±n−1B±(z)τ B

n∓1 (−1)nτ B
n z∓n−1B∓(z)τ B

n±1
z±n−2B±(z)τ B

n∓2 (−1)n−1τ B
n∓1 z∓n B∓(z)τ B

n

⎞
⎠ ,

T±
n =

⎛
⎝

τ B
n τ B

n±1 0
0 τ B

n 0
0 τ B

n∓1 τ B
n

⎞
⎠ (129)

and

S(z)=diag
(
1,

1
2z

,1
)

Let

U±
n =

⎛
⎜⎜⎜⎝

1
τ B
n

∓ τ B
n±1

(τ B
n )2

0

0 1
τ B
n

0

0 ∓ τ B
n∓1

(τ B
n )2

1
τ B
n

⎞
⎟⎟⎟⎠

then U+
n = (T+

n )−1. Now introduce the BKP wave function V±
n (z)=U±

n R±
n (z) then

(128) turns into

res
z
V+
n (z)S(z)V−

m (z)T =
⎛
⎜⎝

0 0 0
τ B
m−1
τ B
m

1
2

τ B
m+1
τ B
m

0 0 0

⎞
⎟⎠ (130)

We will now show that two-component KP wave functions W±(0)
n (t (1), t (2), z) eval-

uated at t (1)j = s j =−t (2) for group elements, g= hĥ may be expressed in terms of
the BKP wave functions V±

n (z).

PROPOSITION 2. A BKP wave function is related to a two-component KP wave
function, via

W±(0)
n (s,−s, z)=

(
(−1)n 0 0
0 0 ∓1

)
V±
n (s, z)

⎛
⎝
1 0
0 0
0 ∓1

⎞
⎠
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To prove this, we calculate

w(1)
n (t (1), t (2), z)=〈n+1,−n,0|e

∑
j>0

(
t (1)j α j+t (2)j α̂ j

)
ψ(1)(z)g|0〉 (131)

= (−z)ne
∑

j>0 t
(1)
j z j 〈n,−n,0|e

∑
j>0

((
t (1)j − z− j

j

)
α j+t (2)j α̂ j

)
g|0〉 (132)

= (−z)ne
∑

j>0 t
(1)
j z j

τ (0)
n

(
t (1) −[z−1], t (2)

)
(133)

Now, set g=hĥ and t (1)j = s j =−t (2). Then

w(1)
n (s,−s, z)= (−z)ne

∑
j>0 s j z

j
τ (0)
n

(
s−[z−1],−s

)

=〈n+1,−n,0|e
∑

j>0 s j (β j+β̂ j )ψ(1)(z)hĥ|0〉
= (−i)n+1〈0|	†

n+1	̂
†
n+1ψ

†(2)
−n−1e

∑
j>0 s j (β j+β̂ j )ψ(1)hĥ|0〉

= (−i)n+1

2
〈0|	†

n+1	̂
†
n+1(ψn + iψ̂n)e

∑
j>0 s j (β j+β̂ j )(ψ(z)− iψ̂(z))hĥ|0〉

=
(
in+1

2
〈0|	†

n 	̂
†
n+1 + (−i)n

2
〈0|	†

n 	̂
†
n+1

)
e
∑

j>0 s j (β j+β̂ j )(ψ(z)− iψ̂(z))hĥ|0〉

= (−i)n+1

2
zn−1e

∑
j>0 s j z

j 〈0|	†
n−1	̂

†
n+1e

∑
j>0

(
s j− z− j

j

)
β j+s j β̂ j )hĥ|0〉

+ in

2
zne

∑
j>0 s j z

j 〈0|	†
n 	̂

†
n e

∑
j>0

(
s j− z− j

j

)
β j+s j β̂ j )hĥ|0〉

+ in

2
zne

∑
j>0 s j z

j 〈0|	†
n 	̂

†
n e

∑
j>0 s jβ j+

(
s j− z− j

j

)
β̂ j )hĥ|0〉

+ (−i)n+1

2
zn−1e

∑
j>0 s j z

j 〈0|	†
n+1	̂

†
n−1e

∑
j>0 s jβ j+

(
s j− z− j

j

)
β̂ j )hĥ|0〉

=
{

(−1)
n
2 zne

∑
j>0 s j z

j (
τ B
n (s)τ B

n (s−[z−1])− z−1τ B
n+1(s)τ

B
n−1(s−[z−1])) , if n even

(−1)
n−1
2 zne

∑
j>0 s j z

j (
τ B
n (s)τ B

n (s−[z−1])− z−1τ B
n+1(s)τ

B
n−1(s−[z−1])) , if n odd

(134)

Thus, we obtain

w(1)
n (s,−s, z)= (−1)

n(n−1)
2 zne

∑
j>0 s j z

j

×
(
τ B
n (s)τ B

n (s−[z−1])− z−1τ B
n+1(s)τ

B
n−1(s−[z−1])

)
(135)

which is the first formula of

(−1)
n(n+1)

2 τ (0)
n

(
s−[z−1],−s

)
= τ B

n (s)τ B
n (s−[z−1])− z−1τ B

n+1(s)τ
B
n−1(s−[z−1])

(136)

(−1)
n(n+1)

2 τ (0)
n

(
s+[z−1],−s

)
= τ B

n (s)τ B
n (s+[z−1])+ z−1τ B

n−1(s)τ
B
n+1(s+[z−1])

(137)
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(−1)
n(n+1)

2 τ (0)
n

(
s,−s−[z−1]

)
= τ B

n (s)τ B
n (s+[z−1])− z−1τ B

n−1(s)τ
B
n+1(s+[z−1])

(138)

(−1)
n(n+1)

2 τ (0)
n (s,−s+[z−1]))= τ B

n (s)τ B
n (s−[z−1])+ z−1τ B

n+1(s)τ
B
n−1(s−[z−1])

(139)

The other formulas can be obtained in a similar way. From these formulas and
Proposition 1, one easily deduces Proposition 2.

6. The Two-Sided BKP (2-BKP) and Two-Component Toda Lattice

In this section, we consider a two-sided version of some of the previous construc-
tions.

2-BKP and two-component 2-KP (two-component Toda lattice) tau functions.
Consider

τ (0)
n,m(t (1), t (2); t̄ (1), t̄ (2)|g)
:=

〈
n,−n,0

∣∣∣e
∑

i>0(t
(1)
i α

(1)
i +t (2)i α

(2)
i ) g e

∑
i>0(t̄

(1)
i α

(1)
−i +t̄ (2)i α

(2)
−i )

∣∣∣m,−m,0
〉

(140)

which may be considered as the two-component 2-KP tau function, or, the same,
two-component Toda lattice tau function.1 The Hirota equations for the tau func-
tion (140) may also be found in the Appendix A.3
In what follows, we shall put t (1)k = sk =−t (2)k , t̄ (1)k = s̄k =−t̄ (2)k , where s and s̄ are

two independent sets of variables. Below g=hĥ. These are restrictions which allow
to compare two-component TL tau functions with BKP tau functions.
Consider a 2-BKP tau function

τ B
n,m(s, s̄|h) :=

〈
n
∣∣∣e

∑
i>0 siβi h e

∑
i>0 s̄iβ−i

∣∣∣m
〉

(141)

which depends on two discrete parameters n and m and two sets of higher times
s = (s1, s2, . . .) and s̄ = (s̄1, s̄2, . . .). Hirota equations of the 2-BKP. The name 2-
BKP (two-sided BKP) is related to the fact that 2-BKP Hirota equations (see
Appendix A.4) contains the BKP Hirota equations with respect to the variables
s,m the same as Hirota BKP equations with respect the variables s̄,n (109).

Remark 3. We have the following symmetry

τ B
n,m(s, s̄|h)= τ B

m,n(s̄, s|h†) (142)

Then it follows that the 2-BKP tau functions (141) τn,m(s, s̄) is a BKP tau function
with respect to the variables s̄. This explains the name 2-BKP tau function.

In the same way as Proposition 1 was obtained, we get

1See a piece between relations (9.6) and (9.7) in [10].
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PROPOSITION 3. A BKP tau function satisfies
(

τ B
n,m(s, s̄|h)

)2 = (−)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0(s,−s; s̄,−s̄|g) (143)

where g=hĥ.

For proof of Proposition 3, we note that from Lemma 1 it follows that

|−2n,2n,0〉= (−1)n	̂−2n	−2n|0〉,
|1−2n,2n−1,0〉= (−1)n+1	̂1−2n

√
2ϕ̂	1−2n

√
2ϕ|0〉

which allows to repeat all the steps of the derivation of the Proposition 1.

Miwa transforms For tau functions of the two-component TL and 2-BKP, we can
write (cf. (136–139)):

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s−[x],−s; s̄,−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s−[x], s̄)− xτ B
n+1,m(s, s̄)τ B

n−1,m(s−[x], s̄) (144)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s+[x],−s; s̄,−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s+[x], s̄])+ xτ B
n−1,m(s, s̄)τ B

n+1,m(s+[x], s̄) (145)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s−[x]; s̄,−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s+[x], s̄)− xτ B
n−1,m(s, s̄)τ B

n+1,m(s+[x], s̄) (146)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s+[x]; s̄,−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s−[x], s̄)+ xτ B
n+1,m(s, s̄)τ B

n−1,m(s−[x], s̄) (147)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s; s̄−[x],−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s, s̄−[x])− xτ B
n,m+1(s, s̄)τ

B
n,m−1(s, s̄−[x]) (148)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s; s̄+[x],−s̄)

= τ B
n,m(s, s̄)τ B

n,m(s, s̄+[x])+ xτ B
n,m−1(s, s̄)τ

B
n,m+1(s, s̄+[x]) (149)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s; s̄,−s̄−[x])

= τ B
n,m(s, s̄)τ B

n,m(s, s̄+[x])− xτ B
n,m−1(s, s̄)τ

B
n,m+1(s, s̄+[x]) (150)

(−1)
n(n+1)

2 +m(m+1)
2 τ

(0)
n,m,0 (s,−s); s̄,−s̄+[x])

= τ B
n,m(s, s̄)τ B

n,m(s, s̄−[x])+ xτ B
n,m+1(s, s̄)τ

B
n,m−1(s, s̄−[x]) (151)

7. An Example: Toda Lattice (TL) and B-Type Pfaff Lattice (BPL)

In many applications (like random matrices or random partitions), the semi-infinite
Toda lattice and semi-infinite Pfaff lattice are of use. Here, we relate the semi-
infinite Pfaff lattice of B-type to the semi-infinite Toda lattice.
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Semi-infinite Toda lattice. First, let us recall that the Hirota equation for the Toda
lattice tau function [10,32] and for the two-component KP tau function [10] coin-
cide up to a sign factor, see the relation (9.7) in [10] and the Theorem 1.12 in [32].
Here, we shall consider the semi-infinite Toda lattice which may be presented as

τTLn (t, t̄)= (−)
n(n+1)

2 τ 2KP
n (t, t̄) (152)

τ 2KP
N (t (1), t (2))=

〈
N ,−N

∣∣∣∣e
∑

a=1,2
∑

i∈Z α
(a)
i t (a)

i e
∑

i, j Mi jψ
(1)
i ψ

†(2)
j

∣∣∣∣0
〉

(153)

(see also Appendix A.2).
The tau function (153) is the tau function τ

(0)
N ,0,0 of (140) where g =

e
∑

i, j Mi jψ
(1)
i ψ

†(2)
j . This choice provides the semi-infinity of the TL equation which is

∂2τTLN

∂t (1)1 ∂t (2)− 1
τTLN − ∂τTLN

∂t (1)1

∂τTLN

∂t (2)1

=−τTLN+1τ
TL
N−1 (154)

where we put τTLN (t (1), t (2)) = δN ,0 for N ≤ 0. Given τTL1 one can construct all
τTLN , N >1 in a recursive way via (154).
Introduce

e
∑

k>0 z
k tk =:

∑
k≥0

zksk(t) and s{h}(t) :=det
(
shi− j

)
i, j=1,...,N

where h= (h1, . . . ,hN ), h1 > · · ·> hN ≥ 0, and s{h} is the Schur function related to
the partition λ= (λ1, . . . , λN ), λi =hi + i − N , see [19].
Using the relations

e
∑

i∈Z α
(a)
i t (a)

i ψ
(a)
j e−∑

i∈Z α
(a)
i t (a)

i =
∑
k≥0

ψ
(a)
j−ksk(t)

e
∑

i∈Z α
(a)
i t (a)

i ψ
†(a)
j e−∑

i∈Z α
(a)
i t (a)

i =
∑
k≥0

ψ
†(a)
j+k sk(−t)

and Wick’s rule (see [10]), the tau function (153) may be presented in the determi-
nantal form:

τTLN (t (1), t (2))=det
(
mi j (t

(1), t (2)
)
i, j=0,...,N−1

(155)

where

mi j (t
(1), t (2))=

∑
k,l≥0

Mi+k, j+l sk(t
(1))sl(−t (2)) (156)

As we see τTL1 =m00.
The tau function (153) may also be written in Takasaki form [28,30,31] as

τTLN (t (1), t (2))=
∑

h1>···>hN≥0
h′
1>···>h′

N≥0

Mh,h′s{h}(t (1))s{h′}(−t (2)) (157)
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where

M{h,h′} :=det
[
Mhi ,h′

j

]N
i, j=1

(158)

The series (157), where M is specified, appears in various problems of random
matrices, random partitions and in counting problems.
Another way to present tau functions of the semi-infinite TL (which is of use in

many models of random matrices, see [12] and Examples in Appendix A.1 below)
is

τTLn,m(t (1), t (2), t̄ (1), t̄ (2))

=
〈
n,−n

∣∣∣e
∑

a=1,2
∑

i∈Z α
(a)
i t (a)

i e
∫

ψ(1)(z1)ψ†(2)(z2)dμ(z1,z2)e
∑

a=1,2
∑

i∈Z α
(a)
−i t̄

(a)
i

∣∣∣m,−m
〉

(159)

where dμ(z1, z2) is a bi-measure which should be specified according to the prob-
lem we are interested in. There are additional parameters here, t̄ (1), t̄ (2) and m,
which are hidden parameters of the Toda lattice solutions. This is a particular case
of the tau function (140).
From (159), we obtain τTLn,m(t (1), t (2), t̄ (1), t̄ (2))= δn,m for n≤m.

Semi-infinite TL and semi-infinite B-type Pfaff Lattice (BPL).

PROPOSITION 4.
(
τ B
N (t)

)2 = τTLN (t,−t) (160)

where

τ B
N (t)=

〈
N

∣∣∣e
∑

i∈Z βi ti e
1
2
∑

i, j Ai jψiψ j+
√
2
∑

i aiψiϕe
∑

i∈Z β−i t̄i
∣∣∣0

〉
(161)

τTLN (t,−t)=(−)
N (N+1)

2

〈
N ,−N

∣∣∣∣e
∑

i∈Z
(
α

(1)
i −α

(2)
i

)
ti e

∑
i, j(Ai j−ai a j)ψ

(1)
i ψ†(2)

∣∣∣∣0
〉

(162)

and Ai j =−A ji .

It is well-known that the determinant of a skew symmetric N × N matrix van-
ishes if N is odd. The square root of a skew symmetric matrix of even size is the
Pfaffian (see Appendix A.5) of this matrix. Let us call the sum of a skew symmet-
ric matrix and a symmetric matrix of rank 1 the quasi-skew symmetric matrix. The
square root of a quasi-skew symmetric matrix may be identified with a Pfaffian of
some different matrix:

LEMMA 2. The square root of the determinant of the quasi-skew symmetric N ×N
matrix with entries Ai j − aia j , i, j = 1, . . . , N , where Ai j =−A ji , is the Pfaffian of

the 2
[
N+1
2

]
×2

[
N+1
2

]
matrix B which is defined as follows. For N even, B= A. For

N odd, N =2n−1 and

Bi j =−B j i :=
{
Ai, j if 1≤ i < j ≤2n−1

ai if 1≤ i < j =2n
. (163)
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Thus, for both odd and even N , we have

(Pf B)2 =det
(
Ai, j −aia j

)
i, j=1,...,N (164)

We have the following

COROLLARY 1.

⎛
⎝ ∑

h1>···>hN

√
det(Ahi ,h j −ahi ah j )s{h}(t)

⎞
⎠

2

=
∑

h1>···>hN
h′
1>···>h′

N

det(Ahi ,h′
j
−ahi ah′

j
)s{h}(t)s{h′}(t) (165)

Similarly, we have the following

PROPOSITION 5.

(
τ B
n,m(t, t̄)

)2 = τ T L
n,m(t,−t; t̄,−t̄) (166)

where

τ B
n,m(t, t̄)=

〈
n
∣∣∣e

∑
i∈Z βi ti e

1
2

∫
ψ(z1)ψ(z2)dω(z1,z2)+

√
2
∫

ψ(z)dν(z)ϕe
∑

i∈Z β−i t̄i
∣∣∣m

〉
(167)

(−)
n(n+1)

2 + m(m+1)
2 τTLn,m(t,−t; t̄,−t̄)= (168)

〈
n,−n

∣∣∣∣e
∑

i∈Z
(
α

(1)
i −α

(2)
i

)
ti e

∫
ψ(1)(z1)ψ†(2)(z2)(dω(z1,z2)−dν(z1)dν(z2))e

∑
i∈Z

(
α

(1)
−i −α

(2)
−i

)
t̄i
∣∣∣∣m,−m

〉

(169)

Here, dω(z1, z2)=−dω(z1, z2) and dν(z) are measures.

The first applications of BKP tau functions (167) were given in [16] to describe
orthogonal and symplectic ensembles of random matrices. In Appendix A.1, one
may find further examples.

8. Outlook

In our next paper [18], the analog of the Proposition 1 for the multicomponent
BKP tau functions [15] will be written down. Also, we shall consider the relations
between various matrix integrals and between series over partitions which result
from Propositions 1 and 5.
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A. Appendices

A.1. APPLICATIONS OF TWO-SIDED 2-KP AND TWO-SIDED BKP HIERARCHIES TO

MATRIX MODELS

(I). First, we recall some not very well-known known results concerning applica-
tions of the two-sided 2-KP tau functions written in form (159) to a number of
matrix models:

EXAMPLE 1.1. The choice dμ(z1, z2) = e−|z|2δ(2)(z2 − z̄1)d2z1d2z2, z1,2 ∈ C yields
(see [12]) both the fermionic representation for the partition function of the ensem-
ble of normal matrices (about this ensemble see [3] and [21]), and the partition
function of the complex Ginibre ensemble (about Ginibre ensemble of complex
matrices see Ch. 15.1 in [20]). In this example z̄ is the complex conjugate of z.
Here δ(2) is the two-dimensional delta function.

EXAMPLE 1.2. The choice dμ(z1, z2) = ez1z2dz1dz2, z1,2 ∈ R yields (see [12]) the
fermionic representation for the partition function of the two-matrix model intro-
duced in [9] (the relation of the two-matrix model and TL see in [6] and different
fermionic representation see in [7]). If we take z1,2 ∈ S1, we obtain the model of
two unitary matrices [35,36].

EXAMPLE 1.3. The choice dμ(z1, z2) = δ(z1 − z2)dz1dz2, z1,2 ∈ R yields (see [8])
the fermionic representation for the partition function of the one-matrix model (for
the relation of the one-matrix model, the one-dimensional TL see in [6] and differ-
ent fermionic representation see [7]).

EXAMPLE 1.4. Take za =eiφa ,a=1,2. The choice dμ(eiφ1 , eiφ2)=δ(φ1−φ2)dφ1dφ2,
0≤φ1, φ2, φ ≤2π , yields the fermionic representation for the β =2 circlar ensemble
(about this ensemble see Ch. 10.3 in [20] and [22]).

http://creativecommons.org/licenses/by/4.0/
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In case the bi-measure dμ and the matrix M are related by the moment’s trans-
form

Mi j =Mi j (t̄
(1), t̄ (2),m)=

∫
zi+m
1 z j+m

2 e
∑

k≥0

(
t̄ (1)k z−k

1 −t̄ (2)k z−k
2

)
dμ(z1, z2) (170)

the tau functions (153) and (153) may be equated as follows:

τ 2KP
N (t (1), t (2); t̄ (1), t̄ (2),m)= e

∑
a=1,2

∑
k≥1 kt

(a)
k t̄ (a)

k τ T L
N+m,m

(
t (1), t (2), t̄ (1), t̄ (2)

)
(171)

Now the tau function (153) written here depends on the additional parameters
t̄ (1), t̄ (2),m. The expression for τTL1 :

τTLm+1,m(t (1), t (2), t̄ (1), t̄ (2))= c(t)
∫

zm1 z
m
2 e

∑
i≥1

(
zi1t

(1)
i −zi2t

(2)
i −z−i

1 t̄ (1)i +z−i
2 t̄ (2)i

)
dμ(z1, z2)

c(t)= e
∑

i≥1

(
i t (1)i t̄ (1)i +i t (2)i t̄ (1)i

)

allows to obtain all τTLN , N >1, in the recursive way from the TL Hirota equation
(154).
(II). For applications of the BKP tau functions (167), we present a set of yet

unpublished results taken from [27]:

EXAMPLE 2.1. The choice dω(z1, z2) = 1
2 sgn(z1 − z2)dz1dz2 and dν(z) = dz,

z1,2, z ∈ R, yields the fermionic representation for the β = 1 ensemble (orthogonal
ensemble, see Ch. 7 in [20]) [16].

EXAMPLE 2.2. The choice dω(z1, z2)= 1
4

(
∂z1 −∂z2

)
δ(z1 − z2)dz1dz2 and dν(z)=

0 , z1,2 ∈R, yields the fermionic representation for the β =4 ensemble (symplectic
ensemble, see Ch. 8 in [20]) [16].

EXAMPLE 2.3. Take za = eiφa . The choice dω(eiφ1 , eiφ2) = 1
2 sgn(φ1 − φ2)dφ1dφ2

and dν(eiφ)=dφ, 0≤φ1, φ2, φ ≤2π . This yields (see [26]) the fermionic representa-
tion for the β =1 circular ensemble (about this ensemble see Ch. 10.1 in [20]).

EXAMPLE 2.4. The choice dω(eiφ1 , eiφ2) = 1
4

(
∂φ1 −∂φ2

)
δ(φ1 − φ2)dφ1dφ2 and

dν(eiφ)=dφ, 0≤φ1, φ2, φ≤2π , yields (see [26]) the fermionic representation for the
β =4 circular ensemble (about this ensemble see Ch. 10.2 in [20]).

EXAMPLE 2.5. The choice dω(z1, z2) = δ(z1 + z2)dz1dz2 and dν(z) = δ(z)dz,
z1,2, z ∈ R, yields (see [26]) the fermionic representation for the ensemble of anti-
symmetric matrices (see Ch. 13 in [20] about this ensemble).

EXAMPLE 2.6. For the Pandey–Mehta interpolating ensembles, 0<α2 <∞ being
the interpolation parameter, see [20] Ch. 14
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(a) for the ensemble interpolating between GUE and GOE, see [20] Ch. 14.1, we
take

dω(z1, z2)= e− 1
2 (1+α2)(z21+z22) erf

⎛
⎝
√
1−α4

4α2
(z1 − z2)

⎞
⎠dz1dz2,

dν(z)= e− 1
2 (1+α2)z2dz, z1,2, z∈R

Here erf(x)=∫ x
0 e−x2dx .

(b) for the ensemble interpolating between GUE and GSE, see [20] Ch. 14.2, we
take

dω(z1, z2)= (z1 − z2)e
− 1

2 (1+α2)(z21+z22) e
− (1−α4)(z1−z2)2

4α2 dz1dz2, z1,2 ∈R

The same measures dω, dν are available to get the asymmetric two-matrix model
where the first matrix is Hermitian while the second is respectively (a) either sym-
metric (0< α2 < 1), or antisymmetric(1< α2 < ∞) (b) either self-dual (0< α2 < 1),
or anti-self-dual (1<α2 <∞), see [26].

EXAMPLE 2.7. The choice dω(z1, z2)= 1
2 (z̄− z)e−|z|2δ(2)(z2 − z̄1)d2z1d2z2, z1,2 ∈C

and dν(z)=0 yields (see [24]) the fermionic representation for the ensemble of ran-
dom (non-Hermitian) quaternionic matrices (the so-called quaternion-real Ginibre
ensemble (see Ch. 15.2 in [20]). Here δ(2) is the two-dimensional delta function. In
this example z̄ is the complex conjugate of z.

EXAMPLE 2.8. For the Ginibre ensemble of real matrices (see Ch. 15.3 in [20])
the choice of the measure is more complicated, and may be found in [24].

EXAMPLE 2.9. The choice dω(z1, z2)= 1
2
z1−z2
z1+z2

dz1dz2, z1,2∈R, yields (see [26]) the
fermionic representation for the so-called Bures ensembles which appears in quan-
tum chaos problems where random density matrix appears [11] and [23].

EXAMPLE 2.10. The choice dω(z1, z2) = 1
2 tanhπ(z1 − z2)dz1dz2, z1,2 ∈ R yields

(see [26]) the fermionic representation for the Plancheral measure for the group
SL(N ,R) (and for the symmetric space SL(N ,R)/SO(N )), see Section 17.2.8 in
[33] where put λi = 1

2 zi .

EXAMPLE 2.11. The choice dω(z1, z2) = 1
2π i

(
z1 − z−1

1

)
δ(z2 − z−1

1 )dz1dz2 and

dν(z)=0, z1,2, z∈ S1 yields the ensemble of symplectic matrices, details will be pub-
lished in the forthcoming paper [18].
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EXAMPLE 2.12. The choice dω(z1, z2) = 1
2π i

(
z−1
2 − z2

)−1
δ(z2 − z−1

1 )dz1dz2 and

dν(z) = 1
2δ(z − 1)dz, z1,2, z ∈ S1 yields the ensemble of orthogonal matrices, for

details we refer to the forthcoming paper [18].

The relation between realizations (161) and (167) is given by

Ai j = Ai j (t̄,m)=
∫

zi+m
1 z j+m

2 e
∑

k≥0 t̄k
(
z−k
1 +z−k

2

)
dω(z1, z2),

ai =ai (t̄,m)=
∫

zi+me
∑

k≥0 t̄k z
−k
dν(z) (172)

In B-case relations (155),(156) read as

τTLN (t,−t; t̄,−t̄,m)=det
(
mi j (t; t̄,m)

)
i, j=0,...,N−1 (173)

mi j (t; t̄,m)=
∫

zi+m
1 z j+m

2 e
∑

k≥1(z
k
1+zk2)tk−(z−k

1 +z−k
2 )t̄k (dω(z1, z2)

−dν(z1)dν(z1)) (174)

=
∑
k,l≥0

Ai+k, j+l(t̄,m)sk(t)sl(t)

−
∑
k≥0

ai+k(t̄,m)sk(t)
∑
l≥0

a j+l(t̄,m)sl(t) (175)

As we see the matrix m is quasi-skew symmetric.
Then, for both odd and even N , we have from Proposition 5

(
τ B
N (t; t̄,m)

)2 =det
(
mi j (t; t̄,m)

)
i, j=0,...,N−1 (176)

According to Lemma 2, τ B
N is a certain Pfaffian (this result may be obtained also

from the Wick theorem applied to the fermionic expectation value (167).
We obtain a generalization of the result presented in [1], [2] where the relation

(176) was achieved for the case of even N and for skew symmetric matrices m. This
case may referred as the D-type Pfaff lattice (DPL), see [29].

A.2 HIROTA EQUATION FOR THE TL AND FOR THE 2-COMPONENT KP TAU

FUNCTIONS.

The TL tau function was introduced in [10] and may be defined by

τTLn (t, t̄)=
〈
n
∣∣∣e

∑
i>0 tiαi gTLe−∑

i>0 t̄iα−i

∣∣∣n
〉

(177)

This tau function solves Hirota equation, [10,32]
∮

dz
2π i

zn
′−neV (t ′−t,z)τTLn′

(
t ′ − [z−1], t̄ ′

)
τTLn

(
t +[z−1], t̄

)

=
∮

dz
2π i

zn
′−ne

V
(
t̄ ′−t̄,z−1

)
τTLn′+1

(
t ′, t̄ ′ − [z]) τTLn−1

(
t, t̄ +[z]) (178)
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(see [10,32]) which includes

∂2τTLn

∂t1∂t̄1
τTLn − ∂τTLn

∂t1

∂τTLn

∂t̄1
=−τTLn+1τ

TL
n−1 (179)

The two-component KP tau function

τ 2KP
n (t, t̄)=

〈
n,−n

∣∣∣∣e
∑

i>0

(
t ′iα

(1)
i +t̄ ′iα

(2)
i

)
g2KP

∣∣∣∣0
〉

(180)

solves Hirota equation
∮

dz
2π i

(−)−n′−nzn
′−neV (t ′−t,z)τ 2KP

n′
(
t ′ − [z−1], t̄ ′

)
τ 2KP
n

(
t +[z−1], t̄

)

=
∮

dz
2π i

zn−n′−2eV (t̄ ′−t̄,z)τ 2KP
n′+1

(
t ′, t̄ ′ − [z−1]

)
τ 2KP
n−1

(
t, t̄ +[z−1]

)
(181)

which up to the sign factor (−)n+n′
in the first integral is equal to (178) if we

change z→ z−1 in the second integral in (181). This brings us to the relation (152).

A.3 HIROTA EQUATION FOR THE TWO-SIDED TWO-COMPONENT KP.

The two-sided two-component KP tau function (140)

τN

(
L(1), L(2); t (1), t (2); t̄ (1), t̄ (1)

)

=
〈
N + L(1),−N + L(2)

∣∣∣∣e
∑∞

k=1

(
t (1)k α

(1)
k +t (2)k α

(1)
k

)
g e

∑∞
k=1

(
t̄ (1)−k α

(1)
−k+t̄ (2)k α

(2)
−k

)∣∣∣∣ L(1), L(2)
〉

(182)

solves the following Hirota equations which tell that the residium of

(−z)N
′−N+L(1) ′−L(1)

e
V
(
t (1) ′−t (1),z

)
τ

(0)
N ′

(
L(1)′, L(2)′; t (1)− ′(z), t (2)′; t̄′

)

× τ
(0)
N

(
L(1), L(2); t (1)+ (z), t (2); t̄

)

+ zN−N ′+L(2) ′−L(2)−2e
V
(
t (2) ′−t (2),z

)
τ

(0)
N ′+1

(
L(1)′, L(2)′; t (1)′, t (2)− ′(z); t̄′

)

× τ
(0)
N−1

(
L(1), L(2); t (1), t (2)+ (z); t̄

)

− (−z)L
(1) ′−L(1)

e
V
(
t̄ (1)−t̄ (1) ′,z−1

)
τ

(0)
N ′

(
L(1)

+ ′, L(2)′; t′, t̄ (1)+ ′(z), t̄ (2)′
)

× τ
(0)
N

(
L(1)

− , L(2); t; t̄ (1)− (z), t̄ (2)
)

− zL
(2) ′−L(2)

e
V
(
t̄ (2)−t̄ (2) ′,z−1

)
τ

(0)
N ′+1

(
L(1)′, L(2)

+ ′; t′; t̄ (1)′, t̄ (2)+ ′(z)
)

× τ
(0)
N−1

(
L(1), L(2)

− ; t; t̄ (1), t̄ (2)− (z)
)

(183)
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vanishes. Here L′ = (
L(1)′, L(2)′) and L = (

L(1), L(2)
)
are pairs of integers, and

t′ = (
t̄ (1)′, t̄ (2)′

)
, t′ = (

t̄ (1), t̄ (2)
)
, t̄ (a)′ =

(
t (2)1 , t (a)

2 , . . .
)
, t̄ (a)′ =

(
t̄ (2)1

′, t̄ (a)

2
′, . . .

)
are semi-

infinite sets of higher times. Then

t (a)
± ′(z) := t (a)′ ± [z−1], t̄ (a)

± ′(z) := t̄ (a)′ ± [z], t (a)
± (z) := t (a) ±[z−1],

t̄ (a)
± (z) := t̄ (a) ±[z],

and

L(a)
± ′ = L(a)′ ±1 , L(a)

± = L(a) ±1

where a=1,2.

A.4 HIROTA EQUATIONS FOR THE TWO-SIDED BKP.

Hirota equations for the large BKP hierarchy were written in [15]. For the two-
sided BKP hierarchy (2-BKP hierarchy) (141), Hirota equations are as follows [25]

∮
dz
2π i

zN
′+L ′−N−L−2eV (s′−s,z)τN ′−1(L

′, s′ − [z−1], s̄′)τN+1(L , s+[z−1], s̄)

+
∮

dz
2π i

zN+L−N ′−L ′−2eV (s−s′,z)τN ′+1(L
′, s′ + [z−1], s̄′)τN−1(L , s−[z−1], s̄)

=
∮

dz
2π i

zL
′−LeV (s̄′−s̄,z−1)τN ′−1(L

′ +1, s′, s̄′ − [z])τN+1(L −1, s, s̄−[z])

+
∮

dz
2π i

zL−L ′
eV (s̄′−s̄,z−1)τN ′+1(L

′ −1, s′, s̄′ + [z])τN−1(L +1, s, s̄+[z])

+ (−1)L
′+L

2
(1− (−1)N

′+N )τN ′(L ′, s′, s̄′)τN (L , s, s̄) (184)

The difference BKP Hirota equation may be obtained from the previous one, see
[25]

− β

α −β
τN (l, t+[β−1])τN+1(l, t+[α−1])− α

β −α
τN (l, t+[α−1])τN+1(l, t+[β−1])

+ 1
αβ

τN+2(l, t+[α−1]+ [β−1])τN−1(l, t)= τN+1(l, t+[α−1]+ [β−1])τN (l, t).

(185)
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By replacing z→ z−1 in the last two members of (184), it may be written as fol-
lows ∮

dz
2π i

zN
′+L ′−N−L−2eV (s′−s,z)τN ′−1(L

′, s′ − [z−1], s̄′)τN+1(L , s+[z−1], s̄)

+
∮

dz

2π i
zN+L−N ′−L ′−2eV (s−s′,z)τN ′+1(L

′, s′ + [z−1], s̄′)τN−1(L , s−[z−1], s̄)

−
∮

dz
2π i

zL−L ′−2eV (s̄′−s̄,z)τN ′−1(L
′ +1, s′, s̄′ − [z−1])τN+1(L −1, s, s̄−[z−1])

−
∮

dz
2π i

zL
′−L−2eV (s̄′−s̄,z)τN ′+1(L

′ −1, s′, s̄′ + [z−1])τN−1(L +1, s, s̄+[z−1])

= (−1)L
′+L

2
(1− (−1)N

′+N )τN ′(L ′, s′, s̄′)τN (L , s, s̄) (186)

which is up to the sign factor is the Hirota equation for the two-component BKP
[15] tau function:

τ(N (1), N (2); s(1), s(2)) := (−)
N (2)(N (2)+1)

2

〈
N (1), N (2)

∣∣∣e
∑

a=1,2
∑

i>0 βas(a)

h(1,2)
∣∣∣0,0

〉

(187)

A.5 PFAFFIANS

The determinant of an anti-symmetric matrix A of odd order vanishes. For even
order, say k, the following multilinear form in Ai j , i < j ≤ k

Pf [A] :=
∑
σ

sgn(σ ) Aσ(1),σ (2)Aσ(3),σ (4) . . . Aσ(k−1),σ (k) (188)

where sum runs over all permutation restricted by

σ : σ(2i −1)<σ(2i), σ (1)<σ(3)< · · ·<σ(k−1), (189)

coincides with the square root of det A and is called the Pfaffian of A, see, for
instance [20].
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