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Abstract
A semigroup S is said to be left equalizer simple if, for all elements a, b, x, y of S, xa = xb
implies ya = yb. It is known that left equalizer simplicity is a necessary condition for a
semigroup to be embedded in a left simple semigroup. A semigroup satisfying the identity
axyb = ayxb is called a medial semigroup. In this paper we show how to construct left
equalizer simple medial semigroups, especially, medial semigroups which can be embedded
in idempotent-free left simple semigroups.

Keywords Semigroup · Medial semigroup · Left simple semigroup · Left equalizer simple
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1 Introduction andmotivation

In [5, Theorem 1], P.M. Cohn gave necessary and sufficient conditions for a semigroup to
be embedded in a left simple semigroup. Conditions differ essentially according to whether
or not the semigroup contains an idempotent element (i.e. an element e satisfying e2 = e).
Cohn proved (see also the dual of [4, Theorem 8.19]) that a semigroup S is embedded in an
idempotent-free left simple semigroup if and only if S is idempotent-free and satisfies the
condition: for all a, b, x, y ∈ S, xa = xb implies ya = yb. Using the terminology of [12],
a semigroup S satisfying this condition is called a left equalizer simple semigroup.

A semigroup is called a medial semigroup ( [2]) if it satisfies the identity axyb = ayxb.
Medial semigroups are well studied by many authors, see, for example, papers [1], [2], [6],
[10], [17], and books [9], [14]. In the present paper, medial semigroups are also the subject of
investigations. Using results of [12], we show how to construct left equalizer simple medial
semigroups, especially medial semigroups which can be embedded in idempotent-free left
simple semigroups.
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2 Preliminaries

For the notions and notations not defined but used in this paper, we refer the reader to books
[3], [4] and [9].

By [12, Definition 2.1], a semigroup S is said to be left equalizer simple if, for every
elements a, b, x, y ∈ S, xa = xb implies ya = yb. By [5, Theorem 1], if a semigroup S is
embedded in a left simple semigroup, then S is left equalizer simple.

In [12], we defined a construction, and showed how to get left equalizer simple semigroups
by applying that construction. This construction plays an important role in our present inves-
tigation. Thus we cite it here.

Construction 2.1 [ [12, Construction 1]] Let T be a left cancellative semigroup. For each
t ∈ T , associate a nonempty set St to t such that St ∩ Sr = ∅ for every t, r ∈ T with t �= r .
For an arbitrary couple (t, r) ∈ T × T with r ∈ tT , let ϕt,r be a mapping of St into Sr acting
on the right. For all t ∈ T , r ∈ tT , q ∈ rT ⊆ tT , assume

ϕt,rϕr ,q = ϕt,q .

On the set S = ⋃
t∈T St define an operation ∗ as follows: for arbitrary a ∈ St and b ∈ Sx ,

let

a ∗ b = aϕt,t x .

If a ∈ St , b ∈ Sx , c ∈ Sy are arbitrary elements then

a ∗ (b ∗ c) = a ∗ bϕx,xy = aϕt,t(xy)

= aϕt,t xϕt x,t(xy) = aϕt,t x ∗ c = (a ∗ b) ∗ c.

Thus (S; ∗) is a semigroup.

The semigroup (S; ∗) defined in Construction 2.1 is said to be a right regular extension of
the left cancellative semigroup T . This extension is said to be injective if the mappings ϕt,r

are injective for every t ∈ T and r ∈ tT .
Using the terminology of a right regular extension, [12, Theorem 2.2] has the following

form.

Proposition 2.2 [ [12, Theorem 2.2]] A semigroup is left equalizer simple if and only if it
is a right regular extension of a left cancellative semigroup. �	

For a semigroup S, let θ rightS denote the kernel of the right regular representation of S, that
is

θ
right
S = {(a, b) ∈ S × S : (∀x ∈ S) xa = xb}.

By [11, Theorem2], the θ
right
S -classes of the semigroup S = (S; ∗) defined inConstruction 2.1

are the sets St (t ∈ T ), and S/θ
right
S

∼= T . Thus an element e ∈ T is an idempotent element
if and only if Se is a subsemigroup of (S; ∗).

Proposition 2.3 Let (S; ∗) be a right regular extension of a left cancellative semigroup T ,
and let e be an idempotent element of T . Then the subsemigroup Se of (S; ∗) is a retract ideal
extension of a left zero semigroup by a zero semigroup.
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Proof Since Se is a θ
right
S -class of S = (S; ∗), the equality

x ∗ a = x ∗ b

holds for every x, a, b ∈ Se. Let a ∈ Se be an arbitrary element. Then

a2 = a ∗ a = a ∗ a2 = a3,

and so

(a2)2 = a ∗ a3 = a ∗ a2 = a3 = a2,

that is, a2 is an idempotent element. Let E(Se) denote the set of all idempotent elements of
Se. For arbitrary a, b ∈ Se, we have

a ∗ b = a2 ∈ E(Se).

Thus E(Se) is an ideal of Se, and the Rees factor semigroup Se/E(Se) is a zero semigroup.
For arbitrary f1, f2 ∈ E(Se),

f1 ∗ f2 = f1 ∗ f1 = f1.

Hence E(Se) is a left zero semigroup. For arbitrary a, x ∈ Se, we have

aϕe,e = a ∗ x ∈ E(Se).

Thus ϕe,e is a mapping of Se into E(Se). Let a, b, x ∈ Se be arbitrary elements. Then

(a ∗ b)ϕe,e = (a ∗ b) ∗ x = a ∗ (b ∗ x) = a ∗ (x ∗ b ∗ x) = (a ∗ x) ∗ (b ∗ x) = (aϕe,e) ∗ (bϕe,e).

Hence ϕe,e is a homomorphism of Se into E(Se). For every f ∈ E(Se), we have

f = f ∗ f = f ϕe,e,

that is, ϕe,e leaves the elements of E(Se) fixed. Thus ϕe,e is a retract homomorphism of Se
onto the ideal E(Se). Hence Se is a retract ideal extension of the left zero semigroup E(Se)
by the zero semigroup Se/E(Se). �	

Applying also Proposition 2.3, we get the following corollary which will be used in the
proof of Corollary 3.6.

Corollary 2.4 A right regular extension (S; ∗) of a left cancellative semigroup T is
idempotent-free if and only if T is idempotent-free.

3 Left equalizer simple medial semigroups

In our investigation, two subclasses of semigroups play an important role. These are the class
of left commutative semigroups and the class of right commutative semigroups. Using the
terminology of [14], a semigroup is said to be left commutative if it satisfies the identity xyb =
yxb. The notion of a right commutative semigroup is defined analogously. We note that left
(resp., right) commutative semigroups are also called left (resp., right) pseudo commutative
semigroups (see, for example, [15], [18]). It is clear that every left commutative semigroup
and every right commutative semigroup is medial.

Left commutative and right commutative semigroups appear in several papers, see, for
example, [7], [8], [13], [15], [16], [18] and books [9], [14].

The next two lemmas are obvious consequences of the definitions.
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Lemma 3.1 On an arbitrary semigroup S, the following conditions are equivalent.

(1) S is medial.
(2) The factor semigroup S/θ

right
S is left commutative.

Lemma 3.2 On an arbitrary semigroup S, the following conditions are equivalent.

(1) S is left commutative.
(2) The factor semigroup S/θ leftS is commutative.

In the next proposition, we show that the right cancellativity is a sufficient condition for a
right commutative semigroup to be left equalizer simple. This fact and its dual will be used
in the proof of Theorem 3.5.

Proposition 3.3 Every right cancellative right commutative semigroup is left equalizer sim-
ple.

Proof Let a and b be arbitrary elements of a right cancellative right commutative semigroup
S. Assume xa = xb for some x ∈ S. Then, for an arbitrary y ∈ S,

yax = yxa = yxb = ybx .

Since S is right cancellative, we obtain that

ya = yb.

Thus S is left equalizer simple. �	
In the next proposition, we give a necessary and sufficient condition for a left equalizer

simple semigroup to be right cancellative. The dual of this proposition will be used in the
proof of Theorem 3.5.

Proposition 3.4 Let (S; ∗) be a right regular extension of a left cancellative semigroup T .
Then (S; ∗) is right cancellative if and only if T is also right cancellative and the extension
is injective.

Proof Assume that the left cancellative semigroup T is also right cancellative and the map-
pings ϕt,r (t ∈ T , r ∈ tT ) are injective. To show that (S; ∗) is right cancellative, assume

a ∗ s = b ∗ s

for elements a ∈ Sx , b ∈ Sy and s ∈ St . Then

aϕx,xt = bϕy,yt

from which it follows that

xt = yt .

As T is right cancellative, we get

x = y.

Thus

aϕx,xt = bϕx,xt ,

from which we get a = b by the injectivity of ϕx,xt . Thus (S; ∗) is right cancellative.

123



A construction of left equalizer simple medial semigroups 41

Conversely, assume that (S; ∗) is right cancellative. First we show that the mappings ϕt,r

(t ∈ T , r ∈ tT ) are injective. Let t ∈ T , r ∈ tT be arbitrary elements. Assume

aϕt,r = bϕt,r

for a, b ∈ St . Since T is left cancellative, then there is exactly one y ∈ T such that r = t y.
Then, for an arbitrary s ∈ Sy , we have

a ∗ s = aϕt,r = bϕt,r = b ∗ s.

From the right cancellativity of S it follows that a = b. Therefore, ϕt,r is injective.
To show that T is right cancellative, assume

xt = yt

for x, y, t ∈ T . Then, for arbitrary a ∈ Sx , b ∈ Sy , s ∈ St , we have

a ∗ s = aϕx,xt and b ∗ s = bϕy,yt .

As xt = yt , we get

a ∗ s, b ∗ s ∈ Sxt .

As Sxt is a θ
right
S -class, we have

s ∗ a ∗ s = s ∗ b ∗ s.

By the assumption that S is right cancellative, we get

s ∗ a = s ∗ b,

and so

sϕt,t x = sϕt,t y .

From this it follows that t x = t y. As T is left cancellative, we get x = y. Hence T is right
cancellative. �	

The next theorem is the main result of the paper.

Theorem 3.5 A semigroup is left equalizer simple and medial if and only if it is a right
regular extension of a semigroup which is an injective left regular extension of a commutative
cancellative semigroup.

Proof Let S be a left equalizer simple medial semigroup. By [12, Theorem 2.2] and
Lemma 3.1, S is a right regular extension of the left cancellative, left commutative semigroup
T = S/θ

right
S . By the dual of Proposition 3.3, T is right equalizer simple. By Lemma 3.2

and the dual of Proposition 2.2, T is a left regular extension of the commutative, cancella-
tive semigroup U ∼= T /θ leftT . Since T is left cancellative, then the dual of Proposition 3.4
implies that this left regular extension is injective. Hence S is a right regular extension of
the semigroup T which is an injective left regular extension of the commutative cancellative
semigroup U .

Assume that a semigroup S is a right regular extension of a semigroup T which is an
injective left regular extension of a commutative cancellative semigroup U . First of all, we
note that this assumption is correct, because the semigroup T is left cancellative by the dual
of Proposition 3.4. Thus the semigroup S is left equalizer simple by Proposition 2.2. Since
U is a commutative semigroup and U ∼= T /θ leftT , then the semigroup T is left commutative

by Lemma 3.2. As T ∼= S/θ
right
S , we get that the semigroup S is medial by Lemma 3.1. �	
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Corollary 3.6 A semigroup is a medial semigroup which is embedded in an idempotent-free
left simple semigroup if and only if it is a right regular extension of a semigroup which is an
injective left regular extension of an idempotent-free commutative cancellative semigroup.

Proof It is obvious by [5, Theorem 1], Theorem 3.5, Corollary 2.4 and its dual. �	
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